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TRANSITION RATES OF KNO s HIGH-PRESSURE 

POLYMORPHS* 


BRIANT L. DAVIS and LEASON H. ADAMS 

Institute of Geophysics, University of California, Los Angeles, California 
(Received 10 December 1962; revised 13 February 1963) 


Abstract— A beryllium pressure vessel mounted in an X-ray goniometer and modified for heating 
to 300°C has permitted the direct recording of transition rates across all of the equilibrium 
boundaries of the K.NOa phase diagram. 

Most transitions show rate curves that taper off near the completion of the process, but metastable 
persistence of phase III occurs in the phase II field and becomes greater at high pressures and low 
temperatures along the negative II—III phase boundary. 

Several diffraction patterns of the transitions I — II and IIT— II revealed preferred orientation of 
grains in the resulting aragonite-type phase. 

Cell parameters of KNO3-I and KNO3-III (both modified calcite-typc structures) taken in their 
stability fields show a marked reduction in the r-axis length going from phase I to phase III with 
increasing pressure at constant temperature. 


INTRODUCTION 

The KNO 3 phase diagram, Fig. 1, reveals two 
hexagonal (I and III) and two orthorhombic 
(II and IV) phases, all lying in a pressure and 
temperature region allowing easy study of the 
rates across any of the phase boundaries. From 
the present study something can be said about the 
rates across all boundaries, but more effort was 
put into a study of the KNOa-I KNO 3 -II 
and KNO 3 -II ^ KNO 3 -III rates because of 
the similarity of these phases in structure to those 
of calcite and aragonite, Edwards* 1 * found that 
KNO 3 -II had the aragonite structure and 
Tahvonen< 2) determined KNO 3 -I to be calcite- 
type but with disorder present in the NOg 
groups, Finbak and Hassel* 3 * also described 
KNO 3 -III as calcite-type but later Barth* 4 * 
proposed a smaller cell (Z = 1) for the structure. 
The disorder of the NOg ion in KNOs-1 
and the uni-directional order of the NOa ion in 
KNOs-III, both resulting in a loss of the 113 
and other lines of the normal calcite-type 
pseudo-cell,j- might justify halving the c-axis of 

* Publication No, 269 of the Institute of Geophysics. 

t The true unit cell of calcite is a rhombohedron with 
Z » 2 formula weights per cell). 


this large cell, but the structural arrangement of 
the cations and ionic groups are nearly identical 
in CaCOs-I, CaC0 8 -II, KN0 8 -I, and KNOs-III; 
therefore the normal calcite-type pseudo-cell 
(hexagonal, Z = 6 ) has been retained in this 
study. 



Fig. 1. Phase diagram of KNOs (after Bridgman***). 
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The rate# were measured in a beryllium cylinder 
mounted on a Norelco X-ray goniometer, a 
detailed deecription of which has already been 
presented (Davis and Adams* 8 *). The vessel 
was modified for heating to 300°C by winding the 
cylinder with No. 22 (B. Sc S. gauge) Ni- 
chrome-V wire. The heating coil was separated 
from the vessel wall by a thin layer of Alundum 
cement; another layer of this cement was applied 
over the furnace to act as thermal insulation 
against best loss to the atomsphere. The tem¬ 
perature was measured by means of a Chromel- 
alumel thermocouple placed in a hole directly 
beneath the lower piston. Temperatures were 
determined from readings on a Leeds-Northrup 
portable potentiometer with which one scale 
division corresponded to (M)2 mV. 

Previously (Davis and Adams* 5 *) the KNO 3 
was mixed with starch in an attempt to obtain 
better pressure distribution throughout the sample. 
However, since this might also affect the rate, 
only pure KNOs was used in the present study. 
The sample material was pressed into pellets 
4*6 x 1 mm and placed at the bottom of the 
cylinder bore under a similar pellet of beryllium 
metal. 

The transition rates were measured by fixing 
the goniometer at the 26 value expected for a 
high-pressure or high-temperature line while 
the chart recorder is operating, then applying the 
pressure or temperature to start the transition. 
There was some difficulty experienced in boosting 
the temperature over the phase boundary and 
then being able to stop it from rising further. 
Since some creep of the temperature was un¬ 
avoidable, an accurate record of the variation 
of the temperature on the sample during the 
progress of a transition has been included with 
the rate curves. 

RESULTS 

KNOa-H ^ KNO 3 -IV 

Forward and reverse transitions for this rate 
have already been described (Davis and Adams* 5 )). 
The conclusions concerning these rates are 
summarized as follows: 

(1) The rate curve is assymetrical. In two 
experiments the forward change required 14-30 

min for completion and the reverse change only 
second*. 
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(2) The forward change appears to take place 
in steps, whereas the reverse apparently docs not 
(possibly because of the rapidity of the rate the 
steps were not seen). 

(3) Except for the step intervals one of the 
rate curves approached first-order kinetics, but 
it is apparent that factors, such as nucleation, 
strain energy, and grain growth, may affect the 
order of the rate. 

KNO 3 -III ^ KNO 3 -IV 

Phase III is the high-temperature phase (see 
Fig. 1) and therefore the forward rate* as written 
in the above heading, occurs with lowering tem¬ 
perature. As the temperature is raised the IV-III 
change takes place quite slowly. At a pressure of 
3000 bars and a temperature rising from 50 to 
85 °C, only about 20 per cent conversion took place 
in 15 min. Upon raising the temperature to 105°C 
the reaction went to completion in 10 min. It is 
assumed that much of the change took place in 
the several minutes required to raise the tem¬ 
perature to the 105 °C value. 

For the reverse (III-IV) rate no transformation 
had taken place after 17 min at 3000 bars and 
29°C. At this pressure the temperature was not 
low enough to permit the formation of phase IV 
again. When the pressure was suddenly dropped 
to zero, phase II appeared leaving about 10 or 20 
per cent of phase III remaining. 

KNO3-I ^ KNO3-II 

Examination of the phase diagram, Fig. 1 , 
shows that the stability fields of phases I, II, 
and III meet at a triple-point at 113 bars and 
The only place possible to measure the 
rate of the KNO 3 -I ^ KNO 3 -II transition is 
near this point, and it has been very difficult to 
obtain records not showing the appearance of 
phase III. It is fortunate that the strong peak 
of phase III lies less than one degree (2 6) from the 
strong peak of phase I; otherwise accurate 
recording of the appearance of these two phases 
simultaneously and in closely following intervals 
would have been difficult. The up-temperature 
transformation often went to completion without 
the appearance of phase III, For example, at 


As measured by Bridgman.* 5 > 
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jp =* 1 bar the temperature was very slowly 
raised from 124°C. The transition began at 
127°C and was essentially complete in min. 
No phase III was observed. Figure 2 shows the 
rate curve and the slight temperature shift 
during the transition. In one experiment, in 
which the piston was left out of the vessel,* 
the II—I transformation went to completion in 
about one minute. In another experiment, in 
which approximately 500 bars had been applied 


phase I peak occurred here. Phase III grew to a 
maximum, leveled off, and then rapidly died out 
as phase II appeared. 

Figure 4 shows rate curves during which phase 
III appeared both at the beginning and at the end 
of the experiment. At the atart, about 125 °C, 
phases I and III both grew simultaneously at 
the expense of phase II, and shortly thereafter 
phase III disappeared. Why phase I did not 
grow more when phase III disappeared is not 



Fig. 2. Transition rate KNOa-11 KNOa-1 at 1 bar; (a) variation 

of temperature during the rate, and (b) rate curve representing 
growth of the strong 014 peak with time. MoKct radiation. 


to the sample, the transition commenced at 
/ = 115°C and took about 3-J min to run to 
completion. 

It was not possible in any of the runs to record 
the I—II rate without the appearance of phase III. 
An example of the rate curves recorded when 
phase III appeared is found in Fig. 3. At a 
temperature slightly less than 125°C the peak 
representing phase I dropped off suddenly, 
leveled off, and then grew some again. At 120°C it 
dropped off again, this time permanently, while 
another peak, representing phase III began to 
grow. Actually the growth of phase III might 
have begun earlier, as indicated by the dashed 
line of Fig. 3, since a drop in intensity of the 


• To avoid applying even a few bar* pressure on the 
sample. 


understood. This is strange when it is seen that 
phase III grew an additional amount at the time 
when phase I was diminished at the end of the 
experiment. 

The appearance of phase III, as shown in 
Figs. 3 and 4, illustrates the well-known 
phenomenon that in a chemical or polymorphic 
transition the phase that first appears, as the P-t 
environment is changed, may not be the one which 
is most stable in that environment. The appearance 
of phase III at the end of the experiments men¬ 
tioned took place at temperatures below that of 
the established phase boundary; at these tem¬ 
peratures phase III considered to be metastable. 

KNOs-II ^ KNOs-III 

At a pressure of 500 bars the transition IHII 
took place in less than 2 min and began at 
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Fltt. 3. Transition rate of KNOa-I KN'Oa-III and of 
KNOa-lIl -+ KNOs-II at 1 bar; (a) variation of temperature 
during the rates, and (b) rate curves representing growth 
and diminution of the strong 014 peaks of phases I and III, 
MoKa radiation. 



Transition rate of KNOs-II -» KNO>-I and of KNO s -II ^ 
__ t 3 ~^ bar; (a) variation of temperature during the 

and (b) rate curves representing growth and diminution 
of the strong 014 peaks Of phases I and III. MoKa radiation. 
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t m 1!8°C. As the temperature w as increased 
slowly to 130°C the IIH transition took place. 
The temperature maximum of 143°C was attained 
after which the temperature was lowered slowly. 
At 128-130°C the reverse transition I-IIf took 
place and immediately (at about t » 120°C) the 
transition III-II began, but slowly. At this pressure 
the III—II transition went to completion in 
approximately 13 min. 

Essentially the same transition sequence was 
observed at a pressure of 1500 bars. Here the 
initiation of the II—III transition took place at 
113°C, the III—I transition at 145°C, the I—III 
transition again at 145°C, and the III—II transition 
somewhere near 115°C. This latter point was not 
accurately determined because the transition 
III—II proceeded so slowly that after J hr only 
a small amount of phase II had appeared. After 
10 hr there was still about 10 per cent of phase III 
remaining. During the 10 hr period, however, the 
pressure had dropped to about 500 bars due to 
leaks in the pressure system; had the pressure 
remained constant during this time, less of the 
transformation might have taken place. 

Other similar experiments performed support 
the conclusion that the metastabiiity of phase III 
is prolonged at low temperatures when pressure 
is increased and that the duration of the persistence 
of phase III increases with lowering temperature 
and increasing pressure along the negative slope 
of the II—III phase boundary. Because of the 
effect of lower temperatures in the phase II field 
as pressure is increased this phenomenon is not 
wholly unexpected. The separation of the effects of 
pressure and temperature on the kinetics of this 
transition cannot be made with certainty. The 
rate IV—III (with the phase boundary dtjdP 
positive) was also sluggish at 3000 bars and 100 °C, 
but since the rate here is between different phases 
a comparison cannot be made. 

One transition across the II—III boundary 
was studied at constant temperature. At t = 93°C 
the pressure was abruptly raised to 3000 bars. 
The transition II—III took place within ljmin. 
Upon release of the pressure to zero (nominal) 
the reverse transition III—II went to completion 
in 7 min. It is interesting to note the lack, in 
this experiment, of the persistence of phase III 
that was seen under similar P-t conditions but 
with pressure constant and temperature variable. 


\ 1 ; , V 

HIGH-PRESSURE POLYMORPHS '’/HI' j $ 

GRAIN ORIENTATION RESULTING FROM 
TRANSFORMATION 

Preferred orientation of grains In the powder 
pellet was very striking during the rate study of 
KNOs-II ^ KNOa-IIL With the forward rale, 
the pattern of phase III was quite consistent from 
experiment to experiment but after completing 
the reverse process the resulting aragonite-type 
phase II yielded an anomalous pattern. In two ^ 
cases the 111 (relative intensity I/Iq ** 100 , 
normally) and 021 (I/Jo 56* normally) peaks 
were completely missing. The 221 (///© m 41* 
normally) and 041 (I/Io « 20 normally) peak* 
were very weak. On the other hand, the un¬ 
resolved lines 040 and 220 showed an intensity 
of 90-100 whereas usually each line should show 
I//o less than 10. Line 211 was also unusually 
strong. 

These results might indicate an orientation of 
the crystals with the 010 and 110 cleavages, or 
both, normal to the direction of applied load, 
thus indicating the lack of true hydrostatic stress 
conditions within the pressure vessel. 

A similar orientation effect was noticed upon 
completion of the rate KNO 3 -I -*■ KNOs-II* 

In this case, however, the strong lines were either 
130, 112, or 022, or some combination of these (all 
are unresolved with molybdenum radiation). 

Such orientation phenomena indicate that the 
transition of a calcite-type structure (i.e., I and 
III) to the aragonite-type structure (II) is not of 
the “single-crystal” variety, but is one involving 
complete breakdown of crystal units and recon¬ 
struction of those of the new phase, a concept 
wholly in harmony with the accepted nature of 
the calcite-aragonite transition. 

ORDER OF TRANSITION 

All of the rate curves of the study are non-linear; 
that is, the curves show a marked tail-off near 
completion of the transition. 

Using a general rate theory (with the variables 
defined to conform to solid-state transitions) 
modified by Pessen,* 7 ) it can be concluded that 
the rate of transformation at any instant, for 
most of these transitions, is equal to a constant 
times the quantity of reactant phase roparnffig , 
raised to a power between I and 2 (te.,^ 4 lj 
transition order lies between 1 and 2 ). 

It is suspected that such tail-off Is the result of 
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the elimination of the rate-accelerating procease* of 
atom and nuckation toward the end of the transi¬ 
tion, A more detailed treatment of rate theory as 
applied to polymorphic transition* has been 
presented elsewhere (DavisW). 

CSLL CONSTANTS OF KNO*-I AND KNO»-ni 

CcH constants of KNO*-I have already been 
determined at 152°C and 1 bar by Tahvonbn< 2 > 
and those of KNOs-III at 120°C and 1 bar by 
Basth, <4 > where in the latter case the KNO 3 
compound was obtained in a metastable condition, 
The present data are justified in that the constants 
for phase I were obtained at conditions closer to 
those of the I—II boundary, and that those of 
phase III were obtained within the stability field 
of this phase. Table 1 summarizes the cell data for 
all known polymorph* of KNOa, and includes the 
new data of this paper. 

The 110 lines of both phases I and 111 were 
accurately obtained with slow scanning (J-deg/min) 
with a resulting 1 -deg 20/in, chart scale. A diamond 
powder internal standard was used to correct for 
sample-height change and the pressure on the 
sample was estimated from vessel-calibration 
curves. For phase I the temperature was 133°C 


and the pressure atmospheric. For phase III, 
t m 133°C and P — 2500 ± 500 bars. Excellent 
patterns obtained at slightly different P-t 
conditions provided the complete diffraction data, 
and the spacing* were corrected to the premures 
and temperatures mentioned above. Figure 5 is 
an X-ray diffraction pattern of KNO*-I taken 
at t = 137°C and P ® 1 bar, and Fig. 6 is a 
pattern of KNOa-lII taken at t = 103°C and 
p ~ 3600 ± 500 bars. The radiation is MoKa 
with an applied power of 40 kV and 20 mA, 

Final cell-constant data were obtained from a 
least-squares program designed for the IBM 7090 
computor by W. E. Sharp of this institution. 
The observed and calculated spacings are 
summarized in Table 2. The constants are those 
of the calcite-type hexagonal pseudo-cell (Z = 6 ); 
they allow convenient comparison with dimensions 
of other calcite-type cells found in the nitrates 
and carbonates. It should be pointed out that the 
primitive cells of phases I and III are actually 
rhombohedrons with Z = 2 and Z — 1 re¬ 
spectively. 

Although Barth< 4 > was able to obtain the 
phase III structure metastably at 120 Q C and room 
pressure, the cell constants resulting from his data 


Table 1. Cell constants of the KNO3 polymorphs 


Ph«M 

Source 

P t 

Cell constants A 

Z 

space 



(bars) TO 



group 


I 

Tauvonfn* 1 * 

l 

152 / 

00 

= 

5-396 

co 

= 19-410 

6 

H* 





a 

= 

7-181 

DC 

« 44° 8-5' 

2 

RlZfrn 

I 

Davjs and Adams 

1 

133 

flo 

as 

5-42a 

CO 

= 19-333 

6 

H* 


(This paper) 










II 

Edwards* 

l 

25 

flo 

as 

5-44 

h 

= 919 







Co 

= 

6-46 



4 

Pmcn 

III 

Barth«> 

1 

120t 

no 

= 

5-431 

Co 

* 18-222 

6 

H * 





a 

= 

4-365 

a 

= 76°53' 

1 

jR3m 

in 

Davis and Adams 

2500 

133 

00 

= 

5-44 0 

Co 

= 17-5U 

6 

H* 


(This paper) 










in 

Finbak and Hasskl <3 'J 

1 

list 

00 

as 

5-442 

Co 

= 18-265 

6 

H* 

IV 

Jamieson**’ 



a 

= 

6-849 

a 

= 46°48' 

2 

Rtelm 

5000 

25 

ao 

sc 

1612 

00 

= 1012 


IV 




co 

as 

7-75 



18 

? 

Davis and Adams**’ 

3000 

25 

flo 

= 

11-04* 

00 

*= 8-36 7 





co 

*= 

7-40s 



10 

Pntnl\ ? 


• Hexagonal paeudo-cell (when ordered, space group = J?3c). 
t Obtained metaatably. 

X Hexagonal constants calculated from a and oc given try Finbak and Hassel™ 





Intensity, counts/sac _ Intensity, counts/sec 
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Fig. 5. X-ray diffraction pattern of KNOa-I at 137°C and 1 bar. Indices based 
on hexagonal pseudo-cell (calcite-type). Diffraction peaks from beryllium vessel 
walls labeled Be. MoKoc radiation. 



*0 IS lo IS attenuation 4-i-S 


Z9 Mo K* 


Fio. 6. X-ray diffraction pattern of KNOs-III at 103°C and 3600 ± 500 bars. 
Indices based on hexagonal pseudo-cell (calcite-type). Diffraction peaks from 
beryllium vessel walls labeled Be. MoKa radiation. 
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Tab!* 2. X-ray diffraction data 


KNOt-I 


hkt 

demit (A) 

(A) 

Uh • 

014 

3-37 

3*39 

100 

006 

3-22 

3*13 

5 

no 

271 

2*71 

9 

022 

228 

2 28 

13 

108 

2-15 

2*16 

22 

024 

2112 

2*111 

7 

116 

2 075 

2*074 

10 

Cell constants; ao ■* 5*42aA, co «= 

19 33a A. 


Tempcr«ture 133°C, Pressure 1 bar. 


KNOa-111 


hkl 

do «u (A) 

doijg (A) 

J)W 

102 

415 

4*10 

3 

0J4 

3-21 

3-20 

100 

006 

2-92 

2-92 

65 

no 

2*72 

2*73 

16 

022 

2*27 

2*28 

19 

024 

2*074 

2*074 

37 

108 

1 *986 \ 

2 015 

58 

116 

1 *990 J 

124 

1*650 

1-652 

16 

306 

1*383 

1*389 

8 


Cell constants: no ■= 5-44o A, co = 17-SI* A. 
Temperature 133°C, Pre#$ure 2500 ± 500 bars. 


• Relative peak heights. 

would not be expected to represent either the same 
ab*o!ute dimensions or same axial ratio that the cell 
would have at other temperatures and pressures. 
The data of this paper show that there is a relatively 
large compression parallel to the r-axis of phase III 
in going from atmospheric pressure (Barth’s data) 
to 2500 bars (our data). The large compression 
along the e-axis as compared to that along the 
a-axis is expected in light of previous high- 
pressure work with KNOg and CaCOj (Davis< 8 >). 

The pressure existing at the equilibrium 
boundary Mil at 133°C is 500 bars. When the 
specific volumes of each phase arc corrected to this 
point we have for phase I, v - 048 7 cm 3 /g, and 
for phase III, v » 0*45j cm 3 /g, giving a At; of 
0*03* cm 3 /g. 

SUMMARY 

Observations on transition rates across the 
boundaries of the KNOg phase diagram have been 
obtained using a beryllium pressure vessel wired 
for heating to moderate temperatures. The rates are 


determined by continuous scan by X-radiation 
passing through the walla of the vesaeL 
Most of the curves obtained show decreasing 
rates near completion of the transition, resulting 
in transition orders lying between 1 and 2. 
However, changes studied near the triple-point 
I—II—III were complicated by the metastable 
appearance of phase III, both with increasing 
temperature and decreasing temperature across 
the point. The persistence of phase III in the 
phase II field becomes greater with lowering 
temperature and increasing pressure. 

The I—II and III—II transitions often result in 
preferred orientation of the aragonite-type phase 
(II) with the 010 or 110 cleavages, or both, lying 
normal to the direction of applied load. 

It is suspected that the elimination of such rate¬ 
modifying factors as nucleation and strain may 
be responsible for the tail-off observed in nearly 
all of the transition curves measured, 

KNOg-I at t = 133°C and P = 1 bar has cell 
constants ao = 5*423 A, = 19*333 A (Z = 6) 
using the hexagonal pseudo-cell of cal cite. 
Constants for KNO 3 -III at t = 133°C and 
P — 2500 ± 500 bars are ao - 5 *44o A, 
c 0 = 17*51eA (Z = 0) referred to the same cell. 
The specific volume decrement, At;, at the transi¬ 
tion boundary (f = 133°C P = 500 bars) is 
0 *()3fl cm 3 /g. 
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Abstract —The microscopically inhomogeneous magnetic structure conceived for Cu-Mn, Ag-Mn 
and other related alloys at very low temperatures is simulated by a simple model in which the mag¬ 
netic unit is a small ensemble of mutually-interacting ferromagnetic and antiferromagnetic domains. 
In the ground state of the hypothetical system each domain-ensemble has zero net magnetization, 
but when the system is cooled in a magnetic field some of its domain-ensembles are forced into a 
different state (with a non-zero magnetization) which is stabilized by the growth of a strong aniso¬ 
tropy ( Ka ) in the antiferromagnetic domains. In this field-cooled state, the magnetic hysteresis 
loops of the system are displaced asymmetrically from the origin, and its torque curves even at very 
high fields indicate a single easy direction of magnetization. These and related properties and their 
variation with field applied during cooling and with temperature, as predicted by the model, we in 
excellent qualitative agreement with the field-cooled behavior of Cu-Mn, Ag-Mn and other alloys. 

According to this model, the temperature of maximum susceptibility for each of these alloys »to 
be interpreted not as a N6el temperature but as simply the point at which the anisotropy Ka dis¬ 
appears; the alloy does not become paramagnetic until a significantly higher temperature (TV) is 
reached. It is predicted that at T c there will be a kink in the inverse susceptibility v®. temperature 
curve, and this has been observed experimentally in various Cu-Mn and Ag-Mn alloys. Also 
consistent with this prediction is the electrical resistivity anomaly (of a type suggestive of a mag¬ 
netic transition) found at this higher temperature ( T c ) in each of these materials. 


1. INTRODUCTION 

From recent measurements/ 1 * we learned that 
certain unusual magnetic properties previously 
observed by us in alloys of about 25 at. % man¬ 
ganese in copper and in silver< 2) are characteristic 
of these alloy systems over wide ranges of com¬ 
position. Specifically, it was discovered that when 
these alloys are cooled to very low temperatures in 
a magnetic field, their magnetic hysteresis loops 
are displaced from their symmetrical positions 
about the origin. When the alloys are subsequently 
raised in temperature, this loop displacement de¬ 
creases and its disappearance is accompanied by 
large hysteresis losses. At very low temperatures, 
where the hysteresis losses are low and the two 
branches of the displaced loops are essentially co¬ 
incident, the loopB have the simple form typified 
by curve A in Fig. 1. One of the principal features 
of this curve, distinguishing it from the hysteresis 
loop obtained by cooling in zero field (curve B in 
Fig. 1), is the remanent magnetization (Mr). 

795 



Fio. 1. Typical low-temperature hysteresis loops for 
Cu-Mn and Ag-Mn alloys cooled in a positive ma g netic 
field (A) or in zero field (B). Shaded «m nr restate 
unidirectional anisotropy energy. 
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Thk thennoremanence wa* originally observed 
Id Cu-Mn alloys by Ow*n et aL®> and by Schmitt 
and Jacobs^ and was investigated more recently 
by Luns and Schmit / 51 Although these thermo- 
ramanence studies established that a substantial 
ferromagnetic spin alignment can be produced in 
alloys by cooling them in a magnetic field, 
vary little could be deduced about the origin of 
this phenomenon. 

Even the field-cooling experiments on Cu-Mn 
alloys by Stbeet and Smith, < #> in which the mag¬ 
netisations for a field parallel or antiparallel to the 
field applied during cooling were found to be 
quite different, were unable to provide an un¬ 
ambiguous clue to the appropriate mechanism. 
This due, we believe, was provided only when 
the displaced hysteresis loops for Cu-Mn (and 
Ag-Mn) alloys were measured in their entirety.* 1 - 2 * 
It then became clear, as illustrated in Fig. 1, that 
the thermoremancnce of these materials repre¬ 
sents a ferromagnetic moment which can be re¬ 
versed completely by a large enough field and 
which reverts back to its original polarity when the 
reverse field is removed. This asymmetric be¬ 
havior, indicative of a single easy direction of 
magnetisation (where the unidirectional aniso¬ 
tropy energy is represented by the shaded area in 
Fig. 1), had been observed earlier in Ni-Mn* 7 * 
and Co-*Mn* 8) alloys and attributed to an exchange 
anisotropy mechanism, analogous to that evoked 
for the Co~CoO system.* 9 * According to this 
mechanism, a unidirectional anisotropy is pro¬ 
duced under field-cooling conditions by an ex¬ 
change coupling between ferromagnetic and anti- 
femwnagnetic parts of the system. It was argued 
that the statistical composition fluctuations in¬ 
herent to atomically disordered systems such as 
Nl-Mn and Co-Mn, together with a coexistence 
of positive and negative short-range magnetic 
interactions, can give rise to microscopic regions 
of ferromagnetic and antiferromagnetic order. 

The same basic argument was applied to the 
Cu-Mn and Ag-Mn alloys,* 1,2 ) for which it was 
•Muzned that the coupling between nearest- 
neighbor Mn atoms is antiferromagnetic and that 
die coupling between Mn atoms of larger separa¬ 
tion it ferromagnetic. Hence, the regions in these 
flttoyt that for purely statistical reasons are 
fulatfeely rich or poor in Mn can be expected to 
have antiferromagnetic or ferromagnetic spin 


alignment, respectively. In terms of the magnetic¬ 
ally inhomogeneous states of such a system, it was 
then found possible to rationalize not only a low 
temperature displaced hysteresis loop behavior 
but also the magnetic (and associated electrical) 
properties of these alloys at higher temperatures 
as well. 

Of particular interest in these alloys at higher 
temperatures is the peak in their magnetic sus¬ 
ceptibility, which occurs just where the hysteresis 
losses (and the remanence), having risen to a 
maximum with increasing temperature, again dis¬ 
appear. The curves shown in Fig. 2 for the tem¬ 
perature dependence of the remanent magnetiza¬ 
tion and of the magnetization in a moderately 
high field (the latter being approximately pro¬ 
portional to the susceptibility) are typical for all 
the Cu-Mn and Ag-Mn alloys examined after 
being cooled to low temperatures in zero field/ 1,2 > 
Although it is tempting to associate the tempera¬ 
ture of the susceptibility maximum ( T 9 ) with an 
antiferromagnetic N^el temperature, other experi¬ 
mental evidence also presented in Refs. 1 and 2 
indicates that this association would be incorrect, 
except possibly for the alloys very dilute in Mn. 
It was found that the electrical resistivity (/>) of 
each of these alloys exhibits an anomaly of the 
type usually attributed to a magnetic order-dis¬ 
order transition but that this anomaly takes place 
at a temperature (7^) considerably higher than T iy 
as shown schematically in Fig. 2; the decrease of 
p above T c presumably reflects some residual 
short-range magnetic order. Also shown in this 
figure is the distinctive kink that appears in the 
inverse susceptibility vs. temperature curves of 
the more concentrated Mn alloys at T c . Above 
this kink, the 1 vs. T curves become linear and 
extrapolate to negative values for the paramagnetic 
Curie temperature. These effects left little doubt 
that these alloys are in some state of magnetic 
order well above their susceptibility-maximum 
temperatures. 

In discussions of these and other properties of 
Cu-Mn and Ag-Mn alloys/ 1 * 2 * the concept of 
inhomogeneous ferromagnetic-antiferromagnetic 
states (mentioned above) proved to have at 
least qualitative validity. It is obvious that any 
theory based on such a concept and applied 
rigorously to these atomically disordered systems, 
especially those of fairly high Mn concentration, 
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would be a formidable undertaking. A lesser task, 
but one that can ultimately provide a preliminary 
framework for a more rigorous theory, is the de¬ 
velopment of a suitable schematic model, to which 
the remainder of this paper is devoted. Many 
approximations have been made in order to simplify 
this complicated disordered alloy problem, but we 
believe that its most essential magnetic features 
have been retained. 


geneity of the system thus represented mom 
realistically, we proceed to discuss die temperature 
dependence of the initial susceptibility and, finally, 
the criteria for achieving die field-cooled state 
manifested in the displaced hysteresis loop. At 
appropriate points throughout these discussions 
(most of whose mathematical details are relegated 
to various Appendices at the end), we compare 
the predictions of our model with the experi- 



Fig. 2. Typical temperature dependences of remanent magnetization, 
magnetization in moderate field, inverse susceptibility and electrical re¬ 
sistivity for Cu-Mn and Ag-Mn alloys cooled initially in zero field. T» 
is the temperature of maximum susceptibility and T c the magnetic- 
disordering temperature. 


In the following Section, we propose a basic 
model according to which the magnetic unit of the 
system is an ensemble of mutually-interacting 
ferromagnetic and antiferromagnetic domains. The 
system is described both in its ground state and in 
the metastable state achieved when cooled in a 
magnetic field; its magnetic properties in the latter 
state are studied in detail under the simplifying 
condition that all the domain ensembles in the 
system are equivalent. In the next (third) Section, 
this equivalence condition is relaxed for the para¬ 
meter that determines the net coupling between 
domains within each ensemble. With the inhomo¬ 


men tally observed properties of Cu-Mn and Ag- 
Mn alloys. 

2. THE BASIC MODEL AT LOW TEMPERATURES 
As we have indicated earlier, a fundamental 
assumption of our phenomenological model for 
Cu-Mn and Ag-Mn alloys is that the sign of the 
magnetic interaction between neighboring Mn 
atoms depends critically on the distance of iepara- 
tion. The Ruderman-Kittel< 10 > type of inter¬ 
action, which has this kind of critical dependenoe, 
is presumably the principal long-range coupling 
mechanism in the alloys extremely dilute in 
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Mn, al> However, the thcrmorcmanence results 
[ earlier suggest that even in the alloys with 
0 little as one atomic percent Mb there may be 
very strong short-range magnetic forces of a 
different origin (e,g., direct exchange between 
nsighiboring Mn atoms, superexchange involving 
intervening Cu or Ag atoms). Our assumption 
applying specifically to these short-range forces is 
that their net effect is to couple nearest-neighbor 
Mn atoms antiferromagnetically and those of 
larger separation fcrromagnetically. It then 
follows from the short-range nature of these inter¬ 
actions that there will be spatial fluctuations in 
the type of spin alignment corresponding closely 
to the statistical composition fluctuations in these 
atomically disordered alloys. For fairly dilute Mn 
alloys, the magnetic state that emerges from these 
considerations is that of very small ferromagnetic 
regions (or domains) coupled antiferromagnetically 
through neareBt-ncighbor Mn atom pairs. This 
state has been proposed earlier by others* 12 ) as one 
of the alternatives consistent with susceptibility, 
magnetoreaistance, and electron spin resonance 
results for Cu-Mn. It is also approximately the 
state considered for Cu-Mn by Dekker (13 > in a 
simple theoretical analysis of the temperature de¬ 
pendence of the susceptibility; however, this 
analysis involved very small isolated groups of 
interacting Mn atoms and was therefore valid only 
for extremely low Mn concentrations. 

In the alloys somewhat richer in Mn, in which 
an appreciable fraction of the Mn atoms have two 
or more Mil nearest-ncighbors, the antiferro¬ 
magnetic boundaries between the ferromagnetic 
domains will have so thickened that they can he 
more properly thought of as antiferromagnetic 
domains. Moreover, at these compositions, the 
high concentration of short-range exchange coup¬ 
lings within the different domains will give rise 
to fairly well defined fcrromagnetic-antifcrro- 
magnctic domain boundaries. Although the inter¬ 
action* across these boundaries may not signifi¬ 
cantly affect the type of moment alignment within 
the domains, they will however determine the 
relative orientation of the moments in adjacent 
domains. In fact, since there is an equal probability 
that a ferromagnetic domain will be predomin¬ 
antly coupled to any one of the sublattices of a 
neighboring antiferromagnetic domain, it follows 
quite generally that the total net magnetization of 


such a system in its ground state (and in the 
absence of an external field) will be zero. This 
general property of a system of this kind waB re¬ 
cently pointed out by us* 1 * 2 > and related to the 
zero (or near-zero) remanence exhibited by Cu-Mn 
and Ag-Mn alloyB after being cooled to very low 
temperatures in zero field. 

All the above features of a system of well de¬ 
fined and closely coupled ferromagnetic and anti¬ 
ferromagnetic domains are incorporated in the 
schematic ground-state configuration of our 
model shown in Fig. 3(a). In this configuration, we 
have an ensemble of two equivalent ferromagnetic 
domains, F\ and F 2 , and two equivalent antiferro¬ 
magnetic domains, A\ and the boundaries of 
which are indicated by the dotted lines; each 
ferromagnetic domain interacts with both anti¬ 
ferromagnetic domains, and vice versa. Each anti¬ 
ferromagnetic domain contains Mn atoms with 
two or more Mn nearest-neighbours which com¬ 
prise the core of a Mn-rich region in the system, 
whereas each ferromagnetic domain contains Mn 
atoms having no more than one Mn nearest- 
neighbor and therefore represents a Cu(or Ag)- 
rich region, including the outer fringes of neigh¬ 
boring Mn-rich regions. As mentioned earlier, the 
interactions within each domain are allowed to 
dictate the relative alignment of all its moments, 
including those located at the domain boundaries. 
This moment alignment obviously cannot help 
but disobey some of the interactions across the 
ferromagnetic-antiferromagnetic domain boun¬ 
daries. Thus, with respect to the antiferromagnetic 
nearest-neighbor (and presumably the strongest) 
interactions across the domain boundaries in Fig. 
3(a), we have chosen m ' and m" to represent the 
numbers of these interactions that are obeyed 
and disobeyed, respectively, by the moment 
alignment at the F\-Ai and F2-A2 boundaries, and 
ri and ri to represent the corresponding numbers 
for the F1-A2 and F%~A\ boundaries. Further¬ 
more, since the total number of disobeyed inter¬ 
actions should be a minimum in the ground state 
configuration, we set m! > m* and ri > ri . Con¬ 
versely, by this latter stipulation, we are making 
certain that the configuration of Fig. 3(a), in which 
the two ferromagnetic domains have oppositely 
directed magnetizations, is indeed the ground 
state configuration. Since we are also assuming 
that the magnetizations of the two ferromagnetic 
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mps 


domains we equal in magnitude, the net magneti¬ 
zation of this small ensemble of domains is zero, 
which is the condition that must be satisfied by 
the system as a whole in its ground state, as dis¬ 
cussed earlier. 
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Let us consider that at vety low tempenturas 
the entire Systran it comprised of domain onaetBia 
bles having the configuration of Fig. 3(a); For 
simplicity, we assume that all the magnetic (Ma) 
atoms in the ferromagnetic domains sn q mf fanap 
the same exchange field, namely resulting 

from interactions within the domains; \Mp is the 
magnetization of each ferromagnetic domain and 
Xp is the appropriate exchange coefficient. For 
the antiferromagnetic domains, we suppose that; 
each has a two-sublattice magnetic structure, with 
each Mn atom coupled antiferromagneticaliy to 
its nearest-neighbors of the opposite sublattice, 
and that these interactions can be represented by 
an exchange field of magnitude %XaMa> where 
\Ma is the magnetization of each sublattice. 
Hence, the intra-domain exchange energy for 
each domain ensemble is 
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Fig. 3. Schematic spin configuration for an ensemble of 
ferromagnetic domains Fu Fa and antiferromagnetic 
domains A\> An, in the ground state with (a) no external 
field or (b) a field applied as shown. Arrows represent 
atomic magnetic moments and heavy dots represent 
non-magnetic atoms. m\ m”, n ' and n m signify numbers 
of nearest-neighbor interactions across domain boun¬ 
daries (indicated by dotted lines). 


In addition, we must consider the coupling be* 
tween adjacent domains in each ensemble. The 
configuration of Fig. 3(a) is such that at the 
boundaries of each domain there are m'+u' inter¬ 
actions in agreement with the moment alignment 
and m"+n* of them in opposition, Hence, if we 
associate an energy of strength A faufua with 
each bond between an atom of moment fip in a 
ferromagnetic domain and an atom of moment px 
in an antiferromagnetic domain, the total inter¬ 
domain exchange energy per ensemble is 
-2AjJxfWx(Am+A«), where Am m m'—m* and 
An ^ n'-~n" are both positive quantities. The 
total ground state energy for each domain en¬ 
semble may therefore be written as 

E = E '-2 Aj?xmM( Am+An) 

= E'-X fa M f M Ai * 

where Athe effective inter-domain coupling 
coefficient is defined as 2Ajf*x(Am+A»)/iVjpJVx; 
Np( S3 MfIup) and JVx(ss Mx/am) we the number 
of magnetic atoms per unit volume in the ferro¬ 
magnetic and antiferromagnetic domains. 

We will now examine an alternative state for 
the same domain ensemble after it has been cooled 
to low temperatures in a magnetic field. In a 
sufficiently strong field, not only will the magneti¬ 
zations of both ferromagnetic domains be turned 
into the direction of the field but the moments 
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within the antiferromagnetic domains, even if 
they are held rigidly antiparaliel to one another, 
will also be changed in orientation. The latter 
arises from the fact that each antiferromagnetic 
domain is not coupled with equal strength to all 
hs neighboring ferromagnetic domains. Spccifi- 
caily r in our domain ensemble we must allow that 
in general Aw & An, and throughout the follow¬ 
ing discussion we will assume arbitrarily that 
A m > An. If we also suppose that at somewhat 
higher temperatures the magnetic anisotropy 
forces in the system are negligible and the weakest 
exchange interactions are still those across the 
domain boundaries, the response of the ground 
state configuration to a small external field will be 
that illuatrated in Fig. 3(b), If the field equals or 
exceeds some characteristic value (which wc will 
discuss later) the moments in the system will be 
aligned so that all the angles (0, <f >i and <f> 2 ) indi¬ 
cated in the figure are % Q . The resulting con¬ 
figuration may be represented equivalently as 
shown in Fig. 4(a), It is readily seen that the total 
energy for each domain ensemble in this con¬ 
figuration (in the presence of the field) is 


shown in Fig. 4(a) even when the field is subse¬ 
quently removed at the lowest temperature. This 
configuration corresponds therefore to a metas¬ 
table low-temperature state in which each domain 
ensemble contributes a moment Mp to the reman¬ 
ent magnetization of the system, in contrast to the 
zero remanence contribution of a domain ensemble 
in its ground state. 
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E * E* - 2\paiafpa{ Am - An) - HtnMp, (3a) 


where E* the intra-domain energy iB still expressed 
by equation (1) and where H e tt the effective field 
on each domain ensemble is assumed for our 
present purposes to go to zero when the external 
field is removed. Alternatively, we may write 
equation (3a) as 

E m E'HmMf (3b) 

where Xp^ ia defined as before and the new param¬ 
eter, a isss (Am-A»)/(Am+An). Consistent with 
our assumption that Am £ An, it follows that a 
is a positive quantity that ranges from 0 to 1. Hence 
in the absence of a field, the energy expressed by 
equation (3b) is higher than that expressed by 
equation (2) (except for the extreme case of oc = 1) 
and the system would ordinarily be expected to 
revert to its ground state configuration. However, 
let us postulate that with decreasing temperature 
there is a rapid increase in a magnetic anisotropy 
that fixes the absolute orientation of each of the 
BHwnents in the antiferromagnetic domains. Under 
t^is condition, the cooling of the system in a large 
field will result in a retention of the configuration 
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Fig. 4. Same as Fig. 3 except that domain-ense mb le 
is in metastable state achieved by cooling in a field 
directed as shown in (a). 
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Let W fiat suppose for simplicity that the sys¬ 
tem consists of domain ensembles that are identical 
in every respect, including the a-parameter de¬ 
fined above, and that all the ensembles are in the 
field-cooled state shown in Fig. 4(a). We also 
assume here (and in all later discussion) that there 
is a coupling between different domain ensembles 
which can be represented by a molecular field 
proportional to AT, the average net magnetization 
of the system. The total effective field on each 
ensemble is thus expressible as 

fletf = (4) 

where H is the externally applied field and Am is 
the molecular field coefficient. Hence, if we take 
Am to be large and positive, there will be a strong 
ferromagnetic coupling between domains in the 
same ensemble as well as in different ensembles, 
and in response to a field (in any direction other 
than that of the field applied during cooling) all 
the ferromagnetic domain moments in the system 
will rotate in unison from their remanence direc¬ 
tions, as indicated in Fig. 4(b). In addition, even 
though the moments within each antiferromagnetic 
domain may be aligned rigidly antiparallel to one 
another and thus not be affected directly by the 
applied field, they will nevertheless turn as shown 
in the figure owing to their net coupling with 
adjacent ferromagnetic domains. This latter effect, 
however, will be opposed by the strong anisotropy 
forces postulated earlier which prefer that these 
antiparallel moments retain their original orienta¬ 
tions in the field-cooled state. 

Should these anisotropy forces be overwhelm¬ 
ingly large compared to the net exchange coupling 
between ferromagnetic and antiferromagnetic 
domains, the angle <f> in Fig. 4(b) will remain fixed 
at zero regardless of the magnetization direction 
of the ferromagnetic domains. Consequently, 
when the system consisting of identical domain 
ensembles is subjected to a field opposite in direc¬ 
tion to the field previously applied during cooling, 
all the ferromagnetic domain magnetizations will 
hold their remanence direction (0 = 0) until the 
reverse field reaches a critical value — H C} at which 
point they will abruptly reverse their direction 
(to 8 — 180°). Moreover, when the reverse field is 
reduced through the same critical value, the mag¬ 
netizations will all revert discontinuously to their 
original orientation. It follows from previous dis¬ 


cussion leading to equation (3b) that ’ 

He - X fa M a * *s H rA au ($) 

In effect, H c acts like a fixed biasing field on the 
ferromagnetic domains (arising from their net 
exchange coupling with neighboring antiferro¬ 
magnetic domains), and the result is a magnetic 
hysteresis loop that is displaced from the origin as 
shown by the solid curve in Fig. 5(a). It is obvious 
that the direction of H Ct which is fixed in th4 
lattice by the field applied during cooling, is the 
easiest direction of magnetization and that the 
opposite direction is the hardest. This unidirec¬ 
tional anisotropy would be manifested not only 
in a displaced hysteresis loop but also, as shown 
in Fig. 6 (a), in a sinusoidal variation of the torque 
on the system rotated about an axis perpendicular 
to the field-cooling direction in a large external 
field. The amplitude of this torque curVe is 
and if we define Umn and Ut(i) as the 
shaded areas indicated in Figs. 5(a) and 6 (a) re¬ 
spectively, we find that 

Ukh) = U\(L) = 2MfHfa*, ( 6 ) 

which may be taken as alternative measures of the 
unidirectional anisotropy energy. 

We will now investigate how the magnetic be¬ 
havior of this field-cooled system changes as the 
temperature increases and the moments in the 
antiferromagnetic domains are no longer fixed 
along the axis of field-cooling but are allowed to 
deviate by an angle <f> as shown in Fig. 4(b). If a 
uniaxial anisotropy X^sin 8 ^ is associated with 
each of these moments, the total energy per domain 
ensemble in this configuration, 

E « E'-MfHfa* co 9(9-+)-NaK a suvty 

- MfH cos^r -8)- AmA/|. (7) 

Starting with this equation, we develop in Appen¬ 
dix A a detailed analysis of the hysteresis loop re¬ 
sponse of this system to an external field applied 
along the axis of field-cooling (i.e., \ft = 0 ) for in¬ 
creasing values of the ratio, MpHfa*I 2 NaKa 23 
The solid curves in Fig. 5, computed from the 
results of this analysis, indicate that as p increases 
from zero but is less than % the hysteresis loop 
changes in shape (the magnetization reversing less 
abruptly) but remains asymmetrical with respect 
to the origin. In fact, over this limited range of p % 
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d* fWdamain exchange force, are just strong mg p a. mdicated by the hysteresui loop areas 
«oo»o h to pull the antiferromagnetic domain Fig. 5(c)-(i}. 
momenta ovw their diminiahed anisotropy energy Also studied in detail ‘ n ^PP* 
banim, and all the momenta in the system will hysteresis loop response of this system to a fidd 
ab^p[w change to new stable directions along applied perpendicular to the axis of ^-cwhng 
Tm *1 180°. An analogous process, with the (i.e, * - 90°) and is represented by the dashed 
easy direction switching back to 9 - + - 0, then curves in Fig. 5 In this case, it ^ws direcdy 
occurs at comparable positive fields. Thus, the from the uniaxial symmetry assumed for the anti¬ 
hysteresis loop is no longer asymmetrical about ferromagnetic domain anisotropy that for any 
the origin; it is also not a single-valued function value of p the hysteresis loop is symmetrical about 
but encloses an area that is a measure of the the origin and there is no hysteresis energy loss, 
hysteresis energy loss Wh, as shown in Fig. 5(c). As p increases, the magnetization rises an 
As p » increased beyond j, there is a gradual de- approaches saturation more rapidly with mcreas- 
crease in the magnitude of the field at which the ing field. Correspondingly, there is a monotonic 
abrupt change in magnetization takes place, the decrease of the energy of magnetization U ^ de- 
magnitude of this magnetization change increasing fined as indicated by the area in Fig. 5(a). For 
and eventually, for p 1*62, amounting to a com- p — 0, U ^ has its maximum value of MfHfa&> 



Fig. 5. Hysteresis loops of Af vs. H computed for field-cooled system for increasing 
values of p. Solid and dashed curves are for H parallel and perpendicular, respectively, 
to fe te ap plied during cooling. Shaded areas U x and Wa define unidirectional 

anisotropy energy, an energy of magnetisation and hysteresis energy loss, respectively. 






which according to equation (6) is exactly half the 
value of both Ukr) and Uud, the unidirectional 
anisotropy energies determined from the displaced 
hysteresis loops and torque curves, respectively. 



0 r M* 180* 2 TO* MO* 

* 


Fig. 6. Torque curves computed for field-cooled system 
rotated in very large field, for increasing values of p. 
qfr = 0° (and 360°) corresponds to direction of field 
applied during cooling. Shaded areas Ui(L) and Wr 
define unidirectional anisotropy energy and rotational 
hysteresis energy, respectively. 


and only easy direction of msgnetizadon ■ 
being parallel to the field-coaling ddrection(Le., 
at ^ » 0). Aa long as p < the magnitude of the 
maximum torque and the uiddifoi^nal aniso¬ 
tropy energy Ui(t) have the fixed valuta, 
and 2MfHfa<*> respectively- However, when p 
reaches the value } f the net exchange coupling 
with the ferromagnetic domains it able to cause 
the antiferromagnetic domain momenta to jump 
discontinuously over their relatively weaker aniso¬ 
tropy energy barriers. Since this abrupt transition 
in moment direction (and therefore in torque) 
repeats every half-cycle, aa shown in Fig. 6(c), the 
direction ip m 180°, as well as ip « 0, is now an 
easy direction of magnetization. It is also clear 
from this figure that the abrupt transition occurs 
at analogous but different values of ip when the 
system is rotated in opposite directions with 
respect to the external field. Hence, the torque 
curve is no longer single-valued but instead en¬ 
closes the shaded area shown in Fig. 6(c), which is 
half the total area enclosed over a complete cycle 
and is therefore the usual measure of the rotational 


hysteresis energy Wr. It should be noted that 
within the context of this analysis the value of Wr 
is non-vanishing with increasing external field. 
As p is increased beyond \ y Wr decreases monot- 
onically and finally vanishes when p = 1, at which 
point the torque curve is once again single-valued 
but is uniaxial rather than unidirectional in charac¬ 


ter. With any further increase of p, the amplitude 
of the torque variation decreases continuously, as 
indicated by Figs. 6(e)-(f). The non-sen) limiting 
value of Wr at high fields and its variation with p 


The torque curves for this field-cooled system was recently discussed by Meiklejohn* 14 * with 
at different values of pare derived in Appendix B. reference to a simple ferromagnetic-anttfeiTO- 
The starting point is again equation (7) except magnetic system (corresponding to our model for 
that tp is now increased or decreased smoothly the case of a = 1). 

through 360°, corresponding to a complete cycle The results obtained in Appendices A and B 
of rotation of the system with respect to the exter- for the low-temperature hysteresis loop and 
nal field. Moreover, it is assumed that the external torque properties of the field-cooled stole of our 
field is strong enough to align the ferromagnetic model are presented in an alternative form in Fig. 
domain moments essentially parallel to itodirection 7, where various energies previously defined are 
(i.e., 6 w ip) yet is not strong enough to affect the shown as functions of increasing p. A close corres- 
antiferromagnetic domain moments directly. The pondence is immediately obvious between the 
results of this analysis are represented by the com- energies derived from high-field torque curves and 
puted curves shown in Fig. 6, and it is evident those derived from hysteresis loops where the 
that as p initially increases from zero the torque field is applied parallel to the field^ooling axis. In 
curve changes in shape (becoming less sinusoidal) each case, the unidirectional anisotropy energy has 
but remains unidirectional in character, the one a constant value 2 MfHfa* ovtt the range 
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Q < p < i and then vaniahea abruptly at p » i 
when Aunuhtneouily there is a sudden appearance 
<rf magnetic losses of roughly the same magnitude. 
Aft p is increased further, the magnetic losses de¬ 
crease monotonicftlly to zero, the decrease being 
much more rapid in the cause of Wr. Contrast¬ 
ingly, the hysteresis loop behavior when the field 
is applied perpendicular to the field-cooling axis is 
characterized by an encrj^ of magnetization V L 
which decreases monotonically from M f H F a* as 
p increases from zero. In all these considerations, 




Fio. 7- Variation with increasing p of energies defined 
in Figs. 5 and 6. 

it is important to note that when p becomes very 
large, corresponding to a very weak anisotropy 
associated with the antiferromagnetic domains, 
the system will relax from its field-cooled state to 
its ground state. It will then be necessary to recool 
the system in a field in order to regain the proper¬ 
ties for small p displayed in Figs. 5, 6 and 7. 

We have implicitly assumed that with increasing 
temperature the anisotropy energy Ka associated 
with each antiferromagnetic domain moment de¬ 
creases much more rapidly than M F H FA z, the 
effective inter-domain exchange energy. Since p 
is defined as MrHpa^I^NaKa, the sequence of 
events for increasing p described in Figs. 5, 6 and 
7 is appropriate for a rising temperature. When we 
then compare the field-cooled properties predicted 
by our model with those obtained experimentally 
in Cu^Mn and related alloys,we find a 


gratifying degree of agreement. For example, 
essentially the same value for the unidirectional 
anisotropy energy is derived from both displaced 
hysteresis loop and high-field torque measure¬ 
ments on a given alloy at low temperatures, and 
this value is almost exactly twice the energy of 
magnetization derived from the low-temperature 
hysteresis loop measured perpendicular to the 
field-cooling axis. Moreover, with increasing tem¬ 
perature both hysteresis loop and torque measure¬ 
ments give a monotonically decreasing unidirec¬ 
tional anisotropy energy whose disappearance is 
accompanied by a maximum in magnetic losses. 
In the case of the torque measurements, these 
losses take the form of a rotational hysteresis 
which approaches a constant value at very high 
fields (instead of diminishing rapidly to zero as in 
a normal ferromagnet). 

It is not surprising that the abrupt changes in 
various properties shown in Figs. 5, 6 and 7 are 
much more gradual when observed experimentally 
in the atomically-disordered Cu-Mn alloys. In 
the form used in predicting these properties, our 
model was kept as simple as possible. Hence, all 
the domain ensembles of the system were charac¬ 
terized by physical parameters (i.e., Hpa, a, etc.) 
having the same average values, whereas it would 
be closer to reality if the values of these param¬ 
eters were allowed to follow appropriate distri¬ 
butions. This over-simplification of our model 
becomes much more serious with respect to other 
parts of this problem, and in the next Section we 
are forced to incorporate a parameter value distri¬ 
bution into the model. 

3. THE EFFECTS OF AN Ot-PARAMETER 
DISTRIBUTION 

a. Temperature dependence of the initial suscepti¬ 
bility 

Of the various parameters in our model, it 
would appear that the <x-parameter, being ex¬ 
tremely sensitive to the exact conditions at the 
domain boundaries, would have the broadest 
distribution in its value among different domain 
ensembles. Consequently, we will henceforth 
represent the distribution in a by the probability 
function P at which is normalized such that 

l 

J>«da= 1. 

0 


(8) 
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where the integral form of this equation is justified 
by the close spacings in the a value spectrum. 
All the other parameters will continue to be repre¬ 
sented by their average values. 

With the model modified in this way, let us 
first consider the effect of a small external field 
on the system in which all the domain ensembles 
are initially in the ground state configuration 
shown in Fig. 3(a). At very low temperatures, it 
is again assumed that the antiferromagnetic do¬ 
main moments are rigidly fixed in orientation by 
a large uniaxial anisotropy. Hence, there will be 
essentially no response to a field applied parallel 
to the anisotropy axis as long as it is smaller than 
the inter-domain exchange field on each ferro¬ 
magnetic domain, whose magnitude is A fa Ma 
(or Hfa) according to equation (2). However, for 
a field applied perpendicular to the anisotropy 
axis, the response will be as shown in Fig. 3(b). 
Except at elevated temperatures (which will be 
discussed later) the antiferromagnetic domain 
moments will be considered to be rigidly anti¬ 
parallel so that <f>i = fa w $ . The energy of this 
ensemble can therefore be written 

E = E'—ZXfapfH'A {A?w cos(0“^)+ cos(0-{-^)} 

— NaKa sin 2 <£ — MpH^it sin 0, 
which becomes 

(E—E')jMp = —Hfa( cos 0 cos <£+a sin 0 sin <f>) 

- \H k sin z <f> - H e ii sin 0 (9) 

in terms of parameters defined in the previous 
section and Hk s= 2NaKaIMf- It is shown in 
Appendix C that when the external field is very 
small the equilibrium value for 0 derived from 
equation (9) is given by 

H e «{H FA +H K ) 

am 0 =- (10) 

H FA {H FA (l-^)+H K ) 

As before, H e n = H+ where M the average 
magnetization of the whole system is now ex¬ 
pressed as 

l 

Af = $M F j P a sin $ da, (11) 
0 

the factor f arising from an assumed random 
orientation of the anisotropy axes of different 


ensembles. If we ako assume that at very low 
temperatures Hk > Hpa% «qu«tioo{l6) becomes 
amply sin $ m (H+XMM)jHpA i which we combine 
with equations (8) and (11) and obtain for the 
initial susceptibility at or very near 0°K: 

xo - M/H - fMW(Hw^|Aaf«r). (12) 

which is valid as long as fAj/Afp < Hfa* 

When the temperature is increased, the anti- , f 
ferromagnetic domain anisotropy (and hence, Hk) 
is again considered to drop rapidly to zero. Under 
this condition, the moments of all the domain on* 
sembles align themselves with respect to the field 
in the manner indicated in Fig. 3(b); hence, the 
average magnetization of the system, 

i 

M = M f J P a sin 0 da. (13) 

0 

Moreover, equation (10) in this case reduces to 
sin 0 m (H-hAMM)/fl> 41 -a a ), which combined 
with equation (13) gives the initial susceptibility 
at this higher (but still fairly low) temperature: 

X * P&f/(Rfa -PXmUIf) 

where 

i (14) 

P = j P * d«/(l -« a ). 

0 

In this expression (valid for pX^Utr < fltai), we 
have replaced Mp and Hfa by their somewhat 
diminished time-averaged values, SI p and Ufa 
(i.e., A^Slx)» appropriate for this higher tem¬ 
perature. Since fop can be expected to decrease 
more rapidly than KJU with increasing temperature 
(as we will show later), equation (1+) indicates 
that correspondingly there will be a decrease in 
susceptibility, as shown in Fig. 8 where T\ is the 
temperature at which AT^(and hence, Hk) vanishes. 
When the temperature is decreased below Tu the 
susceptibility will no longer follow equation (14) 
and increase as indicated by the dashed curve in 
Fig. 8; instead, owing to the rapid rise in Kai X 
will start decreasing towards the value xo given by 
equation (12), as indicated by the solid curve. 
That xo is smaller than x at T\ follows from the 
definition of p in equation (14). It is obvious that 
for any distribution function P a that obeys 
equation (8) the value of p cannot be less than 
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Fig. 8. Magnetic susceptibility and its reciprocal vs. temperature for 
hypothetical system cooled initially in zero field, Ti is temperature at which 
anisotropy K A vanishes; dashed curve gives susceptibility below Ti for the 
cmc Ka ^ 0. Te is the magnetic-disordering temperature; Q' and & are the 
apparent and true paramagnetic Curie temperatures, respectively. 


unity. In Tabic 1 arc listed some simple possi¬ 
bilities for P a which progressively emphasize 
small values of a, and the corresponding values of 
p which decrease monotonically towards unity; 
the case of P a *» 1 demonstrates the general fact 
that p is infinite for any form of P a having a non¬ 
zero value at at » 1. 

Table 1 


P*_ _ P* q * 

1 oo 0-50 

1-87 0*40 

2(1-#) 1*39 0 33 

3(1-#)* 1 *16 0*25 


* p and q are the integrals defined in 
equation* (14) and (27b) respectively. 

We may therefore conclude that for any reason¬ 
able choice of the function P a the susceptibility 
will have a maximum value at a temperature 
just below Ti and will drop to a significantly 
smaller value * 0 at very low temperatures. Accord¬ 
ing to equations (12) and (14), if p is large enough 
the ratio Xwix o can easily exceed § (the value 


associated with a simple polycrystalline anti- 
ferromagnet), and this is consistent with the 
“anomalous” values of just over 2 observed in 
Cu-Mn alloys of high Mn concentration. 2 > 
However, a x'max/xo ratio ovcr I can a ^ so be 
justified within the context of an antiferromagnet 
of low crystal symmetry (such as the ordered 
alloy AuaMnt 10 )). Consequently, for a less am¬ 
biguous test of our model, we must examine the 
susceptibility behavior above the temperature of 
tfmnx, where according to our model (in contrast 
to the usual theory of antiferromagnetism) the 
system is still in an ordered magnetic state. 

At these higher temperatures, we must allow 
that the sublattice moments of the antiferromag¬ 
netic domains are not strictly antiparallel in the 
presence of an external field. Hence, with refer¬ 
ence to Fig. 3(b), <f>\ <£ 2 , and the energy of a 

given domain ensemble in the system is 

E = — i \ 2 a cob^j— <f> 2 ) 

-IXfapppa {w' cos(0-^i)-ot* cos(0-^2) 

+ rt' CO8(0+^ 2 )-«' cos(0+<£l)} 

— SWlcfr sin 0+ jSl^fleff(sin sin ^ 2 )) 
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where Han «■ H+AjjSt, SI being the average 
magnetization of the whole system. If we set 2 \ F a 
(m'+n*+n'+n*)INrNA as and make the 
simplifying assumption that trt'+ m" = »'+»', the 
above expression becomes 

E = — itaSlJ cos 2 * 

—A^Slj-Sl^cos 0 cos ^-ha sin 8 sin <f>) coa c 
sin 0 cos ^ sin e 

—lleff(Slj’ sin 8 — SL cos ^ sin c), 

(15) 

where <f> « £(<£ 1 +^ 2 ) and * ===== J(«^i—<^ 2 )- In the 
detailed analysis given in Appendix C, equilibrium 
values for 0, <f> and € are obtained from equation 
(15) in the limit of small H and are then used in 
deriving an expression for the initial susceptibility 
X in terms of SIf, Sta, and the various A’s. For the 
case where A a A^, A^ or Am, correspond¬ 

ing to a predominantly strong coupling within the 
antiferromagnetic domains and a relatively weak 
coupling between domains, it is shown that 
$If/S1f ^ I&aIMa at all but very low tempera¬ 
tures (resulting from the more rapid disordering 
of the ferromagnetic domains with increasing 
temperature) and that the expressions for the 
magnetic disordering (or Curie) temperature and 
the initial susceptibility are simply 

T c ~ J C a Xa (16) 

and 

1 fll i C ^~^FA + 2 ^)P | (1?) 
iAx-Awl T-\C F \ F -C F \ M p I 

when higher order terms in A^, A"^ and Am are 
neglected. The constants, C> ~ Npfi 2 (S + l)/3S/s 
and Ca ss= NaCf/Nf, where p — /m = hf 
(== gSfjLs)] p is the integral defined in equation 
(14). At temperatures well below T c and com¬ 
parable to CpAi?, equation (17) reduces further to 

x a C'HT-B') (18) 

where C'm C F {1 -4{A^-A M )/A^}/> 
and ff s JCjs’Ajf+Cji'Aifp. 

Thus, even though the system is certainly not 
paramagnetic at these temperatures, a plot of 
X -1 vs. T will approximate a straight line, in 


apparent co nfor mity to a Curie-Weias relation- v , 
ship with a positive or ferromagnetic interaction 
temperature d\ as indicated in Fig. 8. 

For temperatures above T& a straightforward 
analysis in Appendix C yields a fairly complicated 
expression for the initial susceptibility, which, 
however, gives the same value of x *t T 9 as equa¬ 
tion (17) and which approaches the following 
Curie-Weiss relationship st very high tempera- '■ 
tures: * 

X S c/(r-*), (19) 

where C s Ca + Cf and 8 « (— C^A^+ZCJUf 
- 8 CfC ,4 A^+4C 2 Am)/ 4C. In contrast to 0' in 
equation (18) which is always positive, 8 in 
equation (19) can be cither positive or negative 
depending on the relative strength and number of 
the various ferromagnetic and antiferromagnetic 
interactions in the system. 

Figure 8 shows the variation of the initial 
susceptibility (and its reciprocal) above as well as 
below T c , as predicted by our model for the case 
where 8 is negative. It is clear that while x varies 
with deceptive smoothness through T C} 1 lx has 
an anomalous temperature dependence correspond¬ 
ing to a gradual but distinct transition from 
equation (18) to equation (19). There is a striking 
similarity between this behavior and that observed 
in Cu-Mn and Ag-Mn alloys of high Mn con¬ 
centration (see Fig. 2), which is particularly 
significant because the theoretical curves in Fig. 8 
apply specifically to a system for which 8 is 
negative, implying a predominance of antiferro- 
magnetically coupled moments (which we have 
consistently identified with the moments of 
nearest-neighbor Mn atoms). Furthermore, in 
agreement with our definition of T c as the Curie 
temperature of the system, the electrical resistivity 
of each of these alloys is found to exhibit an 
anomaly indicative of magnetic ordering at the 
same temperature as that of the peculiar kink in 
its 1 lx vs. T curve, as shown in Fig. 2. The 
maximum susceptibility of each of these alloys 
which occurs at a lower temperature ( T s in Fig. 2) 
and the Curie-Weiss-like behavior just above T# 
both give the misleading impression of an anti- 
ferromagnet with a N£el temperature at T 9 and 
with a positive paramagnetic Curie temperature* 

Our model, however, successfully interprets 9 Q 
these phenomena within the context of a more 
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complex system with a significantly higher mag¬ 
netic disordering temperature (T e )- 


b. Field-cooling criteria and displaced hysteresis 

hops 

The inclusion of an a-parameter distribution 
in oor model is particularly important when we 
consider the effects of cooling the system in 
different fields. We will suppose that initially the 
temperature of the system is well below its Curie 
temperature yet high enough for the anisotropy 
associated with its antiferromagnetic domains 
to be vanishingly small, i.e., with reference 
to Fig. 8, T\ < T < TV At such a temperature 
and in an external field H t each domain ensemble 
will have the spin configuration of Fig. 3(b) with 
tfti m <f> 2 m Specifically, according to a detailed 
analysis given in Appendix D, all the ensembles 
whose a-parameters equal or exceed the value ao 
defined by the equation 

( 20 ) 


will be in the saturated state given by 6 and 
m 90°, whereas for the ensembles with a < ao 
the following conditions obtain: 


sin 6 i 


and 


l-a 2 n 


{(1 - +(«» - *2) (1 _ «***)}!/« 

O-ao)* 


sin ^ 


(21a) 


(21b) 


Hence, the average magnetization of the entire 
system may be written as 


SI » SIf jp a da+SI p j P a sin 6 da, (22) 
«• o 

where sin 6 is given by equation (21a). The 
situation for «o approaching unity is equivalent to 
both H and St being very amall, and the initial 
susceptibility (Sl/J/) obtained from equations (20), 
(21a) and (22) reduces properly to that expressed 
in equation (14). For smaller values of ato, these 
equations when solved simultaneously give pro¬ 
gressively larger values of SI and H , which 
plotted against each other result in the full mag¬ 
netisation curve appropriate for low temperatures 
just above where K A is assumed to vanish. Choos¬ 
ing » 2(1 —«) for illustration purposes, we 


have plotted in Fig. 9(a) our computed values of 
Sl/S^vs. HjH FA for A# « 0 and A# * UfaH&Fi 
the two curves serve to show that a positive Xm 
makes the approach to ferromagnetic saturation 
more rapid. 

On the basis of equation (21), we show in 
Appendix D that as a drops below ao there is a 
very rapid decrease of <f> to zero from its value of 
90° for a ^ ao, whereas 6 decreases much more 




Fig. 9. (a) Variation of Si (with H/Rfa) and £/ W) , Mr 
(with Hoooi/Rf^), all normalized to their saturation 
values at temperature, computed for P — 2(1 —a) and 
different values of Am. (b) Uuh) vs. Mr} Doth normalized 
to their saturation values, computed for different P a 
functions. 
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slowly. Moreover, when the system is cooled in a 
field! this fairly sharp distinction between die 
domain ensembles with a «o and those with 
* < «o f in the orientations of their antiferro- 
magnetic domain moments, will be retained if the 
anisotropy Ka develops with its easy axis parallel 
to these moments. Consequently, when the ex¬ 
ternal field is removed at very low temperatures, 
the remanent state of the system will be such that 
all the domain ensembles with a ^ ao will be 
stabilized in the field-cooled configuration of 
Fig. 4(a), whereas the ensembles with a < ao will 
be stabilized in the ground state configuration of 
Fig. 3(a). The value of ao itself is determined by 
equation (20) in which H should be interpreted 
as the external field applied during cooling 
(henceforth called f/cooi) and in which SI, the 
total magnetization at the temperature where Ka 
vanishes, is still given by equation (22), The low 
temperature remanent magnetization of this field- 
cooled system will be 

i 

Mr=Mf | i> a da (23) 

ao 

and this expression, together with equation (20), 
has been used to compute the curves of Mr! Mr vs. 
HcooilftFA plotted in Fig. 9(a), where P a = 2(1 - a) 
and Am = 0, flj?,4/4SlF were again chosen for 
illustration. The slower increase of MrIMf with 
//cooi/flta 4 relative to that of SI/SIf with HIUfa 
follows from the fact that Mr, in contrast to SI, 
gets no contributions from the domain ensembles 
with a < ao. Nevertheless, it is clear that Mr, like 
St, is enhanced by the presence of a positive Am* 
For the field-cooled system described above, 
let us consider the low-temperature magnetization 
response to an external field. Since the domain 
ensembles with a < ao are stabilized in the 
ground state configuration, they will contribute 
a small magnetization essentially proportional to 
the field, the susceptibility being given approxi¬ 
mately by 



o 


where xo ia the initial susceptibility of the system 
cooled in zero field (i.e., oto = 1) expressed by 
equation (12), and where the integral takes into 
account the appropriate volume fraction. To a 


crude approximation, this susceptibility can bo 
simply added to the response of the rest pS tfee 
system. Keeping tins in mind, we now turn ottir 
attention to the domain ensembles with a > oto 
which are stabilised in the field-cooled configura¬ 
tion shown in Fig^ 4(a), the moments of their anti* 
ferromagnetic domains being held rigidly parallel 
(and antiparallel) to the field-cooling direction by 
the anisotropy Ka* According to a detailed dis¬ 
cussion in Appendix D, if the external field H is 
applied parallel to the field-cooling direction, the 
equilibrium states of this part of the System ate 
such that for 

H > AmA/j?(e Hi): M ** Mr 

and for H < -Hfa+XmMr(z£ f/ 3 ): M « —Mr. 

Since Afj* is given by equation (23), these two 
states obviously correspond to all the ensembles 
with a > oto having their ferromagnetic domain 
moments either parallel or antiparallel to the 
field-cooling direction. Moreover, the manner in 
which M decreases from Mr to — Mr as H de¬ 
creases from J/i to #2 *8 found to be determined 
by the following pair of equations: 

1 oc 

M/M f = J P x da- j P a da (25) 

a oto 

and 

H+XmM+Hfa* “ 0, (26) 

where it is clear that for any given value of <x be¬ 
tween ao and 1 the ensembles with an a-param- 
eter larger or smaller than this value will have 
their ferromagnetic domain moments parallel or 
antiparallel respectively, to the field-cooling 
direction. 

It follows that the domain ensembles with 
a > ao give rise to a hysteresis loop that is dis¬ 
placed asymmetrically with respect to the origin. 
Again choosing «P a = 2(l — a) and Am »0, 
RfaHI&f for illustration, we have used equations 
(25) and (26) to compute the two sets of displaced 
hysteresis loops drawn in the upper part of Fig. 10. 
For each set, we picked four successively lower 
values of ao (corresponding to successively higher 
values of Ffoooi) such that Mr/Mf =* £, | and l. 

The most remarkable feature of these hysteresis 
loops, aside from their displacement from the 
origin, is the fact that the magnitude of tile 
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coercive field decrease* as Mb (awl the Hcooi pro¬ 
ducing it) increases. It is readily seen by setting 
M « 0 in equations (25) and (26) that this feature 
obtains for any analytic form assumed for P a and 
is completely independent of Ajif. Although the 
coercive field is invariant with Aar, it is obvious 
from Fig. 10 that a non-zero (and positive) Am 
can cause a pronounced “squaring up” of the 
hysteresis loop; the significance of this effect is 
kft for later discussion. 



Thus, when H<*oi » very large and «o -+ 0, Ui m 
will approach an upper limit of where 

i 

q s J xP a da. (27b) 

o 

In Table 1, we have listed the values of q corres¬ 
ponding to several simple forms for P a \ it is clear 
that q gets smaller as P a places greater emphasis 
on small values of a. From the combination of 




tio. 10. Hysteresis loops and AM vs. H curves computed for system cooled in various fields* 
with P A 2(1 — a) and different values of Am. 

As before, we define the unidirectional aniso- equations (20) and (27a), we have computed 

tropy energy t/i^o as the area enclosed by the Ui^i^MpHpAq as a function of f/cooi/ft/M, again 

displaced hysteresis loop and the M axis between assuming that P a = 2(1 - a) and Am = 0 or 
the saturation magnetisation limits. Applying this From the results plotted in Fig. 9(a), 

defuttuon to the hysteresis loops determined by we observe that with increasing i/cool the approach 
(25) (2®)* we obtain by a fairly of Ukh) to its upper limit is considerably faster 

straightforward analysis (whose details are given than that of Afg. This difference can be predicted 
in Appendix D) the following general expression: qualitatively by comparing equations (23) and 

1 (27a) and recognizing that the domain ensembles 

Vum “ 2M f H fa / oJ> # da. (27a) with . 810411 a "P arameter8 (which require large 

*♦ 7 cooling-fields for transformation to the field- 
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cooled state) make a relatively smaller contribution 
to Ui(B) than to Mr. It also follows that this 
difference between U\{H) and Mr will become 
more pronounced as P a increasingly favors the 
relative population of domain ensembles with 
small a. This is clearly borne out in Fig. 9(b) 
where Ux{R)I2MfHfa<1 is plotted directly against 
Mr/Mr for a few simple forms for 
The inverse relationship between the coercive 
field and Mr noted in Fig. 10 can now be inter¬ 
preted as a direct consequence of the more rapid 
approach to saturation of Ukh) compared to Mr . 
Furthermore, it is clear from equation (27a) that 
for a given Mr corresponding to a given <xo the 
value of Vi(H) is invariant with Ajvr; hence, the two 
sets of hysteresis loops in Fig. 10, though very 
different in shape, share the same values of V\{H) 
as well as the same remanences and coercive fields. 
However, as we will now show, the difference in 
shape between these two sets of curves is not 
trivial but contains important information on the 
effect of Aji/ on the magnetization process in this 
complex system. In the lower part of Fig. 10, we 
have taken the difference in magnetization (AM) 
between each pair of adjacent hysteresis loops 
shown in the upper part of this figure and plotted 
it against the field at which AM was evaluated. 
For both values of Aj/ f the resulting AM vs. H 
curves resemble the hysteresis loops from which 
they were derived, in being asymmetrical with 
respect to the origin. In the case of Am = 0, AM 
varies strictly within the limits + AMje, where 
A Mr is the remanence increase arising from the 
additional domain ensembles stabilized in the 
field-cooled state when the system is cooled in a 
larger field. It follows that in this case these en¬ 
sembles contribute purely additively to the mag¬ 
netization, which is a manifestation of the fact 
that when = 0 all the domain ensembles in the 
system are magnetically independent. Clearly, 
this will not be so when Am > 0, and in this case 
the AM vs. H curves in Fig. 10 exhibit a dip in 
AM to values well below —A Mr, indicating that 
the domain ensembles all of which are now ferro- 
magnetically coupled reverse their magnetizations 
cooperatively. This effect is discussed analytically 
in Appendix D where it is assumed for simplicity 
that the two hysteresis loops of interest are for the 
system cooled in slightly different fields. The 
expression for AM derived from these hysteresis 


loops in the region rtf magnetisation revered is 
the following: w/ ■ 

AM ~ M 

which dearly states that AM will have a minimum 
value lower than —A Mr as long as Am >0. 
Under the same assumptions, it is also found that 
the shaded area indicated with respect to one of 
the AM vs. H curves in Fig. 10, which is dimen* 
sionally an energy, can be expressed as % 

Uua zl 2\ m Mr&Mr (29) 

and therefore is not explicitly dependent on the 
form of the distribution function P*. In fact, 
since the quantities C/am» Mr and AM# can be 
readily evaluated for any pair of displaced hyster¬ 
esis loops that are closely related, equation (29) 
offers a convenient graphical method for deter¬ 
mining Am. 

For comparison with the theoretical curves in 
Fig. 10, we have chosen our recently published 
data {1) on a Cu-Mn and a Ag-Mn alloy of approxi¬ 
mately 20 at. per cent Mn. The displaced 
hysteresis loops shown in the upper part of Fig. 

11 were obtained by cooling the alloys to 1 4 8°K 
in a 5 or 10 kOe field and then measuring their 
magnetizations in a variable field parallel to the 
cooling-field direction. As indicated, the two 
branches of the hysteresis loops for the Cu-Mn 
alloy are essentially coincident. Allowing for the 
small component of magnetization proportional 
to field, we observe that the hysteresis loops 
for each of these materials exhibit an inverse re¬ 
lationship between remanent magnetization and 
coercive field, which was also a prominent feature 
of the theoretical curves in Fig. 10. Moreover, 
when the appropriate graphical integration (de¬ 
scribed earlier) is performed with respect to each 
hysteresis loop in Fig. 11, it is found that for both 
these alloys the unidirectional anisotropy energy 
Uuh) remains essentially constant (at about 
3*5 xlO 4 erg/cm 8 ) whereas the remanence Ms 
almost doubles when the cooling-field is increased 
from 5 to 10 kOe. The fact that Ui^n) approaches 
a saturation limit faster than Mr agrees qual¬ 
itatively with the theoretical prediction as pre¬ 
sented in Fig. 9. However, this experimental 
difference between the variations of Uimy and Mr 
is quantitatively so severe as to suggest that the dis¬ 
tribution function P* appropriate for these aBoys 
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u toon drastic in its favoring of amall value* of * 
rfisn toy of the form# of P t represented in Fig- 
9(b), and/or that some of the other assumptions 
Of our model (e.g., the use of average rather than 
distributed values for all the parameters other 
than #) are too oversimplified. 




its saturation value Mr, Xe remain relatively 
unchanged. This situation is clearly applicable to 
each of the alloys represented in Fig. 11. Further¬ 
more, our published data^ on Cu-Mn Mid 
Ag-Mn alloys more dilute in Mn show that with 
decreasing Mn concentration the remanence is in- 




Fig. 11. Hyitcrcais loops and AAf vs. H curves (derived from these loops) for Cu-Mn and 
Aff-Mn alloys (designated by at. per cent Mn) cooled to 1*8°K in 5 kOe (curves A) 

or in 10 kOe (curves B). 


The small component of magnetization pro¬ 
portional to field exhibited by all the experi¬ 
mental hysteresis loops in Fig. 11, can be readily 
associated with the susceptibility contributed by 
the domain ensembles that are stabilized in the 
ground state configuration. Our approximate 
theoretical expression for this susceptibility is 
equation (24), which by virtue of equations (8), 
(12) and (23) can be written as 

X$ * KMf~Mr)!{H fa - JAjvjAff). (30) 

Hence, if Mr is rising rapidly with increasing 
cooling»fieid, indicating that it is still well below 


creasingly closer to saturation at the maximum 
cooling-field of lOkOe and, in agreement with 
equation (30), there is a correspondingly larger 
relative decrease of xo* 

In the lower part of Fig. 11 are plotted the 
AM vs. H curves derived from the experimental 
hysteresis loops immediately above. It is quite 
obvious that for both materials in the region of 
magnetization reversal AM decreases to values 
considerably below —A Mr. The close resem¬ 
blance between this behavior and that exhibited in 
Fig. 10 for the theoretical case of A m — 
in contrast to the case of A# « 0, strongly suggests 
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the pcwe ace of a positive (ferromagnetic) inter* 
action which links adjacent magnetic units 
throughout each of these alloys and causes the 
reversal of magnetization to be a cooperative pro¬ 
cess, In applying equation (29) to the AM vs, H 
curves in Fig. 11, we take for Mr the average 
remanence for each pair of hysteresis loops and 
evaluate Uam by the graphical method described 
earlier. For the Cu-Mn and Ag-Mn alloys, re¬ 
spectively, we find that Ajvf eg 180 and 250 e.m.u., 
or in terms of the interaction field at remanence, 
~ 1600 and 1800 Oe. Although equation 
(29) is not strictly valid for hysteresis loops that 
are as far apart as those in Fig, 11, these results 
probably give a reliable measure of the interaction 
field A mMr which, according to previous dis¬ 
cussion, is responsible for the changes in the shape 
of the displaced hysteresis loops of these alloys for 
different fields applied during cooling. 

4. SUMMARY 

The low-temperature magnetic structure of 
Cu-Mn and related alloys is conceived as a 
microscopically inhomogeneous mixture of ferro¬ 
magnetic and anti ferromagnetic regions (or do¬ 
mains) resulting from the combined effects of 
statistical composition fluctuations inherent to 
atomically-disordered systems and a critical de¬ 
pendence of the short-range exchange coupling 
between two magnetic (Mn) atoms on the separa¬ 
tion distance. As an attempt to simulate this 
structure and yet avoid many of its statistical com¬ 
plexities, we propose a simple model in which 
the magnetic unit is a small ensemble of mutually- 
interacting ferromagnetic and antiferromagnetic 
domains. The system as a whole is considered to 
be an aggregate of these domain ensembles, all of 
which are initially assumed to be equivalent. The 
interactions among the domains of each ensemble 
are so arranged that in its ground state configura¬ 
tion the ensemble has zero net magnetization; 
this ensures the zero remanence appropriate for 
such a system in its ground state (the state 
achieved by cooling the system in zero field). 

When the system is cooled in a large field, a 
different spin configuration is produced, in which 
the moments of the antiferromagnetic domains, 
though still antiparallel to one another, have re¬ 
arranged themselves consistent with their inter¬ 
actions with the ferromagnetic domains whose 


moments are now aligned parallel to the field* We 
then assume that during the cooling proceed $ 
strong anisotropy (£4) develops end fixes tfid 
antiferromagnetic domain moments, thus pre¬ 
venting the system from reverting to its ground 
state when the field is removed, In this metastable- ■ 
field-cooled state, the system has a remanent 
magnetization whose direction is always that of the 
field applied during cooling (/jf«oi), even after the 
magnetization has been completely reversed by * 
large enough reverse field. Hence, its magnetic 
hysteresis loop is asymmetrically displaced from 
the origin. Under the same conditions, the torque 
on the system in a large field will reveal a uni¬ 
directional anisotropy, the single easy direction 
of magnetization coinciding with that of tfoool* 

As the temperature of this field-cooled system 
rises, we assume that p, the ratio of the exchange 
energy of interaction between adjacent domains 
to twice the anisotropy energy associated with £ 4 , 
increases due to the more rapid decrease of £ 4 , It 
is found that as long as p < £ the unidirectional 
anisotropy energy determined by hysteresis loop 
or torque measurements remains constant, but as 
soon as p bb £ this reversible energy vanishes and 
there is a sudden appearance of magnetic energy 
losses. In the case of torque measurements these 
losses take the form of a rotational hysteresis with 
a non-zero limiting value at very high fields- As 
the temperature (and p) is increased further, these 
losses rapidly diminish, and eventually when £4 
becomes very small the system relaxes to its ground 
state configuration. If the external field is applied 
perpendicular rather than parallel to i/cool, the 
magnetization curve of the field-cooled system is 
always symmetrical and reversible, and at the 
lowest temperatures it gives an energy of magneti¬ 
zation that is exactly half the unidirectional 
anisotropy energy. All these unusual properties 
predicted by our model for the system cooled in a 
field and subsequently raised in temperature 
(which are illustrated in Figs. 5, 6 and 7) are en¬ 
tirely in accord with those recently observed in 
Cu-Mn and Ag-Mn alloys over wide ranges of 
composition.* 1 * 

For the remainder of the discussion, instead of 
assuming that all the domain ensembles of our 
hypothetical system are equivalent, we allow the 
a-parameter, which is a sensitive function of tie 
moment alignment at the domain boundaries, to 
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vary (between 0 end 1) from one ensemble to 
another according to an arbitrary distribution 
function (P*), On this basis, we first investigate 
the temperature dependence of the susceptibility 
of the system initially cooled in zero field and 
therefore in its ground state configuration. Again 
•seaming that the anisotropy Ka decreases rapidly 
with increasing temperature, we find that the 
maximum ausceptibility, which occurs at about the 
temperature where Ka vanishes, can he many 
tiroea larger than the susceptibility at 0°K, the 
ratio depending sensitively on the form of P a . In 
order that this ratio be approximately two, as 
observed experimentally in various Cu-Mn and 
Ag-Mn alloys, (1 > the function P a must be chosen 
so as to strongly favor domain ensembles of small ot. 

According to our model, the magnetic-disorder¬ 
ing or Curie temperature ( T c ) is in general con¬ 
siderably higher than the temperature of maximum 
ausceptibility (7",). The linear temperature de¬ 
pendence of the inverse susceptibility of Cu-Mn 
alloys*observed just above is interpreted not 
as paramagnetic behavior but as a consequence of 
a rapid yet continuous decrease of magnetic order 
in the ferromagnetic domains of the system with 
increasing temperature; this also accounts for the 
apparent paramagnetic Curie temperature being 
positive. At To where both ferromagnetic and 
anti ferromagnetic domains lose their magnetic 
order completely, our model predicts (again in 
agreement with experiment) that the alloys of 
high Mn concentration will have a kink in their 
llx Vt. T curves and that above T c these curves 
will again become linear, extrapolating to a true 
paramagnetic Curie temperature which is negative. 
The electrical resistivity anomaly characteristic 
of a magnetic transition that is found to occur at 
Tt in each of these alloys, is also consistent with 
the predictions of this model. 

We next consider the effects of different fields 
applied during cooling (//cool) on our hypothetical 
ayatem which now includes an at-parameter dis¬ 
tribution. For a given i/cooi, the remanent con¬ 
dition of the system at very low temperatures is 
found to be such that all its domain ensembles 
with «o < * < 1 arc in the metastable field-cooled 
•tale described above and all those with 0 ^ a < «o 
are in the ground state. With increasing //cool, the 
critical parameter value oco slowly decreases and 
tiie remanent magnetization Mr gradually rises to 


its maximum limit. The magnetic hysteresis loops 
of the system under these conditions are displaced 
asymmetrically with respect to the origin. Another 
impressive feature of these theoretical curves is 
that the coercive field decreases with increasing 
HcooW this inverse relationship has been noted 
experimentally in Cu-Mn and Ag-Mn alloys. 
From the theoretical displaced hysteresis loops, 
we derive a unidirectional anisotropy energy 
Ui(H) which rises much more rapidly than Mr to 
its maximum limit with increasing //oool* In order 
that this difference between the variations of 
an< * w *tk //cool be as severe as that 
found experimentally in the alloys, it is necessary 
to assume a predominant population of domain 
ensembles with small a, which is consistent with 
the type of distribution function (F a ) suggested 
earlier by susceptibility ratio considerations. The 
shapes of the theoretical displaced hysteresis loops 
are significantly affected by the coupling between 
different domain ensembles, represented in our 
model by the molecular field \mM where M is the 
net magnetization of the whole system and ib 
a constant. Since this effect changes with the 
remanence associated with the hysteresis loop, 
we are able to devise a method of evaluating 
from any two (preferably adjacent) displaced 
hysteresis loops of a given system. Applying this 
method to experimental curves for Cu-Mn and 
Ag-Mn alloys of about 20 at. per cent Mn cooled 
in 5 and 10 kOe fields, we obtain a positive Xm (of 
roughly the same magnitude for both materials) 
indicative of a ferromagnetic coupling. 
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APPENDIX A 

Using equation (7) and setting 8EjdQ and 8Eld<j> = 0, 
we find that the general equilibrium conditions for the 
field cooled configuration shown in Fig, 4(b) are 

p sin(0-^) = $ sin 2<f> = (Hp/HpA*) ain(^—0), 

(A-l) 

where /> ™MrHFA*l2 NaKa- We will first consider 
hysteresis loops where the magnetization M is measured 
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parallel to the direction of field cooling along which the 
external field H is applied. Hence, Af « Mp cos B and 
^ w 0. One solution of equation (A-l) is obviously then 

sin 6 = 0, sin ^ * 0. 

For the other solution, we set sin ^/p sin 0 £ and 

obtain in terms of this parameter 

cos 6 = H(i-l)IH FA *p? (A-2a) 

and 

cos (f> = -HIH FA %1 (A-2b) 

which recombined with p 2 £ 2 ( 1 — cos 2 0) — 1 — costy give 

H 2 = (HfahKW ~ !)/«—2) (A-3a) 


In order that equations (A-2) and <A-3) 
stable equilibrium solution, the following conditions 


must be satisfied; 


PE/dP > 0 

(A-5*) 

&EI&P > 0 

(A-5b) 

8*E8>E {PE\* 

and -> |-1 , 

(A-Scj 

dP toffi \d8tof>/ 


where E is expressed by equation (7) with d ■* 0* Since , 
d*Eld$* *= MfHfazpC and since { as defined is always 
positive, equation (A-5a) is satisfied for all values of p. 
Equation (A-5c), being more restrictive now than 
equation (A-5b), is the only remaining criterion for the 
stability of this solution and may be written as 


M2 = Mf cos20 = M|({-l)V£*-l)/p*{*(t-2) 

(A3-b) 


and 


o»V-0»{*-l)/{({-2). (A-3c) 

Thus, the magnitudes of M and if (and cos are re¬ 
lated parametrically through equations (A-3), their 
relative signs being given by equations (A-2). For 
sufficiently small p, as £ is increased from £+ ss (1 4-p) -1 
to £_ s (1 —p) _1 , cos 0 (i.e., Af/Afp) decreases from 
1 to —1, H decreases from ff+ a —Hfaol^+ to 
if- :s whereas <f> increases and then returns 

to zero. When H > H+ or if < H_, the applicable 
solutions having the lowest energy are 0 = ^=0 and 
6 — 7t, <f> = 0, respectively. It is clear that Af is a re¬ 
versible function of if that is asymmetrical with respect 
to the origin. 

The unidirectional anisotropy energy Ui{H) is defined 
as the area enclosed by the displaced hysteresis loop and 
the Af axis for — Mf < Af < Mf. Hence 


M p 

U im = - (h dM = 

-M F 


Mp ( r H d{oos? 6 ) 
2 J cos 8 df 

C- 


dC, 


wheref± are defined above. When H /cos 6 and d(cos 2 0)/d£ 
are expressed as functions of £ by virtue of equations 
(A-2a) and (A-3b), 


rr M f H fa x C f(l-p2)l?-3Z+3 jy 

Uum --I -d£ 

p* J m-z) z 

= M f H pa x{Fh(C + )-Fh(U} (A-4) 
= 2M p H fa <x, 

since F*(J) s -(3{*+VJ-10J+6)/4 P J({-2). Thus, 
Uuh) is independent of p as long as equations (A-2) and 
(A-3) are valid for £+<£<£-. 


_(W )(;--0(g-k)C*ffl > 0> (A-6) 

where £± = (1 ± p)~ l as before* and Gu(0 m 
£ s —3 i 2 4- p~ 2 . As shown in Fig. 12, C?n(£) v*. { forma a 
set of identically shaped curves that arc displaced ver* 
tically downward with increasing p. The loci of points 
on these curves for £ « £± are indicated as dotted curves 
(except for the negative values of £~ for p > 1* which 
are not represented). It follows immediately from 
equation (A-6) that the shaded area in Fig. 12, enclosed 
by the two dotted curves and the {-axis, corresponds to 
the region of stability for the solution given by equations 
(A-2) and (A-3). Thus, for p < J, the solution is stable 
over the entire range of £+<£<{-, and Af as a 
function of if varies reversibly between its extreme 
values ± Mf . However, for % < p < i (1 +VS) — 1 *62, 
a point is reached as £ increases from £+, H decreases 
from H+ (ss — i/*\*a£+) and Af decreases from Mr, 
when the G/r(£) vs. £ curve intersects the {-axis and the 
solution becomes unstable. Substituting £i defined by 
Gh( £i) « 0 into equations (A-2) and (A-3), we obtain 

H - -H FA x P l*l 2 m Hy 

M = -Mf(£i-l)£7 1/2 a My or M P cos 6i 

and 

cos <f> — p^ 2 55 cos (A~7) 

and we find that at this point of instability Af and cos 4 
decrease discontinuously from Afi and cos to —Mr 
and —1, respectively, and stay constant at these latter 
values when H is decreased below 27*. In this latter 
state, all the moments of the antiferromagnetic as w«R 
as the ferromagnetic domains are completely reversed 
from their original directions, and it follows that the 
same reversal process will repeat when the field is 
raised to corresponding positive values. Hence, for 
| < p < 1 -62, the hysteresis loops of Af vs, if arc 
symmetrical about the origin and enclose in area repre¬ 
senting an irreversible energy loss. This is also true for 
p > T62. In this case, however, the only valid solution 
is sin 0 = 0, sin <f> 0. More specifically* it is fomud 

from equation (A-5c) that 0 — tj> •=» 0 for H > H^ and 
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tl# 



Fig. 12. Gh(Q vs. £ for different values of p (solid curves) and 
loci of points for £ * £± (dotted curves). 


0 « 4 «- irfcirfJ< — where H+ « —Hj^*(1 +p)' 1 
m before; thus, M reverse# abruptly from Me to —Me 
at H «*> //+ and then reverses abruptly back to Mf at 
H * _// + . 

in general, the hysteresis energy loss, 

Wh - | Jf dM, 

where the integration is taken completely around a 
hysteresis cycle. From the above discussion, it follows 
that for i < p < 1 *62, 

M r 

W H - -2j H dM-2(Mi+M F )H lt 

*"itf p 

H and M being expressed by equations (A-2) and (A-3) 
and Hi and Afiby equations (A *7). When the integral in 
this equation is evaluated by the procedure used in de¬ 
riving equation (A-4) and when H\ and Afi are expressed 
in terms of £i, we obtain 

- IMfHpA* 

X 1)}, (A-8) 

where {+, £i and /■#*(£) are defined as before. Equation 
{ A-*8) gives a monotonic decrease of Wh for increasing p. 
Specifically, when p «* i: 1+-*.*«+)«-*, £i-2, 
and when L'Hoapital's rule is used to resolve an inde¬ 
terminacy, F*jr(Ci) ** —“I* thua, WhIMfHpa ct =« 1 + 
2 Pt* 2 2*82. At the upper end of the range where 
P «* 4(t + VS) a 1 '62: {+ *- £i «■ K^“ VS) s 0*38 
and thua WhIMfHfa* 2(3 — VS) x 1*53. For p > 
1 "62, it follows from previous discussion that 

Wh - 4MpJifA*/(l +p), (A-9) 

which gives the same value of Wh for p « 1 62 


and continues the monotonic decrease of Wh with 
increasing p. 

We will next consider hysteresis loops where H is 
applied and M is measured perpendicular to the field- 
cooling direction, i.e., ifr ~ \tt and M — Mf sin 0. For 
the solution of equation (A-l) other than 

cos 6 = 0, cos = 0, 

we find after setting cos <f>j cos B ss py that 

sin 0 = H(r}+ l)/H FA *r?p (A-lOa) 

and 

sin <f> * H/H FA *i) t (A-lOb) 

which we recombine with p-iy^l —sin 2 #) ~l“Sin 2 </> 
and get 

H* = MW-l)/fo+2) (A-l la) 

M 2 = M 2 sin 2 # = M|(^+1 ) 2 (pV -1 )/V>V(>? + 2 ) 

^ (A-l lb) 

and 

8inV = (pV-i)M’?+2). (A-llc) 

If we let rj B* p-i, we find that both Af and H = 0 
but that the initial susceptibility *o hs (ilf/i/)i/_o — 
Mf{\ -|-p)/Hfa*. As i? is increased from p -1 , equations 
(A-10) and (A-ll) give values for M t H and sin $ that 
increase monotonically. For p < 1, M reaches its satura¬ 
tion value Me only as and H -*■ 00 (and sin $-*■ p). 
However, for p > 1, saturation is achieved when 
H » HrA*l(p—\) f corresponding to 17 =« (p — l) - * 1 as ij r 
(and sin ^ » 1)* As we expect, the hysteresis loop in this 
case is symmetrical with respect to the origin for all 
values of p; moreover, M is always a single-valued 
function of H and there is therefore no hysteresis energy 
loss. 
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Dpfimal V x ta the magnetic energy required for which recombined wth «■ tf*(l —) «**♦ 

saturation perpendicular to the direction of field- _ _ _ ^ 'Vi',' 

cooling, we may write L* = {{£+1)*—^*} (p*—£*)/p* (2£+t^. 


*1* 

m f r h 


f Mf C I 

0 e -1 


d(sin»0) 


sin 0 cfoj 


<*? »mV - ff*l)V-IW0f+1) 

«nV - (p*-f*)/(2f+l). 


(BHt*) 

(B-4b) 

(B-4c) 


where ijj — °o for p < 1 and 17 * *= (p—l) -1 for p> 1 . 
Using equation* (A-10a) and (A-llb) to express the 
integrand in terms of rj t we find that 

MfHf A x r (l-p 2 )i^+3ij+3 

A 0 * J. V^+ 2) 2 17 

p~ 1 

= MfHfa<*-{Fh(-Vs)-Fh(-p~ 1 )} 

where the function F/f has been previously defined in 
connection with equation (A-4). This in turn reduces 
simply to 

U = 1 — ip) for p ^ 1 

— MfHfa^I^P forp > 1, 

giving a monotonic decrease of U ± with increasing f>. 


Thu*, equation* (B-3) and (B-4) interrelate the mag¬ 
nitudes and aigns of L, 4 and 4 through the parameter f. 

For sufficiently low values of p, these equations give J 
continuous stable solutions as £ Ja varied horn P to —p 
and ^ increases from 0 to v, while both |L| and 4 in¬ 
crease and then return to zero. The magnitude of the 
maximum torque is found to be MpHt*** occurring 
when sinfy^i + i(1—4p a ) l ' a , sin*4 4"4(l"“4pV** 
and corresponding to £ » ~4+4(l The 

positions of maximum torque shift from ^ «® ± 4* (and 
<f> « 0) when p « 0 to ^ ± t* (and 4 ** i W 

when />«!; higher values of p will be discussed later* 
Furthermore, at ifr ** 0 and v where L ** 0, the slope of 
the torque curve, dL/d \fr » — MfHpa«/(1+p) and 
—p), respectively. 

The unidirectional anisotropy energy Uuu is defined 
as the area enclosed by the torque curve and the ^ axis 
between ^ 0 and ir t which correspond to the easy and 

hard directions of magnetization, respectively. Hence, 


APPENDIX B 

With reference to the configuration shown in Fig. 
4(b) whose energy is expressed by equation (7), the 
torque about an axis perpendicular to the field-cooling 
direction and to the direction of a uniform external 
field may be written as 

d E BE BE dd BE d<f> 

d iff Btjj B6 d $ B<f> dif* 

and since BE/dd and BEjB<f> — 0 at equilibrium, 

L = — dE/dif* = — M f H sin(i/f—0). (B~l) 

We will restrict ourselves to the case where H is so large 
that $ -► In this case, when equation (B~l) is com¬ 
bined with equation (A-l) which gives the general 
equilibrium conditions explicitly, it is found that 

L = - M f Hfa a sin(^-<£) (B-2a) 

and 

p sin(iA—<£) — i sin 2tf>. (B-2b) 

From inspection, equation (B-2b) gives 4 = 0+mir — 
wn/2 where fti and m are integers. However, for the 
full range of solutions we set p cos cos j> eh £ and find 
that equations (B~2) become: 

L = — MfHfaoq sin $ co& $!£(£+\) (B-3a) 

and 

sin = p sin 1), (B—3b) 


I/ul - 



L d(aii&f/)Jd( 
2 sin 0 cos ^ 


df, 


which by virtue of equations (B-3a) and (B-4b) becomes 


/ 3f(£+l)+W a 

U m « - MfH fa « —— --d£ 

( J (2f+l)» 

p 

- JWfr4»{f£(-p)-Fl(p)} 

- 2M F H FA *, (B-5) 

since Flii) s -{6£(2£ +1)-1 +4p a }/8p(2£4* 1). Thu*, 
U\(L) is invariant with p as long as eqs. (B-3) and (B-4) 
are valid over the range — p < £ < p. 

A solution given by equations (B-3) and (B—4) is valid 
only if it satisfies the general stability criteria expressed 
by equations (A-5), the total energy being given by 
equation (7). For such a solution, we find (again in die 
limit of very high fields) that d*EI8$* « MfH, which 
satisfies equation (A~5a), and that equations (A~5b) and 
(A-5c) both reduce to 

<?ztf)/(2f+l) > 0, (B-6) 

where Gt(£) & 3£(£+1) + 1 — p*. As shown in Fig. 13, 
a plot of Gl(() vs. £ gives a family of identical parabolic 
curves that are displaced vertically downward with in¬ 
creasing p; the loci of points on these curves for f m ± p 
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m& t~P m repmtotecl by dotted curve*. The *hadcd 
MM to thi* figure, enclosed by the £ «- — p locue and 
< 0 *i>dby the £-*and W 
loci far f > 0 , lies well within the region of liability 
defined by equation (B- 6 ) end represent* the condition* 
Wider whteh the solution* of equation* (B-3) end (B-4) 
ere meaningful m well at stable. Thu*, for p < i, the 
•elution over the entire range of — p < £ < p i* stable, 



FiO. 13* Gt{() v*. f for different value* of p (solid curves) 
and loci of point# for £ « ± p, 1 — p (dotted curves). 


and the torque L varies reversibly as ^ increases or de¬ 
creases through a full cycle. However, for \ < p < 1 , a 
point is reached a* £ decreases from its value p (where 
L, am) ^ ** 0) when the G/,(£) vs. £ curve intersects the 
{•axis and the solution becomes unstable. At this point, 
£ changes abruptly from its value fi, defined by 
GiA £i) ** 0 , to a new value fa, determined by fixing the 
direction of the external field *o that $ is the same for 
both fi and £b. From the definition of G’/,(£) and from 
equation (B-4b) we obtain fi -» J(«i — 1) and £a - 
*{~<j + 2 A- 1 ), where a :* l(V-l)/3}^ and b *■* 
{(p®*2)/3) 1/# . For p }; £i 4 -~ — J and fa « l(\ x 3 — 1 ), 
which we substitute into equations (B-3) and (B^l) and 
find that at ^ ** 3w/4, L changes d^continuously from 
— MrHrA* to +iMrHvA* and ^ jumps from ir /4 to 
COS^H— (2)^^* (\ / 3 +1)} 2 165 c '. Hence, the coupling 
with the ferromagnetic domain moments is just 
sufficient to pull the antiferromagnetic domain moments 
over their anisotropy energy barriers, and the ^ *= n 
direction becomes an easy direction of magnetization 
(equivalent to ^ m 0 ). The abrupt change in torque will 
then repeat for every half-cycle increase of rj>, and an 
analogous process will obtain for decreasing result¬ 
ing in a L v*. + curve that is no longer single-valued 
for increasing and decreasing Furthermore, as p in- 
creases and approaches unity, both £i and £* con¬ 
verge on sera, and it follows that L and d (both 
before and after their abrupt changes) approach the 
values 0 and respectively, while the position of 
this transition gradually moves towards $ = f «r. 


Thus, far p > l, L is once again a single-valued 
function of Specifically, from equations (B-*3) •*« 
(B-4) we find that as £ is varied between p and p—t,L 
passes through zero when both ^ and ^ = 0, T ff 

and reaches a maximum magnitude of MfHfa^I^P at 
intermediate valuta of ^ and 

It follows from this discussion that when £ < p < 1 
there is rotational hysteresis whose energy per cycle Wr 
may be equated to half the area enclosed by the torque 
curves or increasing and decreasing Hence, from the 
symmetrical relationship between these curves, 

W R = — 2 J L d</>, 

where and ^2 (* tt— 01 ) are evaluated at £1 and 
£ 2 , respectively and L is taken for increasing Deter¬ 
mining the integral in this equation by the procedure 
used in deriving equation (B-5), we obtain 

W R = 2 M,H,#{Fd&)-FilM} 

= M F H P A<xp-'(a+2b){a-bf, (B-7) 

where the function Fl(() has been defined earlier and 
a cs {(4p*-l)/3) 1 '* and b a {(/>* +2)/3} l '» as before. 
For p — equation (B-7) gives WjiIM F Hfa& 
(3) 3 ' 2 /2 cz 2'60, and as p increases to unity Wr decreases 
monotonically to zero. 


APPENDIX C 

The equilibrium conditions at low temperatures for a 
domain ensemble in the configuration shown in Fig. 3(b) 
are obtained from equation (9) by setting dEl&8 and 
PE!&4> =- 0 ; they are as follows: 

H FA (a cos 6 sin <f> — sin $ cos <f>) + H e jt cos 0 = 0 

and 

IIfa {a sin 6 cos <f> - cos 6 sin <f>) - H K sin <f> cos <f> = 0. 

For Hett very small, we find that 

sin 0 2 0- H en (H FA +H K )IH FA H' 

and 

sin <f> ~ = H e uaLjH\ 

where H* ss /fpx(l ~ * 2 ) +Hk> This expression, for 
sin 8 is used in Section 3 in obtaining the initial suscepti¬ 
bility of the entire system. 

At higher temperatures (but below the magnetic dis¬ 
ordering temperature), the energy of this domain en¬ 
semble is given by equation (15). Setting dE/dd, dEjfy 
and dEjdt** 0 , we obtain equilibrium conditions which 
for very small fl*tt reduce to 

= flett 

a0—d> * 0 

and ^ ^ 

*a SIf® - (A’jp^Slr+= flgfj, 
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from which it follow* that 


« = -» 


fWi-tf) 


and 


« A^«L(l-a 2 )-A^SM 

R e ti{f&FlMA-\' FA (\ -«2)/A ” FA }R 


(C-l) 

where Since the mag¬ 
netization of a given domain ensemble is iSl^e in 

the limit of very small fields, the average magnetization 
of the whole system may be written as 

1 

Si = J (£M- tit A *)P* da. (C-2) 


Hence, by virtue of equations (C-l) and (C-2), 


Si/fleff = p'fA F {\-R) 2 +RlK 


where 


FA 


n ^FA 


P„ da 


,Si^(l-a2)-A" SlW? ’ 


which combined with fleff — H+ gives 


** = pMfv z^f+m^A ( 

H 1 ~X M {p'tiL F {l-R^+RJX FA } 1 


In the limit of very large X A , R becomes vanishingly small 
and equation (C-3) reduces properly to equation (14). 

Representing the temperature dependences of SI f 
and by the usual Brillouin functions, we write 

= N F nBs{nRr/kT) (C-4a) 

= N A ^Bs(^AlkT), (C-4b) 

where the atomic moment n ~ hf — Ha and the spin 
quantum number S = nlgpn. In these equations, Hf is 
assumed for simplicity to be the average exchange field 
experienced by all the moments in the ferromagnetic 
domains, and has the same meaning for the anti- 
ferromagnetic domains, Since Of and H^, as well as 
all the moments, are aligned approximately perpen¬ 
dicular to the small external field, it follows that 


subject to the assumption made in connection with 
equation (15) that »* At the Curie tem¬ 

perature T Ci the arguments of the Brillouin functions in 
equation (C-4) become vanishingly small, and hence, 

SI f = CpUf/Tc and Six 5=8 CaRa/T^ 

where C F m Nrn\S+\)l3Sk and Ca ss NaCfINf, 
From these expressions and equation (C-5) we obtain 

T c = ICfAf+IC^A^ 

± {(iC F X F -IC A \ A )*+ CfC^A^i/s (06) 

Restricting our concern to the case where A a Af Ara 

we find that equation (C-6) becomes simply 

T c ~ \C A \a. (07) 

For this case, moreover, it is clear from equations (05) 
that thus, from equation (C-4) it follows 

that SI fIM f MaIMa at temperatures well below Te, 
Consequently, equation (C-4a) can be approximated by 

= Cr(l\ F to F +\' FA ti/L A )IT, (C-S) 

which when substituted into equation (C-3) produces 
equation (17), an expression for the initial susceptibility 
valid for 


A^ > X F > A^, AJ,^ or A m. 

Above T c , the only moments are those induced parallel 
to the external field. The moments in each antiferro¬ 
magnetic domain can be separated into two sublattices 
which experience different exchange fields and therefore 
have different magnetizations (except at 0°K). Identify¬ 
ing these sublattices as those whose moment directions 
are set in Fig. 3(b) by the angles^] and ^s, we label their 
magnetizations jSI^ and respectively; at low 

fields, the Brillouin function expressions for Rf, R* 
and R A reduce to 

sIf c F (fl e rf-A„si;)/r 

si; « c A (ji' tt -i\ A w A -x + tiL F )/T 

and 

si; = C A (R*,t-i\ A til' A -\J?l F )/T, 


and 


R F = ^AfSIf+ 

Ra = 


where Cf and C A are defined as before and 
A± *= A rA ± X rA a. Again restricting ourselves to the 
(C-5) case where A a ;> Af X, A , Xf A or Am, we obtain from 
_____ the above equations 


fit + fi|» = 1C A( H ^t-X" FA tiL F ) 

A A T+WaXa 
Cf(T-IC a X a )(T+IC a X a - c^A^)fl ef f 
(t+ic a Xa){(t- T C ){T- r c )+c F c A (x' FA ni -**» 


(C~9a) 

(C-9b) 


B 
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where T.mdf.m determined by altemitr choice of 
«ign m equation (C-fi). Specifically, 

T, ~ \C A \ A + 4CrCA(*' PA mCA*A - 2Cr*r) 

TV 2 1 C,b. ( c ~ 10 ) 

where lb* second term in the expression for 7V is now 
retained in order that equation (C~9a) be valid for 
T a TV The average magnetization of the whole 
system, 

i 

w - J(«ir+ifi>ia;)P. da. 

o 


which recombined with t-sin*^ = y* (1 -sin*tf) give 

fl| ff = fl*,> s -i)(*-* 8 >*/<**-«*) (D_2a) 

»in *0 = tf-iy/rK**-* 2 ) (D- 213 ) 

and 

sin 2 <£ = (y 2 — lja 2 /^* 2 —a 2 ). (D- 2 c) 


From these equations, we find that the saturation 
conditions, sin 0 and sin ^ — 1, are attained when 


fleff - 






-Af^a. 


(D-3) 


Combining this expression with equation (C-9) and Thus, if fix rises rapidly from zero with decreasing 
with ft*ff *■ jW + Ajm®, wc get temperature, the external field required to retain these 

C A + p'Cfj T- jC A \ A )( T+ \C a \ a - 2C a \* fa ) 

* E 7/ ~ tT\C a X a - A m {C a +P'Cp{T-\C a \ a )( T+ \C a \ a - 2C a X” fa )} 

where i (C-l 1) 

f P a da 


(T- T e )(T- T' e )+C F C A (\' FA )*(l-x*) 


which for T *• TV (expressed by equation (C-10)) gives 
the same value of x *** equation (17), thus assuring 
first-order continuity. At very high temperatures, 
equation (C~ll) reduces to the simple asymptotic 
expression given in equation (19). 


APPENDIX D 

In the configuration shown in Fig. 3(h), the aniso¬ 
tropy axis of the anti ferromagnetic domains is now con¬ 
sidered to be parallel to the external field. Hence, the 
total magnetic energy of this domain ensemble is ex¬ 
pressed by equation (9) with the sign of the anisotropy 
term reversed. The equilibrium conditions obtained by 
setting #jEyd0 and m 0 are as follows: 

ftj>A (« cm 8 sin <f >—sin 8 cos <j>)+ fl eff cos 0=0 
»nd 

Ajm(« «in 0 cos 4> - cos 6 sin <f >)+fl K sin <f> cos <f> = 0, 

whew time-live raged value* (fl, v . fl,„ a= 

«+Avia, ft*- lN A & A ltt r ) are used in order to 
extend the validity of these equations to higher tem¬ 
perature*. For the solution of these equations, other 
than cot 9 and cos i ** 0, we set cos ^/cos 6 ^ y and 
obtain 

sin 9 - fleff x[R FA y(x-a?) (D-la) 

•in ^ «• fteft x[Rp A (x — afi) (D-lb) 

* ■ 1 -ftny/fllU. 


saturation conditions decreases and, in fact, goes to 
zero when 


fl* > HI a /(R fa x +Ajtfffl)-H f/ik. 

It follows that if the cooling is done in a fixed external 
field, the minimum field required to saturate a given 
domain ensemble, whose a value we shall call ao, is 
determined by equation (D-3) for fl* — 0, i.e., 

fleff = = fWl -#*)/«o. (EM) 

It is clear from equation (D-+) that in this fixed fidd all 
the domain ensembles in the system, whose a > ao, 
will be saturated, whereas those whose a < aq will not 
be. For the latter, we substitute flic ” 0 and equation 
(D-4) into equation (D-la), (D-lb) and (D-2a), and by 
eliminating y we get 


1 — c 


sin v = 


{(i-*g) 2 +K-« 2 )(i-«W /2 


(D-5a) 


and 


P-«S) 

(l-« 2 )«o' 


(D-5b) 


Using these equations, we compute 6 and <£vs. « for 
different values of <xq, and the results are shown in Fig. 
14. This figure clearly demonstrates the rapidity with 
which 4> decreases from 90 Q to 0 as a drops below a Q| 
in contrast to the more gradual decrease of & (especially 
when ao » small). 


where 
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a 


Fig. 14. 0 and ^ vs. a for different values of ao- For 
a > tto, 6 and ^ — 90°. 

Hence, without much loss in accuracy, we can ignore 
any partial alignment of the anti ferromagnetic domain 
moments parallel (and antiparallel) to the field in all the 
domain ensembles with a < ao, so that the growth of 
ft* at very low temperatures will stabilize these ensem¬ 
bles in the ground state configuration shown in Fig. 3(a). 
By the same token, all the domain ensembles with a > ao 
will become stabilized in the field-cooled configuration 
shown in Fig. 4(a), and we will now consider the con¬ 
tribution of these ensembles to the low-temperature 
magnetization in an external field H applied parallel to 
the direction of field-cooling. In this direction, there 
will also be a fixed exchange field Hfa a on the ferro¬ 
magnetic domains of each of these ensembles, resulting 
from the coupling with the anti ferromagnetic domains 
whose moments are assumed to be held rigidly along 
the axis of H*. If the effect of the coupling between 
different ensembles is also included, the total field on 
the ferromagnetic domains of a given ensemble will be 
H4- XmM + Hfa*- Moreover, the magnetizations of 
these domains will orient themselves parallel to this 
total field. It therefore follows that for a given external 
field, the condition 

H+A m M+H fa x = 0 (D-6) 

defines a particular value of a, whereby the ensembles 
with a larger or smaller than this value will have their 
ferromagnetic domain moments parallel or antiparallel, 
respectively, to the direction of the field applied during 
cooling. Hence, the total average magnetization in this 
direction will be 

1 a 

M = M f JX da — M F J P« da (D-7) 

a <Xo 


since only the ensemble* with a > ao are involved in 
thk process. From equations (D-6) and (D-7) we find 
that as a is increased from a© to 1 , M decrease* from it* 
remanence value, 

1 

M a ~M F fP a da, (D-8) 

*9 

to — Mr, and H decreases from — Him*©—A jiAfjt to 
Since \M\ cannot exceed |Mjt|, it 
is obvious that for H > — Hfa and 

H < — Hfa + Aa/M u, M is constant at Mr and — Mr, 
respectively. Thus, the curve of M vs, H is asymmetrical 
with respect to the origin, its shape depending sensitively 
on the distribution function P u and on 

The unidirectional anisotropy energy Ukh) is defined 
as the area enclosed between the asymmetrical mag¬ 
netization curve and the M axis for — Mr < M < Af*. 
Therefore, according to the above discussion, 

U UH) = -2MrH\+ | (M+M R )dH, 

where Hi se — Hfa*o—^mMr and if* h — Hfa + ^mMr. 
By means of equations (D-6)-(D-8), this expression is 
readily transformed to 

a 0 a 

1 1 1 

+AuM F f P x ^ P x da — 2 JP„ da J da, 

a 0 «o a 

which by virtue of the general identities, 

1 11 1 

ao f P„ da = — a jp„ da J «* J aP 4 da 

OL o <2r, OL 

1 1 

- JJ> a da) da 

ao a 

and 

j/p.4--j(/p.4] 

£Xq otfl (X 

1 1 

- 2 /P a J(P a d«) da, 

a« a 

reduces simply to equation (27a). 
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Ui now consider a AAf vs. H curve of the type 
shown in the lower pert of Fig-10, where for simplicity 
let suppose that the *y*tem ha* been cooled in two 
•lightly different field* which according to equation 
(IV4) give rise to two ilightly different value* of «o* 
thing equation* (D-7) and (D- 8 ), we express the differ¬ 
ence in magnetisation at a given field a* 

a* 

AM - 2 M? j P „ da -AM*. 

** 

Sine* % and *\ which arc the at values for the system 
under thc*e two conditions, will be taken to be arbi¬ 
trarily cloae. we may w rite 

a' 

J P a d* 2 («'-« OP.- 

a" 

Furthermore, since the field is fixed, it follows from 
equation (D 6) that 

which combined with the previous two expressions gives 

AM- -\M R Hy A HH tA -l\MMrl\). (D-9) 

Thus, if 0 , AAf will have a minimum value lower 

than The shaded area shown with respect to 

one of the \M vs, H curves in Fig, 10 corresponds 
dimensionally to an energy which can be written as 

//, 

U^t a j (- AM- \Mr) d//, 

H, 

where again fh -XmMh and 1U 

— Hva + Using equation (D-9) and the relation- 

•hip d H «* ~{Hr a—2\mMvP^ da obtained by differ¬ 
entiation of equations (D-6) and (D 7), we convert the 


above equation to 

1 

U \jvf - 2\mMp&Mr J P* da, 

«0 

which by virtue of equation (D-8) reduces to equation 
(29). 
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Abstract —Glow curves were recorded for diamonds of types I and 11(a) and the features charac¬ 
teristic to each of the types are pointed out. 

Thermal activation energies were determined from the various glow peaks and were compared 
with the optical energies obtained from the spectral response curves for optical bleaching of the 
glow peaks and from the photoconductivity response curves. 

For type 11(a) diamonds the thermal energies were found to be equal to the optical energies (up 
to 1*5 eV). In the case of type I diamonds the thermal energies were comparatively lower and the 
ratio i’opticai/jE’thermai varied between 1-5 and 2'5 depending on the glow peak involved. 


INTRODUCTION 

Diamonds were known for a long time to exhibit 
thermoluminescence. Only a few papers, however, 
were published on this subject. Chandra- 
sekharan* 1 ) reported that blue fluorescent dia¬ 
monds emit a blue glow at 540°K. Bull and 
Garuck* 2 ) have observed two glow-peaks, a weak 
one near 400°K and a strong peak at 520°K, with 
activation energies of 0*5 and 0*7 eV respectively. 

Activation energies for diamonds were measured 
by different authors using various methods. A 
summary of the measured energies and the methods 
used was given recently by Urlau et Most 
of the energies were measured by the indicated 
experimental observations and values obtained by 
one method could not be correlated with those 
obtained by other methods. Of special interest in 
the present work is the relation between the ther¬ 
mal and optical activation energies. Champion* 4 ) 
has assumed an optical/thermal ratio of about 2*5 
for diamond and has built an energy-level scheme 
based on this assumption. 

Thermoluminescence measurements provide 
the thermal activation energies and as will be 


* Detached from the Israel Atomic Energy Com¬ 
mission. 


shown below also enable correlation with the 
optical energies. In a previous paper,W we have 
reported on some properties of semiconducting, 
or type 11(b) diamonds,* 6 ) in which case the ther¬ 
mal energies were found to be equal to the optical 
ones. It was of interest, therefore, to extend the 
investigation to type I and type 11(a) diamonds, 
which was the aim of the present work. In addition 
to the glow curves and their characteristics, the 
measurements included the spectral response of 
the photoconductivity, optical bleaching of the 
glow peaks and optical absorption of the diamonds. 
The combination of the various observations pro¬ 
vided a good correlation between the optical and 
thermal energies. For type 11(a) diamonds the 
optical energies were found to be equal to the 
thermal ones, while for type I the ratio optical/ 
thermal was found to be higher than one. 

EXPERIMENTAL 

Experimental arrangements were similar to 
those described previously.* 6 ) In brief, glow 
curves were recorded with the crystal mounted 
in a vacuum cryostat, which served also for 
the photoconductivity measurements. An E.M.I. 
6256B photomultiplier was uaed as a detector with 
its photocathode less than 1 *0 cm away from the 


823 



824 


J. NAHUM and A. HALPERIN 


cryrtal. Thi*«et-up enabled uato record glow curve* 
even of diamond* showing a comparatively weak 
glow. A rate of heating of about 15"/min was used 
in *U the thcrmolumincscence experiment*. 

The diamond* were excited by u.v. radiation. 
In tome of the experiment* this was obtained 
from a Hg-light-source through a u.v, transmitting 
filter. In mo*t of the measurements, however, the 
thernvoluminetcence was excited with mono¬ 
chromatic light of about 20 A spectral width, and 
still narrower spectral bands were used in some 
of the thermoluminescence excitation spectra to 
secure the high resolution needed to reveal the fine 
structure. The monochromatic light was obtained 
from a Hanovia type 507C, 800W xenon compact 
arc lamp in conjunction with a Beckman DU 
monochromator. 

Absorption measurements were taken with a 
Beckman DK spectrophotometer. In these 
measurements the crystal was mounted in another 
vacuum cryostat designed to fit the spectro¬ 
photometer. 

A Kcithlcy model 410 electrometer with a 
Leeds and Northrup recorder were used for the 
photoconductivity measurements. Electrical con¬ 
tacts to the crystal were made with high tempera¬ 
ture conducting silver paint. Both the electrodes 
were painted on the same side of the crystal on 
which the exciting radiation was incident. The 
u.v* excitation was obtained in the same way as 
for the thermoluminescence experiments. In the 
infrared region, a 100W zirconium arc lamp re¬ 
placed the xenon source. 

RESULTS 

(a) Glow curves 

Glow curves of all the examined diamonds (6 
type I and 5 type 11(a) specimens) exhibited a 
variety of peaks throughout the whole temperature 
range of 8<M>00 o K. Both, type I and type 11(a) 
diamonds, showed large variations in relative in¬ 
tensities of the various peaks from one specimen 
to another. Nevertheless, the character of the 
thermoluminescence was different for the different 
types of diamond. 

Figure 1 shows a few typical examples of glow 
curves. The thermoluminescence in this case has 
been excited with Hg-light filtered with a Wratten 
18a filter (transmitting 300-400 m/x with a maxi¬ 
mum at 360 m^i). Curve a gives the glow curve of 


a type I diamond (specimen Tl). It shows broad 
peaks, appearing as an almost continuous glow, 
weak at low temperature and growing stronger 
above room temperature with the main peak at 
52S°K. Occasionally a type I diamond had some¬ 
what stronger peaks below room temperature. 



100 200 300 400 500 60C*K 

Fig. 1. Glow curves, a—type I diamond (Tl), b—type 
11(a) (PI 1), c—type 11(a) (T5), and d—a type (Lib) 
diamond. 

Curves b and c are for two type 11(a) diamonds, 
chosen to demonstrate the differences in glow 
curves of specimens of the same type. In spite of 
the large differences, all type 11 (a) diamonds had 
a few features in common by which they differed 
from type I. The characteristic features were as 
follows: 

(a) The appearance of sharp and almost 
separated peaks in the glow curve was found to be 
typical to type 11 (a) diamonds, while broad over- 
lapping peaks forming almost a continuous glow 
were observed in all the examined type I speci¬ 
mens. (b) The low temperature glow peaks of 
type 11 (a) were stronger compared to those of 
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type I* Far instance, specimen T5 (type Ila) 
showed three sharp intense peaks at low tempera* 
tures (at 113, 150 and 217°K), while the glow of 
T1 (type I) in the same temperature range waa 
much weaker, (c) Type 11(a) usually had a strong 
peak near 600°K instead of the peak at 525°K in 
type L (d) The thermal activation energies of 
the glow peaks appearing in the same temperature 
region were found to be higher for the type 11(a) 
compared to those of type I (see Fig. 6). 

Curve d (Fig. 1) gives for comparison the glow 
curve of type 11(b) diamonds, which was found* 6 * 
to be identical for the two specimens examined, 
but to differ entirely from those of the other types. 
In this case the glow was obtained after excitation 
with 225m/i light. 

On excitation at 80°K the glow peaks in type I 
diamonds below room temperature were found 
to saturate under exposures of only a few minutes, 
while the main peak at 520°K did not fully saturate 
even under exposures of about 4 hr. Because of 
the very low absorption of type 11(a) in the region 
of the used excitation (mainly 366 m/i), even the 
low temperature glow peaks of these specimens 
were difficult to saturate. 

Strong blue-green phosphorescence was ob¬ 
served at room temperature in those specimens 
which showed strong glow peaks near room tem¬ 
perature (300-400°K). This phosphorescence 
seems to be caused by thermal release of the 
carriers from the traps related to the glow peaks 
near room temperature. This view is further sup¬ 
ported by the fact that the excitation spectrum for 
the phosphorescence at room temperature was 
found to follow exactly that of the thermolumin¬ 
escence below 400°K (see Fig. 2d). 

b. Excitation spectra 

Excitation spectra for a few glow peaks are given 
in Fig. 2, The points in the curves were obtained 
separately for each wavelength, keeping the light 
intensity and the time constant for all wavelengths. 
Curve a is the excitation spectrum for the peak at 
240°K of type 11(b) (see Fig. Id). It shows a 
sharp maximum at 225m/i with an abrupt fall 
towards longer wavelengths. The fall towards 
longer wavelengths seems to go in parallel with 
the u.v. absorption* 6 ’ ft which at 80°K showed a 
sharp edge at 225 m/i and no absorption at longer 
wavelengths near the edge. 


Curve b describes the excitation spectrum for 
the peaks below room temperature (at 110* ISO, 
and 210°K) of specimen T5 (type 11(a), see Fig* 
lc). The main maximum appears now at about 
227 m/j, with a sharp fall towards shorter wave* 
lengths. The interesting features of curve b are 
the minima (or inverted maxima) at 230, 236 and 
240 m/i which occur exactly at the wavelengths of 
the absorption bands and the main maxima in the 
luminescence excitation spectra*®) near the ab¬ 
sorption edge. 



Fig. 2. Excitation spectra for different glow peaks, 
a—240°K peak of 11(b) diamonds, b—110, 145 and 
210°K peaks of T5 (Ila), c—525 P K peak of T1 (I), and 
d_-400°K peak of Tl). 

Changing the wavelength of the exciting light 
was often found to excite different glow peaks in 
the same specimen. Figure 3 gives two glow 
curves of specimen Tl (type I) excited with the 
same light-sum but with different wavelengths. 
Curve a which was excited with 415 nyi shows an 
almost pure peak at about 400°K, while on excita¬ 
tion with 330 m/i the main peak appears at 525°K 
(curve b). The 525°K peak becomes much stronger 
after excitation with still shorter wavelengths. 
Curves c and d of Fig. 2 give the excitation spectra 
for the peaks at 525 and 400°K respectively. 
Curve c showed a broad main maximum at about 
265 m/i which seems to be associated with the 
nitrogen bands* 9 * of type I diamonds. The 
minima which appeared in curve b near the edge 
were also obtained in curve c in spite of the strong 
secondary absorption in this region up to 290 m/i. 

The excitation spectrum for the peak at 400°K 
(Fig. 2d) is quite different. It follows exactly the 
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•o-caUed 415 tap absorption «y*tem,W and the 
steady luminescence excitation spectrum.' 18 ’ 1 his 
imptie* that the gkw peak, under consideration is 
directly related with absorption in the 415 nyt 
system. Figures 2(c) and (d) were obtained on 
excitation at 80°K. Excitation at room temperature 
gave similar curves. 



TEMPERATURE' IN *K 


Flo, 3. Glow curves of the same diamond (type I) 
excited for 3 min at 80 'K with light of the same in¬ 
tercity but different wavelengths: a-415m^; b - 
330 

As mentioned above, the excitation spectrum 
for the phosphorescence at room temperature was 
the same as that in Fig. 2(d). Qualitatively this 
has already been reported by Chandrasekharan ,* 1 ) 
who found that u.v. below 3000 A was less effective 
in exciting the phosphorescence at room tem¬ 
perature than u.v. of longer wavelengths. 


c. Thermal activation energies 

Activation energies of various glow peaks were 
measured by the initial rise method^ 10 * and also 
from the shape of the peaks. < 10 > The method of 
initial rise was used repeatedly on the same glow 
throughout the whole temperature range 
80’-650°K. Often* some sixty “initial rise” curves 
were recorded over the whole temperature range 
of the glow for specimens which showed an in* 
tense glow. 

Results from such sets of measurements are 
summarized in Fig. 4 and Fig. 5 for type I and 
11(a) diamonds respectively. Each experimental 
point in these figures corresponds to an activation 
energy value computed from an “initial rise” 
curve, and different notations of the experimental 
points were used for different specimens. Only 
points obtained from 3 specimens of each type are 
given in Figs. 4 and 5, but similar results were 
obtained also with other specimens. 

It can be seen in Fig. 4 that the activation ener¬ 
gies for type I diamond are about 0*12 eV at 
180°K and increase with temperature up to 1 eV 
above 500°K. The overlapping peaks character¬ 
izing the glow curves of type I introduced some 
uncertainty at temperatures near transitions from 
one main peak to another. Nevertheless, several 
values of activation energies typical to type I 
diamonds can be deduced. These are: 0-12 eV 
below 200, 0-4—0-5 at 300-400, 0-8 at 450, and 
about 1 eV near 520°K. For a given temperature 
range, the activation energies differ to some 
extent from one type I specimen to another. 

Figure 5 shows that type 11(a) diamonds are 
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Fig. 5. As Fig. 4 for three type H(a) diamonds. T5 (circles), H3 
(triangles) and T4 (squares). 


characterized by higher tuermal activation ener¬ 
gies compared to type I. Values as high as 0*2 eV 
were obtained at 100°K, and the activation ener¬ 
gies increased up to 1*5 eV at 500°K. In contrast 
with type I specimens the scattering in activation 
energies of different type 11(a) diamonds was 
found to be small for temperatures above 200°K 
(see Fig. 5). The clear steps on the curve of Fig. 5 
indicate the existence of discrete values of activa¬ 
tion energies. Thus, an activation energy of about 
0-55 eV is obtained at 200-300°K, about 1 *2 eV is 
obtained at 400-480°K and a value of T5 eV at 
about 500°K. This remains nearly constant up to 
620°K. Curves I, II and lib of Fig. 6 give for 
comparison the activation energies throughout 
the temperature range of 100-600°K for type I, 
11(a) and 11(b) diamonds respectively. The high 
activation energies of type 11(a) compared to 
those of type I are evident. 

For resolved and “cleaned” peaks,< 10 > activation 
energies were computed also by the method based 
on the shape of the glow peaks. ( 10 > By this method 
activation energies for first order kinetics are given 
by the formula: 

Ei = (1-72/r) A7|(l-2-S8A), (1) 

and for second order kinetics by: 

Ez = ( 2 / t ) AT|(1-3A), ( 2 ) 


where k is Boltzmann’s constant, Tg is the peak 
temperature, r = T 0 —Ti y with T\ the half in¬ 
tensity temperature at the low temperature side of 
the peak, and A =* IkTgjE is a correction factor 
usually small compared to one. Formulae (1) and 
(2) assume excitation into either the conduction 
or the valence band but not to an excited level 
within the forbidden band. As will be seen, 
photoconductivity measurements and other argu¬ 
ments to be discussed below justify this assump¬ 
tion. 

Some examples of the calculated activation 
energies typical to type I, 11a and lib diamond# 
are given in Table I, Values obtained by the 



Fic. 6. Thermal activation energies for diamonds of 
types 1,11(a) and 11(b). 
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Tablt I. Typical examples of activation energies for glow peaks of type I, type 11(a) and type 11(b) 
diamonds as computed by the method of initial rise (E { ), and from formulae (1) and (2), (£i and b t re¬ 
spectively). For the meaning of the other parameters see text. _ 


Serial 

Number 

Diamond 

type 

1XTC) 


r('K) 

t 

l 

553 

0-46 

30 

2 

I 

559 

— 

33 

3 

I 

558 

0*51 

30 

4 

I 

564 

0-43 

33 

5 

11(a) 

108 

0*57 

9*2 

6 

11(a) 

113 

0 55 

8*2 

7 

11(a) 

150 

0*45 

11 *5 

8 

11(a) 

151 

0*52 

9*6 

9 

11(h) 

217 

0*48 

11-7 

10 

11(a) 

375 

0*46 

19*2 

11 

11(a) 

373 

0-49 

19*5 

12 

11(a) 

563 

0-53 

290 

13 

11(b) 

140 

— 

11*6 

14 

11(b) 

252 

0*51 

18*6 


- — - . 



— 


initial rise method (£<) for the same glow peaks 
are also given for comparison. The first four lines 
in Table I give the values calculated for the main 
peak at 525TC of type 1 specimens. All the peak 
temperatures (T g ) appearing in Table I for this 
glow peak are above 550 P K. This was caused by 
the effective cleaning of the peak which bleached 
away more than 95 per cent of the 525°K glow, 
leaving only a comparatively weak component 
above 550°K. 

As already mentioned, the glow of type 11(a) 
diamonds is characterized by the appearance of 
aharp peaks: their calculated activation energies 
are given in examples 5-12 of Table 1 for H3 and 
T5 specimens (type Ila). At low temperatures the 
activation energies of T5 are higher than those of 
the respective peaks of H3. Thus, 0-37 cV is 
obtained at 150°K for T5 compared to only 
0*21 eV for the same peak for H3. These differ¬ 
ences disappeared above 200°K for type 11(a) 
diamonds (see Fig. 5). 

The last two lines in Table 1 give for comparison 
the computed activation energies for the glow 
peaka at 140 and 240°K of type 11(b) diamonds. 

C omp a ri s o n of Ex and E% to the E\ values shows 
a better agreement between E% and £< for type 
11 (a) and 11(b) diamonds, whereas for type 1 
diamonds the Ex values agree better to £<. This 


A 

Ei<cV) 

Et(eV) 

E t (tV) 

Specimen 

0-1 

1*07 

1*18 

1*00 

T1 

01 

0*91 

1*01 

0*92 

T2 

0*09 

1*16 

1*28 

1*06 

T3 

0*1 

105 

1 15 

0*99 

J3 

0 12 

013 

0*14 

0*16 

H3 

0*08 

0*18 

0*20 

0*23 

T5 

0 12 

0 20 

0*22 

0*21 

H3 

007 

0*29 

0*33 

0*37 

T5 

0 07 

0*49 

0*55 

0*55 

T5 

0*08 

0*08 

0*89 

0*88 

H3 

0*07 

0*88 

0*95 

0*86 

T5 

0*06 

1*36 

1*53 

1*50 

T5 

Oil 

0*17 

019 

0*21 

I 

Oil 

0*36 

0*39 

0*37 

I 


seems to indicate a second order process for the 
glow of type 11(a) and 11(b) diamonds, while that 
of type I specimens seems to be of first order. The 
high values of the symmetry factor* obtained 
for 11(a) and 11(b) specimens (see Table 1) also 
support the bimolecular character of the pro- 
cess.< U) For another check of the order of the 
kinetics, the recorded peaks were replotted as: 
(a) In /, (b) ln(//n), and (c) In (I In 2 ) vs. 1/2 1 , where 
/ is the thermoluminescence intensity and « the 
concentration of full traps at the temperature T. 
The In (IIn) curve should form a straight line in 
case of first order kinetics, while ln(//» 2 ) should 
do it when the kinetics is of second order. 

A set of such curves for the glow peak of T5 at 
150°K is given in Fig. 7(1), and for that of T1 at 
550°K is given in Fig. 7(2). Again, the glow peak 
of T5 appears to be of second order, while the 
behavior of T1 (type I) fits a first order process. 

d. Optical bleaching of the glow peaks 

For these measurements the diamonds were 
first excited with u.v. light. Then, before recording 
the glow curve, the excited specimen was irradi¬ 
ated with monochromatic infrared light. Infra¬ 
red of suitable wavelengths was found to reduce 

* M* ** where to is the half intensity width 

of the glow peak; see Ref. (11). 
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Fig. 7. Glow peaks of a type 11(a) diamond at 150°K 
(curve 1), and of a type I diamond at 550°K (curve 2) 
plotted vs. 1/T with: (a) log I, (b) log (I/n), and (c) log 
(I/n 2 ) in the ordinate. 

the intensity of the glow peaks compared to that 
obtained by the u.v. excitation alone. Repeating 
the measurements with the same u.v. excitation 
but with different infrared wavelengths gave the 
“bleaching spectra” for the various glow peaks. 
The light-sums of the infrared radiation was, of 


course, kept constant for all the wavelengths in a 
bleaching spectrum. 

Curves a and b of Fig. 8 show the bleaching 
spectra for the glow peaks at 375 and 575°K of 
specimen H3 (type Ila), while that of the peak at 
525°K of T1 (type I) is given by curve c* The 
thermal activation energy of the 375°K peak of 
T5 was found to be 0*92 eV (see Fig. 5). We see 
now that l*35ft (0*92 eV) is just the long wave- } 
length limit for optical bleaching of this glow 
peak. For the glow peak at 575°K we obtain (Fig. 
8b) a wavelength limit of about 0-85 p (l*46eV), 
which fits well its thermal activation energy of 
T5 eV. It is worthwhile to note that the glow 
peaks below room temperature were bleached 
entirely even by the longest wavelength used in 
the present experiments (2/x, 0*62 eV). 

In spite of the low thermal activation energy of 
only 1 eV for the peak at 525°K of type I diamonds 
its bleaching spectrum (Fig. 8c) was found to fit 
that of the high temperature peak of type 11(a) 
(Fig. 8b). The glow peaks at about 400°K and 
below room temperature of type I could also be 
bleached by infrared radiation but their exact 



Fig. 8 . Infrared bleaching spectra: (a) for the glow peak of specimen 
H3 (type Ila) at 375°K, excited with 280 m^; (b) For the glow peak 
of the same diamond at 575°K, excited with 300 mft; (c) For the 
glow peak of T1 (type I) at 525°K, excited with 290 mji. The 
100 per cent intensity corresponds to that obtained without 
infrared iradation. 
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bleaching spectra could not be determined 
accurately because of the comparative weakness 
and the complex structure of the glow (see Fig. 



experiments was that all the glow peaks of dia¬ 
monds, irrespective of their activation energies 
were effectively bleached by irradiation in the 
spectral range of 0*4*-0’6/i 3-2 eV). This is in 

accordance with Chandrasekharan’s observation 
that blue fluorescent diamonds, previously excited 
at room temperature, gave rise to blue emission 
when irradiated by light of wavelength longer 
than 042/i and that 0*55/* radiation was most 
effective in producing this emission. We found, 
however, that shorter wavelengths down to 0*35 ft 
were still effective in bleaching the glow peaks of 
type 11(a) specimens (curves a, and b of Fig. 8). 
The difference between type I and 11(a) in the 
shorter wavelength limit results from the differ- 


80°K after wanning to 425°K gave curve c, and 
another, after wanning up the crystal to 575°K, 
resulted in curve d. 

In the low energy range of the present measure¬ 
ments curve a indicated the presence of trapping 
levels with energies 0'65-0*9 eV (1*9-1 *4 /a). At 
higher energies the curve rises nearly smoothly 
except for some indication of a maximum near 
1*5 eV (about 0*8 fi). 

A clearer correlation between the photocon¬ 
ductivity and the trapping levels involved is 
obtained from the other curves of Fig. 9. Warming 
up to room temperature empties all the shallow 
trapping levels up to those which give the ther¬ 
moluminescence above room temperature. At the 
same time the photoconductivity for A > 14/* 
(0*9 eV) is completely eliminated (Fig. 9b). This 
fits well the thermal activation energy of nearly 
0*9 eV calculated for the glow peaks of type 11(a) 
just above room temperature (see Fig. 6). Simi- 


ences in the respective excitation spectra (see 
curves b and c, Fig. 2). 

e. Photoconductivity 

Excitation of photoconductivity by u.v. using 
the same specimens as in the present work, has 
been described elsewhere. (8) In the present work 
we shall describe some experiments on the infra¬ 
red excited photoconductivity of specimens pre¬ 
viously excited by u.v. light. In this case the infra¬ 
red releases trapped carriers. One can then 
expect a correlation to exist between the optical 
energies obtained from the excitation of the photo¬ 
conductivity, and the thermal energies obtained 
from thcrmoluminescence. This will be shown 
below. 

Figure 9 gives an example of a set of measure¬ 
ment* with specimen T5 (type Ila). In this case 
u.v. of 227 tn/i was used for previous excitation. 
Starting from the longer wavelength end, 2/x in the 
present experiment*, the photoconductivity was 
recorded while scanning the spectrum. The mono¬ 
chromator slit was kept constant during the scan, 
but the curves of Fig. 9 were drawn with the 
proper correction for the change in the intensity 
of the monochromatic light with wavelength. 
Curve a was obtained at 80°K soon after excitation 
with u.v. The crystal was then warmed up to 
300°K and cooled back to 80°K, when curve b 
has been taken. A subsequent measurement at 


larly wanning to 425°K (Fig. 9c) the lowest energy 
producing photoconductivity is l*24eV (1*0 /*) 
compared to nearly 1*2 eV of the thermal energy. 
Finally, warming to 575°K leaves only the glow 



Fig. 9. Photoconductivity at 80°K of a u.v. excited type 
11(a) diamond (T5): a—the crystal was not warmed 
above 80°K after excitation, b, c, d—the crystal was 
annealed by warming to 300, 425, 575°K respectively. 
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peak at 590°K with a thermal activation energy of 
1-5 eV, which fits well the limit for photocon¬ 
ductivity (0*83 ft), T5 eV) as obtained from curve 
d. 

Similar experiments with type I diamonds gave 
nearly the same energy thresholds for the photo¬ 
conductivity. Obviously, previous u.v. excitations 
at different temperatures should give rise to 
different limits for the photoconductivity. This is 
shown in Fig. 10 for specimen T3 (type I). Each 
curve in Fig. 10 was obtained after a separate u.v. 
excitation with 265 m/x at a given temperature. The 
photoconductivity curves were recorded continu¬ 
ously and corrected for the dependence of the in¬ 
tensity of the light on wavelength as before. 
Curve a was taken at 80°K after previous excitation 
at this temperature. In the next run the crystal 
was excited at room temperature and then cooled 
to 80°K, when curve b has been taken. Similarly, 
excitations at 420 and 540°K followed by subse¬ 
quent cooling to 80°K resulted in curves c and d 
respectively. In another measurement the crystal 



Fig. 10. Photoconductivity at 80°K of a type I diamond 
(T3) excited at different temperatures: (a)—80, (b)—300, 
(c)—420 and (d)—540°K. Curve e was obtained again at 
80°K, but after annealing the crystal at 640 9 K. 


was heated up to 640°K and cooled down to 80*K* 
when curve e was obtained. 

It follows from curve a that on cratatfon at 
80°K even shallow trapping levels with energies 
down to the limit of our experiment* 0*6 eV) 
are filled. Excitation at room temperature, how¬ 
ever, filled only level* of energies above 0-86 *V 
and hence no photoconductivity was revealed 
below 1*45 fi ( 0-86 eV, curve b). This value is 
much higher than the corresponding thermal 
activation energy (~ 0*4 eV) of type I specimen* 
just above room temperature (Fig. 6 ), but is m 
good agreement with the threshold energy in type 
11(a) (see Fig. 9b). Similarly, excitation at 420 and 
540 D K filled only trapping levels of higher energies 
as indicated by the photoconductive limits at 1 
and 0-88 ft (1*2, 1*4 eV) respectively (curves c, d 
of Fig. 10). Again there is an agreement with the 
corresponding threshold energies in type 11 (a) 
diamonds (see curves c, d of Fig. 9), and again the 
optical thresholds are much higher compared to 
the respective thermal activation energies. Curve 
e shows that warming to 640°K eliminated the 
photocurrent down to 0*71 fi (1*75 eV). 

Summing up, we conclude that in type I 
diamonds the optical energies associated with the 
trapping levels are higher than the corresponding 
thermal energies (by more than 50 per cent). 

Of interest is the photoconductivity maximum 
at about 0*6 ft (~ 2-1 eV) shown clearly by the 
various curves of Fig. 10 . This fits the value of 
2*1 eV assigned by Urlau et alS 3 > to an electron 
trapping level in diamond. 

f. Optical absorption 

All type I and 11(a) diamonds examined showed 
a weak broad absorption band with some structure 
between T2-2*4 ft (about 1-0*5 eV). Another 
weak band was found at 0*8 ft (T5 eV), and some 
diamonds showed also a band at 0*6 ft (2*1 eV). 

Figure 11 describes these absorption bands for 
a type I (Tl) and a type 11(a) (H3) diamond. The 
absorption of a type 11(b) diamond (Cl) » given 
for comparison. 

The origin of these absorption bands is still not 
clear. Their energies seem to fit well the optical 
energies for the release of trapped carriers as ob¬ 
tained in the present work. The absorption, how¬ 
ever, did not change with the excitation of die 
crystal, which makes it difficult to correlate them 
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with the trapping levels. It should be noted that 
absorption bands near 0*8 p have already been 
reported previously, It seems, however, that the 
bands observed in the present work between 
1 *2-2-4 /a have not been reported by earlier 
worker*. 



Fjo. 11. Absorption spectra of type I f 11(a) and 11(b) 
diamonds (samples Tl, H3 arid Cl respectively) in the 
near infrared (0*5-2*5 n). 


DISCUSSION 

The two peaks reported by Bull and Garlick (2) 
were found in the present work to be the main 
peaks in the glow of type I diamonds. Many more 
peaks were observed in the present work, and for 
type II specimens the main glow was found to 
appear often below room temperature or near 
600 C K. 

In spite of the large variations in the relative 
intensities of the various glow peaks when passing 
from one specimen to another, the thermo¬ 
luminescence exhibited characteristic features 
by which diamonds of one type could be dis¬ 
tinguished from those of other types. 

The thermoluminescence excitation spectra 
(Fig. 2) warrant some discussion. The excitation 
•pectrum for the glow peak below 400°K (curve d) 
was found to follow exactly the 415 m/x absorption 
system, which suggests that this peak is excited 
directly by absorption in the 415 system. The 
aame excitation spectrum was obtained also for 
the phosphorescence at room temperature, which 
indicates that the phosphorescence results from 
thermal release of carriers from the same trapping 
J*Vds which produce the glow peak below 400°K. 

The 520 K glow peak seems to involve quite 
different transitions aa follows from its excitation 
apcctrum (Fig. 2c)* The minima which appear at 
230, 236 and 240 id/a have already been discussed 


elsewhere.Neglecting these minima there 
appears a broad maximum which extends from 
about 220 to 300 m^. This seems to be related 
with the nitrogen bands characteristic to type I 
diamonds. It is interesting that the excitation 
spectrum of the typical type 11(a) specimen T5 
(Fig. 2b) also shows a band, though weak, in this 
region, which indicates that a very low concen¬ 
tration of nitrogen is present even in this diamond. 
The main excitation band in this case occurs, how¬ 
ever, at about 225 m which is typical for type II 
diamonds. 

The optical energies were measured in the 
present work by two independent methods, 
namely from the infrared photoconductivity of 
excited crystals and from the bleaching of the 
glow peaks. Both types of measurements were 
carried out in such a way as to enable correlation 
with the thermal energies. 

The action of infrared light on diamonds pre¬ 
viously excited by u.v. has already been demon¬ 
strated by Gudden and Pohl,* 13 ) and was inter¬ 
preted as due to the release of positive holes which 
became trapped during the u.v. excitation. 
Urlau et al .(*) have carried out various experi¬ 
ments, including measurements of the change of 
total charge while counting or photoconducting. 
From these experiments they concluded that hole 
trapping levels exist at 0-94 and 1*6 eV above the 
valence band. This fits fairly well our energies of 
0*92 and 1*5 eV, which we assume, therefore, to 
be hole trapping levels above the valence band. 
Our experiments show clearly that the extra 
photocurrent in excited diamonds is directly con¬ 
nected with the trapping levels involved in the 
thermoluminescence. By partial thermal bleaching 
of the glow we were able to correlate directly 
each of the glow peaks with the photoconductivity 
due to the optical release of the carriers from the 
given trapping level. 

Optical activation energies obtained from the 
bleaching spectra (Fig. 8) were in good agreement 
with those obtained from the photoconductivity 
of the u.v. excited diamonds (Figs. 9, 10). There is, 
however, some complication in the bleaching 
spectra for the high temperature glow peaks 
(Fig. 8 curves b and c). In both the curves bleach¬ 
ing starts at about 0*85 /a (1 -46 eV). The bleaching 
at this wavelength is partial, and nearly full 
bleaching occurs only at 0*6 /x (~ 21 eV). It has 
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already been suggested* 3 * that a trapping level for 
electrons 2-1 eV below the conduction band was 
present in diamond. The interpretation of the 
behavior of the bleaching curves (Fig. 8b and c) 
will then be as follows: light of about 0*8 p has 
just the energy for releasing the trapped holes from 
the trapping level situated 1-5 eV above the 
valence band. Because of the comparatively low 
light-sums of the bleaching light the glow peaks 
were only partially bleached. On reaching the 
wavelength of 0*6 /lc, however, the energy is 
enough to release electrons from the level at 2-1 eV 
below the conduction band. The free electrons 
help then to annihilate the still trapped positive 
holes, which results in a more effective bleaching. 

The rise of the bleaching curves on the short 
wavelength end starts on approaching the energy 
region at which excitation occurs. The “excitation 
limit” for type I (Fig. 8c) appears at about 0*42 fx t 
while that for type 11(a) diamonds which do not 
absorb until shorter wavelengths, appears near 
0-3 fi. 

One of the characteristics of type 11(a) diamonds 
was the relative sharpness of their glow peaks 
compared to those of type I. Theoretically the 
width of a glow peak appearing at a given tem¬ 
perature should decrease with the reciprocal of its 
energy (see Ref. 11, also equations 1 and 2 in the 
present paper). The relative sharpness of the peaks 
of type 11(a) is thus a good indication of their 
high thermal activation energies compared to 
those of type I, a fact which was verified by quan¬ 
titative measurements of the activation energies. 

While the thermal activation energies at a given 
temperature range were higher for type 11(a) 
compared to type I, the optical energies were the 
same for both types. This indicates that the same 
levels are involved in both types of diamond. The 
lower thermal activation energies should then be 
attributed to smaller escape frequency factors. 
This is supported by the change from second to 
first order kinetics on passing from type 11(a) to 
type I. From the principle of detailed balance it 
follows that the probability for retrapping de¬ 
creases with the escape frequency factor. A large 
decrease in this probability may well bring it to 
be small compared with the probability for re¬ 
combination, when the kinetics becomes of first 
order.* 11 ) 

Champion* 4 ) has assumed a ratio of 2-5 for the 


optical/thermal energies of diamond. The present 
work shows that this is not generally correct For 
type 11(b) diamonds we have already reported* 3 ) 
that the thermal energies were equal to the 
optical ones. The present work shows that the 
same is true for type 11(a), and in this case up to 
energies of 1 *5 eV at least. Only for type I dia¬ 
monds the ratio thermal/optical was larger than 
one. Still no constant ratio was found. It changed 
from 1 *5 at 500°K to about 2 at room temperature, 
and only at lower temperature it reached the value 
of 2*5 assumed by Champion. 

Optical and thermal energies were correlated to 
each other with bucccss only in a few crystals^ It 
seems that most widely investigated were ger¬ 
manium and silicon. For these crystals the ther¬ 
mal and optical energies were compared for 
various donor and acceptor levels introduced by 
different impurities. * 14 > The energies involved 
varied from 0 01 to about 0-5 eV and in most 
cases the optical energies were found to be nearly 
equal to the thermal. Of special interest is the case 
of zinc- and boron-doped silicon.* 15 ) Zinc was 
found to introduce an acceptor level of 0*31 eV. 
When the zinc concentration was about 100 times 
that of the boron it was possible to introduce a 
0-20 eV level. The optical energy, however, 
did not change and remained at about 0*31 eV. 

This just fits our observations on diamond. The 
main difference between type 11(a) and type I 
diamonds is due to the high concentration of 
nitrogen in the latter.*®) The high concentrations 
of nitrogen seem to affect the thermal activation 
energies without changing the optical energies in 
a similar way to that of the zinc in the boron doped 
silicon. There is no clear explanation for this 
effect. Carlson* 16 ) suggests that the complex of 
levels may arise from interstitial zinc donors of 
low solubility, or from interactions of zinc donors 
with boron acceptors to form ion pairs. The latter 
suggestion might fit our case, although it is not 
quite clear why the optical energies are not 
changed. In any case it seems that the nitrogen 
impurities in type I diamonds are in close associ¬ 
ation with the defects due to an unknown impurity 
which is responsible for the trapping levels in 
type II diamonds. 

The difference between thermal and optical 
energies is usually explained* 16 ) as due to shifts 
between the ground and excited states in the 
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configuration coordinate diagram. Thermal transi¬ 
tions are assumed to occur over a period of several 
vibrations, while optical transitions are instan¬ 
taneous and therefore appear as vertical transi¬ 
tions in the diagram (Franck-Condon principle). 
Another model for thermal ionization assumes 
instantaneous multi-phonon transitions,<*7) in 
which case the thermal energies should be equal 
to the optical ones. 

Our results, according to which the thermal 
energies were found to equal the optical up to 
l*5eV would be difficult to explain by multi¬ 
phonon ionization. Although Kubo( 17 > has ob¬ 
tained a comparatively slow decrease in the 
probability of multi-phonon transitions with the 
rise in the number of phonons involved, he still 
agrees that for energies above 1 eV the process is 
very improbable. It seems, therefore, that the 
equal energies in the thermal and optical transi¬ 
tions in type II diamonds should he attributed 
to the lack of a shift in the configuration curve of 
the excited state compared to that of the ground 
state. 
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Abstract —A general theory of transport for a band of spherical symmetry in A-space was developed 
in a prior paper. Using three special functions for the dependence of energy on wave number vector 
(the parabolic band, the Kane band for energy gap small or large compared to the spin-orbit splitting), 
the Bix basic galvano-thermomagnetic transport coefficients (GTMTC) have been determined in 
terms of specific transport integrals which must be evaluated numerically. Simple analytic expres¬ 
sions for the GTMTC have been obtained in certain limiting cases. It is of special interest that the 
parametric dependence of the Nernst coefficient on the scattering index is sensitive to the band 
curvature. 


1. INTRODUCTION 

In an earlier paper / 11 a general theory of transport 
phenomena was developed for a one-band material 
where the dependence of the electron energy € on 
wave number vector k is spherically symmetric 
but otherwise arbitrary. Six galvano-thermo¬ 
magnetic transport coefficients (GTMTC) were 
specified in terms of the following set of transport 
integrals: 


QO 



0 



dx 

(1 +<*-7)2(1 +p i (k i f T - 3 ((!x/bky} 


(1.1a) 

x]~ 1 k ir ~ 3 ( dxj ckye*^ 7 

dx 

(1 +e*-7) 2 {l +£2(*2)2r-3 (bxldk)*} 


(1.1b) 


where x s= ejhT y i) = being the Fermi 

level taken relative to the appropriate band edge 
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and Air Force. 


energy. In the above, represents a collection of 
parameters 

p - (3ir2 H z jZec)g (1.2a) 

with 

g = 4« 2 (/T) 2 to/ 3A 2 , (1.2b) 

where to is the proportionality constant 
in the expression for the relaxation time 
t = To(A 2 ) r “ 1 (d«/dA), r being the so-called scatter¬ 
ing index. The remaining symbols retain their 
conventional significance (see also Ref. 1). 

In the present paper, we shall determine (1.1) 
and (1.2) explicitly after specifying e(k) for several 
cases of interest. The six primary GTMTC can 
then be calculated, and the remaining 554 possible 
coefficients derived. The one-band results can 
subsequently be combined into multi-band re¬ 
sults, using the methods of irreversible thermo¬ 
dynamics or transport theory. ^ 31 

It is generally a task of considerable magnitude 
to specify to from first principles. Therefore, we 
base the determination of g on equation (4.9a) 
of part II; since o(0) = gh(0) = nep y where n 
is the density of charge carriers in a single band 
and fx the mobility, we find 

g = *(0)/Zi(0) - 4M/ii(0) (1.3) 
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1,(0) being the integral of equation (1.1a) with 
^■0, The charge carrier denaity may be elimi¬ 
nated through the uaual relation 

00 

n - (l/ff*)J {*»/(#*-*+l)}dA (1.4) 
0 

1 . THE PARABOLIC BAND SHAPE 
In order to have a atandard of comparison for 
our later result*, we now consider the band of 
parabolic form, where 


f >» A2A a /2m* or kp * y^c 

(2.1a) 

in which 


yo a 2W77J12 

(2.1b) 

It follow* that 


dx/dk aa V / (4^/yo) 

(2.2) 


For this special case, equation (1*4) becomes 
» ~ * (1/2 v*)ti fz N 0 ( v ) (2.3) 


We have thus succeeded in specifying 0 in terms 
of measurable quantities, and integrals that can 
be numerically evaluated. 

Before proceeding to determine the transport 
integrals, we note that the term involving fP in 
the denominator (1.1) may be rewritten as 

I&(k*¥ r -\dx/dk)* m (2.6) 

Accordingly, the transport integrals become 

/i = 4yp/^;r^o) (2.7a) 

where 


fiftr.rA) » J 


# ,+r exp(x-> 7 ) Ax 
[l+exp(x-^)P(l+^-i) 


(2.7b) 


and 


h - U 8»> (2.8a) 

where 


where Fiys(t)) is the Fermi-Dirac integral which 
has been redefined as No(y) to conform better 
with our later generalization. Setting p ^ 0 in 
equation (1.1a), one obtains 


CD 


m, a \ - f *' +2r ~ 1/2 ex P^-j) ** 

1 V ' A j [1 + exp(*-,)]*(! +Pl^) 


m 


W'+'FrH-iM 


where 

r<>\0) m //»(,; r,0) 


4 rr 1 /'( , ( 7 ;; r .o) 

(2.4a) 


■ j" {* rt< cxp(#-»j)/[l+exp(A;-7 ? )]2} cb 
o 


For later use, we also require the integral 


(2.8b) 


00 



*/+2r~l/2 exp(A!- 7 j) dx 


[l+exp(*-i ? )P 


= {j+2r-\)F j+2r-3/2(^) (2.9) 


- (r+i)F f +t-i(v) (2.4b) 

the latter result being obtained by integration by 
parts of the central expression. 

On inserting these results in equations (1.3) 
and (1.2a), one finds 

y»/*-r 

P m — (2.5a) 

where 


3/JZ Np( v ) 

2 Zc JjW.O) 


(2.5b) 


3. THE KANE BAND MODEL FOR LOW GAP 
MATERIALS 

We now consider the case where e(A) is specified 
by the Kane function (4) 

c = hW/2mo~S G /2-h(<?2 +8 p2A 2 /3)^2/2 (3.1) 

in which m© is the free electron mass, So is the 
energy band gap, P is a matrix element defined in 
the original publication. The applicability of the 
Kane model to III—V compounds and to certain 
compounds in the II-VI series has been amply 
demonstrated; a transport theory based on this 
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model should therefore be of interest. In the cases 
investigated so far, the parameter P assumes the 
constant value 8*5 X 10“® eV-cm within experi¬ 
mental error; Ehrenheich ( 6> has in fact suggested 
that this quantity might be regarded as a universal 
constant, 

The above expression is applicable if the spin- 
orbit splitting of the valence band is much greater 
than the gap energy or kP . The Kane model is 
applicable in semiconductors with small effective 
masses (i.e. m* mo), such as InSb, HgSe, etc.; 
under these conditions, the first term in (3.1) can 
be neglected. On solving the remaining relation 
for k 2 , one obtains 

A 2 = (M/TIFM*+*o) = n*t*+*c) (3.2) 

where Xq ^ $q/AT is the reduced gap; attention 
is directed to the definition yi. Proceeding by 
analogy with Section 2, we first determine 

Sx/dk = V{Wyi)[x( x +XG)]}l(2x+XG) (3.3) 
and then evaluate 


In addition, we require for use in (1,3), the 
transport integral (Lla) with (i « 0{ after sub¬ 
stituting from (3.2) and (3.3), one is led to the 
result 

/*(0) - 4 r p/ , }>(i,,* o ;r,0) (3.5a) 

with 

j?»(0) ■ P'Xw.r, 0) 


r ^(»+g 0 )^ 1 exp(jf-.i ? ) dx 

= J (2*+g o)*[l+exp(g—ij) ]* 1 ' } 

0 

Insertion of these results into equations (1,3) and 
(1.2a) gives 


P = Pi 


y m-r 


(3.6a) 


where 


3 nH M(*a 0 ) 

2 Zc / 1 j 1 ) (ij,#o; 0 , 0 ) 


(3.6b) 


Moreover, for the model under consideration, we 
find that 


« = (1 /2w*)yf /a 2Vi (3.4a) 

where 


CO 

Ni = J {[g(g+* c)] 1/2 (2*+* g)/[ 1 + exp(*—ij))}d* 


(3.4b) 


j82(A*)*r-3(0*/0*)4 = p\[x(x + Xc)]* r ~ l l(2x + X 0 )* 

(3.7) 

Using these results in (1.1a) and (1.1b), we 
obtain 

; r,l 9) = 4ypP t 1 X v ,x G ; rfii) (3.8a) 

where 


r,Pi) = f ——-—^rr— 
‘ J (2g+g 0 ) 2 [l + 


x i+r (x+ xq) t + 1 exp(je— rj) dx 


and 


where 


f)\r,,x Q \r,ih) = J 


(2g+g 0 ) 2 [l 4- exp(g-Tj)] 2 {1 + p\ [g(g+g 0 )] 2r -V(2g+g g) 4 } 
Mv ,= 16yi r " ?/2 ^,Vi 'A) 

x 2 r+)-i /2(*+* 0 )2r+i/2 exp(g— rj) dx 


(2g+g c ) 4 [l + exp(g—7})] 2 {1 + Pi [g(g +x o)] 2r_1 /(2g+g o) 4 } 


( 3 . 8 b) 


(3.9a) 


(3.9b) 


A special case of (3.9b) occurs when H z = 0; then 

’ x*r+)-l /2 (*+* 0 )2r+l/2 CX p (x—q) dx 

0 


00 

Jji)(0) = 7j 1 >(i ? ,g c ;r,0)=j: 


(3.10) 


(2*+*c) 4 [1+ exp(g—»;)] 2 
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The lunst* in the above integrals require a 
comment. According to equation (3.2), the value 
k m 0 ia consistent either with x m 0 or with 
x m -xq. However, the latter possibility may be 
precluded on ground® that the energy as defined 
by equation (3.1) must remain non-negative. The 
upper limit ia permissible because the ratio 
exp +exp(*-Tf)] 2 rapidly approaches zero 
as x increases. 


By analogy to equation (3.6b), we find that 

3 N^xq) 

h ~2Zc I^xo'.Ofl) 

5. GENERAL TRANSPORT THEORY 

We are now ready to express the GTMTC in 
terms of a final set of transport integrals. For this 
purpose, we first rewrite the results of paper (II), 
utilizing equations (1.2) and (1.3) where necessary 


or 


oi(Hz) = [a,(0)//i(0)/i] 

&l{Hz) = (3t *IZecn){nJ x i{l\+pJ\)} 

PT ( hl°{ ~hl\+P(Jfh~ Uxhh + hJ%) 

*i{Hz) = k L + —r -r(O)'- 1 - s ---— 


uT(ff.) 




llz 


* ' ' I A(0)[JJ+/WJ] I 

= {*/Ze){{hh+pJimi*+pJl)- 7)} 

= (WZeHz) {{Jih- hhWl+PJl)) 

JJl - 21 i hJ 3 +Ip3- ^{hJ\ - J\Jz) 

Ilh-hll+m^hhh+hJl) + 


M0)fiT I JJj - 2hhh + l\Jz -/W| - j\ h) \ 


e»H t Kih{0) \ 




(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6a) 


(5.6b) 


4. THE KANE BAND MODEL FOR WIDE GAP 
MATERIALS 

In this Section, we briefly consider another 
limiting expression of the Kane theory' 4 * which 
applies when the gap energy greatly exceeds the 
spin-orbit splitting of the valence band. The 
function of interest is now given by 

«(*) - JW72mo - S aj2 + (** + 4FW) 4 *2/2 (4.1) 

Comparison with equation (3.1) shows that the 
two cues differ only in that the P of Section 3 is 
now replaced by / > y'(j). From equation (3.2), 
it is evident that if one utilizes the quantity 

yt m (/ T/P )* (4.2) 

in place of yi sa (})(*7yP) a , then the remainder 
of the analysis proceeds just as in Section 3. In 
particular, one finds that JV* = N u /f* = /I 1 * 

*ad Jf “ J} 1 '- 


In equations (5.1)—(5.6), the transport proper¬ 
ties ai(Hi) y 3fi(H z ) y *i(H z ), and 

are defined as the isothermal electrical 
conductivity, isothermal Hall coefficient, iso¬ 

thermal thermal conductivity, isothermal Seebeck 
or isothermal Ettingshausen-Nernst coefficient, 
isothermal Nernst coefficient, and the Righi- 
Leduc coefficient, respectively. 

Attention is now directed to the following fact 
which may be verified by direct substitution: If 
«, Ii and/; are of the form indicated below 

» -(l/WjrfttJV, (5.7a) 

Ii = 4yr 1 I\ v) (5.7b) 

J, = (5.7c) 

so that one obtains 


0 - ^(>5 /2 ’ f )/4. 


(5.8) 
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then, ft/* andin (5.1H5.6), can be replaced by factor /$"*' in the denominator* of the 

Wt and /^ respectively without altering the above relations can be eliminated using equation 
GTMTC. Specifically, one finds (5-9)- (3) Equation (5.10) is of the general form 



Thus, the various GTMTC as calculated on the 
basis of several functions e(&), differ from one 
another solely in that /?„, JW and involve 
transport integrals whose numerical values depend 
on the c(k) functions that are introduced. Since 
the models considered in Sections 2, 3 and 4 con¬ 
form to the requirements (5.7), the transport co¬ 
efficients can be calculated from equations (5.9)— 
(5.1+) after the evaluation of 0„, Ijfi, accord¬ 
ing to the model under consideration. 

The following items are noteworthy: (1) The 
collection of constants yo, yi, or is entirely 
absent from the final general equations. ( 2 ) The 


3tj = AjZenc\ once A is known, the charge 
carrier density in the band is determined from 
Hall effect measurements, (4) Equation (5.11b) is 
written in a form which shows that the Wicdemann- 
Franz law is applicable; the Lorenz number is 
given by the quantity in curly braces. (5) Equation 

(5.12) can be utilized to determine 17 experimentally 
once the transport integrals are calculated. ( 6 ) 
Both 3ti and change sign with the sign of the 
charge carrier. (7) The Nernst coefficient Jft is 
independent of Z\ its sign is determined by that 
of the numerator in the curly braces of equation 

(5.13) . (8) The mobility p may be eliminated from 
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(5.13) and (5.14) by multiplying (5.10) with 
s(0) - ntfi. Thil lead* to the result 

[2 W'+PV't'’\ ..... 
<* - ^0Hr*(«,)] j- | <*•'*> 

which may be used to rewrite both j{H *) and 

in term* of the product o(0) (Ztflj). One 
should note that the product Z&i is always 
positive, so that p & 0. 

Two specializations are of interest: In zero 
magnetic field, p « 0, and the following results 
are obtained for the Seebcck coefficient and ther¬ 
mal conductivity: 


«<0) 

*<0) 


«(&)[W//W(0)-,] 

PT i /‘-'(O) 

- Hrmr 


x x+- 



(5.16) 

(5.17) 


relevant transport integrals are given by equations 
(2.4b) and (2.9). For classical statistics, these in¬ 
tegrals tend to the limit 

/J°)(0) ~*ir(f+i+l) (6.U) 

J<°>( 0) = ssry+2r+|) (6.1b) 

where the V are the standard gamma functions. 

The electrical conductivity is found through the 
relation <r(0) = nefi into which one may substitute 
equation (2.3); the result is entered in Table 1, 
column A. An alternate formulation is obtained 
by introducing the mean free path, /, related to the 
relaxation time by r = // v. The expression 
T = to(A 2) r “ 1 (dw/dife) is to be substituted on the 
left and the quantities { = e r hh and 
v = (1 /h) (dc/dA), on the right. The following re¬ 
lation between to and can then be established: 


Also, for the Corbino disk geometry, discussed in 
(II), one finds 


4jt,)-ghm - c(o)/;*>(// z )//w(<)) (5.i8) 
- mwmii["W-v] (s.19) 

kw 




7” 


-ft 




j 


(5.20) 


6. GTMTC FOR MATERIALS IN THE LIMIT OF 
CLASSICAL STATISTICS 
Henceforth, we consider special cases of Section 
5, for which the various GTMTC assume a simple 
form. We begin with the classical approximation, 
by regarding exp(x-i?) > 1 in all transport in¬ 
tegral*. Furthermore, we restrict ourselves to 
the low magnetic field approximation, in which 
00 **^ < 1 or PIj[x(x+xq)]*^I(2x+x g )* « 1 
in equation* (2.7), (2.8) and (3.8), (3.9) respec¬ 
tively. In the range 0 £ r < J, this assumption 
MU at x 0 unless # also vanishes. However, 
we shall prove later that the error incurred in 
proceeding with this approximation is small if 
ft > 0 is small. 

Let u* now consider the different band models 
in turn, (a) For v «* 0 (parabolic bands) we employ 
the results of Section 2: In the weak field limit, the 


to = V 0 /2 iTh (6.2) 

We now employ the relation cr/(0) = £/i(0); 
after substituting equations (1.2b), (6.2), (2.4a) 
and (6.1a), one obtains 

o/(0) « \tornt*iT#fanr(f+ 2)/3A^ (6.3) 

which formulates a in terms of t o- 
The remaining GTMTC may be found sys¬ 
tematically by setting p v = 0 in equations (5.10)- 
(5.14) and by substituting equations (6.1) into the 
resulting expressions. In addition, the relations 
Nq ~ Fj/aO?) —► e*r(£) = /2)v /7r an< ^ r(m+l) 

= mY{m) will be utilized; one then obtains the 
remaining results listed in Table 1, column A* 
(b) Next, we consider the weak field, classical 
statistics approximation in conjunction with the 
case v as 1 (Kane band model, xq —► 0 or |^|). 
Here, the transport integrals (3.5b) and (3.10) are 
of relevance; however, simple analytic relations 
arc obtained only in the limit xq ->0. It is im¬ 
portant to recognize that the combination of 
vanishing gaps and classical statistics leads to in¬ 
consistencies. From the viewpoint of mathematics, 
this situation arises because our contemplated 
procedure is tantamount to setting Sq = 0 in 
equation (3.1); the latter then reduces to € = 
fW(i) on neglect of the term involving mo. 
While this relation is acceptable for k sufficiently 
far removed from the band edge, it is known from 
general principles that near a nondegenerate 
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(except for spin) band edge, c must vary quad- 
rarically with k . Thus, the dependence of c on k 
when & o 581 0 is totally inappropriate precisely in 
the region of k values which are of crucial im¬ 
portance in the regime of classical statistics. In 
the physical interpretation, one should note that 
for materials with small &q, the effective mass of 
the carriers is likewise small. In these circum¬ 
stances, e rises rapidly with |A|, so that the Fermi 
level moves into the band for quite low values of 
«. In other words, as xq -► 0, one hardly ever en¬ 
counters the classical regime in cases of physical 
interest. For the exceptional cases, it is clearly 
necessary that the band form be correctly specified 
for the few energy states which are occupied by 
particles. In this event, one must resort to 
numerical integrations of transport integrals. 

(c) Finally, we turn to the case v = 2 (Kane 
band model, xq ^ |^|, large reduced gaps). To 
obtain simple results, we assume that x may be 
neglected compared to x g in the relevant transport 
integrals, (3.4b), (3.5b) and (3.10). Manifestly, 
this approximation fails near the upper limit of 
these integrals. However, due to the presence, in 
the classical approximation, of the factor ev~ x in 
each integrand, the failure of the approximation 
x xg for large x occasions no difficulty. The 
reader can readily check that in the case considered 
here, 


N 2 = 

(6.4a) 

/< 2 >(0) = 4-W(r+»+l) 

(6.4b) 

Jf\ 0) = x?J- 7 /*e’ir{2r+j+l) 

(6.4c) 


When these results are used in equations (5.10)- 
(5.14), one obtains the same results as for the case 
v = 0; only the expression for a/(0) is slightly 
altered, as shown in Table 1, column A. The 
special cases obtained on setting r = 0 are entered 
in column B. 

It is conceivable that the weak field approxi¬ 
mation could lead to serious errors when the 
scattering index is in the range 0 ^ r < for, 
under these conditions, the quantity £§/x 1 “ 2r 
grows without limit as x -> 0. That this is not the 
case may be seen from a computation of the 
difference between the integrals in which the 
weak field approximation is not or is invoked. In 
the limit of classical statistics and for the transport 


integrals /<, this quantity is given by 

U—Z— 

7 /9***-i 

= -*» as**—-<r*d# (6.5*) 

0 M 

On omitting the second term in the denominator, 
one arrives at the following inequality: 

00 

|A; o >| < eip* | xi+Sr-ie-x dx = e»/9 2 r(t+3r)(6.5b) 

0 

A similar operation, carried out on the integrals 
JW leads to the result 

4r-J) (6.5c) 

Thus, no matter what the value of r, the difference 
between the exact and approximate transport in¬ 
tegrals will not exceed the values shown in (6.5b) 
and (6.5c). As expected, A can be made arbitrarily 
small by letting /9 2 approach zero. Analogous 
considerations apply to the case v = 2. 

7. GTMTC IN THE CLASSICAL APPROXIMATION 
FOR MATERIALS IN STRONG MAGNETIC 
FIELDS 

We now extend the considerations of Section 6 
to the case of strong magnetic fields. The approxi¬ 
mation consists in neglecting unity relative to the 
terms j9 2 x 2r “ 1 or j9 2 3 [x(x+xo)] 2r “ 1 /(2*+*o ( ) 4 in 
the denominators of the transport integrals. 
Questions regarding the validity of this approxi¬ 
mation will be dealt with at the end of the Section. 

(a) For the case v = 0, the integrals of interest 
read 

lim „) 

0o->oQ 


e~*dx 


= (l/0o) 2 J = (e»/$)r(«-r+2) 

(7.1a) 

lim = (eilfimj+l) (7.1b) 


where /?o is defined in ej 
return to equations 



n (2.5). We now 
td neglect alt 



m 
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term* not involving relative to those that do; 
after introducing the results (7.1a) and (7.1b), as 
well as (6.1) and Afo * (**I2)V*> the six basic 
GTMTC reduce to the form shown in Table 2, 
column A. 

(b) As explained earlier, the case v » 1 with 
Xq * 0 it incompatible with the classical approxi¬ 
mation and will not be considered further. 

(c) For v ” 2, simple analytic results can be 
obtained by neglecting x relative to xq. Difficulties 
arising towards the upper limit of the transport 
integrals arc of no consequence because of the 
presence in the integrands of the factor For 
x& > x and in the limit of very high fields, 
equations (3.8b) and (3.9b) reduce to 


Hm - (*2T r 'W«+ 2 -') 


Xa-**) 


lim Jf\x at wM - (*8f*eVWj+l) 

o 


(7.2a) 

(7.2b) 


If we then substitute these results as well as (6.4a) 
and (6,4b) into the general relations (5.9)—(5.14) 
snd proceed as in the case v = 0, we again re¬ 
cover the entries listed in Table 2, column A. 
Results for the GTMTC with r * 0 arc shown 
in column B, 

It remains to investigate whether serious errors 
are incurred from the fact that the strong field 
approximation cannot remain valid over the whole 
range of x values. For the case v = 0, the question 
centers about those x for which the inequality 
> 1 can no longer be maintained. In the 
range 0 < r < $, difficulties arise at the upper 
limit of x; this is no problem since contributions 
to and Jj n arc negligible in thi9 range. For 
r > i, difficulties may arise near ,v = 0. The 
possible errors involved in this approximation 
may be ascertained by computing, as in Section 6, 
the difference between the exact and approximate 
transport integrals in the classical regime. One 
then finds 


A«» 


00 

"Jfl 


X <+r X <+r 


r) 


e -■* d* 




tiJ 




dx 


(7.3a) 


On neglecting the second term in the denominator 
relative to the first, one obtains the following 
inequality: 


|A<°>| < («'/$ 


x i-r+l e -z dx = + 2) 

(7.3b) 


Similarly, one may prove that 

|Aj°>| < (^§)ro>!) (7.4) 

These results show that the A have an upper 
bound which becomes vanishingly small for 
sufficiently large £o. An investigation of case 
v =? 2 in the approximation xg x leads to 
similar conclusions; one obtains the results 

|A< 2 >| < (4- af/jB|)r(i-f+2) and 

|Af| < (4 /2 ev/^)r(; + |). 


8. GTMTC IN THE WEAK FIELD APPROXIMA¬ 
TION FOR CONDITIONS OF EXTREME 
DEGENERACY 

In this Section, we discuss the limiting case 
which involves the weak field approximation and 
the assumption of extreme degeneracy, (a) For 
v — 0, we utilize the integrals (2.4b) and (2.9). In 
the limit of extreme degeneracy, we employ the 
Bethe-Sommerfeld representation of the Fermi- 
Dirac integrals 

t)/** (- 5 ) . 

0 

rj m 7r 2 

= —{H-m(«-l)— +...} (8.1) 

Ht o rf 

where /o = [1 + exp(*-ij)]“ 1 . The quantities 
multiplied by (7t 2 I6t} 2 Y will be designated as being 
of /’th order. 

From equation (5.7a), the weak field electrical 
conductivity is found to be 

. <r/(0) = (en/2v2)yl /2 N 0 = (<fW3ff 2 )yg /2 Fi /2 (7 ? ) 

( 8 . 2 ) 

so that on application of equation (8.1), one 
obtains the result listed in Table 3, column A. 
Alternately, one may proceed as in Section 6 to 
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ej( 0) = (16wn*/r/o« 2 /3A 2 X f + ^WA.v) 

** (Ifyrm* 4TtoP/3h 2 )rf+ l [l -f r(r+ l)ir®/ 6 i^] 

(8.3) 

The remaining transport coefficients are found 
from equations (5,10)—(5.14); on neglecting terms 
containing 0 2 , substituting (2.4b) and (2.9) in 
the remaining terms, and then employing ( 8 . 3 ), 
one arrives at the results listed in Table 3, column 
A. In this connection, it is important to note that 
zero and first order terms appear only in the 
expressions for 07 and $?/; for all other GTMTC, 
the zero order terms cancel identically. If results 
to higher order are desired, it is necessary to re¬ 
turn to equation ( 8 . 1 ), and to include the next 
term in the expansion. The algebra becomes 
extremely lengthy and was not carried through 
for that reason. 

(b) For the case v = 1, one may proceed in 
similar fashion. Inspection of Section 3 shows that 
the transport integrals / ( (1) and Jj l) are of the 

CO 

type L = — C f h(x) ■ (tifo/cx) dx, in which /n is 


d* (t.S) 

o 

we can identify h(x) with (sfi+xx g) 3/2 . On apply¬ 
ing equation (8.4), we find 

N 2 ~N x ~ M+nxa) 3/2 +[*a/12 Vfofo+**)}] 

X [+n(v + x g) + {2y 4 X o) 2 ] (8.6) 

In order to obtain analytically manageable re¬ 
sults, we assume here that xq \yj\, Equation 
( 8 . 6 ) then reduces to 

Ni = (2^/3) [1 + ttW] (8.7) 

The analytical approximation to the transport 
integrals 7 ] l) can be handled in similar fashion. 
Here, h(x) = x i ^ 1 [x(x-{-XG)] r ^ i l(2x+Xa) z - The 
determination of these integrals according to 
equation (8.4) is a perfectly straightforward 
though tedious exercise in calculus. One ulti¬ 
mately obtains the following general result 


Ii’XV’XG', r,0) 


lpito+xoY* 1 ( ( tt 2 r(*-fr)(f+r-l) 

( 2 i + xq)* l + ~6 L t? 


r(r+l) 24 2(i+r)(r+l) 8 (i+r) 8 (r+l) 'j 

( y+x G ) 2 ( 2 ^-f x G ) 2 y(y+xc) y{2y+xo) (y+xc)(2y+xo) Jj 


( 8 . 8 ) 


the Fermi function and h(x) a function which varies 
slowly over the energy range where dfo/dx is 
sharply peaked. Accordingly, we can write 


L ^ Ch(rj)-\-— C 



+ ... 


(8.4) 


For later use, we require the integral Ni f given 
by equation (3.4b). Rewriting the latter as 


Ni = - f — {&+xx G f /2 f dx 
3 J dx 
o 


In the limit xq \y\ } the above reduces to 

I[ l) (y\ rfi) = (rj*r/4) {1 +(*WM2r-1)} (8.9a) 

IfXr.r, 0) = (i7 2 r +V4){l + (7r 2 /3T) 2 )r(2f+1)} (8.9b) 

= (ij 2r+2 /4) {1+(»WX2»*+3r+l)} 

(8.9c) 

It remains to obtain the corresponding simplifi¬ 
cations for the transport integrals Jj v . Here, 

h = *f+*r-l/*(* ■+ * o) 2 r+ 1 / 2 /( 2 *+* o) 4 - 
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Tbe general expreaaion read* 


_)*ar-i/*( 7; + xaf r+lli l. /^ 2 \ 

<•,») - —(>+( 7 ) 

[ (j+2r-i)U+2r-l) (2r+M2r-j) < 80 

[ (^-Ma) 2 (2^ + Jfc) 3 


2(2r+iXj+2r-<) *60'+*-*) **(*+1) 

i^ + ac) ^(Ztj + xc) (t} + ^c)(2^ + jcg) 


For the special case xa 4 v> we 

J*\r.ffi) « W*IU>)[ l+(*»/3^X8f*—14r+6)] 

(8.11a) 


Z< 2 U*c; r,0) = {l+(r+lX^+2)n*/6^} 

(8.14b) 

/< 2 W; r,0) = if*^ 1 {l+(r+2)(r+3>T 2 /67? 2 } 

(8.14c) 


rfi) - (^ 2 /16)[l+( ? rW)(8f2-10f+3)] g 

(8.11b) and to 

J£>( r ,rfl) - (^r 1/16)[1 + (ira/3^)(8r«-6r-h 1)] ^fo^c^.O) - i^+i/**y-’«{l + (2r+J) 

(8.11c) x (2r —iW^T 2 } (8.15a) 


We are now in a position to proceed as earlier in 
this Section. The weak Held electrical conductivity 
is given by 

0/(0) « ewX*Nxl2«*\ (8.12) 

on inserting (8.7), one arrives at the result listed in 
Table 3, column B. To find the other GTMTC, 
from equations (5.10)—(5.14), we neglect all terms 
containing fix, and introduce (8.7), (8.9) and (8.11) 
into the remainder. The results are cited in 
Table 3, column B. The zero order terms appear 
only in the expressions for a/ and 3ti\ to obtain 
results containing higher order terms, it is neces¬ 
sary to begin anew with the next term in the 
expansion (8.4). The algebraic manipulations be¬ 
come excessively cumbersome and have not been 
carried through. 

(c) In taking up the case v « 2, we assume that 
Xq }► 1^1 in order to simplify the subsequent 
mathematical manipulations. The integral N 2 , 
specified by equation (8.6), then reduces to 

ZV*-(|)(iFo) s/ *0+^W} (8.13) 

Hie remaining transport integrals are found from 
equations (8.8) and (8.10); in our present approxi¬ 
mation, they reduce to 

/fWfii rfi) - rr 1 *^ 1 {1 +*+ l^W) 

(8.14a) 


rfi) = ^m x tr-m {l + ^ 2 r + l) 

x (2r+J)7rW} (8.15b) 

J™(t,,x g \ rfi) = ^6/a je ar-7/2{l + (2r + |) 

x (2r+!)**/6rft (8.15c) 

respectively. 

After introducing (8.13) in (5.7a), one obtains 
the expression listed in Table 3, column C for 
the isothermal, weak field electrical conductivity. 
The remaining transport coefficients are found 
from equations (5.10)-(5.14) after appropriate 
simplification and on introducing the results 
(8.13), (8.14) and (8.15). Again, the first order 
terms cancel out from the expressions for k/, 
^7, JTj and M* 

Finally, it should be noted that no difficulties 
arise from regions of x where the terms /Sjjx 2 ''" 1 or 
2 W*+ xo)] 2r ^‘ 1 l(2x-\-xa) A become large relative 
to unity, since in those regions ( — dfoldx), which 
appears as a factor in the integrand of the transport 
integrals, becomes negligibly small for x -> 0 or 

X -* 00 . 

9. GTMTC FOR THE STRONG FIELD LIMIT IN 
THE CASE OF EXTREME DEGENERACY 
It remains to obtain the limiting expressions for 
degenerate materials placed in extremely large 
magnetic fields. Here, we neglect unity relative to 
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the terms 

in the denominators of the transport integrals. 

(a) For v = 0, we have, as before, No — Fi/^rj). 
Equations (2.7b) and (2.8b) reduce to the form 

\iml\%-, rfy) = (»- la > 

hm Jfxr, f,jSo) - (Ji+M-M/fi (9.1b) 

^fl-400 

We now return to equations (5.9)-(5,14) and 
neglect terms not involving /9j* relative to those 
that do. We then substitute into the resulting 
expressions from equations (2.4b), (2.5b) and (9.1). 
Subsequently, equation (8.1) is utilized to elimi¬ 
nate the Fermi-Dirac integrals. After simplifying 
and neglecting all terms of second order or higher, 
one obtains the results listed in Table 4, column A. 

(b) The case v = 1 is handled in a manner 
analogous to the corresponding case in Section 8. 
The integral N\ is again represented by equations 
(8.6), and (8.7) when the approximation xg < h| 
is introduced. Further, in the strong field approxi¬ 
mation, the transport integrals (3.8b) and (3.9b) 
are given by 

lim /| 1) (^,*c; rfii) 

QO 

= {l/p{) j *-*+l{x+x G r-r{2x+x 0 ) 2 
0 

x (— &fo/dx)dx (9.2a) 

lim J'^xa; U Si) = (l/tf) 

fll~> CO 

00 

x | xl+i / 2(x+ xaf‘ 2 { - <fo/c'x) dx (9.2b) 
0 

In the limit of extreme degeneracy, we can again 
represent the integrals (9.2) by equation (8.4). 
After carrying out the requisite mathematical 
manipulations, and neglecting xq relative to 7 /, we 
obtain the results 

Jim rfii ) = — 

Pi 

x{l+^(2r-f-5)(2r-i-4)j (9.3a) 


lim JjUfaxo; rfli) = — y+« 

Pi 

4 + ^ o ' +l)o ’ +2) l (9,3b) 

We now return to equations (5,9)-(5.14) # 
neglect the terms not involving |8j, and sub- 
stitute into the resultant from equations (3.6b), 
(8.7), (8.9a), and (9.3) to obtain the results listed 
in Table 4, column B. 

(c) Lastly, we consider the case v m 2; here, 
equation (8.13) still applies. The relevant transport 
integrals have the same form as (9.2); after repre¬ 
senting them by means of the expansion (8,4) and 
on neglecting all second order terms in which xq 
appears in the denominator, we obtain the results 


lim I ( t s \ri,xa‘, r,fc) 


V X G 

ft 


X 


7T® 


1+-(t'+1 —r 

6t) 2 



lim JfXv,XG\ r,Pi) = 


ft 



(9.4a) 


(9.4b) 


The last step consists in returning to equations 
(5.9)-(5.14), neglecting terms not containing 
/?! and substituting in the resultant from equations 
(4.3), (8.13) and (9,4). One then arrives at the 
GTMTC listed in Table 4, column C. 

Once again, in the limit of extreme degeneracy, 
no problems arise from regions where the 
strong field approximations 1 or 

P\ J*(*+*c)] 2r ~V(2*+*c) 4 ► 1 fail; for, at x » 0 
or x oo, the factor ( —0/o l&x) in the integrands 
becomes negligibly small. 


10. GENERAL DISCUSSION 
In providing a general discussion of the results 
listed in Tables 1-4 one should note first that 
there are few materials whose properties can be 
interpreted in terms of a spherically symmetric 
parabolic band structure. The applicability of the 
simple band model is restricted to pure semicon¬ 
ductors at low temperatures. The smaller the 
energy gap, the greater is the required degree of 
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purity for the rimpk hand model to apply. The 
exact calculation* to be published in a subsequent 
paper show that the non parabolic characteristics 
of a band are reflected in some GTMTC even 
when classical statistics prevail Ehrenreich ( 26) 
had already established that deviations from para- 
bolicity did not appreciably affect the calculated 
ot, provided the correct Fermi level, given by 
equation (3.4a), is used in equation (5.16) with 
y *" 0. In agreement with this, we find that for a 
fixed rj and r, the calculated difference in a for the 
parabolic and Kane band shapes is less than 10 
per cent, at least for xq =* 4,7. However, for 
fixed H t > 0, i), and r, the exact calculations 
show that the fractional change in a or p with 
band shape can exceed one order of magnitude 
even in the region of classical statistics. Next, it 
should be remembered that the formulae derived 
in Sections 7 and 9 fail to account for various 
quantum oscillatory phenomena encountered at 
Very low temperatures. Attention is also directed 
to the references in the tables of earlier work on 
the same subject; except for minor differences 
due to misprints, our results agree with those of 
other workers. However, our relation for ^/(0), 
#/(oo) and *(oo) differ radically from those 
cited by Bass and Tsidii/kovskii* 7 * and by 

TOLPYCO.d*) 

Inspection of Table 1 shows that the expressions 
for #f(0),^V(0) and JVj( 0) involve the ratio 
r(2r+|)/r*(r + 2) t whereas in Table 2, the 
quantities o/(ao), */(ao) - /a, and^/(oo) depend 
on the product T(2+r) T(3-r) in the classical 
limit. It is of interest that <tj(oo), ;#/(oo) and 
#f(oo) do not involve the product pH and hence 
do not approach zero as pH go. Further, it is 
evident that within each of the four tables, kj and 
•Mi are independent of the case v; similarly, 
the relations for iMj differ from one another only 
within Table 3, and then only in the first order 
terms. In Table 4, the difference between <y/(oo) 
and o/(0) is small. For any of the cases under 
Consideration, the isothermal Hall coefficient in 
Strong magnetic fields is given by the quantity 
IfZntc] this relationship remains essentially valid 
aho for #/{0) under conditions of extreme de¬ 
generacy. In the classical approximation, */->«£ 
depends on r> but is independent of the scattering 
index in the limit of extreme degeneracy. The 
Seebcck coefficient changes with r in the weak 


field but not in the strong field limit. For classical 
statistics, is a linear function of %p whereas for 
degenerate materials, Pi oc !/»?. Changes in mag¬ 
netic field strengths exert a much smaller effect 
on &i than the transition from classical to quan¬ 
tum statistics. The Nernst coefficient is inde¬ 
pendent of the sign of the charge carrier but 
exhibits a dependence on the factor .yF/ ~ ($—r), 
except for the case v = 1 in Tables 3 and 4, where 
Jfi ~ (|-r). As will be recalled, the case v — 1 
cannot be treated in the limit of classical statistics. 
Exact calculations to be published later show that 
under a variety of conditions, Jf i does not change 
sign in the range 0 < r < 1. In view of these 
results, one cannot, as has been recommended 
in the literature/ 18 - 24 * use the sign of Jf ; to deter¬ 
mine the range of r values experimentally, unless 
the band shape is known. Furthermore, these 
results definitely disprove the contention by 
Nasledov (25) that the band form is without in¬ 
fluence on the parametric dependence o i on r. 
Some similar qualitative arguments concerning 
Nasledov’s work on GaAs have recently been 
given by Carlson (27} et at. Finally, in the approxi¬ 
mation schemes utilized here, is independent 
of r except for the cases covered in Table 1. 

In a sequel paper, the theoretical expressions 
presented here will be compared with experi¬ 
mental data on HgSe and InSb. 


REFERENCES 

1. Harman T. C. and Honic J. M. t J. Phys. Chem. 

Solids 23, 913 (1962). Hereafter referred to as (H). 

2. Chambers R. G. ( Proc. Phys. »Soc. Lond. A65, 903 

(1952). 

3. Put ley E, H., The Hall Effect and Related Phe¬ 

nomena, Chap. 3. Butterworths, London (1960). 

4. Kane E. O., J. Phys. Chem, Solids 1, 249 (1957). 

5. Ehrenreich H., Phys. Rev. 120, 1951 (1960). 

6. Apvel J., Z. Naturf. 9a f 167 (1954). 

7. Bass F. G. and Tsidil'kovskii I. M., Zh . eksp. tear. 

fix. S.S.S.R. 31, 672 (1956); translation: .Sot;, 
Phys. J.E.T.P. 4, 565 (1957). 

8. Drabble J. R. and Goldsmid J. H., Thermal Con¬ 

duction in Semiconductors , p. 110. Pergamon 
Press, Oxford (1961). 

9. Harman T. C., Willardson R. K. and Beer A. C., 

Phys. Rev. 94, 1065 (1954), 

10. Madblung O., Z . Naturf. 8a, 791 (1953). 

11. Rodot M., Ann. phys . 5, 1085 (1960). 

12. Sbitz F., The Modem Theory of Solids t pp. 178,192. 

McGraw-Hill, New York (1940). 



GALVANO-THERMOMAGNETIC EFFECTS IN SEMICONDUCTORS AND SEMtMETALS 847 


13. Smith R. A., Semiconductors ,pp. 118,169,172,173, 

181, 183, 185. University Press, Cambridge 
(1959). 

14. Tauc J., Photo and Thermoelectric Effects in Semi¬ 

conductors, pp. 52, 54, 57, 215. Pergamon Press, 
Oxford (1962). 

15. Tolpygo K. B., Trud. fiz . akad. nauk . Ukrain. 

S.S.R. Sec. 3 (1952). 

16. Wilson A. H., The Theory of Metals , pp. 220, 232, 

238. University Press, Cambridge (1958). 

17. ZiMAN J. M., Electrons and Phonons, p. 385. Claren¬ 

don Press, Oxford (1960). 

18. Tsidil’kovskii I. M., Dokl. akad. nauk . S.S.S.R . 

102, 737 (1955). 

19. Rodot M., J. phys. radium 19, 140 (1958). 

20. Zhuze V. P. and Tsidil’kovskii I. M., Zh. tekh. 

fiz. S.S.S.R . 28, 2372 (1958); translation: Sov . 
Tech . Phys. 3, 2177 (1959). 

21. Emel'yanenko O., Zotova N. and Nasledov D., 

Fiz. tverd.tela 1, 1868 (1959); translation: Sov. 
Phys . Solid State 1, 1711 (1960). 

22. Emel’yanenko O. and Nasledov D., Fiz. tverd. 

tela 1, 985 (1959); translation: Sou. Phys. Solid 
State 1, 902 (1959). 

23. Nasledov D J. chim. phys . 57, 479 (1960). 

24. Emel’yanenko O., Nasledov D. and Petrov R., 

Fiz. tverd. tela 2, 2455 (1960); translation: Sov. 
Phys. Solid State 2, 2188 (1961). 

25. Nasledov D., J, Appl Phys . 32, 2140 (1961). 

26. Ehrenreich H .,J. Phys. Chem . Solids 2, 131 (1957). 

27. Carlson R. O,, Silverman S. and Ehrenreich H., 

J. Phys. Chem . Solids , in press. 

28. Ehrenreich H., J. appl. Phys. 32, 2155 (1961), cf. 

Fig. 5. 


APPENDIX A 

Applicability of Results Listed in Tables 1-4. 

1. The results presented in the subsequent tables are 
not applicable if 

(a) more than one type of carrier plays an appreciable 
role in the determination of the transport property 
under consideration. 

(b) the electronic energy surfaces are not spherically 
symmetric. 

(c) the electric field and temperature gradient are so 
large that Ohm’s and Fourier’s laws are not 
obeyed. 

2a. The Kane model finds its most fruitful application 
in polar materials, In these compounds, at least in the 
low temperature and lattice scattering range, the re¬ 
laxation time approximation is not valid, However, 
Ehrenreich* 2 has compared the results of the varia¬ 
tional technique for polar scattering with those of the 
relaxation time approximation. For temperatures only a 
little greater than that corresponding to the longitudinal 
optical frequency, the two approaches gave the same 
results. 

2b. The formulae cited below are valid if a relaxation 
time exists such that r can be written as To(dt/dA)A #, “ a . 

3. It is expected theoretically that the effects on 
observed GTMTC due to orbital or spin quantisation 
will be small for at least the range heHtlm*c£T £ 1 

pHt eH t r 

and-cr-^ 1. 

c tn*c 

4. The limiting value of in very large magnetic 
fields remains valid, independent of the symmetry of the 
energy surfaces and of the mechanism of charge carrier 
scattering for materials with the cubic crystal structure. 




Table t GTMTC in the limit weak fields, classical 

statistic* 

Effect 

A 

General Formula 

B 

Special Caae; r ■» 0 References to Prior Work 

oKO* 

r,*V/2)V» (- - 0) 




l( vvtdFWlW" (*■ “ 2) 




3 r(2r+f) 

3ir 

3, 11, 12, 13, 14, 16 


- V” 

— 


IZ«#Y 1 

4 rv+ 2 ) 

8 


Xt(0) — Kl 





2 + r 

2 

3, 7, 8, 13, 14 

iPtwi* 









2 + r->j 

2—i? 

3, 7, 8, 13, 15, 16 

t\Zt 




>"K0) 

3 r(2r+|) 

3tt 



(4-0 - V* 

— 

3,7,13,14,15 

//»/« 

4 r*(r + 2) 

16 


uf(0) 

3 T(2r+?) 

21tt 



(i+r + r*) - v'» - 

— 

3, 13 

/•7'o(0) f4 

4 r*(r + 2) 

32 


*»*/<0) Zr 





* Corresponding entry in Table 3 is of(0) -r ##t/3 tt 3 . 


Table 2. GTMTC in the limit of very strong fields, classical statistics 
A B 

Effect General Formula Special Case; r = 0 References 


o/(ao)/e/(0) 


[Zwe]“i 

w /{oq) — xl 

r 7T\« 

- o(0)J- 

#* W. / 

Pt (OO) 

//Z« 

ff^TKeo) 

# W*/ 

&uT(oo) 

z* «(0) 


9rr 1 

16 r(3-r)T(2 + r) 


16 

— (r*-2r+ ’;)IX3-r)r(2 + r) 
9 tt 


5 

FJ 

2 


16 

(4 —r)r(3 — r)F(2 + r) 

9w 


5 

2 


9ir 

32 


3, 6, 10, T6 


1 3, 6, 9, 10, 14, 16 


104 

977 


7, 15 


5 

—v 
2 

16 
9:r 


7, 15 

7 


5 

2 


#* Mff$ hK« o) 




, Table 3. GTMTC intiu famt of weakfieUs, extreme dtgmereey 






Effect 

A 

Case v « 0 

References 

B 

Case >» 1 

Cm 

MO)* 

f 


/ ** \ 

i **v 


(m)* / *{i+—} 

— 

yS/V M+— - 

(*«w) w {l+—} 

*W3w* 

l 8i ft 


1 l 1* ) 

l *jM 

*/(0) 

«* 


IT* 

«* 


I-* 

+ 

1 

/*\ 

1 

''w 

— 

1+-(2r—3)* 

1+-(r-i)» 

[Zn^V" 1 



3-)* 

3*» 

a 

s 

i 

$ 

TT® 


IT® 

W* 


— 

8, 12, 16, 17 

— 

— 

d*To(0)le* 

3 


3 

3 

?i(0) 

tr® 


2 irV 

ir* 


- O+r) 

13, 16 

— 

- (1+r) 

4lZe 



3 i/ 

3ij 

sT,( 0) 

it® 


2rr® 

IT * 


- tt-r) 

13 

- (2-r) 

- (*-r) 

/pfec 

3n 


3* 

3i? 

-*(0) 

TT® 


tr® 

tr® 

/*r <r(0) M 

3 


3 

3 


e* Ki( 0) Zc 

* Corresponding entry in Table 1 is o/(0) -j- efij2n 2 . 

Table 4. GTMTC tn /tVmf o/ very strong fields , extreme degeneracy 



oi(oo)/a/(0) 

^i(oo) 
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7T» 

-«—0 

3iy 
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APPENDIX B 


JJet of tymboh in tablet: 

GTMTC Galvano-thcrmomagnetic transport coefficient. 

«/<0), 01 ( 00 ) isothermal electrical conductivity for zero and very strong magnetic fields, respectively. 

A/(0), ^K 00 ) isothermal Hall coefficient in weak and very strong magnetic fields, respectively. 

*/(oq) isothermal thermal conductivity in weak and very strong magnetic fields, respectively. 

tei lattice thermal conductivity, 

&t( 0), &»(<*>) isothermal Seebeck coefficient for weak and very strong magnetic fields, respectively. 

*^/( 00 ) isothermal Nemst coefficient for weak and very strong magnetic fields, respectively, 
v#(0), *#(ao) Righi-Leduc coefficient for weak and very strong magnetic fields, respectively. 

T temperature. 

Ht magnetic field strength. 

0 absolute value of electronic charge. 

/ Boltzmann constant. 

h Planck constant. 

e velocity of light. 

f carrier scattering parameter; r - - 0 corresponds to acoustical mode scattering, r = 1 corresponds 

to optical mode scattering, and r 2 corresponds to ionized impurity scattering. 

Fermi level energy with respect to the band edge energy. 

4a energy gap which occurs in the Kane band model. 

p isothermal conductivity carrier mobility for H z — 0. 

n carrier concentration. 

tn m effective mass of the charge carriers in parabolic band model. 

P matrix element defined in Ref. 4. 

v index symbol specifying the case under study; v ^ 0 is the parabolic band model, v -- 1 is the 

narrow gap Kane band model, and v --- 2 is the wide gap Kane band model. 

Z *fi 1 for holes and —1 for electrons. 

V t*n!/T reduced Fermi level energy. 

Xq m 4 q{4T reduced energy gap. 

y* • 2m*4TW 
n « | ( 4TIP )* 
y* - (/TIP)* 
h m A/2w 

Note added in proof; In equations (4.7a) and (4.7b) of paper II in this series, replace J x jT 
**nd JT^/7 by J s and J% t respectively, where TJs s= Jq — ^bJ ; Js is the entropy flux 
vector. Then equations (4.7) satisfy the Onsager reciprocity conditions. 
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ORBITAL SUSCEPTIBILITY OF DILUTE ALLOYS 

W. KOHN end M. LUMING 

Department of Physics, University of California, San Diego, La Jolla, California 
(Received 26 December 1962) 


Abstract —An explicit expression is obtained for the change of the orbital (diamagnetic) auscepti- 
bility of an electron gas produced by a localized spherical perturbation. The result is applied to a 
study of dilute solutions of Zn, Ga, Ge and As in Cu, but does not help to account for the experi¬ 
mental data. Comments are made on previous theoretical interpretations. 


1. INTRODUCTION 

Over the past years several measurements of tem¬ 
perature independent total magnetic suscepti¬ 
bilities of metallic alloys have been reported.* 1 *2,3) 
One expects that, at least for some simple alloys, 
the total susceptibility can adequately be regarded 
as consisting of three parts: A diamagnetic core 
contribution, the paramagnetic spin susceptibility 
and the orbital diamagnetic susceptibility of the 
conduction electrons. The core susceptibility can 
be rather simply estimated and some simplified 
theories for the spin susceptibility exist. (4) How¬ 
ever, no well-founded theory for the diamagnetic 
contribution of the solute atoms has been available. 

In the present paper we present a theory for the 
diamagnetic susceptibility of a simple model of a 
dilute alloy. We describe the effect of each solute 
atom by a spherical potential V(r) and regard the 
conduction electrons a9 independent particles 
moving in this potential. In this model effects of 
the periodic potential of the host lattice can be 
included only very roughly through an appropriate 
choice of an effective mass of the electrons; and 
the electron-electron interaction enters only 
through the value of the effective mass and the 
form of F(r) which should be chosen to incorporate 
the screening of the solute atom by the conduction 
electrons. 

For this model we obtain an explicit expression 
(equation 3.31) for the contribution of each solute 
atom to the orbital susceptibility. It consists of a 
diamagnetic term, arising from the screening 
charge and identical in form to the diamagnetism 
of an atom, and an orbital paramagnetic term 
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expressible in terms of scattering phase shifts. 
For an electron density characteristic of Cu, the 
two terms largely cancel leaving a very weak 
orbital diamagnetic contribution of impurities 
with excess valence A Z. It is also explicitly shown 
that if the perturbation due to the solute atom can 
be treated as weak, our expression reduces cor¬ 
rectly to the change in diamagnetism due to the 
addition of A Z electrons to the host material. 

Unfortunately, our theory does not at all agree 
with experiment, presumably because of the 
neglected band characteristics of the Cu electrons. 

2. WEAK PERTURBING POTENTIAL 

If the perturbation due to a solute atom can be 
regarded as weak, the effect of alloying on the 
diamagnetic susceptibility can be extremely 
easily determined. 

Consider a gas of N non-interacting electrons 
in an enclosure of volume V in the presence of a 
magnetic field Jf? and of a weak perturbing 

potential A F(r). We denote the orbital ground state 

energy of the system by E N (J>K > > A) and its uniform 
density, when A = 0, by It is evident from 

the spatial homogeneity of the system that, for all 
values 

P N (*1 = (2.1) 

Now by first order perturbation theory in A we find 
E N (je,0) = A j V(r)p»(Jtr) dr 
N r 

= A-J V(r)dr (2.2) 


O 
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ofJf. The diamagnetic susceptibility 

» given by 


xW) 


v dJn 


(2.3) 


Therefore, when we differentiate (2.2) twice with 
respect tojf, we obtain 

*W) - ^(JT.O), (2.4) 

to first order in A. 

We see, then, that if the perturbation due to the 
solute atoms can be treated as weak, the suscepti¬ 
bility of an alloy is the same as that of a free 
electron gas with the same number of electrons 
as the alloy. Using the standard theory of diamag¬ 
netism of free electrons, this give the following 
result/ 4 * 


and 


H' 




(*2+/). 


(3.6) 


We are interested in the magnetic moment M 
of the system which is given by 


where 


and 


M = Mq+Mu 

(3.7) 

1 

Mo = —— L t 

2c 

(3.8) 

X 


Mi = "TT <*+*>• 

4 c 2 

(3.9) 


Ax « -AZ —*—, (2.5) 

* 12 c*k% 1 

for the contribution to the volume susceptibility 
of one solute atom with excess valence A Z per 
unit volume, Here hp is the Fermi momentum of 
the host material. 


3. PERTURBING POTENTIAL OF ARBITRARY 
STRENGTH 

We begin by considering the diamagnetic re¬ 
sponse of a free electron gas in the absence of a 
perturbing potential. The gas is in a spherical en¬ 
closure of radius R and the field is taken to be 
in the » direction. We write the vector potential as 

A a* x r. (3.1) 

Then the total Hamiltonian for each electron is 


H t » 


Writing 



c b \ 

__.y )+ (*2 + y!). 

O (*/ 8c 2 

(3.2) 

c b\ 

^y~ y d ™ 


To obtain the expectation value of M to first 
order in Jjf one is tempted to proceed in the 
following manner: Treating*#" formally as a small 
parameter one neglects H\ which is of second 
order in.#, in the calculation of the ground state 
wave function T. The computation is then quite 
easy since the Schrocdinger equation correspond¬ 
ing to H separates. However, a well-known 
difficulty of this procedure (which makes it in¬ 
appropriate for the calculation of the diamagnetism 
of a free electron gas) is that while# is small, the 
expression Jf^x^+jy 2 ) occurring in H' is not. 
Nevertheless, in calculating the change of the 
diamagnetism due to a solute atom it turns out 
that the relevant values of x and y are of the 
order of the range of the potential V(r), rather 
than R } so that this difficulty does not arise. Any 
doubts concerning one’s right to use the method 
just outlined are removed in Appendices I and II 
where our result is shown to reduce to that ob¬ 
tained in Section 2 for a weak potential and is 
re-derived by an entirely independent but more 
complicated method. 

We now proceed as explained. The eigenfunc¬ 
tions of H are 


we split this as follows 


where 


H T - H+H \ 
H m 


(3.4) 


(3.5) 


and the corresponding energies 

EkXm = + — 

2c 


(3.10) 


(3.11) 
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The allowed values of k are determined by die 
boundary condition 

ji (W?) = 0 (3.12) 

which for values of 

/ < kR (3.13) 

is equivalent to 

(«?)-* sin^fcR-^wj = 0 (3.14) 

or 


Turning now to Afi, we may evaluate its expec¬ 
tation value in the completely unperturbed 
ground state (Jf? m 0). The contribution of states 
with / »= 1 is 

<M 1 > 1 « <**+y*>i (3.21) 

where 

<* 2 +yt> 1 = J (*■+>■)/nM dr, (3.22) 


kR- 


1 

— 7 T 

2 


pi being the unperturbed density associated with 
mr> n = integer. (3.15) / = 1. In the same way we obtain from a general 

value of l 


Let Ef be the Fermi energy in the presence of the 
field JtP. Then all single particle states with 

Ek t i,m ^ Ef (3.16) 


are occupied, all others empty. 

Take for example / = 1. By (3.11) and (3.16) 
the maximum values of k associated with m = 1,0, 
and — 1 are given by 


Ki = E *~ 

i*!.o = E f 

= E f + 


2c 


Since, by (3.8), 


2c 


(3.17) 


= —~~ m ( 3 - 18 ) 

2 c 


we see that the total contribution to <(Mo> from 
states with / = 1 is 

&P 

<Mo>i = -gi(E F ) (3.19) 


<M 0 >, = — Sl (E F ) -£-- (3.23) 

2 c z 6 


and 


<M!>,= J r 2 pi(r) dr. (3.24) 


It should be noted however that (3.23) is valid 
only for moderate values of /, which satisfy the 
condition / kpR (see equation (3.13)) as well as 
(&?I2c)IjP Ef , since in deriving (3.23) the mag¬ 
netic energy (J^j2c)tn has been neglected compared 
to Ef . We shall see (equation 3.30) that only such 
values of l occur in our final result. 

We now consider the same system except that a 
short range spherical potential V(r) is added to the 
Hamiltonian and the total number of electrons is 
adjusted in such a way that Ef, and hence the 
electron density at large distances, is unchanged. 
The potential can be of arbitrary strength and may 
or may not have bound states. 

The radial eigenfunctions of H with positive 
energies now have the asymptotic behavior 


where gi(Ep) is the density of states with given /, 
and any compatible value of m, at \k 2 = Ef. As 
(3.19) already contains an explicit factor^, the 
field can be ignored in calculating gi{Ep). From 
equation (3.15) one finds 

2R 

SAEf) = —, (3.20) 

ttkf 



(3.25) 


where the rjt are the phase shifts associated with 
V(r). The boundary conditions (3.15) are there¬ 
fore replaced by 


kR-~TT + rn(k) « nn y n * integer 


(3.26) 


including spin degeneracy. 
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giving rile to an altered density of atatea 

2 (327) 


Thus (3.23) ia simply replaced by 

<m„>; 


(3.28) 


and instead of (3.24) we have 

-~fr* P ',(r)d r (3.29) 

where p)(r) is the electron density associated with 
angular momentum /, in the presence of V(r) but 
in the absence o fJt. 

The additional moment due to the solute atom 
is found by subtracting the sum of (3.23) and 
(3,24) from the sum of (3.28) and (3.29) and 
adding up the contributions from all /-values. 
The result is 


* rl y (2 /+ !)(/+ !)/ /d^\ 

f ! L— 6 \ dE/ E-B t - 


-J J \p(ry! drj (3.30) 

where Ap is the change of the electron density 
due to the solute atom. Thus if there are N 8 
solute atoms per unit volume the additional mag¬ 
netic susceptibility per unit volume is (with e y H 
and m restored) 


Ax 



(2/+!)(/+1)/ 

6 ~ 




(3.31) 


This is the central result of the present paper. 
The second term in equation (3.31) has the same 
form as the diamagnetic susceptibility of isolated 
atoms whose charge density is A p(r). We see, 
however, that the correct expression contains also 
another term, which we shall find to have a com¬ 
parable magnitude and the opposite sign. 


4. APPLICATION TO A FREE ELECT RON MODEL 
OF DILUTE ALLOTS OF COPPER 

In attempting quantitative application of our 
theory to an alloy one should in principle: 

1. Obtain a self-consistent impurity potential 

V(r ). 

2. Using this potential and corresponding 
electron density evaluate the phase-shifts and 
mean-value of r 2 , as needed in equation (3.31). 

Generally this is a very lengthy program, and 
we shall follow it completely in only one limiting 
case: An electron-gas, with density corresponding 
to copper, in which point charges of small mag¬ 
nitude A Z are immersed. A dilute alloy of Zn in 
Cu (A Z =1) corresponds most closely to this 
model. 

In this model the self-consistent Hartree 
potential Fj/(r) is known. (6) It is given, to first 
order in AZ, by 


Fi/,Un = AZ 


ir 

2*2 J 


4nW(p) 


2*2 J p2[47rJV(p)+p2] 


AZ 

t ip* r dp- 


(4.1) 


and the corresponding electron density is 

4 7TW{p) 


Apu t un(r) = AZ 


±-f 

2 *) 3 J 


(2*) 3 J 4nW(p)+p 2 


here 


e f P» r d p ; 
(4.2) 


4,«r (P) . 0-3317 £) 


* loj^n 
” I p—2kf ! J 


(4.3) 


and r 8 is the Wigncr-Seitz radius. 

With the help of equation (A1.10) one finds 
directly that 


A X«.iin s ~ drl = 

L 6r 2 J J/f.iin C‘ 

and similarly, from (4.1) and (A1.8) 

, + r 1 v( 2/+i x / + l ) / 

2.—s— 


A Z it 
2 4kp 
(4.4) 


/dijj' 

^E-E P . 

AZ . 

(IT 1 \ 

Id E) 

H,Un C 2 ’ 

14 k F 12 k%) 
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Using these results in (3.31) gives, in atomic units, 


AXjj-.iin = 


A Z 

\2k%c n - 


(4.6) 


per solute atom in agreement with the linear 
result (2.5), which holds for arbitrary V(r) and the 
Ap(r) produced by it. The values of (4.4) and (4.5) 
as well as their sum which gives the additional 
orbital susceptibility per solute atom are given in 
Table 1, columns 1, 4, and 7, It will be noticed 
that there is a large degree of cancellation. In fact, 
the ratio of the final result A* to the “atomic type” 
result Ax” »9, in the case of copper, 


Ax 

Ax 


1 

3nkp 


0-15. 


(4.7) 


This cancellation makes reliable quantitative 
estimates of A\' very hard, particularly since both 
Ax + and Ax” are very sensitive to the distant parts 
of the screening charge. 

We now attempt to do better than the linear 
theory, which cannot be a priori relied on since in 
reality AZ is at least equal to 1. For this purpose 
we make use of available solutions of the non¬ 
linear Thomas Fermi equation (7) for various 
values of AZ. But first, to check the validity of 
the Thomas Fermi procedure, let us compare its 
results for small AZ with the results of the self- 
consistent Hartree potential, equations (4.4) and 
(4.5). The Thomas Fermi equation gives for small 
A Z 


k 2 e~ Kr 

A — AZ- 

4 7t r 


where 


A Zk* 



e*P‘ r dp 


(4.8) 


*2 « 




7 T 


(4.9) 


and 

Vtf4/) — — A Z —■— — 

Y 


From (4.8) we find 


4ttAZ f 1 

(27r)3 J />2 + K 2 


e ( J> • r dp 
(4.10) 


and using Vrf(r) in equation (A1.8) gives 


AXi 


TF 


leading to 


AZ ir 

-ysp (412> 


AXtf 


Comparison with (4.4) and (4.5) shows that, at 
least for small AZ, 


Ax # “ A Xtf 


(4.13) 
iat, at 

(4.14) 


and 



0*8525 AxJjjm (4.15) 


In what follows we shall calculate Ax£ F for 
AZ = 1,... 4 and then estimate A^ by assuming, 
as plausible, that the relations (4.14) and (4.15) 
continue to hold also for these finite values of AZ. 
Because of the near-cancellation between A^ + and 
Ax” we must be prepared for the possibility that 
the Ax/f thus obtained may be significantly 
different from the true Ax//, particularly at the 
higher values of AZ. 

For AZ = 1, ... 4, &Xtf have been calculated 
with the help of the available A pty p . AxJ F was 
obtained by first determining Vtf from A ptf, 
using Poisson’s equation, then calculating the 
phase-shifts -qi and their derivatives (d^j/dE) 
numerically and substituting into the first term of 
equation (3.31), The calculated phase shifts and 
their derivatives are listed in Table 5, and the 
corresponding values of &Xtf Table 1, column 
2. &Xtf was obtained by evaluating the mean 
values of r 2 with the available A ptf> The results 
are given in Table 1, column 5. The sum Ax£ F + 
A xtf gi ven in Table 1, column 8. 

In order to obtain the total change of suscepti¬ 
bility due to the valence electrons, we must add 
to the change of orbital susceptibility, that of the 
spin susceptibility and that of the core suscepti¬ 
bility. 

Using the model of non-interacting electrons 
we have the general formula 


^spln — 


i em 

4c 2 V 


(4.16) 


^Xtp- 


AZ 77 


,4 ... where g{Ep) is the density of states (including spin 
' ‘ ' degeneracy) at the Fermi surface. Calculating the 
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Table 1. Contribution to orbital susceptibility of various solute atoms in Cu (i theory ) 



1 

2 

mm 




7 

8 

9 

AZ 

bxititt 

bXrr 





A*iin 

&XTP 

bXH 

1 (Za) 

5-586 

5-263 

4*487 

- 6-553 

- 5-222 

- 5-222 

-0*967 

4-0*041 

-0*735 

2 (Ga) 

11-172 

9-510 


-13-106 

- 9-274 

- 9-274 

-1*934 

+0*236 

— 1*167 

3 (Gc) 

16-758 

13-245 

11*291 

-19-658 

-12-683 

-12*683 

-2*900 

+ 0*561 

-1*392 

4(Aa) 

22-344 

16-687 

14*226 

-26*211 

-15-663 

-15*663 

-3*867 

+ 1-025 

-1*437 


The numbers give the additional volume susceptibility per solute atom in units of c 2 )a% = 1 *315 x 10"*° cm 8 . 

Our best estimate for the change of orbital susceptibility per solute atom is given in column 9. 


change of g(Ef) due to an impurity as in Section 3, 
we find for N added impurities per unit volume 

«~- A '«sr< 4,7 > 

0 

The numerical results, using the phase shifts 
listed in Table 5, are given in Table 2, column 2. 

Next we must allow for the fact that the core 
susceptibilities of the solute ions (1j 2 2s 2 ... 3d 10 ) 
are smaller than of the Cu ions which they re¬ 
place, because of their smaller radius. For an 
estimate of this effect we followed the procedure 
of HENRY and Rogers, (1 ) The results are listed in 
Table 2, column 3. Column 4 is the sum of 
columns 1, 2 and 3 and represents a preliminary 
theoretical estimate of Ax- 
At this point, in preparation for comparison 
with experiment we convert units to change of 
atomic susceptibility* 9 ^ per atomic concentration 
of solute. For this purpose column 4 must be 
multiplied by Avogadro’s number, assuming for 
the moment that the alloying produces no change 


of volume. The result is entered as Ax^ th in 
column 1 of Table 3. A final effect is due to the 
change of lattice parameter a, caused by the 
alloying. It is given by (1) 

A*2 th = 2 — X «»n d (4.18) 
a 

where x cond is the atomic susceptibility of the 
Cu-conduction electrons, which in our free elec¬ 
tron model has the value 4-6xl0~ fl . Values of 
A a/a were taken from Ref. 1. The results for 
Axg th are entered in Table 3, column 2. Our final 
theoretical result, shown in Table 3, column 3 
will be seen to be in serious disagreement with 
experiment, even predicting the w T rong sign. 

To test the dependence of our results on the 
details of the assumed impurity potential, the 
entire calculation was repeated with a potential 
of the form —(A Zjr) exp( —Ar), where for each 
AZ the value of A was adjusted to satisfy the 
Friedel sum rule. The final theoretical results 
differed from those in Table 3, column 3 by not 
more than 21 per cent. 


Table 2. Contributions to the magnetic susceptibility of various solute atoms in Cu 



1 

2 

3 

4 

AZ 


^X*pln 

A^iore 


1 (Zn) 

-0-73 

1-54 

4*1 

4*9 

2 (G.) 

—1*17 

2-83 

7-0 

8*7 

3 (Ge) 

-1*39 

4-95 

8*9 

12*5 

4 (A.) 

-1*44 

6-74 

10-2 

15*5 


Same units as in Tabic 1. 
















ORBITAL SUSCEPTIBILITY OF DILUTE ALLOY8 897 


Table 3. Companion of theory and experiment 



1 

2 

3 

4 

£sZ 

x 10* 

A*; th x 10* 


AX**' X10* 

I (Zn) 

3-9 

0*5 

4*4 

- 7-2 

2 (Ga) 

6*9 

0-7 

7*6 

-19*3 

3 (Ge) 

9 *9 

0*8 

10*7 

-27*4 

4 (A*) 

12*3 

1*2 

13*5 

-38 


All susceptibility changes are in e.m.u. per g-at. per atomic concentration of the solute. 
Column 1 are the theoretical results neglecting lattice parameter changes; column 2 are the 
estimated effects of change of lattice parameter; column 3 are the sums of columns 1 and 2, 
our final theoretical results; and column 4 are the experimental results of Ref. 1. 


We are therefore convinced that the total sus¬ 
ceptibility change of the conduction electrons due 
to alloying, as calculated with the free electron 
model, cannot overcome the positive change due 
to the substitution of smaller cores. In other words, 
on this model, one cannot understand why the 
observed change of susceptibility has the opposite 
sign from that expected from the differences of 
the cores only. 

We are then driven to attribute the disagree¬ 
ment between theory and experiment to the 
neglect of the crystalline potential. Unfortunately, 
we do not know at this time how to incorporate 
the effects of this potential into a theory for the 
orbital susceptibility. 

We wish to make two further comments. 
Henry and Rogers in analyzing their data on 
dilute alloys of Zn, Ga, Ge and As with Cu, 
present a theory which accounts quite well for 
their experimental results. In the light of our 
present work, we would like to question two 
features of their analysis. 

1. Looking apart from changes of the lattice 
parameter, they take for the change of orbital 
susceptibility per solute atom 

e 2 f Ag 

A x orb -- I Ap(r)r 2 dr 4- x° rb (0) * - 

6 me* J g 

(4.19) 

where Ap is the screening charge due to A Z 
electrons, ^^(O) and g are the orbital suscepti¬ 
bility and density of states of pure Cu, and A g is 
the change of g due to adding A Z electrons to the 
conduction band. For a parabolic band, both 


terms are negative. Our result, equation (3.31), 
agrees with this as far as the first term of (4.19) 
is concerned, but in place of the second term of 
(4.19), we obtain a term with the opposite sign. 
Further, as we show in Appendix 1, the full result 
equation (3.31) reduces, in the weak perturbation 
limit, to just the second term of (4.19). Thus the 
use of (4.19) does not have a firm theoretical 
foundation. 

2. For the change of spin susceptibility Henry 
and Rogers use the expression 

A g 

A x spin * x«pin(0) . — (4.20) 

8 

where x B P ln is the spin paramagnetism of Cu and 
A gig has the same meaning as before. This ex¬ 
pression is justified when the perturbation due to 
the impurities is weak (linear approximation); 
but in general it must be replaced by equation 
(4.16). In the present case the results are quite 
different as is shown in Table 4. 

In our opinion these considerations detract con¬ 
siderably from the significance of the relatively 
good agreement between experiment and the 
theory of Henry and Rogers. Unfortunately we 
cannot offer at present any constructive theoretical 
considerations which would contribute to a better 
understanding of the data. 

Acknowledgements —It is a pleasure to thank Dr. J. 
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very helpful correspondence. 



W. KOHN and M. LUMING 


Table 4. Spin paramagnetism 


\z 

A* - * 1 ® 

(linear approx.) 

A*** 1 ® 

(from phase shifts) 

1 <Zn) 

2'90 

1-54 

2 (G«) 

5*80 

2*83 

3 (Ge) 

8*70 

4*95 

4 (A.) 

11 *60 

6-74 


Same units as in Table 1. 


Table 5. Phase shift calculations 



A2f *« 1 



A Z « 2 



Numerical 

Born Approximation 


Numerical 

Born Approximation 


1 ’05504 

0*66605 

Vo 

2*13886 

1*19676 

vi 

014291 

0*12355 

m 

0*28992 

0 21699 

V* 

0*02937 

0*02813 

V* 

0*05310 

0-04914 

V* 

0*00701 

0*00691 

V3 

0*01234 

0*01205 

V* 

0 00177 

0*00176 

V* 

0*00310 

0-00307 

Vt 

0*00046 

0*00046 

V* 

0*00080 

0*00080 

V* 

0 00012 

0*00012 

Vi 

0*00021 

0*00021 

Svnim 

-0*71219 

0*25970 

drjolBE 

-1*44221 

0-50460 

&nl0E 

0*35801 

0*31320 

)bE 

0*71740 

0-55377 

»ml»E 

0*13894 

0*13140 

frlg/BE 

0-25459 

0-22988 

toltf&E 

0*04799 

0*04708 

tijii&E 

0*08494 

0-08210 

thttW 

0*01591 

0*01579 

dnl BE 

0*02781 

0*02751 

drtBlM 

0*00512 

0*00511 

flijs IdE 

0 00894 

0 00890 


0*00162 

0*00162 

cy)s /BE 

0*00282 

0*00281 


SZ « 3 



A Z - 

4 


Numerical 

Born Approximation 


Numerical 

Born Approximation 

Vi 

2*82600 

1*65427 

Vo 

3*40134 

2*05985 

Vi 

0*45935 

0-29369 

* Vi 

0*67321 

0-35932 

V* 

0*07371 

0*06613 

V2 

0*09252 

0-08071 

V* 

0*01672 

0*01619 

V 3 

0*02058 

0-01977 

V* 

0 00417 

0*00413 

V* 

0*00511 

0-00504 

Vi 

0*00108 

0-00108 

Vi 

0*00132 

0-00132 

V 

0*00029 

0*00029 

Vi 

000035 

0-00035 


-1*24198 

0*74473 

Bjfo/BE 

-1*35889 

0-97769 

dqtl&B 

1-10535 

0*75448 

fan! ?E 

1*50950 

0-92598 


0*35762 

0*30983 

Pvtl&E 

0*45316 

0-37803 

awazr 

0*11560 

0*11036 

fajsIBE 

0 14264 

0*13471 

&VaI&E 

0*03752 

0*03696 

PvilPE 

0*04602 

0-04515 

&wldK 

0*01203 

0*01195 

PvilPE 

0*01469 

0-01461 

&V*]&E 

0*00378 

0-00378 

PvtlPE 

0*00463 

0*00462 


All phase-shifts were obtained with the Thomas Fermi potential calculated by Alfred and March 
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APPENDIX 1 

Reduction of the general result in the case of tveak perturb - 
ing potentials. 

In Section 2 it was shown that if the effect of the 
solute atoms can be treated as a weak perturbation, their 
contribution to the diamagnetism may be calculated 
from the standard free electron result 


*0 12tt2 C 2 


(Al.l) 


by using the value of kp corresponding to the total 
number of valence electrons. If we denote the excess 
valence of the solute by AZ this gives, for each solute 
atom per unit volume 


AX lln = —AZ 


\lc 2 k% 


(A1.2) 


On the other hand we found in Section 3 that for a per¬ 
turbation of arbitrary strength, the contribution to the 
diamagnetism is given by 


We begin with the first term of (A1.3). We note tbo 
following two standard results for the scattering ampli¬ 
tude f(0) due to a weak potential , 

M = (2/+ («* e ) (At.4) 


and 

1 f sin[2A sin 612 r 1 

f(0) --—-L_± 

2t r J 2k sin 6/2 r 

so that 

2(2/+ lfoift (cose) 

i 

k r sin \2k sin 6/2 r] 
2 tt J 2k sin 0/2 r 


V(r) dr, (A1.5) 


---p 

2t rj 


V(r) dr. (At A) 


Further Pi (cos 0) satisfies the following differential 
equation 


1 d / dPA 

-^(sin*- +/(/+l)Pi = 0 (A1.7) 

sin 0 d0 \ d0 / 


Hence operating on (A1.6) with the differential operator 
appearing in (At.7) and taking the limit 0 0, gives 

_ i^k Id 

2(2/+l)(/+l)/^ = -lim —- 

l LIT Sin U Qu 

r df sin[2A sin 0/2 r] 1 

x sin 0 — — --— -V(r)dr\ 

L d0 J 2k sin 6/2 r w J 

& r 

-- V(r)r 2 dr. (A1.8) 

37 T J 

By differentiation with respect to E =» k 2 J2 we thfen find 


ijei+ixi+iyfe) 




k F f 

Vd 

LE/ e-e f 

V 2 J 


- jA/>r 2 drj. 


(A1.9) 


(A1.3) 


In this Appendix we shall show explicitly that for weak 
perturbations (A1.3) reduces to A1.2) 


We now turn to the second term in (A1.3), and note 
that if we write 

M r ) = j Ap P e<1> * r (A1.10) 



MO 
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Combining theee results gives for small p 


j M'V* d' - (Al.ll) ^ m _ k z J V(r) dr+ ^( +-L- J V(r) dr 

4 -^ J V(r) r® drj 4- ... (A1.18) 


Now by first order perturbation theory, the wave 
toue&Mm of the perturbed conduction electrons are 
given by 

1 V V ** 1 
4Jf\ - -«<*•'+ >- 

rs/a £<u&- 


£S/2 + u W 2 

(A1.12) 

t for convenience we now quantize in a large cube 
of volume IA, with the solute at the center, and 

Vv* - ^ J ***-*» • 'V(r) dr. (A1.13) 

From (A1.12) we can compute 

M r ) - 2A 2 IlM')!* “ f d* I* d*' 

*<*, (2ir) # j J 


to that by (Al.ll) 


dr --— f V(r) dr— ^ f V(r)r*dr 

2ifikf J w® J 


•r 
Vu-k 


which gives, by (A1.10), 

2 


_e«*'-*)T+ c . c . (A1.14) 


(A1.19) 

Substitution of (A1.9) and (A1.19) into the general 
formula (A1.3) gives 

1 1 

Ax = -- 

6c 2 2v^k F 

But from (A1.10) and (A1.18) we can also write 

AZ = lim A p p = f V(r) dr(A1.21) 

p-H) T* 1 J 


•j V(r) dr. (A1.20) 


so that (A1.20) is equivalent to 


-U 


Ax = —A Z 


\2flk% 


(A1.22) 


-k-p-(p*l2) + u 


- + C.C, 


]■ 


(A1.15) 

Now for small f>, 

J«-*p V(r) dr «=j V(r) dr-^- J V(r) r 2 dr. 

(A1.16) 

Tha other factor in (AM 5) gives in cylindrical co¬ 
ordinate* 


J 


d*- 


1 


Mr 




+ c.c. 




-*tf-(#*/2)+fc 


-/■ 


+ C.C. 


|A^-4-j>/21| 

7/2') 

- —4^4-^^+ .... (A1.17) 


which is the desired weak perturbation limit, equation 
(A1.2). 


APPENDIX 2 

Alternative derivation 

In view of the possible doubts concerning the validity 
of the method used in Section 3, and discussed there, 
we present here an alternative derivation of our central^ 
result, equation (3.31). 

The full Hamiltonian of our problem, with or without 
perturbing potential, would be separable in spherical 
coordinates, were it not for the term 

j4f2 

H '= (A2.1) 

This difficulty can be overcome as follows. 

Consider an electron gas in a spherical enclosure of 
radius R t in which there is present an external potential 

U = o*a (A2.2) 

Adjust the number of electrons so that their density at 
the origin is independent of a. In a weak magnetic field 
, in the ar-direction, this gas will have a magnetic 
moment linear in Jt, say 

M * K{<x)Jf. 


(A2.3) 
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Now imagine that a spherical localized perturbing Now for a given / and m we find from (A2.12) that 
potential is introduced, and the number of electrons is 

adjusted to keep the density far away unchanged, re- « mjuc = cfjf ”*+!)• 

suiting in a total moment 

Therefore, adding all contributions from m and — m 

M' = (A2.4) 


The moment due to the perturbing potential is then 

AM = AK(<x)Jf (A2.5) 

where 


2(<M 0 >»,,,«+ = 2— (A2.14) 

n 2 C 


where the 2 takes care of spin degeneracy. Finally, 
a xrs \ \ xrt \ /nn summing over m gives for the total contribution of 

AK(a) — K (a) — ^(*)- (A2,6) states with given / 


The quantity of interest to us is AJC(0). However, it f 

follows on dimensional grounds that A/C(ct) ** AiC(0), 2 — 

provided that a is much smaller than AJ and d*' 4 , where (A/q ^ 

d is some length characteristic of the perturbing potential C ^ 

In particular, if we choose 0 

0t = — (A2.7) 


1(2/+1X/+1)/ 

Wr = — — - - , 

c 6 


(A2.15) 


8c 2 


which is of the order of a -4 , where a i9 the dimension of 
the lowest Landau state, this condition is evidently 
satisfied for small Thus it is permissible to obtain 
AM by taking the difference of the magnetic moments radial equation then ^'becomes 
of the two systems described by the Hamiltonians 


For the expectation value of Afi we have simply 

>, = pi(r) * dr. (A2.16) 


Next we include the perturbing potential V(r). The 


H t = 

— i V 2 + — i»+ (x^+y^+ajp 

(A2.8) 

( i d 2 /(/+i) jr jr \ 

-- —+ --+— m+ - r 2 + V(r)\ R’lr) 

l 2 dr 2 r a 2 c 8c 2 J 

and 

H’ t = Ht+ V{r) 

(A2.9) 

= E'R’{r). (A2.17) 

We divide the positive r-axis into a near region, r <b 


where a has the value (A2.7) and the expectation value of 
M is evaluated to first order in Jf\ 

We turn first to the moment associated with Hr of 
equation (A2.8). Writing the solutions in the form 


we find for R the equation 

1 d 2 /(/+1) 


(A2.10) 


i 1 d 2 /(/+1) \ 

- + +- r2)R(r) = ER(r) 

l 2 df2 r 2 2c 8c2 j 

(A2.ll) where 

whose eigenvalues are (for moderate /) 


and a far region, r> b t where 

l kr?C 

( A2 - 18 > 

Kp JZ 

In the near region the term (Jt^jSc 2 )r z in (A2.17) may 
be neglected and hence we have near r « b 

R\r) = C sin | Kr--rr+r )l (e'-~ m j j (A2.19) 


K 2 


■K") 


(A2.20) 


En.i.m = (2n+/+m+|) —. (A2.12) 

In the far region, the centrifugal term and V(r ) can be 
Fixing our attention on a given value of /, we first con- neglected so that we have 
aider the part JWo of the magnetic moment operator: 


1 uj 

(A2.13) 

2 c Lc 


1 d2 

2 dr 2 


\ l \ 


(A2.21) 
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In thft bmit of ungll JT, for energies near £>, we may 
wivt dan by the B.W.K. approxima tion which gives 
with standard methods 


Aft m'the Absence of V(r) we have 
- - 




/ 3 2/ 

Jfy 

\3HC 

1 

i2»+/+m+ -— 

-*). 

k 

-vi \ 


But by (A2.22) wc now have, for given / and m, 


(A2.22) m 2 m 2 ^ /d*jj \ 

c itc 2 \ A £ ) e-e f 
(A2.23) Summing over m gives 

■ <**-C-£(SL) 


J(/+«+}) + 


i / jr \ 


(A2.25) 

(2/+l)(/+l)/ 

6 

(A2.26) 


(A2.24) 

Therefore 

* 


For Afj we obtain simply 

/* 

<Mi>;= J P ;wr 2 dr. (A2.27) 

where p j is the density in the presence of V(r). 

The moment associated with the impurity is obtained 
by subtracting from the sum of (A2.27) and (A2.26) 
the sum of (A2.15) and (A2.16). The result is the pre¬ 
viously obtained expression (3.30). 
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Abstract —Lanthanon monosulfides show semimetallic conductivities with the exception of EuS 
and YbS, which are insulators, and of SmS, which is an n-type semiconductor with an energy gap 
of 0-24 eV. Ytterbium monosulfide becomes a £-type semiconductor when doped with sulfur. A 
new value for the susceptibility of EuS is given. Rare earth nitrides have the same crystal structure 
(NaCl) but are not isoelectronic with the monosulfides, except for CeN in which cerium has an 
oxidation state of +4. Magnetic measurements revealed that in EuN there is present Eu a+ in 
large amounts depending on the oxygen content; SmN and YbN also contain metal ions in +2 
state. In all other nitrides of the series the metal is present as tripositive ion. All nitrides show semi¬ 
metallic conductivity with the exception of YbN which appears to be a semiconductor. 


INTRODUCTION 

Before Eastman and Brewer* 1 * predicted 
theoretically and confirmed experimentally in 
1950 the existence of CeS, the only known mono¬ 
sulfide of the lanthanide series was EuS, first pre¬ 
pared by Beck and Nowacki* 2 * in 1938 and later 
studied by Klemm and Senff.* 3 * While EuS be¬ 
haved as a normal ionic compound of dipositive 
europium, CeS showed some unusual properties: 
it was a highly refractory material with the NaCl 
structure and a melting point of 2500°C; never¬ 
theless, it dissolved rapidly in diluted acetic acid; 
it resembled brass in appearance, had a high 
electrical conductivity comparable with that of 
mercury and a high thermal conductivity. It was 
nearly stoichiometric, but magnetic measurements 
showed conclusively that cerium was present as 
tripositive ion. To explain these properties, 
Eastman and Brewer used Pauling’s model of the 
metallic bond and proposed that there was one 
free electron per metal atom which participated 
in a resonant bond involving metallic orbitals 
directed along the diagonals of the unit cell. 

While we were studying the preparation* 4 * and 
refractory properties of lanthanon monosulfides, 
it occurred to us that if the above explanation of 
the electrical conductivity were true, then because 
of the enhanced stability of the dipositive states 
of Sm, Eu and Yb, the concentration of conduction 
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electrons in their monosulfides might be depleted 
to such an extent that they would become semi¬ 
conductors or insulators. This hypothesis was 
confirmed by experimental work not only in these 
laboratories but also by parallel and independent 
investigation of SmS by Houston.* 5 * 

The extension of these studies to the lanthanon 
nitride series appeared desirable since these com¬ 
pounds also are known to form NaCl-lattice. 
Beyond the crystallographic data of Klemm and 
Winkelmann* 6 * and a few scattered literature 
references to the metallic conductivity of these 
materials, no pertinent information about this 
series was available to date. It was believed that 
the combination of electric measurements and 
magnetic susceptibility studies would shed some 
light on the bonding character in these compounds 
and also allow some meaningful comparisons of 
the conduction mechanism with the monosulfides 
based on the principle of isoelectronic configura¬ 
tions of the metal ions. The study was also moti¬ 
vated by the desire to find useful high temperature 
thermoelectric materials. 

EXPERIMENTAL 
Preparation of materials 

The monosulfides were prepared via elemental 
synthesis. The metals were procured in the purest 
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grade available either from Lindsay Company or 
from Lunex Company and used without further 
purification. The metallic assay was 99-9+ per 
cent, the major nonrare earth impurities being 
Ta, Mg, Zn (up to 50 p.p.m. cadi), Ca (up to 
lOp.p.m.) and smaller amounts of AI, Fe, Ni» Si, 
and Zr, All metals contained 0*02-0*03 per cent 
of oxygen. Because of their softness, they could 
be converted into filings or turnings under pro¬ 
tective atmosphere without increasing their im¬ 
purity content. Sulfur of nearly spectroscopic 
purity was obtained by cracking H 2 S gas at 600- 
700°C. Stoichiometric amounts of metal and sulfur 
weighed to the nearest 5 mg, in batches of approxi¬ 
mately 0*1 mole, were introduced into a fused 
alumina crucible contained in a quartz tube. The 
tube was then sealed off under vacuum and 
heated first to 500~600°C until all sulfur vapors 
disappeared, then to 800-900°C for 4-6 hr. For 
electrical measurements, the powders were pressed 
into bars 0*6 x 0*6 x 4 cm and sintered in purified 
argon at 1500-1600°C. 

The nitrides were prepared mostly from metal 
ingots or sponge by first converting these into 
hydrides and then treating them with ammonia at 
1000°C. This method works well for all metals 
except Sm and Yb. These were converted into 
filings and nitrided directly by prolonged treat¬ 
ment with ammonia. Ammonia was passed through 
a column of BaO and through UN powder kept 
at 750~800°C. The latter is very effective in re¬ 
moving traces of moisture and oxygen from the 
gaa* The nitriding was continued until the weight 
gain was within a few milligrams from the calcu¬ 
lated one and did not increase upon continued 
heating in ammonia. In order to achieve this, it was 
sometimes necessary to grind the partially nitrided 
material into a fine powder and continue the 
treatment with ammonia. All transfer and grinding 
operations were performed in a pressurized glove 
bint filled with nitrogen. The nitrides are rather 
sensitive to air, the sensitivity decreasing as one 
progresses along the series up to YbN; EuN and 
LuN oxidize very easily. The danger of oxidation 
is particularly acute during the pressing of the 
bat* for electric measurements. It was largely 
eliminated by pouring liquid nitrogen into the die 
filed with powder and keeping the die during 
pressing in a loose polyethylene bag containing 
gome dry ice. The pressed bars were sintered 


in argon at 1500°C, except for SmN, EuN and 
YbN, which evaporate rapidly at temperatures 
above 1200°C. The sintered materials were 
analyzed for lanthanons compleximetrically with 
EDTA, for nitrogen by a modified Kjehldal 
method and for oxygen by the LECO combustion 
method. The content of lower oxidation states 
was determined by back titration of samples dis¬ 
solved in acid FeCla solutions. (Evolution of 
hydrogen was never observed.) 

Electric measurements 

Room temperature resistivity was measured 
by the four-probe method; the Seebeck coefficient 
was determined by means of a “thermoelectric 
bridge 1 ’ in which the voltage from the sample was 
balanced against that from a thermocouple, both 
being in the same temperature gradient. 

The resistivity and the thermoelectric power 
were measured simultaneously as a function of 
temperature by two Pt-Rh thermocouples brought 
in contact with the sample bars by means of 
heavy molybdenum pins under tension of tungsten 
springs. The sample was held between graphite 
holders acting as current leads. An auxiliary 
heater at the bottom of the assembly created an 
adjustable temperature gradient. A 12-point re¬ 
corder recorded the IR drop and the thermo¬ 
electric voltages between the platinum and be¬ 
tween the rhodium legs of the thermocouples as 
well as the direct output of both thermocouples. 
Whenever necessary the voltages were amplified 
through L and N microvoltmeter. There was an 
automatic switch for changing the direction of the 
current for IR drop measurement. To eliminate 
the thermal voltages, the samples were suspended 
inside an evacuated heavy wall quartz tube and 
the temperature raised uniformly at the rate of 
225°C per hr. From the recorded data, the re¬ 
sistivities, temperature gradients and the thermo¬ 
electric voltages could be easily calculated as a 
function of temperature. The entire apparatus 
was calibrated with Armco iron and found to give 
an accuracy of ^ 4 per cent for the resistivity 
^ 8 per cent for the thermoelectric power. 

Magnetic measurements 

Magnetic measurements were made on powders 
in an apparatus consisting of an electromagnet 
with 50 mm pole pieces (27 mm gap) and a 
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Mettler semimicrobalance. The current through 
the electromagnet was regulated by means of a 
G. E. Amplidyne. The field was calibrated and 
mapped out by means of a Rawson coil. The 
Gouy tube was suspended inside a double wall 
dewar with provision for circulating, cooling and 
heating solutions. The tubes were stoppered with 
tightly fitting'Teflon” plugs and protected from air 
by a slow, constant stream of helium. The entire 
system was calibrated with Hg[Co(CNS) 4 ] and a 
very good agreement with the published results* 7 * 
has been obtained. In order to prevent distortion 
of the magnetic field and attraction to the poles 
due to the extremely high paramagnetism of rare 
earth compounds, it was necessary to use small 
amounts of powder (0*5-1 *0 g) in tubes 15 cm 
long with an internal diameter of about 2 mm. 
The results of Cabrera and Duperier* 8 * on 
GdjOg as function of temperature have been well 
reproduced in our apparatus. 

RESULTS AND CONCLUSIONS 
1. Lanthanon sulfides 

A convenient starting point for the discussion 
of these materials is a plot of their lattice param¬ 
eters shown in Fig. 1. Our results are in very 
good agreement with those of Iandelli.* 9 * The 
lattice parameter of 5*86 A reported for SmS by 
Domange et a/.,* 10 * seems to be therefore erron¬ 
eous. These data agree very well with the lattice 
parameter calculated from the dipositive ionic 
radii for Sm, Eu, and Yb and from the tripositive 
ions for the remaining members of the series. 

Magnetic properties. This division of the mono¬ 
sulfides into two groups is again reflected in their 
magnetic properties. Ytterbium monosulfide shows 
very weak paramagnetism; it probably would be 
diamagnetic if it were free of impurities. The 
molar susceptibility of SmS xj? 8 = 4480*10“ e 
e.m.u. was close to Iandelli’s* 9 * value of 4717* 10~ a 
e.m.u. The compound showed a small dependence 
of the susceptibility on the temperature, typical 
for Sm 2+ compounds with a Weiss constant of 
— 195 (Iandelli: —201) extrapolated from the 
nearly linear plot between 77 and 372°K. Euro¬ 
pium monosulfide does not show the paramagnetic 
behavior (0 == 0) reported by Klemm but instead 
follows the Curie-Wei8s law with 0=4-18 
(Fig. 2) and has the susceptibility x£? 8 = 
27400-Id - * e.m.u., i.e,, considerably larger than 



Fig. 1. Lattice parameters of lanthanon monosulfides 
and nitrides. 



23,800 e.m.u. found by Klemm at 293°K. This 
discrepancy is probably caused by errors in extra¬ 
polation from the Honda-Owens plots made 
necessary by the ferromagnetic impurities in 
Klemm's samples. It is interesting to note that 
europium monosulfide is the only ferromagnetic 
member of the series.** 9 * 

Electric properties. It is then not surprising that 
the monosulfides with dipositive metal ions show 


• While this paper was being prepared for publica¬ 
tion, ferromagnetic transition at 20°K for EuS has 
been reported by Wild R. L. and Archer R. D. f Bull. 
Amer. phys . Soc. Ser. II, 7, 440 (1962). 
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electrical ami thermoelectric properties very 
different from those of the remaining members of 
the lanthanide series. While the latter exhibit 
the previously mentioned metallic behavior with 
the resistivities rifting slightly with increasing 
temperature and low See beck coefficients 
(5-10fiV/dcg) f EuS wa$ found to be an insulator 
up to 1000°C, while SmS behaved like a semi¬ 
conductor aa shown in Figs. 3 and 4. Ytterbium 
monosulfide with nearly stoichiometric com¬ 
position has very high resistivities in the order of 
10M0*Q-cm and is probably an insulator when 
truly stoichiometric. Excess of sulfur makes it a 
p-type ftemiconductor with an energy gap of 
approximately 0*33-0*36 eV. (Fig. 5). Strong 
doping with sulfur will reduce its resistivity to 
the minimum room temperature value of about 
3011 cm at the nominal composition YbSj.os 
which still shows an X*ray pattern of pure sodium 
chloride. Upon further addition of sulfur, lines of 
the ThaPs lattice appear and the resistivity in¬ 
creases (Fig. 6). Attempts to dope EuS with 
sulfur were unsuccessful. 

The Hall effect measurement on SmS gave the 
number of carriers n « 4*30 • 10 18 cm~ 3 and the 
mobility /* =» 22*4 cm a /V-sec. In the case of YbS, 




Fig. 4. Thermoelectric power of SmS as a function of 
temperature. 



Fig. S. Resistivity of YbSi.os as a function of 1 T. 

due to the electric noise in the samples, only 
limiting values could be established namely 
n > 10 17 cm -3 and fi < 1 -3 cm 2 /V-sec.* 

All above results are in agreement with the 
following qualitative band model of the electrical 
conductivity in the lanthanon monosulfides: The 
conduction band is made of the 5 d or the 6i levels 

* The authors are indebted for these results to Dr 
W. S. Williams, National Carbon Research Laboratory 
Div. of Union Carbide Corp, Parma Research Center 
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Fig. 6. Resistivity and thermoelectric power of YbSx 
at 296°K. 

of the metal atoms or of a mixture of both. There 
is approximately one electron per metal ion in 
this level. In the monosulfides of Ce, Pr, and Nd, 
the upper levels of the 4/ shell are degenerate with 
the conduction band. In SmS this degeneracy is 
largely removed due to the well-known compres¬ 
sion and general lowering of the 4/ levels in the 
Sm 2+ ion. The material behaves therefore as a 
semiconductor with low activation energy. In 
EuS, the stable half filled 4/ shell is located far 
below the conduction band and the material is an 
insulator. In the second half of the series, high 
pairing energy of the last 4 f electron puts it 
preferentially in the conduction band. Stoichio¬ 
metric YbS with completely filled low lying 4/ 
shell is again an insulator. When excess sulfur is 
present in the lattice, hole conductivity appears, 
probably in the 3 p band of sulfur. A more refined 
treatment of this model was given by McClure. 
(This issue pp. 871-880.) 

It is interesting to note that the lanthanon 
monosulfide is an ideal system for the formation 
of binary or even ternary solid solutions in which 
the electrical properties may be varied almost at 
will from an insulator to a metal. Some of the 


results obtained along these lines are given in 
Table 1. 


Table 1. Electrical properties of solid solutions of 
lanthanon monosulfides 


Composition 

aOiV/deg) 

o[0“i cm* 1 ] 

25°C 1000°C 

EuS* CeS 

- 40 

200 


(EuS)a»CeS 

- 65 

50 


SmS-YbS 

-442 

1*0 

30 

(SmS)a YbS 

-336 

2 0 


(YbS) 4 GdS 

-325 

20 

60 

(YbS*SmS) 4 GdS 

-230 

5 

80 


II. Lanthanon nitrides 

The lattice parameters of the nitrides series 
(NaCl structure), as shown in Fig. 1, were the 
only systematic set of data* 6 ) about these materials 
available when the present work began. All these 
values were found to be very reproducible, 
except in the case of GdN for which we obtained 
consistently a slightly lower value, ao = 4*92 A. 
The lowering of the lattice parameters exhibited by 
CeN, also found in the case of lanthanon borides 
and carbides, is generally attributed to the 
presence of Ce 4+ ion. The remaining members of 
the series show no deviations from the lanthanide 
contraction which, as it will be seen later, is rather 
deceiving. 

Magnetic properties. The results of the measure¬ 
ments of paramagnetic susceptibility as a function 
of temperature between 77 and 372 e K are given 
in Table 2. 

The agreement between the experimental 
numbers of Bohr magnetons, and those calcu¬ 
lated by Van Vleck for tripositive ions, is very 
good for the nitrides of Pr, Nd and of all elements 
between Gd and Yb. The agreement of our Curie 
points with those found by magnetic neutron 
scattering is also very satisfactory. The nitrides of 
lanthanum, lutecium and, surprisingly, cerium 
showed only very weak molar susceptibilities, 
which were practically independent of tempera¬ 
ture. This leads us to believe that in CeN the 4 f 
electron has been delocalized in the conduction 
band in a similar manner as in CeS. The slight 
paramagnetism of LaN and LuN may be due to 
presence of other lanthanides as impurities. 
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Table 2. Magnetic susceptibilities oflanthanm nitrides 


Compound 

* 10* e.m.u. 

0(°K) 

Mir(exp.) 

^s(calc. for Me 3 '*') 

UN 

CeN 

small, temp, independent 
paramagnetism 

433 

temp, inde¬ 
pendent 


3*68 

PrN 

5616 

0 

3‘66 

NdN 

SmN 

EuN 

6180 

1125 
•ee Table 3 

+ 19 

See Fig. 7 

3-71 

3*68 

GdN 

35600 

+ 60 

8-2 

7-9 

TbN 

42900 

+ 38(42)* 

9-5 

9-7 

DyN 

48900 

+ 22 

10*6 

10*6 

HoN 

47800 

+ 19(20)* 

10-3 

10*6 

ErN 

36300 

+ 5 

9-2 

9*6 

TmN 

23600 

0 

7-5 

7*6 

YbN 

LuN 

7250 

fmall, temp, independ¬ 
ent paramagnetism 

-90 

4-8 

4*5 


* Determined from magnetic neutron scattering by Wilkinson et aL,J. appl. Phys. t Suppl. 31,358 
(8) (1960). 


The susceptibility of EuN varied widely from 
•ample to sample and was sometimes much higher 
than could be expected from a compound of 
tripoftitive europium. The suspicion that a lower 
valency state may be present in this compound 
hot been confirmed analytically. Table 3 shows 
the content of Eu af as per cent of total metal and 
the susceptibilities calculated on this basis, 
assuming that the susceptibility of Eu 2+ will be 
similar to Gd 8f in its nitride and taking for Eu 3H 
the values of Cabrera and Duperibr for EU 2 O 3 
and Eut(SC> 4 ) 3 . (11) It is realized that the content of 
lower oxidation states determined analytically in 
dissolved samples is not necessarily the same that 
may have existed in the solid, but the excellent 
correlation with the magnetic data proves that this 
was the case in this instance. 


The samples 1 and 2 were purposely oxidized 
during the preparation and although the agree¬ 
ment between the analytical oxygen content and 
that calculated on the basis of EuNi-^EuO)* is 
not very good, which may be due to a small con¬ 
tent of EugOa, there is an obvious relation between 
the degree of oxidation and the percentage of 
Eu 2+ . This suggests that the oxygen ion with the 
radius of 1 *40 A can very easily substitute for 
iV* 3 (1 -53—1 *58 A) in the lanthanon nitrides, 
based on the data of Templeton and Dauben,< 12 > 
and force an equivalent number of eruopium ions 
into the 2+ state. It should be noted that the 
X-ray pattern of all eruopium nitride samples 
showed only lines of pure NaCl structure and no 
significant variations in the lattice parameters. 
From 3 to 5 per cent of the 2+ ions have been 


Table 3. Susceptibilities of EuN samples 


Eu*+ content iM Oxygen 

“ °°° { , ,>(0-0) s >,oon d ) «. % 

total Eu ( x 10* e.ra.u.) ( x 10“ e.m.u.) found 


32-8 15040 14710 37-2 
13-3 9060 9170 20-8 
3-9 6190 6170 6-1 


1. EuN 

2. EuN 

3. EuN 
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also found analytically in SmN, which may 
account for the fact that the molar susceptibilities 
of Sm 8+ in the nitrides appear to be about 20 per 
cent higher than in the oxides while still showing 
the temperature dependence typical for Sm 3+ ion 
(Fig. 7). Otherwise, the temperature dependence 
of the magnetic susceptibility is in excellent 
agreement with the theoretical curve calculated 
by Frank.< 18 > Ytterbium nitride was also found 
to contain small amounts of Yb 2+ ion. It should 
be noted, that the nitride is the only anti-ferro¬ 
magnetic member of the series. The regular de¬ 
crease of the Curie temperatures from gadolinium 
to thulium is indicative of the weakening of the 
ferromagnetic interactions with the progressive 
filling of the 4/shell. The question why the ferro¬ 
magnetic behavior disappears in TmN and the 
interaction becomes anti-ferromagnetic in YbN 
presents an interesting theoretical problem. 



•K 


Fio. 7. Molar susceptibility of SmN as a function of 
temperature. 


Electrical properties . The specific resistivities of 
rare earth nitrides at room temperature are shown 
in Fig. 8. These values have been corrected for 
density variations using the formula of Russell.< 14) 
All nitrides show electronic conductivity except 



Fig. 8. Room temperature resistivity of lanthanon 
nitrides. 

CeN which is a p-type conductor. Some repre¬ 
sentative plots of resistivity and of thermoelectric 
power as a function of temperature are shown in 
Fig. 9. They are typical of semimetallic behavior, 
with the exception of YbN which shows a negative 
temperature coefficient of resistivity. Hall effect 
measurements on YbN gave number of carriers 
n = 2-10 21 cm* 3 and mobility /x = 0*3 cm 2 V" 1 
sec -1 . 

The resistivities of EuN and YbN, measured 
during the heating and cooling, showed pro¬ 
nounced hysteresis effects which decreased while 
the general level of resistivity increased upon re¬ 
peated cycling. No explanation can be offered for 
this phenomenon at this time but it has been 
observed that the content of lower valency states 
in these materials decreased upon prolonged 
thermal cycling. This also seems to contradict 
the finding that the resistivity of EuN increases 
with the degree of oxidation. 

Since the analytical data are never sufficient to 
prove that no electronically significant deviations 
from stoichiometry exist, it seemed desirable to 
establish by other means that the nitrides were 
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not deficient in nitrogen. For this purpose, 
samples of lanthanum and gadolinium nitrides 
were heated for 1 hr at 1500°C under 3000 atm of 
nitrogen. There was no change in electrical 
properties of these samples before and after 
this treatment. 



Flo. 9. Resistivity and thermoelectric power of several 
lanthanon nitrides as a function of temperature. 

Our results are in general agreement with the 
theories of electrical conductivity of the “hard 
metals 11 proposed by Rundle* 15 ) and Krebs* 16 ) 
and refined by Bit/rz. (17) The magnetic suscepti¬ 
bilities of the lanthanon nitrides considerably 
reduce the room for speculation as to the degree 
of ionicity in these materials. The metal atoms are 
completely ionised (as in the metals) but since the 
electrons are distributed among the s-d “metallic” 
levels and the />-valency level of nitrogen the 
latter must have a formal charge less than —3, 
possibly close to -2. The magnetic data show 
convincingly that the p-type CeN has about one 
more electron in the conduction band than the 
f*-typc CeS. The hole conductivity of CeN could 


arise either from a nearly filled 6 s or more than 
half filled Sd-6s band. In general, there aeons to 
prevail in the lanthanon nitrides a rather fine 
balance in the competition for electrons between 
the 4/ levels of the metals, the conduction band 
and the nitrogen ions, the total outcome of which 
is that the nitrides behave electrically rather like 
the monosulfides as evidenced by the resistivity 
peaks at EuN and YbN in Fig. 8. 
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Abstract —-A simple model for the electronic structure of the rare earth monosulfides, monoselenides 
and monotellurides is presented. The model correlates the magnetic susceptibility data with the 
type of electrical conductivity (metallic or n - or p-type semiconduction) observed. Rough quantita¬ 
tive agreement is obtained with conductivity, Hall effect, and thermoelectric power data. 


I. INTRODUCTION 

Recent investigations* 1 * 2) have shown that the 
rare earth monosulfides have interesting electrical 
properties. This paper proposes a model for the 
electronic energy structure of these materials. We 
first show that the magnetic susceptibility data 
can be used to determine the number of 4/ elec¬ 
trons in each compound. The resulting numbers 
of 4/electrons are consistent with the type of con¬ 
duction (metallic or semiconducting) in each 
compound and are also in harmony with funda¬ 
mental theoretical considerations. We then pro¬ 
pose a model for the energy band structure and 
derive approximate values of the parameters in¬ 
volved from the experimental data on the Hall 
effect, thermoelectric power, and electrical re¬ 
sistivity. 

II. THE NUMBER OF 4/ ELECTRONS 

The theory of the magnetic susceptibilities of 
the 4 f electrons has been worked out by Hund* 3 ) 
and by van Vleck and Frank* 4 ), and applied 
with good results to data for various rare earth 
salts.* 5 ) Before applying their theory to the mono¬ 
sulfides, we first discuss the various effects not 
included in the theory. Certain of these could be 
corrected for, but for our purposes it is sufficient 
to show that the deviations are small. First is the 
diamagnetic correction: the diamagnetic suscepti¬ 
bility of the S 2- ion is — 40xl0“ 6 e.m.u./mole, 

* Present address: Department of Physics, University 
of Oregon, Eugene, Oregon. 


and that of the xenon core is — 66 x 10~® e.m.u./ 
mole.*®) The smallest paramagnetic susceptibility 
with which we are concerned here is about 2000 
x 10“ 6 e.m.u./mole, so that the diamagnetic cor¬ 
rections are less than 5 per cent. For the para¬ 
magnetism of the conduction electrons we use 
the Pauli theory* 7 ) which gives 

Xc = nl$dEN(E)(-df/dE), (2.1) 

where 

/= l/O + expP-O/Ar]}, (2.2) 

and 

-BfldE . (f/kT)/{\+exp[(i-E)/kT]}. (2.3) 

In the above equation, hb is the Bohr magneton, 
E the energy, N(E) the density of states for the 
conduction band, / the Fermi-Dirac distribution 
function, T the absolute temperature, and k 
Boltzmann’s constant. We can use the above 
expressions to find an upper limit on the suscepti¬ 
bility of the conduction electrons. Equation (2.3) 
shows that 

-df/BE < f/kT. (2.4) 

Thus 

Xc Hn%nlkT, (2.5) 

where 

n = J d EN{E)f (2.6) 

is the concentration of conduction electrons. 
Expression (2.5) 9hows that the upper limit on the 
paramagnetic susceptibility is the same as the 
classical value, or the high temperature limit. For 


871 
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m 

one conduction electron per rare earth atom, xc 
would be 1250 x 10"* e.m.u./molc at room tem¬ 
perature. Such a value » enough to cause im¬ 
portant deviations; however, the actual value* are 
considerably lea*. For the semiconducting com¬ 
pound* the carrier density is about 10~® less than 
the value used above, lowering xe proportionally. 
For the metallic compounds, the Fermi energy 
estimated below is of the order of an electron volt, 
so that degenerate statistics apply and the sus¬ 
ceptibility is given by 

Xe ** 3*fiJ/2£ ~ 50 x 10 6 e.m.u./mole. (2.7) 

The diamagnetism of the conduction electrons 
is of the order of one-third of the Pauli paramag¬ 
netism, thus it is also negligible. Finally, we must 
discus* the effect of crystal field splittings on the 
susceptibility of the 4 f shell. The effect of the 
cubic crystal field on the susceptibility of the Sm 34 
ion in Sm 8 Oa has been calculated by Uryu.W His 
results show that the crystal field effects are 
appreciable at low temperatures but cause devi¬ 
ations of a little less than 10 per cent at room 
temperature. Though such calculations have not 
been applied to the monosulfides, the crystal field 
effects are probably of the same order of magnitude. 

In using the susceptibility results to deduce the 
number of / electrons, we use the effective number 
of Bohr magnetons per rare earth atom, defined by 

M«ft - [W/MF 2 ( 2 * 8 ) 


where N is the number of rare earth atoms (N is 
Avogadro’s number when \ ** Ttx0 ^ T suscepti¬ 
bility). In Table 1 we list the theoretical results of 
Van Vleck and Frank for the values of for 
different numbers of / electrons. In Table 2 we 
list the experimental Jett’s for the rare earth 
monosulfides, selenides, and tellurides, and the 
number of 4 f electrons deduced from comparison 
with Table 1. All of the compounds listed in 
Table 2 except those with samarium follow the 
Curie-Weiss law rather well, 

x = c/(T+6) t (2.9) 

and the values of 6 are small (10 or 20°K). Thus, 
for instance, all values of except for the 
samarium compounds, are calculated replacing 
7 by T-f# in equation (2.8). The temperature de¬ 
pendence of the susceptibility of the samarium 
compounds is similar to that calculated by Frank 
for the Eu 3+ ion, which has six / electrons. The 
corrections discussed above would amount to 
approximately 5 per cent of /x e rr, or about 0-1-0*5. 
As this is the order of the discrepancies between 
theory and experiment, we believe that the 
assignments of numbers of / electrons in Table 2 
are correct. 

The above assignments are supported by the 
qualitative behavior of the electrical resistivity. 
The / electrons are highly localized and are com¬ 
monly held not to contribute to the electrical 


Table I. Theoretical results of van Vleck and Frank* 5 * 


Number of Ground Effective number of 

4/ electrons state Bohr magnetons, n^tt 


0 

IS 

0 

1 

a / r 5/S 

2-56 

2 

»/f4 

3*62 

3 

4 /fl/8 

3*68 

4 


2*83 

5 

0 tf 6/2 

1-55-1*65 

6 


3-40-3*51 

7 


7*94 

8 

7 F« 

9-7 

9 


10-6 

10 

fi /8 

10-6 

u 

4 /l5/8 

9-6 

12 


7*6 

13 


4*5 

14 


0 
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Table 2, Experimental results for rare earth monosulfides , selenides, and tsBurides 


Rare 

earth 

Mett 

Sulfide 

Selenide ( 

Telluride 

Number of 
/electrons 

Number of 
conduction 
electrons 

La 

0*82t 

0*13} 


0 

1 

Ce 

2*24} 

2*28} 


1 

1 

Pr 


3*32} 


2 

1 

Nd 

3 -23 f 

3*38} 


3 

1 

Pm 






Sm 

3-35* 

3-28* 

3*20* 

6 

0 


3-44f 

3*24} 





3-30 § 





Eu 

7*85 § 

7-38} 


7 

0 

Gd 

8-01* 

8-20* 

7*63* 

7 

1 



7*26} 




Tb 

9-63* 

9-82* 

9-57* 

8 

1 

Dy 

10-4* 

10-4* 

10*5* 

9 

1 

Ho 

10-5* 

10*6* 

10*5* 

10 

1 

Er 

9*5* 

9-6* 

9*3* 

11 

1 

Tm 

7-4* 

69* 

7-6* 

12 

1 

Yb 

0*33 § 



14 

0 

* Iandelli A., Rare Earth Research , p. 135. Macmillan, New York (1961). 
t Picon M. and Patric M., C.R. Acad. Set. Paris 242, 1321 (1956). 

} Guittard M. and Benacerraf A., C.R. Acad . Set. Paris 248, 2589 (1959). 
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conductivity. Rough considerations presented in more 4/electrons are accommodated in the ground 
Appendix A confirm this point of view. It is also state. For the completed or nearly completed half 
likely that the compounds are ionic so that two of shell (SmS and EuS) and for the full shell (YbS) 
the electrons from each rare earth ion are bound the exchange interaction is stronger, giving enough 
on the sulfur atoms. This situation is supported extra binding to rob the conduction band of its 
by the discussion in Appendix C. Thus, the re- electrons, 
maining valence electrons (if any) are available for 

electrical conduction. This number is listed in the HL THE CONDUCTION BAND AND ELECTRICAL 
last column of Table 2. Experimentally, it is PROPERTIES 

observed that the compounds of samarium, We have already seen that perfect crystalline 
europium, and ytterbium are semiconductors, SmS, EuS, and YbS would have no conduction 
and the others are metallic. This is in agreement electrons in their ground states. The most likely 
with the assignments in Table 2 for it is the semi- process which gives carriers is thermal activation 
conducting compounds which have no conduction of electrons from the 4 f shell to the conduction 
electrons in the ground state so that all conduction band. Such a mechanism would give n-type con- 
will be by thermally excited carriers. ductivity which is the case for SmS and EuS. 

The results seem reasonable from the theoretical However, YbS shows /-type conductivity. We 
point of view. As the atomic number increases, the suggest that this may be due to excess sulfur. In 
effective nuclear charge for the / shell electrons in- Appendix C we argue that it is not unlikely that 
creases so that the binding is stronger. Thus, with such an excess there may be holes in the 
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sulfur p-bands which could then carry electrical 
current. The mobility in YbS is less than* 9 * 


1*3 on*/V-*ec which is an order of magnitude 
smaller than that for SmS. 

It is most likely that die conduction band is 
baaed mostly on $ orbitals on the rare earth atoms. 
The evidence for this is that the 6 $ levels are lower 
than the Sd levels in the free atoms and that the 
width of the 6 s band should be greater than that 
of the 5 d hand. The greater band width of the 6s 
band is due to the greater overlap of 6 j orbitals on 
nearest neighbor metal atoms (see Appendix B). 
The minimum for the s band should be in the 
center of the Brillouin zone, and Kramer’s 
theorem shows that there can be no spin orbit 
splitting/ 10 * so that the simple model of an iso¬ 
tropic free electron gas should work fairly well. 
The energy gap is then the energy needed to raise 
an electron from the 4 f shell to the bottom of the 
conduction band. 

We shall now make use of the measured thermo¬ 
electric power to find the Fermi level as a function 
of temperature. The thermoelectric power Q is 
given for the simple one-carrier model by< U) 

tQT = £ — K&/2/K3J2, (3.1) 

where 

oC 

Kj = | d F.Eh(E)(-</!dE)' (3.2) 

0 

Assuming that the relaxation time t is propor- 
Table 3. Fermi level t carrier 


tional to E* and performing a partial integration 
(valid if p > —3/2), we find 

eQjk * rj^(p+S/2)^p+zizl^ p+i/2» (3*3) 

where 17 = tjkT and 

CO 

J%) = (1/j!) J deeV(l + e‘-’). (3.4) 

0 

A convenient tabulation of the is given by 
Blakemore.* 12 * For Boltzmann statistics, all the 
are equal to exp 77, so that ( 3 . 3 ) becomes the 
familiar result 

<2= -[l-(p+S/2)kT]ITe. (3.5) 

It is a simple matter to plot eQjk against 77 from 
equation ( 3 . 3 ), and then use the measured thermo¬ 
electric power to determine 77 (and thus £). We have 
done this for p = — 1/2 (acoustical scattering* 13 *) 
and p = 1/2 (polar mode scattering* 14 *). The re¬ 
sults forp = — 1/2 are given in Table 3 . It is seen 
that the Fermi level is in the neighborhood of the 
band edge so that the exact expression must be used 
instead of the non-degenerate approximation (3.5). 

Knowing the Fermi level we may now calculate 
the change in the carrier concentration with tem¬ 
perature, given by* 15 * 

00 

n = A | dEE l ^f(E) = 1 / 2 ( 17 ), (3.6) 

from thermoelectric and 


density and electron mobility in SmS, derived 
resistivity data 


T 

C K) 

-o* 

(f*V/°C) 

<T* 

(mho/cm) 

V 

P « 1/2 

(cm*/V-scc) 


P - 1/2 
n x 10" 18 
(cm' 3 ) 

(cm 2 /V-sec) 

300 

342 

18 

-0-80 

19*6 

-1*9 

5*7 

19*7 

400 

316 

28 

-0-45 

15-1 

-1*6 

11*5 

15*3 

500 

268 

55 

0-20 

11 *3 

-0*95 

29*2 

11*8 

600 

233 

87 

0-80 

9*0 

-0-45 

59*4 

9-9 

700 

204 

120 

1*45 

6*9 

0 

108 

6 *Q 

It— 


145 

2 00 

5 0 

0*40 

180 

0 7 

5 .n 

900 

162 

184 

2*50 

4*1 

0-75 

276 

j u 

A.') 

1000 

149 

195 

2*85 

3*2 

1*00 

381 

T’Z 

1100 

142 

210 

3*05 

2*8 

1*20 

498 

J z 

9. a 

1200 

139 

215 

3*15 

2*4 

1*25 

582 

z 0 

9.1 

1300 

138 

233 

3-20 

2*1 

1*30 

684 

z* s 

2*1 


Experimentally measured values, see Ref. 1. 
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where q «* BT% Z pbS is 194°K and Callaway* 17 * has estimated the 


B = 2(2tt m+k/h*)W. (3.7) 

In the above h is Planck’s constant and m* is the 
effective mass of the electron. First we use the 
measured room temperature Hall coefficient to 
find B , and thus determine m*. The Hall coefficient 
measurements gave a carrier density of 4*3 x 10 18 
cm” 3 and a mobility of 22*4 cm 2 /V-sec on a sample 
with a conductivity of 15*5 mho/cm, assuming 
that the Hall coefficient is given by the simple ex¬ 
pression 1 fNe. For acoustic scattering (j> = —1/2), 
the Hall coefficient is given by (37r/8)/iVe, and for 
polar scattering by (457r/128)/jVe. These ex¬ 
pressions are for Boltzmann statistics, but a direct 
calculation for the room-temperature case shows 
that the Fermi level is sufficiently depressed for 
the expression to be valid. Thus the conductivity 
mobility would be 19*0 cm 2 /V-sec for acoustical 
scattering and 20*3 cm 2 /V-sec for polar scattering. 
For convenience we shall adopt the average value 
of 19*6 cm 2 /V-sec. The measurements of resistivity 
and thermoelectric power were made on a sample 
whose room temperature conductivity was 
18mho/cm. We assume that the mobility is the 
same in the two samples, which gives a room tem¬ 
perature carrier density of about 5*7 x 10 18 cm” 3 
in the sample whose thermoelectric power and re¬ 
sistivity were measured as a function of tempera¬ 
ture. This gives q = 4*0 x 10 19 cirr 3 and m* = 1 *4 
nto for acoustic scattering, and q = 1 -45 x 10 ie cm~ 3 
and m* = 0*70 mo for polar scattering. With the 
value of B determined, n was calculated from 
equation (3.6), and the results given in Table 3 for 
P ** ~l/2. The results for n if p — 1/2 are very 
little different. 

Using the calculated carrier densities and the 
measured resistivity, wc calculate the conductivity 
mobility as a function of temperature. A log-log 
plot of the result is given in Fig. 1. It is seen that 
the mobility drops a little faster than T _1 5 , and 
goes like T~ 2 at the highest temperatures. As there 
are various uncertainties in the calculation of the 
mobility, the result is not inconsistent with the 
scattering being due to acoustical phonons (which 
gives a 7 , ~ 15 variation). However, the mobility 
measured by Petritz and Scanlon< 16) on PbS 
also goes approximately like T -2 , and they con¬ 
cluded that it was due to a mixture of polar and 
acoustic scattering. The Debye temperature for 


Debye temperature of EuS to be about 200°K, so 
that the comparison of the mobilities between 
PbS and SmS is probably reasonable. Thus at this 
point the question of which type of scattering is 
dominant is unanswered, though weak evidence 
in favor of acoustical scattering is given below. 



T (°K) 

Fig. 1. The electron mobility in SmS, assuming acoustic 
scattering. 

We now attempt to explain the observed tem¬ 
perature variation of the Fermi level on the basis 
of the simple model. To do this we shall have to 
introduce impurity levels, but first we shall con¬ 
sider the pure material. In this case the value of 
the Fermi level is found by setting n equal to the 
number of "ionized”/shells. For SmS the “nor¬ 
mal” number of electrons in the 4/ shell is 6 and 
an "ionized” 4/ shell would have 5. The former 
case is 9ometime9 referred to as Sm 2+ and the 
latter as Sm 3+ , though the actual charge on the 
atom is 2+ in both cases. We must also use the 
fundamental fact that f is the free energy per 
electron( 18) (chemical potential), and require that 
the change in free energy of the total system is 




m 
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iero when an electron is promoted from the 4/ 
shell to t}le conduction band. The “normal" 4/ 
shell has several states of different energy and 
different degeneracies corresponding to different 
total angular momenta. Let E° { be the energies of 
the states (with E increasing as i increases) and 
4? be the degeneracies of the states. 

The partition sum for a single "normal” 4/shell is 

Z* - Z*J«p(-£®/*T). (3.8) 

( 

Similarly, let the superscript 1 stand for the same 
quantities for the "ionized” 4/ shell. Then the 
energy E\ — EJ is the energy required to remove 
an electron from the “normal” 4/ shell (in its 
ground state) and put it in the bottom of the con¬ 
duction band (leaving the "ionized” 4/ shell in 
its ground state). Let the number of atoms per 
unit volume be N and remember that the number 
of conduction electrons per unit volume n is equal 
to the number of “ionized” 4 f shells per unit 
volume. The total free energy per unit volume of 
the 4/ shells is then 


bottom of the conduction band in equation (3.6), 
all other energies must also have that reference 
level. Thus, = 0. 

We must also consider the effect of impurities. 
A very important impurity is another rare earth 
atom substituted for Sm. As all other rare earth 
sulfides (except EuS and YbS) have one electron 
per atom in the conduction band, we expect these 
impurities to act as donors which are ionized at all 
temperatures. The expression (3.11) gives only the 
number of “ionized” Sm 4 f shells, so the equation 
(3.12) should now read 

n/N = «j>+(Z 1 /Z 0 )«p(-C/*r) - CPiriUkT), 

(3.15) 

where «d is the number of donors per rare earth 
atom. The expression for the Fermi level for 
Boltzmann statistics is now 

£ _ ArinKno/ZQ+tCnn/ZC^+Zi/CZo] 1 ^}, (3.16) 

and the carrier density becomes 

n/N - nojl -f- [(np/2) 2 +CZi/Zo] i/2 . (3.17) 


— Ar{ln[A r f/«!(A^—«)!] 

4-(AT—ti) In Z 0 + w In Zi) (3.9) 

The change of F when one 4 f shell is “ionized” is 
BFjBn and this quantity is equal to — £, Thus, we 
find 

-kT{-lnn+ln(N-n)+ln(Zi/Z 0 )} = (3.10) 

which yields 

n/(N-n) - (Zi/Zo) exp(-{/AT). (3.11) 

As the canrier density is small in all our applica¬ 
tions, we shall neglect the n in the denominator 
so that 

n/N - (Zi/Z 0 ) exp( -i/kT) = {qiN^^kT) 

- C&iMkT). (3.12) 

The number of rare earth atoms in SmS is about 
2-3 x 10 22 cm~ 3 , bo that C is about 1 1 x 10 _s at 
room temperature. For Boltzmann statistics, 

«■ exp((/A7'), and we can easily solve 

for f, 

£ - IkT ln(Zi/Z 0 C), (3.13) 

and 

n/N ~ (CZi/ZoY^ (3.14) 

Because we have measured the energy from the 


These formulas will not hold at very low tem¬ 
peratures as the carrier statistics become degener¬ 
ate and the approximation of <^ 1 / 2 ( 7 ?) = exp 77 is 
not valid. 

In this paper we will treat the energy gap 
A E = E* — E® as a free parameter but take the 
energy levels E° ( -E$ and E\-E\ from Van 
Vleck.< 19) We then have approximately 

Zq = exp(A£/*7’) (27+l)exp[-7(J+l)y], 

in J “° < 3 - 18 > 

Z\ = 2 ( 2 - / + 1 ) ex PU(35/4)-7(7+l)]y},‘ 
■7-5/2 (3.191 

where y — 215/7\ We write 

Zi/Zo = /? txp( — \E/kT), (3.20) 

The quantity is equal to 6 in the low temperature 
limit, to 1 *35 in the high temperature limit, to 
3-42 at room temperature (300°K), and to 1-71 at 
900°K. 

We now wish to pick values of A E and n& such 
that equation (3.15) is satisfied. To do this we 
rewrite the equation as 

«p<-W) = (3.21) 

We now guess a series of values for no and make a 
semilog plot of the right-hand side of (3.21) 
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against IjT. Not only should the plot give a 
straight line, but it should have the value unity 
when 1/r * 0. As seen in Fig. 2, the actual plots 
are only moderately good straight lines, the 
maximum deviations from the best straight line 
being about 20 per cent [of exp(—A/&7 1 )]. The 
results for p = 1/2 came closer to giving the correct 
value of l/T * 0. In fact, a value of p = — 1 
should give the best results. Due to the error 
which comes from the uncertainty in ft, we cannot 
really fix the value of p. If we assume p ~ —1/2, 
then the best fit gives A E = 0-39 eV and tip = 
5*5 x 10 18 cm" 8 . This value of A E contrasts with 
the value 0*24 eV found< X) from the slope of the 
resistivity curve. The difference is mainly due to 
the temperature dependence of p. It would be 
interesting to have a direct measurement of A E 
from the infrared absorption. The values of A E 
and nj) adopted would reproduce the measured 
carrier density quite well up to about 800°K. 
Above that the calculated carrier density would be 
too small by as much as 50 per cent. 

We may test the assumption of acoustic scatter¬ 
ing by estimating the mobility of GdS, which 
according to our model is a metal with one con¬ 
duction electron per atom. We assume that the 
effective mass, Debye temperature and scattering 
cross section are the same in GdS and SmS. Then 
the theory( 13) gives that the ratio of the mobility 
in SmS to that in GdS is l^jnkT) 1 ! 2 , where £ is 
the Fermi level in GdS. Using the effective mass 
model and taking one carrier per rare earth atom, 
we find £ = 2*2 eV, which gives a ratio of 10*4 
so that the estimated mobility in GdS is 1 *9 cm 2 /V- 
sec. By assuming one carrier per atom and using 
the measured resistivity of GdS we find a mobility 
of 2*1 cm 2 /V-sec. The close agreement is encour¬ 
aging but may be fortuitous. The fact that the 
experimentally measured mobility in GdS is much 
smaller than that in SmS means that the scattering 
rate increases with energy if it is due to the same 
mechanism in both materials. 

With our knowledge of the mobility and 
effective mass we may estimate the scattering time 
and mean free path in SmS. Using the approxi¬ 
mate relation ft = er/(300 m *) (e and m* in cgs 
units, /i in practical units), we find that r is about 
0*2xl0 _13 sec. The thermal velocity in SmS at 
room temperature is about 10 7 cm/sec, so that the 
mean free path is about 20 A or about five times 


the distance between nearest neighboring Sm 
atoms. Thus there is no need to mistrust standard 
band theory at room temperature* However, at 
1300°K the mean free path is only about 5 A so 
that the standard band theory may not apply* 



Fig. 2. Activation energy plots for the electrons in SmS: 
O—Acoustical scattering, no **» 0 
A—Acoustical scattering, nz> = 5*5 x 10 lB cm" 8 
□—Polar scattering, nx> = 0 
<2>—Polar scattering, « 5*5 X 10 18 cm" 3 

IV. RARE EARTH NITRIDES 

Some of the same considerations may be applied 
to the rare earth nitrides. The magnetic suscepti¬ 
bility data< X) indicate that, with the exception of 
CeN, the number of 4f electrons is three less than 
the total number of electrons in the 4/, 5d and 6* 
shells in the free atom. In CeN there are no 4 f 
electrons. Thus, the conduction bands in the 
nitrides compete more successfully for electrons 
than in sulfides. There is some tendency for the 
4/ shell to acquire more electrons in EuN and 
YbN. 

If the nitrogen ions could hold three extra 
electrons, then all the nitrides but CeN would be 
semiconductors. However, all except YbN are 
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»-typc iemanetaUic, so that the nitrogen ions 
must hold less than three, which is reasonable 
theoretically. CcN is a /-type semimetal. If the 
nitrogen ions held three extra electrons, then CeN 
would have one conduction electron per unit cell. 
However, as the nitrogen ions hold less than three, 
there must be more than one conduction electron 
per unit cell. If the conduction band were based 
on 6 j orbitals, it would then be more than half 
filled and /-type (hole) conduction would result. 

Any further consideration of the nitrides should 
take into account their ferromagnetic and anti- 
ferromagnctic properties. 

V. CONCLUSIONS 

Wc believe that the use of the magnetic suscepti¬ 
bility data to determine the number of / electrons 
is quite valid and that it also applies to the poly- 
sulfides/ 2 * 201 The general model of the electronic 
energy structure of SmS is probably correct but 
the parameter values arc not highly reliable. How¬ 
ever, wc fetl that the presently available data do 
not warrant a more elaborate analysis. The results 
of this study may help in understanding the 
occurrence of ferro- and anti ferromagnetism in 
some of these compounds. 
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APPENDIX A 

Localisation qf f electrons 

The radius of the 4/ shell is very small. The radius of 
maximum radial charge density*®** is about 0*3 A. We 
have estimated the overlap between 4/ orbitals on 
nearest neighbor samarium atoms in SmS by using the 
formula for overlap between 4s orbitals. Using the radial 
wave function of Freeman and Watson* 21 * we find that 
only the fourth term in their expansion gives an appre¬ 
ciable contribution. The value of the overlap integral 
eo found ia about 2 x 10~ 6 . Now the maximum value 
that a KJ spherical harmonic will have relative to the 
value of a Yi harmonic is (2/4-1) 1 /® =* 7 1 ' 2 . Thus an 
•atimate of the biggest overlap between 4/ orbitals is 
•even times that calculated ignoring the angular part, 
giving about 1*4x10-* for the overlap integral. The 
band width of the 4/ band is approximately the overlap 
integral times the average value of the potential between 
the nearest neighbor samarium atoms. The Madelung 
potential In this region is small, as the center point is 
■ko halfway between two sulfur atoms. We shall guess 


that the potential is about 1 eV, which gives a band width 
of about 10" 4 eV. This gives an average effective mass 
of about 10 4 times the free electron mass. The band 
width is so small that conservation of energy would not 
allow optical mode scattering in the 4/ band. The 
mobility limited by acoustical mode scattering is given 
by the deformation potential theory.* 13 * If we guess that 
the deformation potential constant is 1 eV and that the 
Debye temperature is 200°K, we find a mobility of about 
10" 8 cm 2 /V-sec. Assuming one carrier per samarium 
atom, this would give a conductivity of about 10“ s 
mho/cm at room temperature, compared to the measured 
value* J) of about 15 mho/cm. Our estimate could be off 
by an order of magnitude or two, but this would not 
change the conclusion that the conductivity of the 4/ 
bands is negligible. 

APPENDIX B 

Overlap integrals for Sd and 6s electrons 

The effective charge of a 5 d or 6s electron on a 
doubly ionized rare earth atom is equal to 3. The 
effective radial quantum numbers are 4*0 and 4*2, re- 
spectively.* 22 * Thus, the Tadius for maximum radial 
charge density is about 4 2 x 0*53/3 ~ 2*8 A. This is 
very nearly equal to half the distance between the rare 
earth and sulfur ions, and indicates strong binding. The 
particular overlap integrals we require are the Sd-Sd 
and on nearest neighbor rare earth ions. These 

have not been calculated explicitly but their value can 
be estimated from plots of overlap integrals which have 
been calculated.* 23 * For instance, wc plotted the overlap 
integrals for lr-lr, 2s-2s t 3s~3„t 5r-5r for the value of 
the parameter p — Z c tir}nao — 6 (r is the ion-ion dis¬ 
tance, equal to 4 A), and extrapolated to find a value 
of 0*7 for the 6s~6s overlap integral. A similar com¬ 
parison of the 5s--5$ and Sp-Sp results leads us to an 
estimate of 0*5 for the Sd-Sd overlap integral. These 
estimates arc, of course, approximate but they allow us 
to say that the band widths of both the Sd and 6s bands 
are of the order of 1 cV or so. 

APPENDIX C 

The binding of the rare earth monosulfides 
In this Appendix we shall discuss the binding as if the 
compounds were fully ionized.* 24 * We start with neutral 
atoms infinitely separated and then doubly ionize the 
rare earth atoms which requires an energy of about 
5*6 eV4- 1T4 eV — 17 eV per rare earth atom. The 
numbers 5 *6 eV and 1T4 eV are the first and second 
ionization potentials, respectively, for europium but 
those for the other rare earths are very little different. 
We then transfer two electrons to each sulfur atom which 
requires an energy of about 4 eV per sulfur atom,* 26 * 
which is the negative of the electron affinity of S 2 ~. We 
next form the NaCl type lattice, gaining the electro¬ 
static energy* 38 * of a(2 e)' 2 ld gg 34 eV per pair of atoms, 
where d is the nearest neighbor distance (~ 2*9 A) and 
a — 175 is the Madelung constant. Thus, we arrive at 
a binding energy of about 34—4-17 ~ 13 eV per mole¬ 
cule (pair). If we regarded the compound as singly 
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ionized, the binding energy would be (34/4)+2*l- 
5*6 s 5 eV, where the 2*1 eV is the electron affinity* 27 ! 
of S“. Thus, we agree with the general opinion that the 
gulfur atoms are doubly ionized. 

It is interesting to calculate the energy required to 
remove one electron from a sulfur atom and put it on a 
metal atom far away. We imagine ionizing an atom of 
S 8- to S - , gaining about 6 eV. We then transfer the 
electron to the vicinity of a metal atom far away. As the 
electrostatic potential near the sulfur is +17 V, and 
that near the metal is —17 eV, the transfer costs 34 eV. 
We then allow the electron to be bound to the metal 
atom, gaining about 11 eV. Thus, the creation of the 
electron-hole pair costs about 17 eV, so that it is a most 
unlikely process. If we transferred the electron to a 
nearest neighbor metal atom, the required energy is 
about 6 eV less, due to the electrostatic interaction. 
Even with some relaxation of the lattice around the 
electron-hole pair, it is very unlikely that the energy of 
formation could be lowered enough for the process to 
become important. 

In this Appendix we have neglected the fact that the 
electrons are in bands and not localized. However, the 
estimated band widths are 1 or 2 eV so that the con¬ 
siderations presented here are still valid. The conduction 
bands do contribute to the binding as can be seen from 
the fact that the metallic rare earth sulfides generally 
have smaller lattice constants 11 ! than the semiconducting 
sulfides. 

We also wish to consider the situation when there are 
rare earth vacancies, particularly for YbS. We may think 
initially that two electrons will be missing from the 
sulfur 3 p hands. Next, we must ask if the energy is 
lowered if electrons are transferred from the 4/ bands 
(there being none in the 6^ or 5 d bands of YbS) to fill 
the holes in the sulfur band. The experimental situation 
is that p-type conductivity is observed in sulfur-doped 
samples, with an activation energy of 0-3 eV, This in¬ 
dicates that the ground state is one with the holes in the 
4/ bands of the Yb atoms, but that it requires only 
0*3 eV to transfer a hole to the sulfur 3 p band. For 
stoichiometric YbS the activation energy is the energy 
required to transfer an electron from the 4/ to 6$ band. 
This energy is so high that conductivity is not observed. 
We first need to know the third ionization potential for 
Yb, which does not seem to have been measured or 
calculated. We shall estimate it using Slater’s rules* 22 ! 
and the first two ionization potentials. According to 
the Slater rules, the effective charge Z e tt for a 6s 
electron in a neutral rare earth atom is 2 *85e. The one- 
electron energy is in atomic units — (Z e ff/n*) 2 , where 
n* is the effective quantum number. Slater gives 4-2 
for n* for the n — 6 shell but we get the right first and 
second ionization potentials by using rt* = 5*1. Thus, 
for the total energy of the two electrons in the 6th shell 
of the neutral atom, we find — 2(2-85/5*1 ) 2 = —0-625 
a.u. a —17 e V. The effective charge for a 6s electron 
on Yb + is 3-2e, so that its energy is 1(3-2/5*1) 2 =*= —0-39 
a.u. =s 10*8 eV. Thus, the first ionization energy is 
6'2 eV and the second is 10-8 eV in agreement with the 
experimental values* 26 ! of 6-2 eV and 12 eV. The third 


electron must come from the 4 f shell. Assuming that 
the 4/ shell is outside of the 5; and 5 d shells* Slater's 
rules give that the effective charge for a 4/ electron is 
11*45 in Yb 4+ and 11*8 in Yb* + . If we use die same n+ 
as above, we find for the ionization energy 
14(11 -45/5*1)*—13(11*8/5*1)* -la.u.= 27 eV. SUtet 
recommends n* =3-7 for the 4/shell which would give 
a third ionization potential of 53 eV. We adopt the 
value of 27 eV, and show that this is in agreement with 
the idea given above. If we imagine that both holes were 
on the same sulfur atom, the energy to transfer one elec¬ 
tron from a Yb 2+ ion far away would be +27—34 —2 eV 
= — 9 eV. To fill the other hole with an electron 
taken from another Yb 2+ ion which is far away from the 
first, takes +27 — 34 + 6 = —1 eV. With these values 
the ground state would consist of all holes in the 4/ 
band, and the creation of a hole in the sulfur Zp band 
would require 1 eV. We have neglected the fact that the 
holes are not localized but are in energy bands. As the 
holes are the highest unfilled states in the band, the 
energy gained on filling a hole will be less than calcu¬ 
lated above. The calculations presented here are quite 
inaccurate, but they do show that the model is not un¬ 
reasonable. 
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Abstract —The Cd-CdS liquidus has been measured between 700°C and 1250°C. In the low tem¬ 
perature region, the liquidus rises exponentially with temperature similar to that observed in III-V 
semiconducting compound systems. 


INTRODUCTION 

It is well known that deviations from stroichio- 
metry of the II-VI compound semiconductors 
can profoundly change their electrical and optical 
properties. However, the details of what happens 
when such a semiconductor is fired in one of its 
components are little understood. One effect on 
certain impurities has been shown, namely, the 
firing of such semiconductors in the metal com¬ 
ponent will remove or getter Cu and Ag.^) To 
establish the basic ground work for such studies in 
CdS, a portion of the Cd-CdS liquidus has been 
determined. An attempt was made to determine 
the S-CdS liquidus but the solubility of CdS 
in sulfur in the temperature range accessible 
(up to 1000°C) was found to be very small. Only 
one point on the S-CdS liquidus was determined 
(see Fig. 1 ). 

PROCEDURE 

A weight-loss procedure was employed as 
follows: Single crystal pieces of high-purity CdS, 
ranging between 10 mg and 250 mg, were sealed 
in quartz tubing with 0-1-1 g of Cd. For tem¬ 
peratures up to 1100°C, 5 mm i.d. x 7*4 mm o.d. 
tubing was used; at 1150°C, 4 mm i.d. x 6 mm o.d. 
tubing was used; and at the highest temperatures 
(1200-1250°C), capillary tubing with 2-3 mm i.d. 
and 10 mm o.d. was used. The maximum tem¬ 
perature was limited by the softening and ex- 

* The research reported in this paper was sponsored in 
part by the Air Force Cambridge Research Laboratories, 
Office of Aerospace Research, under contract 

AFl9(628)-329. 


pansion of the quartz under the Cd pressure. 
Quartz tubing or rods were often placed inside 
the firing tubes which would hold the sample at 
one end of the tube (the bottom when firing) but 
would permit the Cd to separate upon inversion of 
the tube. This separation was necessary to prevent 
the freezing Cd from cracking the sample. Above 
900°C, the liquid Cd would become very viscous 
(presumably due to the dissolved sulfur) and it 
was necessary to mechanically tap the tube to 
separate the liquid from the crystal. The Cd 
sticking to the samples or partly embedding them 
was removed in cold (< 10°C) dilute (7 per cent) 
HNO 3 . Although this treatment would apparently 
reduce the dissolved CdS to free sulfur, it did not 
measurably attack the single crystal CdS. The 
weight loss of the sample could thus be determined 
and from the known Cd metal originally in the 
firing tube, the Cd-CdS liquidus could be 
calculated. The weight loss measurements were 
checked for a few samples by analyzing the sulfur 
which had dissolved in the Cd, using standard 
chemical techniques. The two methods were in 
agreement within 10 per cent, the reproducibility 
of the measurements. 

The main problem encountered in the pro¬ 
cedure was the establishment of equilibrium 
during the firing. It was necessary to keep the 
bottom end of the 2-3 cm long quartz tubes colder 
than the top; otherwise Cd would condense in the 
top. Too great a temperature gradient and worse, 
too great a temperature cycling, would cause 
material transport away from the crystal. Small 
crystals, separate from the original crystal, have 
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been observed to grow under conditions of large 
temperature variations. For the liquidus measure- 
masts, the temperature gradient and cycling were 
kept less than 1 C C. Different samples were fired 
for different lengths of time at each temperature 
to ensure that equilibrium was obtained. For 
cwtfnple, reproducible results were obtained when 
the firing time was varied from 1/2 hr to 4 hr at the 
highest temperature (1250°C) and 16-60 hr at 
the lowest temperatures (700°C). 

The procedure for sulfur firing was somewhat 
simpler since it was not necessary to separate 
the liquid sulfur from the samples. Also, the 
sulfur was easily removed from the crystals by 
washing them in CS*. The maximum temperature 
of the sulfur firing was limited to 1()00°C, above 
which temperature the 2 mm i.d. x 10 mm o.d. 
quartz tubing would explode. 

RESULTS 

The averages of the calculated composition 
values for several runs at each of the temperatures 
indicated are plotted in Figs. 1 and 2. Figure 1 
gives the Cd-CdS liquidus on a linear temperature- 
composition phase diagram. The maximum 
melting point, T m » 1475 ± IS^C, is the value 
given by A0DAMtANO.< 2 > The dashed extrapolated 
portion was arbitrarily drawn. Figure 2 gives the 
same data on a dimensionless plot. 



Fro. t. Fh*»* diagram of CdS showing portion of the 
Cd'-CdS liquidus that has been measured. The melting 
point of CdS is taken from Ref. 2. The one point on the 
SUlfUr rid) side at 10OO°C corresponds to a Cd solubility 
of 01 ±0*1%. 



Fig. 2. Dimensionless plot of Cd-CdS liquidus where 
* is the sulfur composition at temperature T. T m , the 
melting point of CdS. and T are in °K. See the text for 

a discussion of the choice of the ordinate function. 

DISCUSSION 

Thermodynamic considerations give the re¬ 
lationship between the composition variables and 
the temperature provided one has a model for the 
equilibrium reaction. The usual first assumption 
is an unionized, dissociated state for the liquid. 
That is, the solid is assumed to melt in a 

liquid of composition (1 — + where x is 

the mole fraction of the B component in the liquid. 
As a first approximation, the liquid is assumed to 
be ideal with respect to the two, noninteractin^ 
components, A\ and Bi. Equating the chemical 
potential of the compound in the solid state to its 
components in the liquid state and assuming the 
heat of fusion to be temperature independent, 
one easily derives the following relationship 
between the melting temperature, T, and the liquid 
composition, x : 

. ( 1 ) 

Here J'i. is the msxHnum melting temperature of 
the compound and AS is the entropy of fusion. 
The data for CdS is plotted as open circles in 
Fig. 2 using ln[4.r(l-*)] as the ordinate. Second 
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approximations to (1) have been derived assuming 
only that the solution is regular.<*> It is noted that 
equation (1) still applies if the two components 
are assumed to be completely ionized. 

It has been observed that the vapor pressure 
over the melt of CdS is very low compared to the 
vapor pressure over either component at the same 
temperature. This is an indication of con¬ 
siderable interaction between the components 
in the liquid state and suggests that an un- 
dissociated model for the liquid state may be a 
better approximation. Specifically, assume the 
liquid to have excess A over B and to take the 
form (1 —y)Ai+y(AB)t where y is the mole 
fraction of the (AB)i component. Again, assume 
ideal behavior of the two components of the 
liquid, Ai and ( AB)u and that the heat of fusion is 
temperature independent. One then derives 
the following relation for the melting temperature, 
T, for the equilibrium (AB) 8 (AB )': 



or, in terms of the variable x used in (1), 

(^ L - 1 )=-^ ln(2 * ) , *< 1 / 2 . ( 2 ) 

The data for CdS is plotted as closed circles in 
Fig. 2 using ln(2x) as the ordinate. It is evident 
that plotted this way, the data better approximates 
the ideal behavior of a straight line drawn through 
the maximum melting point, (T m jT— 1) = 0, 
x — 1/2. However, no definitive conclusions can 
be drawn because of the lack of data near the 
melting point. 

Combinations of all of these models, i.e. a 
partially ionized, partially undissociated liquid 
state could be formulated but the arbitrariness of 
such a model makes it of doubtful value even with 
good data near the melting point. The point to be 
emphasized is that even in the first approximation 
of an ideal liquid, considerable choice is available 
in the models one can consider. It is suggested 
that of the two simplest models for compounds 
like CdS, an undissociated liquid state may be the 
better first approximation. 

| It is noted that the general thermodynamic 
relationships on which equations (1) and (2) are 
' x> 


based are valid over the composition range from 
the melting point to the A-AB (Cd-CdS) eutectic. 
Thus, assuming that the heat of fusion is inde¬ 
pendent of temperature, these equations give the 
temperature dependence of x in the limit of email 
sulfur composition. Viewed this way, equations (1) 
[or (2)] represent the temperature dependence of 
the solubility of sulfur in Cd [or of CdS in CdJ. 
The straight line portion of Fig. 2 verifies the 
regularity of the liquid for small x . Hence, a 
straight line extrapolation of the curves in Fig. 2 
should be valid to the Cd-CdS eutectic. If these 
curves are extrapolated to the temperature 
corresponding to the Cd melting point as an upper 
limit of the eutectic temperature, a sulfur com¬ 
position of the order 10~ 12 is calculated. This 
indicates that the Cd-CdS eutectic is immeasurably 
different from the Cd melting point and that the 
extrapolation itself is valid to any measurable 
composition value. 

The data as presented in Fig. 2 gives a plot 
similar to that found for the III-V semiconducting 
compounds. Specifically, within the experimental 
errors, the value of A S determined from the slope 
of the lines drawn in Fig. 2, 18 cal deg** 1 mole" 1 , 
is identical to the value found for III-V semi¬ 
conducting compounds.This implies that the 
change in randomness upon melting is the same 
for these types of compounds. Since the solids of 
these compounds are crystallographically similar 
(tetrahedral arrangements of atoms), this seems to 
imply that their liquid states are similar also. 

Note added in proof: The Cd-rich liquidus has 
been measured for CdTe< 6 > and CdSeW in the 
region from the melting point of the compounds 
to approximately 95 mole per cent Cd. The quali¬ 
tative behavior of the Cd-rich liquidus in the 
range of common measurement is similar for 
these related compounds; CdS, CdSe, and 
CdTe. It seems likely that the phase diagram 
curve (Fig. 1) is probably peaked at the maximum 
melting point in the CdS system as it is in the 
other two. Unless the similarity in the behavior 
of the liquidus between CdS and the III-V com¬ 
pounds in the dilute (small x ) region is fortuitous, 
one would also expect CdSe and CdTe to follow 
the dimensionless plot shown in Fig. 2. Little can 
be said about the sulfur-rich liquidus for CdS 
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al th ough the very araali solubility measured at 
1000X may be indicative of a behavior similar to 
that observed for the CdSe ayatem.w 
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Abstract —The Hall effect magnetoresistance and Seebeck effect have been measured at 77 and 
3QGTC in wintered samples of Hgi_*Mn x Te alloys which have the zinc blende type lattice. The hole 
mobility is about 100 cm a /V sec at 77 and 300°K and m*+/m « 0*3 when x < 0*2. A conduction 
band, probably from an (000) valley with mobility «* 2-4 x 10 4 cm 2 /V sec at 77°K and »*—/** ** 
0*005-0'012 overlaps the valence band when x < 0*13. An energy gap develops when x > 0*13, 
and another conduction band with a lower mobility replaces the (000) valley when x > 0*15. Only 
p-type material has been obtained when x > 0*25. 

Most stoichiometric samples contained at least 10 17 cm" 3 acceptors. Some could be removed by 
annealing, others may be due to metallic impurities or oxygen. Excess tellurium and copper are 
acceptor impurities. Excess mercury is a donor when x < 0*05, and has a complicated effect when 
x > 0*05. The number of holes increases when oxygen is added and the energy gap appears to 
decrease as well. 


1. INTRODUCTION 

This paper gives a general survey of the electrical 
transport properties of HgTe-MnTe zinc blende 
type alloys, using sintered samples. The phase 
constitution of these alloys is described separ¬ 
ately. (!) They have not been discussed before 
though work has been done on HgTe-HgSe and 

HgTe-CdTe alloys. <2) 

Though sintered material is very convenient for 
exploratory work in an unknown semiconducting 
system, there are some obvious objections to its 
use (which are discussed in Section 3) and one 
must not push the analysis of the results too far. 
For example, the mobility at low temperatures 
might be limited by grain boundary scattering, 
and a detailed discussion of scattering mechan¬ 
isms is not appropriate. 

Most of the results are for alloys with 5-15% 
MnTe (all percentages are molar per cent). It 
will be shown that in most of these alloys there 
are both electrons and holes at 77 and 300°K. 
Figure 1 illustrates the band structure. As a 
result, the usual methods of analysis in semicon¬ 
ductor work (e.g. a plot of ln(RT^ 2 ) against 1/7 1 ) 

t Now at the Royal Radar Establishment, Malvern, 
Wore*. 


are not useful. The holes are found to have a low 
mobility ~ 100 cm 2 /V sec, and the electrons 
have a mobility ju-, greater than about 2x10* 
cm 2 /V sec at 77°K. It is possible to separate the 
properties of each by analysing the way in which 
the Hall coefficient R and electrical resistivity p 
depend on magnetic field at 77°K. Some limited 


0 per cent MnTe 


10 per cent MnTe 


~E, 



15 per cent MnTe 20 per cent MnTe 


Fio. 1. Schematic band structure of (HgMn)Te alloys 
from the present work. The position in the Brillouin 
zone and shape of the valleys is not known* 
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work Jim *1 00 been done with the Seebeck co- 

mVCmuif flu 

It can be aavumed by analogy with PbTe and 
BiaTes that the static dielectric constant of HgTe 
rich aUoys will be of the order of 100. The im¬ 
purity levels of donor or acceptor centres will 
overlap at quite small concentrations, and their 
ionisation energy will be small or zero. Conse¬ 
quently the introduction of large numbers of 
acceptor centres can have three effects. The num¬ 
ber of holes increases, the valence band is dis¬ 
placed towards the conduction band, and the top 
of the valence band can he distorted in shape. We 
find in HgTe-MnTe alloys good evidence for the 
first and second effects, and slight evidence for the 
third effect. More detailed measurements should 
allow quantitative comparison with the theories of 
Wolff,Keldysh,Kane< 6 > and others. In 
some of our alloys it is difficult to dope the material 
11 -type, but by adding some acceptors the energy 
gap of the composition can be decreased sufficiently 
for electrons to be introduced. The properties of 
the electrons can then be studied, even though 
there is a large background of holes. We call this 
process of introducing electrons antidoping for 
want of a better name. 

These alloys were originally chosen to attempt 
the study of scattering between the conduction 
electrons and the spins of the ^-shells of the 
transition metal ions. These alloys, and the 
similar HgSe-MnSe system, are one of the few 
semiconducting systems that contain appreciable 
quantities of transition metals and have high 
mobilities. There is no real evidence of ‘spin’ 
scattering down to 77^. It might be that at very 
low temperatures the electrons are scattered on 
impurity centres, dislocations, or the strain fields 
associated with alloying. If they did interact 
appreciably with the d shell electrons, various 
interesting experiments might become possible. 
For example, the Nernst effect could be anomal¬ 
ously large/** or simultaneous cyclotron and para¬ 
magnetic resonance be possible. 

2, JUSTIFICATION FOR USING SINTERED 
SAMPLES 

The following objections can be raised to making 
electrical measurements on sintered samples: 

(a) The grains are randomly oriented. 

Few measurements have been reported on single 
crystals of alloys between two compound semicon¬ 
ductors and it is usually rather difficult to prepare these 


single crystals. The random orientation is not a serums 
objection for magnetoresistance measurements in a 
cubic material whose conduction band is spherically 
symmetrical, a. is believed to be the case for most of 
these alloys. The symmetry of the valence band » un¬ 
known, but as the hole mobility is low, the magneto¬ 
resistance effects in these alloys are due entirely to the 
electrons. 

(6) The material is porous. 

The density of the samples is only 85 per cent of the 
theoretical density. Higher densities could probably 
be obtained by hot pressing instead of cold pressing, but 
the former process is inconvenient if the alloys contain 
volatile components. RegeiJ 7 ^ used hot pressed samples 
in his early work on HgTe. A correction was applied for 
porosity which is probably reasonably accurate for the 
majority of samples. The results for the few samples in 
which RoH > 1, and for which the correction might be 
in error, seem to be reasonable. If RoH^> 1, it is 
doubtful whether any reliable correction for porosity 
could be applied. 

(r) A conducting layer of free mercury might be de¬ 
posited from the vapour onto the surface of the pores as 
the sample is cooled down after sintering. 

There is no evidence for such an effect even for those 
samples which were sintered with an excess of mercury. 

(d) Pressing might introduce dislocations or other 
defects which could scatter electrons, and could act as 
impurity centres. 

It is difficult to comment on the importance of these 
effects, which would be more important at low tempera¬ 
tures than at high temperatures. 

(e) The powders are easily contaminated in the various 
handling operations. 

High purities were not expected in the present work. 
Finely divided tellurides and selenides are easily oxidized 
when they are exposed to air. All powders were handled 
in argon to avoid this. Some samples were accidentally 
contaminated with oxygen through the MnTe powder 
which had been used. The samples EA 1 to EA 12 were 
prepared with special care to avoid oxygen contamination 
and were found to have lower acceptor concentrations 
than samples which contained oxygen. 

However, EA 11 for example had about 10 17 cm -8 
acceptors. These might be due to traces of oxygen. It 
might be very difficult to exclude oxygen completely 
from sintered samples, and be preferable to work with 
zone melted samples. It may be remarked that it is not a 
trivial problem to eliminate oxygen from zone melted 
HgTe alloys, and published accounts of the preparation 
of such alloys do not consider this point. It is also 
possible that oxygen diffuses into samples at room tem¬ 
perature, or in the process of soldering contacts. Oxygen 
has an interesting role as an acceptor impurity which is 
discussed m Section 9. 

The advantages of sintered material are that the com¬ 
position of the sample and the departure from stoichio¬ 
metry are known and exactly controlled, and that it is 
easy to prepare a homogeneous single phase sample. 
(Zone melted alloys are prone to microsegregation 
-problems.) Also, samples of various compositions can 
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structure of the alloys is shown schematically in 


be prepared quidtly from the stock powders, the samples 
•re mechanically robdat, and they require little prepara¬ 
tion after sintering before electrical measurements can 
be made. 

3* MEASUREMENT TECHNIQUES 

The samples were prepared by methods described 
elsewhere. (1> Many samples were prepared in pairs from 
the same powder, and were sintered in the same tube. 
They only differed in subsequent annealing treatments 
or the addition of extra mercury. The properties of such 
pairs are compared in the discussion of the results. 

Electrical measurements were made with three 
pressure contacts on each side of the sample as potential 
probes. This checked the homogeneity of the sample 
and the reliability of the contacts. Occasionally a contact 
gave spurious magnetoresistance measurements which 
were rejected. Geometrical effects due to the shortening 
of the Hall voltage by the finite length to width ratio 
were not important. Soldered indium contacts were 
used for current connections. Potentials were measured 
to 1 /iV by a conventional d.c. potentiometer. Magnetic 
fields up to 6500 Oe were available. The sample was 
directly immersed in liquid nitrogen for measurements 
at 77°K. Chopped d.c. was used at 300°K for those 
samples in which thermoelectric effects could have been 
troublesome. The porosity of the sample was allowed for 
by the formulae 18 * 

«W* = (1-*)/(! +4») (1) 

R n /R = (l-JS)/(l-8) (2) 

The subscript m refers to the measured properties 
and 8 is the proportion of free space in the sample. 

The Seebeck coefficient was also measured for a few 
samples at 77 °K with and without a magnetic field 
There was a possible error of ~ 5 per cent. 

4. THEORY OF THE METHOD OF ANALYSIS 

R and p are not directly related to the numbers 
and mobilities of the charge carriers, as most 
samples contained both holes and electrons. It is 
not possible to analyse the temperature depend¬ 
ence of R and p without doubtful assumptions 
such as that the ratio /*_//*+ and the energy gap 
are both independent of temperature. 

It is more useful to study the variation of R and 
p with magnetic field at a fixed temperature. In 
this work the temperature is 77°K. The electrical 
properties of the alloys can be explained if they 
are supposed to contain low mobility holes, /un¬ 
equal to about 100, cm 3 /V sec, and a smaller num¬ 
ber of high mobility electrons. The contribution 
of the electrons to R and p decreases as H in¬ 
creases and in principle it is possible to separate 
the electron part from the hole part. The band 


Fig. 1. 

After correcting for porosity, we convert the 
measured Hall coefficient R and magnetoresistanoe 
p to Ret a kind of Hall conductivity coefficient, 
and magnetoconductivity er by 

Rc - Rf(ft+R*W) ( 3 ) 

<r - (4) 

In this preliminary work we do not distinguish 

between Hall and conductivity mobilities. He and 
a are now written as the sum of terms due to 
electrons and holes. As is small ft + H < 1 m 
the magnetic fields that were used, and 

Rc/e = tfn+-p*n„F(2\',H)/F(2\;Q) (5) 

a/e = ;ff)/F{A;0) (6) 

where e is the electronic charge and «+, are the 
numbers of holes and electrons. 

F(S,H) - [[—(--- )1 

*<1.5+S) d* 

x-* (7) 

1+*2A 

x = EjkTy 7] is the reduced Fermi level and it is 
assumed that a relaxation time exists which is 
proportional to and that the conduction band 
is spherically symmetrical and has a parabolic 
density of states, p t a numerical factor of the order 
of unity, is 

P - F(A;0)/F(2A;0) (8) 

These assumptions are usually made in pre¬ 
liminary work on semiconductors. The assump¬ 
tion about a parabolic density of states is ques¬ 
tioned later. There is no evidence from the present 
work about the shape of the conduction band. It 
ha 9 been shown that the conduction band of 
HgTe is spherically symmetrical and centred at 
k = 0 in the Brillouin zone.* 9,10) There is no 
abrupt change in electron properties as we add up 
to 15% MnTe to HgTe, so it is reasonable to sup¬ 
pose that these alloys have the same (000) mini¬ 
mum which is found in HgTe. There does seem 
to be a break in p- between 15 and 20% MnTe, 
so probably here the (000) valley is replaced by 
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ddkcr valleys u the lowest point of the conduc¬ 
tion band. 

If the electrons are fairly degenerate, good 
approximations to equation* (5) and (6) are 

JRc/e m p*n+-phij(l (9) 

oj$ m p^+p.nJ(\+plH*) ( 10 ) 

and these formulae fit the results for fairly de¬ 
generate samples quite well. However, in general 
we need to know the position of the Fermi level 
sod the scattering mechanisms. Not only are these 
not known in our samples, but also the integrals 
needed in equation (7) have only been tabulated 
for non*degenerate statistics and a combination 
of acoustic mode and ionized impurity scattering. 
The beat that can be done is to try to fit the values 
of Re and a in low magnetic fields to 

Re/e ~ V*n+-fi*nJ(\+kW) (11) 

a/e -p+^+p^/O+P//®) (12) 

by comparison with equations (5) and (6) we see 
that if the electrons are scattered by the acoustic 
mode vibrations, (A « — j) and the electrons are 
non-degenerate then k «= \J2p / « pp_, and 
/ - 2/vV. 

The values of k and / have been found and are 
tabulated for comparison with p increases if 
the electrons become degenerate and is 2-1 when 

■* 4A T and A »t — 

In the majority of samples at 77°K J? c at low 
fields is predominantly due to the electrons and 
phi- in equation (11) can be found accurately. In 
Home samples R c becomes positive in high fields, 
and can be found, but in many cases it 

cannot be separated from R e . The conductivity 
eon the other hand ia usually mostly due to holes, 
and can be found accurately, ep-n- or a~ 
was found by extrapolating the measured magneto- 
conductivity to infinite fields. This process causes 
s ome error in the estimates of <j-, which are only 
reliable to 10 per cent in most samples. The 
values of p+, «+, <y + ; n~ and p_ that have been 
derived from equations (11) and (12) are quoted 
in the various tables. 

At room temperature the Hall coefficient of the 
tprrimena does not drop by more than 10 per 
cent when the magnetic field increases to 6500 Oe. 
The kind of analysis which was used at 77°K is 


not possible. Instead we use the weak field magneto- 
conductivity and Hall coefficient. In practkdly all 
samples, the electron contribution to R is far 


greater than the hole part, so 


p_ = 

(13) 

—-->y 

(14) 


If we know />, we can calculate p- and o_. The 
majority of samples are non-degenerate at 300°K, 
but the scattering mechanism is not known. If we 
assume acoustic scattering we often obtain non¬ 
sensical results that a-ja >1. It seems that p is 
close to unity. This is quite likely if the electrons 
are scattered by a combination of acoustic and 
optical phonons. The results at room temperature 
have been analyzed assuming that p = 1. This 
should provide a reasonable estimate of p- and 
However, usually only a small part of <r, can 
only be estimated roughly. As far as can be seen 
the rough values of are reasonable if p+ ~ 100 
cm 2 /V sec at 300°K (as in sample CY 29) and at 
77°K, and there are the same number of holes at 
these two temperatures. The number of thermally 
excited holes is small compared to the extrinsic 
number. These remarks apply to samples with 
less than 13 % MnTe. Samples with more than 15% 
MnTe appear to have an activation energy for the 
acceptor centres. 

5. RESULTS FOR 5% MnTe ALLOYS 

The results of the analysis of various samples 
with 5% MnTe are shown in Table 1. All the 
samples probably contained some oxygen. The 
electrons are partially degenerate at 77°K, and the 
measurements fitted equations (11) and (12) quite 
well, so the detailed curves of R and p as a function 
of magnetic field are not given. The values of p_, 
k and / are in good agreement. 

It is seen from sample DH 56 that excess 
tellurium has some effect as an acceptor. Excess 
mercury in DH 51 has increased the number of 
electrons, and also increased o+. The solubility 
.limit of excess mercury in this alloy is close to 
1 at. %. Annealing sample DH 43 seems to 
have increased by comparison with DH44 
which was made from the same powder. p_ seems 
to have increased too. Similar effects have been 
found by Brach^ and Rodot< 12 > in HgTe. 



Table 1. Results for 5% MnTe alloys k and l are “ mobilities ” deduced from the magnetic field dependence of R and <j 
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(a) In days at 240°C, (b) an 8 C (c) Q 1 cm 1 . (d) cm 2 V 1 sec 1 , (e) cm *. (f) 10 4 cm* V -1 sec -1 , (g) 10 18 cm” 8 . ' 
(h) fiV deg -1 . (J) 10 -8 Oe -8 . ( ) Quantities assumed by comparison with similar samples. 
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DH 51 has the most electron# at 300°K and the 
fl e eb eck coefficient should be almost entirely due 
to electrons, A density of states effective mass of 
m 0*012 is deduced if we assume A * 0. 
If X *» the value is 0*015. 

A RESULTS FOR 10% MnTe ALLOTS AT 77Tl 
The 10% MnTe alloys were studied in most 
detail. Values of R and the magnetoresistance 
are shown in Figs. 2 and 3 for selected samples, 
and the results of the analysis are given in Table 2. 



H*I0‘ 3 0* 

Flo, 2. Hall coefficient v*. magnetic field for 10% MnTe 
■ample*. (ReaulU not corrected for porosity in Figs. 

2 to 5.) 

We discuss fust sample EA 11, which has the 
least hole conductivity. About half the conduc¬ 
tivity is due to holes, and using the hole mobility 
found in other samples, there appear to be about 
7xl0**cnr s acceptors in this sample. These 
might be due to residual oxygen or metallic im¬ 
purities. However, if we compare EA 11 with 
EA 10, which was made from the same powder 
we see that annealing has reduced the acceptor 
concentration. The acceptors in EA11 may be 
due to some structural disorder, for example a 
mercury atom occupying a tellurium site and 



H xIO" 3 0e 

Fig. 3. Magnetoresistance vs. magnetic field for 10% 
MnTe samples. 


leaving two interstitial tellurium atoms. If so, the 
prospects for reducing the acceptor concentration 
below 10 15 errr 3 are not hopeful. Annealing out 
the acceptors seems to have reduced too, so the 
energy overlap has decreased. Elsewhere it is also 
found that the energy gap increases as the acceptor 
concentration goes down. Possibly HgTe and all 
HgTe-MnTe alloys would have positive energy 
gaps if the acceptor and donor concentrations 
could he reduced to below IQ 14 cm -3 . Then the 
band structure might be similar to Kane's model 
for InSb.dS) Harman< 10 ) has fitted the conduction 
band of HgSe and HgSe 0 5 Teos to Kane’s model, 
but, as in this model the valence band is below the 
minimum of the conduction band, Harman 
assumes a further valence band that overlaps the 
conduction band to make these alloys the semi¬ 
metals that they are found to be. There is no direct 
evidence for two sets of valence bands in HgTe 
and HgSe. It is suggested that in fact the valence 
band is basically as in Kane’s model, but it has 
been raised in energy and presumably distorted 
in shape by the impurity states so that it overlaps 
the conduction band. 

It would be interesting to determine the shape 





Table 2. Results for 10% MnTe alloys 

77°K 300°K 
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of the valence band experimentally, btit asthe 
mobility is low, magnetoreaistance measurements 
would be difficult. Perhaps piezoresistance mea¬ 
surements might help. 

The Hall mobility of EA 11 is found to be 
3*3 x 10 4 cm 2 /Vsec and this is probably a good 
estimate, as we can deduce from the magnetocon- 
ductivity in 6500 Oc that ijl- is certainly less than 
3-6x 10 4 cm 2 /Y sec. However, k and l which can 
be found fairly accurately in this sample are rather 
higher. If we assume A = — \ we would expect 
ft = 5*5xlO 4 and 1 = 4x10*. A similar dis¬ 
crepancy is found in other 10% MnTe samples, 
and the difference between ft, / and p- seems to 
be greater in 15% MnTe samples. Geometrical 
and porosity effects are unlikely to cause the dis¬ 
crepancy, as we find good agreement between ft, 
/ and fji~ in the 5% MnTe samples. Three ob¬ 
vious explanations are possible, (a) There may be 
electrons with low mobilities, /x_ ~ 2x 10 4 cm*/V 
sec from minima in other parts of the Brillouin 
zone besides the electrons with /z-^8x 10 4 
cm 2 /V sec from the (000) minimum. 

This explanation is unlikely as the analysts of ft 
and l as function of magnetic field suggests that 
there are electrons with a complete range of 
mobilities, and not two separate groups. We find 
too, that the discrepancy becomes less when the 
number of electrons increases as in DY 67. There 
is some evidence for other conduction minima 
coming in above room temperature in 10% MnTe 
alloys but it seems unlikely that there are 
electrons from these minima at 77°K. (b) There 
is some form of scattering mechanism for which 
A < —0*5, or possibly for which a relaxation 
time does not exist. 

This explanation seems unlikely as ft and l are 
roughly equal, suggesting A ~ 0, and no scattering 
mechanism is yet known that gives A < — This 
does not explain why the discrepancy is removed 
when the number of electrons increases, (c) The 
density of states is very nonparabolic. 

This seems to the author the most likely explana¬ 
tion. The states at the bottom of the conduction 
band must have a much smaller effective mass, 
and consequently a higher mobility, than states 
higher in the band. This would give the electrons 
a wider spread in mobility than usual. While such 
nonparaboiicity results from the kind of band 
structure discussed by Kane (13 > and found is 
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m 

lftSb and Other semiconductor*, the effect seems 
to be too large in HgTe-MnTe alloy* to be com¬ 
pletely explained in this way. Perhaps the bottom 
of die conduction band has been distorted by the 
perturbation of the large number of impurity 
centres in the samples used in this work. 

The remaining samples contained various 
amounts of oxygen which is reflected in the values 
of We note that an occasional sample is found, 
such as DH 6, whose mobility is rather lower than 
the others. This we attribute to some defect in the 
powders or pressing technique. The Hall mobilities 
vary from 3 to 4x 10*cm 2 /V sec. The samples 
with highest mobilities also seem to have 21 > k 
and k higher than 

Aluminium wai introduced into DY 67 in 
attempt to make it more n-type. This was only 
partially successful. On the other hand the sample 
CY 29 which was very heavily doped with copper 
wasp-type at 77 and 300°K, and allowed the hole 
properties to be found directly. Here, the shift of 
the Fermi level into the valence band is much 
greater than any shift of valence band into con¬ 
duction band. It is also possible to make the speci- 
mens p-type by adding excess tellurium. The 
samples DH 31 and DH 34 contained oxygen, and 
the effect of excess tellurium is to reduce n.. rather 
than increase #+. 

The effect of excess mercury in the 10-15% 
MnTe alloys is complicated. In some samples 
the effects arc obscured by the oxygen also present, 
but sample EA 8 shows them most clearly. There 
seems to be no increase in when mercury is 
added, nor does ft- increase, yet o has increased 
considerably, The part of cr not due to the electrons 
in the (000) valley is tabulated under a* in Table 
2 for convenience, and at first we would attribute 
this to an increase in the number of holes. But the 
H«Q coefficient of these extra carriers was deter¬ 
mined by extrapolating the Hall coefficient in 
6500 Oe to infinite magnetic fields in the usual 
way* and was found to be about - 130 cm 3 /C. We 
would have expected a much smaller positive 
Value* « of these extra carriers is found in the same 
way to be about —35 ftV/°C. 

Though some of the extra carriers are po doubt 
holes it is clear that some are electrons. It seems 
u nM fcriy , for reasons similar to those already dis¬ 
cussed* that the extra electrons come from higher 
valley* It might be that the extra mercury has 


caused the spread in mobilities of electrons in 
the (000) valley to increase considerably at the low 
mobility end. Three at. % Hg is equivalent 
to SxlO 20 atoms/cm 3 and this is a very large 
number. Measurements on single crystals in 
fields up to 20,000 Oe would be required to clarify 
the origin of the extra electrons. 

a of EA 10 was —43 in zero field and 4-21 in 
6000 Oe. (Ail a are in ^V/deg.) Using the esti¬ 
mates of o+ct- and the measured magnetoresistance 
we find = —230 a+ = 145. Assuming 
/*+. « 100 cm 2 /V sec and A = 0*0 we obtain Eq = 
—0*005 eV (so the valence and conduction band 
overlap), and estimates for m*fm » 0*004, 
m*/m = 0*2. 

In DY 58 a was — 11 and 4- 98 in zero field and 
6000 Oe respectively. With the same assumptions 
we find ol_ = —240, o+ — 125, Eg = —0*007 eV, 
m*jm = 0*006, m*/m = 0*3. 

7. 10% MnTe SAMPLES AT 300°K 

The second method of analysis described in 
Section 4 was used to obtain the figures that are 
given in Table 2, for the properties at 300°K. It 
was found that above 300°K the conductivity of a 
sample such as EA 8 increased and the Hall 
coefficient dropped. At the same time the Seebeck 
coefficient increases rapidly. These results suggest 
that above 300°K electrons are thermally excited 
into some higher minima in the conduction band. 
This agrees with the abrupt change in mobility 
found at 300 D K in going from 15 to 20% MnTe, 
a result presumably due to a change from 
the (000) valley to some other valleys. There is no 
information from the present work as to the num¬ 
ber, position or shape of the new minima. A plot 
of \n(RT*W) against \/T for DH 6 from 0 to 
100 C was a straight line and gave apparent 
energy gap of 0*1 eV which should be the gap be¬ 
tween the valence band and the higher minima. It 
is worth noting that an energy gap of 0*15 eV has 
been found in thin films of HgTe.< 14 > This is pre¬ 
sumably due to transitions from the valence band 
to the higher valleys, and not to the (000) valley. 

The Seebeck coefficient at 300°K cannot be 
separated in to ou. and x+, but in EA 11 o + is small 
and « - Assuming A = 0 0 we find mVm * 
0*006, CY 29 is so heavily doped that it contains 
only holes. We find m*jm *= 0*5. 
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i RESULTS FOR 10-15% MnTe ALLOYS 
The results for samples with 10-15% MnTe 
are summarised in Table 3, and R and the 
magnrtoreaistance effect are shown in Figs. 4 and 
5 for selected samples. The electronic part of a is 
small in most samples and the magnetoresistance 
is usually small, causing some uncertainty in p . 
The Hall coefficient usually drops rapidly with 
increasing magnetic field and this gives large 
values of k t which can be determined reasonably 
accurately. Adding iodine or aluminium did not 
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Fig. 4. Hall coefficient vs. magnetic field for 10-15% 
MnTe samples. 


increase appreciably. Probably a pure 15% 
MnTe alloy would show only hole conduction 
at 77°K, as does CZ 21. The 14 and 15% 
samples which do show partially electronic 
conduction contained some oxygen, which intro¬ 
duces electrons by the ‘antidoping 1 mechanism 
discussed in Section 1. The discrepancy between 
k and / is more marked in these alloys than for 
10 % MnTe alloys. 

DY 23 had a rather small saturated magneto- 
resistance in high magnetic fields, and this results 
in the high value of p— quoted, which may be 
erroneous. The effects of large excesses of mercury 



Hxl0*’0« 

Fig. 5. Magnetoresistance vs. magnetic field for 10-15% 
MnTe samples. 


in DY 35 and DY 46 are anomalous as in 10% 
alloys. DY 25 was also measured at 200°K, 
where there are thermally excited electrons, and 
/u_, k, and l are in good agreement. The results of 
DY 63 could not be fitted to the accurate values of 
equations (5) and (6) assuming non-degenerate 
statistics and A = — using the integrals tabu¬ 
lated by Beer/ 15 ) though the agreement was 
better than when equations (11) and (12) were 
used. 

The Seebeck coefficient of DY 40 was +160 
pV/deg in zero field and +193 /xV/deg in 6000 Oe. 
This gives a- ~ — 485jxV/deg and ot+ « 195 
pV/deg. Assuming A = - Eq = 0*025 eV, nfjm 
= 0*012, wi*/m — 0*3. These values are in 
reasonable agreement with what has been found 
in other alloys. About twice this energy gap 
0*05 eV, is found if we use the increase in number, 
of carriers as the temperature goes from 77 to 
300°K. If the energy gap is affected by impurity 
bands it may be rather sensitive to temperature, 
and this discrepancy is understandable. 

It is possible to introduce electrons into a 
15% MnTe sample by replacing some of the 
tellurium by selenium, as in EA 31. However, the 




R. T. DELVES 


5 


3 , 

c 


% 
id J>: 

o <3 


§ 


X - 

V C 


net 1 

1 © © *o 

m *■* 

I | 00 © *-« 2 

*n rp | 

«M © 

1 NO Np oo 04 rp in 
©©©«■*© © 

I | NO S in 

1 ©66© 

28 | 
6 © 

i aaasas 

6 6 6 6 6 © 

. , W N S O 

r«9r 
© © © © 

sa§ 
i 77 

m m m m m <N m 
m m *-« m ~- 

1 1 + 1 II + 

©jsqSJSo 

^s^sss 
+ + + 1 1 1 


in in in 

’ vO O n»n ^ ^ 


?88 

777 


« * ^ 
«— m «- 

I I I 


in v© »C *•* 
N 00 <s ^ 

O'^OO 

V* wm W 

I I I I 


04 in in p* 

m 6 o- I"* o* »n 

© © © © m O 

W N W O O' W 

<*■ »-* *-< n o <s 

II II I I 


04 in l 

n vi « < 


in in i 
t At^*< 


it^WN 

' m ri n 


*-* [ f in so I m 


“l I £»I 


fS f> 

*U rs A 


On OO Ip 

fs o i 


in <n in - no I 
H W H I l-i I 


■ *y >p © 

► 666 


rp © »n 

oi 6 in 


op If iC 

fN 4 i 


ip n O' o 
6^66 


oo © m so 


i-i I n n N I «-< 
^ m Q in 

pOOppW'N 

6 6 ) 6 6 o 6 

' in 

cs a> p- If) tp cio no 

N ^ C 6 O 6 ^ 

»-H 

in m m © m tn 


in m ominmin©inm/-s 
(N I (SO'ONOvwnO'5 

^ H | H *-M 1—1 T-t 1—< 

©OO© O © OOOOOQOOQ 
in fn rp ^ in | O'ClNO^OOi^O 


m oc m m I m sC I r^m^- 


• mm i-h 


9NifnntffNO‘0'f'pq'pOnfl6n 
m m 

mOOOr^.O'4-omOOinOQmo© 

*~©0''^<Nr'.dN^oo*-cSNC^©r'*nj*~i 
<n in m (N j ^ n4 ^ o 

i iii i i m 1t1 + ? i i +7 


©©©©©©©©©©©©©©oo© 


bo be be be be do « u w be 

ssaxsschsha: 


be o> — be^, 
X H <i X cn 


m . 


bo 


J5 

"S. 

41 


C 

54 

© 

8 

04 

4J 

« 

W' 

>. 


JD 

E- 


08 

h 

t 

Cfl 


^ *r* vo 

^ ^ (N ^ «wn«nOO» l ^O|ifl 
•i04(N04r4mmm^ , ^*^-»nmininmin 

■ 

c?s I7^' , ^ inrF>rs,v P' , ^ in ^ :i ’^ 00< ? r ^^^- 
w(NiNnnN't4^<NNNN + 'ONn 

qqqqqqqqqqqOqqqdw 



HgTe-MnTe ALLOYS—II. ELECTRICAL PROPERTIES m 


solubility of selenium is rather limited in alloys 
with more than 20% MnTe. (HgMn) (SeTe) alloys 
will be discussed in more detail elsewhere. 

An interesting effect is seen in DY 27. This was 
prepared as +1% mercury, from the same 
powder as DY 28, and a quick check showed that 
it had similar properties. Mercury was then 
diffused in to saturation. We see that at 77°K there 
is no contribution to R or a from the electrons, 
and the number of holes has diminished appre¬ 
ciably compared to those in DY 28. This effect 
was not seen in DY 35 which was similarly 
saturated with mercury. No doubt DY 27 first 
contained shallow acceptor levels from the oxygen 
impurity. These levels are emptied by the addition 
of the mercury, so probably the mercury forms 
some deep donor levels, and the situation is ana¬ 
logous to semi-insulating gallium arsenide. < 16 * 17 > 
Perhaps mercury first enters both interstitially and 
by replacing tellurium atoms, and when present in 
sufficient quantities, creates vacancies in the 
tellurium sublattice which act as deep donors. It 
would appear too that the number of electrons is 
reduced as well as the number of holes. It is 
possible that adding deep donors reverses the 
decrease in energy gap found when shallow 
acceptors are added. 

An attempt was made to do the same thing to 
EA 1 after oxidation, but possibly because there 
were too many acceptors, this was not sucessful. 
Some effect is seen in DY 61. a in DY 27 at 77°K 
w as only 144 pV/d eg. This would give an effective 
mass m*/m = 0-04, which is too low by an order 
of magnitude. 

9. SAMPLES OXIDIZED IN STAGES 

A comparison of samples DH 61 and EA 10 
shows that oxygen acts as an acceptor impurity. 
Though the number of holes increases the number 
of electrons does not necessarily decrease as 
oxygen is added. To confirm these ideas, sample 
EA 1, containing 15% MnTe and believed to be 
relatively free from oxygen, was deliberately 
oxidized in stages by heating it in air. The results 
are given in Table 4. The original sample had only 
a few holes present at 77°K. At first adding oxygen 
increases the number of holes. Next we find 
electrons contributing to R and a, and /a_, k and / 
can be found in the usual way. This stage is 


similar to some of the other 15% samples which 
were accidently contaminated with oxygen. 

In the final stage mercury was diffused into the 
sample in an attempt to reproduce the behaviour 
of DY 27. Judging by the results this was not 
successful and the main effect of the final treat¬ 
ment may have been to diffuse in more oxygen 
than was already present in the pores of the sample. 
After this treatment the number of electrons in¬ 
creased considerably, and now dominate both R 
and <r. ja_ has dropped considerably, probably 
due to contributions from higher conduction 
minima than the (000) valley. The Seebeck effect 
of the sample in this state was — 60 /aV/°C at 
77°K, giving m^Jm = 0*013 if A = — J, This 
value is quite close to 0*012 which was found in 
DY 40, a non-degenerate sample. 

The sample DY 61, containing 20% MnTe, 
was also oxidized by heating it in a sealed 
tube containing a volume of air at room tempera¬ 
ture equal to the volume of the sample. The 
sample contained £ per cent aluminium, but this 
should not affect the interpretation. It also con¬ 
tained some oxygen in its original form. The 
results are given in Table 5. The stage where there 
are only a few electrons which corresponds to the 
fourth stage in Table 4 was not observed in this 
sample. As R does not change appreciably with 
magnetic field the usual method of analysis is not 
applicable. Instead Rg and A g/(gH 2 ) were used to 
get /a- and n_, assuming p = 1, as described in 
the second part of Section 4. The results seem 
reasonably reliable, and estimates of n+ at 77 and 
300°K agree fairly well. 

We find high mobility electrons in the most 
heavily oxidized sample, and also that /a- at 300°K 
increases considerably as the number of electrons 
increases. It is probable that in alloys with 20% 
MnTe the lowest conduction minimum is not 
the (000) valley but some other band below it. 
The electrons in this other band must have lower 
mobilities than electrons in the (000) valley. If the 
sample is doped sufficiently there is a contribution 
to R and c 7 from electrons in the (000) valley, and 
fi- appears to increase. 

A large excess of mercury was diffused into the 
sample in the final stage of treatment. The number 
of holes and the number of electrons seems to 
have been reduced, an effect seen previously in 
sample DY 27. The decrease in the number of 
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HgTe-MnTe ALLOYS—IK ELECTRICAL PROPERTIES 


holes was attributed to the formation of deep donor 
centres by the excess mercury atoms, the apparent 
decrease in the number of electrons when mercury 
is added is thought to be due to an increase in 
energy gap as in DY 27. 

10. ALLOYS WITH MORE THAN 20% MnTe 

These alloys have not been studied in detail. 
They are all found to be p-type at 300°K, with 
Seebeck coefficients of about 600 jiV/ 0 C and con¬ 
ductivities 0*3 to 0*03 Hall coefficients 

could not be measured, except in a sample with 
25% MnTe which had fi+ ~ 50 cm 2 /V sec at 
300 C K. A plot of In a against 1/T for a 50% 
MnTe sample between 80 and 400°K gave an 
activation energy of 0*08 eV. No discontinuity 
in a which might have indicated the onset of anti¬ 
ferromagnetic ordering was observed. 

An attempt was made to dope a 50% MnTe 
sample by diffusing in copper. However, a mixture 
was formed of a mercury rich zinc blende type 
phase and a new metallic compound with a face 
centred cubic lattice (a = 4*94-4*95 A).06) This 
compound was ferromagnetic at about 100°K and 
was thought to be roughly (CuMn)Te 2 . 

II. CONCLUSIONS 

The magnetic field dependence of the Hall co¬ 
efficient and resistivity in sintered MnTe-HgTe 
alloys has been used to separate the electron and 
hole contributions to R and a. The alloys are 
semimetallic when there is less than 13% MnTe, 
and probably the lowest conduction band changes 
from an (000) valley to some other set when there 
is more than 15% MnTe. 

The mobilities, number of carriers, and effective 
masses of the carriers have been found. The hole 
mobility is low. The electron mobility is 2-4 x 10 4 
cm 2 /V sec at 77°K in most alloys and could be 
even higher in single crystals. 

Most samples have a net acceptor concentration 
of 10 17 cm -8 . The origin of the acceptors has been 
discussed. Copper and excess tellurium are 
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acceptors. Oxygen is an acceptor, and when 
present in large quantities seems to reduce the 
energy gap. Excess mercury has various effects 
which are not fully understood. These alloys are 
suitable for the study of impurity band effects as 
the mobilities are not reduced much on heavy 
doping. The analysis has been pushed as far as is 
worthwhile with sintered samples. Further work 
would require more extensive measurements on 
single crystals. 

Acknowledgement —The author is indebted to Dr. A. K. 
Jo nscher for a discussion on impurity bands. 
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Abstract— A procedure by which dendritic ribbons of germanium may be grown in a <211) 
direction by rapidly pulling from a melt was developed by Billig(L2) and Bennett and LonginiW 
showed that twinning on a {111} plane was essential for growth. Later Wagner< 6) and Hamilton 
and Seidensticker^ demonstrated that at least two twin planes are required for continuous 
propagation. 

Experiments by the authors have shown that indium antimonide may readily be grown in the 
<321) and <110) directions as well as <211) . The appearance of these new growth directions 
depends critically upon the twin structure and supercooling. The <110) growth, for instance, 
occurs only with two twins spaced at less than 5 whereas <321) growth has been observed only 
with certain multiply twinned structures. 

The observations are explained by a simple model of the dendrite tip faceted with {111} planes. 
This model takes no account of the polarity of indium antimonide and should therefore apply 
equally to materials such as germanium which crystallize in the diamond lattice. Additional experi¬ 
mental evidence in support of this conclusion has been obtained with both silicon and germanium 
in which the twin spacing and structure is again found to be a most critical factor. 


INTRODUCTION 

The “dendritic” growth of germanium crystals 
in the form of long ribbons propagated in the 
<21 1) directions and bounded by {111} planes has 
been described by Billig, (1 - 2) Billig and 
Holmes (3) and Bennett and Longini. (4) This 
mode of growth was shown to depend upon the 
presence of twinning on the {111} plane which 
contains the directions of growth (4) and the later 
work of Wagner< 6) and Hamilton and Seiden- 
sticker (8) has demonstrated that for continuous 
propagation two or more twins are required. 


• This work was supported in part by the Manu¬ 
facturing Technology Laboratory, Aeronautical Systems 
Division, Wright-Patterson Air Force Base, Ohio, U.S.A 
t Now at Battelle Memorial Institute, Columbus, 
Ohio, U.S.A. 


In principle it is possible for growth to occur 
in any direction lying in the {111} twin plane but 
under the experimental conditions used only 
<211) was found. Bennett and Longini described 
the features of such dendritic ribbons noting that 
when an odd number of twins are present there 
are three preferred directions and for an even 
number of twins the six <211) directions are 
equivalent. Limited growth in a <110) direction 
from impure melts has been noted by O'Hara. < 7) 
Faust, Nicholson and Moss< 8) investigated 
the growth of indium antimonide dendrites 
concluding that they show the same features as 
germanium dendrites and that the polar axis does 
not interfere with the growth. Recent experiments 
by the authors, (9) however, have revealed aspects 
of the growth of indium antimonide which have 
not been reported in germanium. It has been 
found that, as well as growth in the <211) 


t Now at the University of Sheffield, Sheffield, 
England. 


899 



N. ALBON and A. E. OWEN 


m 

directions, propagation can alao occur in <110) 
and <321 > direction*. Dendrite* have been 
grown to a length of 2-3 in. in <321 > directions 
and to about 5-6 in.—limited only by the 
apparatua~~in <110) directions. In this paper the 
experimental conditions which favor growth in 
a given direction are described and a simple model 
of a dendrite tip u»ed to explain these observa¬ 
tions. The polarity of the InSb lattice is not, 
however, invoked either in constructing the model 
or in the subsequent arguments and it follows 
therefore that the same behavior should, under the 
right conditions, be observed in silicon and 
germanium. Some experimental confirmation of 
this assertion will be described. 


fast as to become uncontrolled, varied from 
10-18° of supercooling. The <321) growth 
was observed within these limits but over a much 
narrower temperature interval of 2-3°. These 
results are summarized diagrammatically in 
Fig. 1. The appearance of <110) directions de¬ 
pended only slightly upon supercooling within 
this range. 

In the <211) directions indium antimonide 
shows the same general features as germanium 
and such differences as do exist, e.g. more pro¬ 
nounced faceting, may be due to differences in 
thermal conditions. Bennett and Longini (4) 
observed that 3-twin germanium exhibits “favor¬ 
able” [2TT] and “unfavorable” [2l 1 ] growth 


EXPERIMENTAL METHODS AND 
OBSERVATIONS 

The experiments] method* and techniques of dendritic 
ribbon growth have been adequately deacribed etae- 
where< l - 4 > and will not be elaborated on here. It will 
suffice to aay that the apparatus used was very similar 
to a CjcochraUki crystal-pulling furnace except that 
there waa no rotation of the crucible or seed and the 
pulling speeds were somewhat greater (in the range 
0*OS~0’5 cm/sec). The melt, about 4 in. deep, was 
contained in a graphite crucible approximately 2 in. in 
overall diameter and 2 in. high end this was supported 
on a graphite rod roughly 9 in. long fixed to the base¬ 
plate of the furnace. The crucible was contained inside 
a fuaed-ailica furnace tube 6 in. dia. and 21 in. long and 
waa heated inductively by an r.f. coil external to the 
furnace tube. The temperature was measured by means 
of a sapphire light-pipe inserted vertically near the 
edge of the crucible and focussed on a thermopile 
aawmbly located in the baseplate of the furnace. This 
device was calibrated immediately prior to each experi¬ 
ment by meaeuring the output voltage obtained at the 
melting-point of the indium antimonide. In operation 
the furnace was first pumped out and a flow of argon 
introduced before the indium antimonide was melted 
down. The procedure of aceding etc. was precisely the 
tame aa that developed for germanium.* 4 ' l0 > 

Four melts of indium antimonide have been 
used; in three of these the impurity concentrations 
St room temperature were, very approximately 
10**, 10W, and leas than 10 14 per cm 3 . The fourth 
had an excess of 0*1 at per cent of indium which 
was Added to the 10 14 melt. Controlled growth was 
obtained over a range of supercooling which 
varied from melt to melt. The lower limit at which 
only slow growth of a button was observed varied 
from 2-4°C of supercooling. The upper limit, 
defined as the temperature at which growth was so 


I-1 211 


321 


<10*corr/cm 3 
lO^eorrAjm 5 
lO^carr/cm 3 
+ 0-1 at.% In 

0 



j -1_i_i 

5 10 15 20 

Degrees of Supercooling, ®C 


Fig. 1, Range of controlled growth m the four melts of 
indium antimonide. 


directions but in indium antimonide there does 
not appear to be such a marked difference in these 
directions. 

The growth direction referred to here as (321) 
actually shows some deviation from the precise 
crystallographic orientation. Using a <211> 
direction as a datum line, propagation has been 
observed experimentally at an angle varying 
between 10 and 15° from this; the crystallo¬ 
graphic angle between a <211) and the adjacent 
<321) directions in a {111} plane is 10-89°. 
Growth in <321) directions has been observed 
mainly from a seed containing seven twins and 
as described above, in a very narrow range of 
supercooling. It is expected, however, that five 
twins would also show a strong tendency to 
propagate in this direction (see following dis¬ 
cussion) but a seed of this structure was not 
obtained in these experiments. With a suitable 
seed oriented in a (211) direction it was always 
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found that the Initial growth was in the same 
direction, diverging into <321 ) directions after 

I or 2 in.—a typical example is shown in Fig. 2. 
The <321) growth has been continuously props* 
gated for 2-3 in. after which it normally 
reverted to <211) as the sides of the crucible 
were approached. A detailed examination of a 
<321) dendrite indicates that it is, like a <211) 
dendrite, bounded entirely by {111} planes 
(Fig. 3). Sections through <321) dendrites show 
a different geometry to those grown in a <211) 
direction suggesting that the //-arm mechanism 
described by John and Faust (111 does not occur 
in this instance. 

Growth in the <110) directions has been 
observed predominantly from a seed containing 
two twin planes with a spacing of less than about 
5 fi. It has occasionally been observed from seeds 
of more complex structure but on examination it 
proved that the excess twins had quickly grown 
out and the <110) propagation continued with 
just two closely spaced twins. With two-twin 
Beeds having a spacing greater than 10 fx propa¬ 
gation was observed only in <211) directions 
under all conditions. In the intermediate region 
of spacings between 5 and 10 p, <110) and <211) 
growth was found to occur equally readily. The 
critical effect of twin spacing on the growth 
direction was demonstrated in an experiment 
using a two-twin seed with a spacing at one edge 
of 11 ft and at the other of about 5 ft. It was ob¬ 
served that subject to the right degree of super¬ 
cooling, propagation from the 5 ft side quickly 
diverged into <110) directions while from the 

II ft side growth occurred exclusively in <211> 
directions. Under the right conditions of twin 
structure and supercooling indium antimonide 
can readily be propagated continuously in a <110) 
direction from a seed which itself is oriented 
in that direction. An illustration of such growth 
is shown in Fig. 4. There appears to be no 
difference in the ease of growth for the six <110) 
directions in a {111} plane. The sectional geometry 
of <110) dendrites is also, like the <321), 
different from the <211) perhaps indicating the 
absence of the H -arm mechanism. 

The experimental results, which have been 
described briefly in the preceding paragraphs, 
are summarized in Table 1 which represents 
the accumulation of several hundred observations. 


DISCUSSION 

As the presence of twin planes is essential for 
the growth of these dendrites, corresponding 
ridges and reentrant grooves would exist at 
the tip.<*> These areas would then be bounded by 
{111} facets. Farther away from the faceting at 
the twins the dendrite surface may be rounded as, 
under the non-equilibrium conditions existing, 
growth does not proceed out to crystallographic 
planes. The shape of this curved surface is usually 
determined by thermal considerations and will 
not be discussed in detail. 

Table 1. Twin structures and growth directions 
o/InSb 


r Total twin Observed growth 

0 spacing directions Symmetry 

twins / \ 

(m) 

Continuous Branching 


2 

2-3*5 

110 only 

110 > 211 

6-fold 

2 

5*5 

110, 211 

211,110 

6-fold 

2 

11-16 

211 only 

211 

6-fold 

3 

3-3*5 

211 only 

211 

3-fold 

3 

50*3 

211 

211 

6-fold 

7 

9*6 

211, 321 

211, 321 

— 

9 

15*4 

211 

211, 321 

— 


Notes 

(1) Continuous propagation means here, for <110) 
and <211) dendrites, a length limited by the apparatus 
(about 5 in.) and for <321), more than | in. (longest 
length grown was about 2 in.). 

(2) <321) growth is only obtained over a sharply 
defined range of supercooling (see Fig. 1) as described in 
the text. 

(3) Branches in the <110) direction have been 
observed when using seeds containing three or more 
twins but in all samples so far examined these branches 
contained only two closely spaced twins. 

Experimental observations indicated that the 
growth directions observed were dependent 
upon whether the twin spacing was greater or 
less than a critical value. We will describe a 
spacing less than this value as “close” and a 
greater spacing as “wide”. The relation between 
number of twins and growth directions will be 
considered separately for closely and widely 
spaced twins. When the twins are closely spaced 
it is assumed that the faceted regions at the re¬ 
entrant grooves will overlap and an explanation 
of the growth directions observed is given using a 
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mode) of the tip comprised entirely of {111} 
facets. The resultant growth direction depends 
upon the number of twin reentrant groove* and 
their orientation. As the twin spacing is increased 
a point will be reached when the {111} planes 
forming the reentrant grooves intersect the 
curved surface rather than the other twin groove. 
The hypothesis is made that this occurs at the 
critical spacing. For widely spaced twins therefore 
the model used is that of a tip with faceted regions 
around each reentrant groove separated by a 
curved surface. An increase in tip curvature 
resulting from a change in growth conditions 
should result in an alteration in the width of the 
critical spacing. Thus, the parameter depends upon 
thermal conditions and with indium antimonide, 
under the experimental conditions described, the 
critical spacing was approximately 5 


to the growth direction. The “sawtooth*' arrange¬ 
ment of {111} planes observed on <211> dendrites 
does not arise and lateral growth originating from 
the reentrant corners at the intersection of these 
{111} planes cannot occur. Widening of <110) 
dendrites usually proceeds at the twin reentrant 
grooves and it is observed experimentally that the 
twin planes almoBt invariably extend right across 
the dendrites. 



1. Closely spaced twins 

(a) Two-twin seeds . The presence of two twin 
planes in a body bounded by {111} planes leads 
to a shape having sixfold symmetry (Fig. 5(a)) 
with a single reentrant groove and a ridge per¬ 
pendicular to each <211> direction (Fig. 5(b)). 
For continuous propagation of dendrites in any 
given direction the growth process must preserve 
the tip morphology. The assumption is made that 
under equivalent conditions nucleation and growth 
occur at the same rate at each reentrant groove 
at the faceted tip. Overall rate of growth will of 
course depend upon such parameters as the 
supercooling. Nucleation and growth from the re¬ 
entrant groove A-B (Figs. 5(b) and (c)) together 
with growth at the same rate from each of the 
grooves CD and EF result in a lengthening of 
the groove A-B. Thus in the <211> direction the 
tip widens and growth in this direction is not 
stable. 

When viewed from the <110) direction (Fig. 
6(a)) the twin grooves and ridges intersect at a 
comer. Growth advances this corner in the <110) 
direction without any change in shape so that 
continuous propagation of <110) dendrites is 
possible (Fig. 6(b)). Table 1 shows that <110) 
growth was preferred for indium antimonide when 
seeds having two twin planes closer than 5 p were 
used. 

All sides of dendrites grown in the <110) direc¬ 
tions are bounded by {111} planes lying parallel 



planes. 

(a) . Equilibrium shape of crystal bounded by {111} 
planes and having two twins in plane of paper. 

(b) . The <211 > tip of dendrite with two-twin planes. 

Twin Groove ^—=== Twin Ridge-. (c). 

Growth occurring equally from each <211 > facet (x/y = 
1) resulting in lengthening of the groove AB. Twin 

planes in plane of paper. 

(b) Three-twin seeds . Dendrites grown from three- 
twin seeds have been extensively studied especially 
with germanium (see Ref. 4), and will only be 
discussed briefly. A theoretical description of the 
growth of germanium dendrites in the <211) 
direction has been given by Bolling and 
Tiller. The structure of tips bounded by 



Fig. 2. A typical example of a -'211> 
InSb dendrite branching into ^321> 
directions. 



Fig. 3. Tip of a <321 > InSb dendrite. Fig. 4. Propagation of a <110> InSb dendrite. 
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Fig. 12. A germanium dendrite showing 
<U0> branches from a <211 > stem. 







Fig. 14. Illustrating the loss of a twin in development Fig. 15. A section near the tip of a <[211) dendrite 
of a '110/ branch in the Ge dendrite of Fig. 12 having asymmetrically placed twins ( x 966). 

{ x 358). 



Fig. 16. <[110/ branching from a <211> 
silicon dendrite. 
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{111) facets and viewed from the <211) and 
<110) directions are shown on Figs. 7(a) and 7(b), 
There is one set of three <211> directions ter¬ 
minated by two reentrant grooves and one ridge 
and another set having one reentrant groove and 
two ridges. The assumption is made that growth 
where two reentrant grooves emerge is at approxi¬ 
mately twice the rate for the direction where one 
groove emerges. Then the growth on the grooves 
AB and GH (Fig. 7(a)) and on the grooves CD 
and EF results in maintenance of the length AB 
(Fig. 7(c)). Thus continuous propagation in 
three <211) directions occurs. 


w 




A' B' 



A* 

Fig. 6. Two-twin dendrite; <110> aspect. 

(a). <110> tip. Twin planes perpendicular to paper. 
Viewed from <110) direction. Twin Groove ■ — ; 

Twin Ridge-. (b). Twin planes in plane of 

paper xjy =» 1. 

As the comers A and B move in a <211 > direc¬ 
tion continuous propagation of <110) dendrites 
having three closely spaced twins is not observed, 
(c) Multi-twin seeds. The structure of a faceted 
tip of a dendrite having 7 equally spaced twin 
planes is shown in Fig, 8(a) as viewed from a 
<211) direction. There are four reentrant 
grooves perpendicular to one set of three <211) 
directions such as AB and three grooves per¬ 


Fig. 7. Three-twin dendrite. 

(a). <211 > tip. Twin planes perpendicular to paper. 
Viewed from <211 > direction. Twin Groove ===== . 
Twin Ridge-. (b). <110> tip. Twin planes per¬ 

pendicular to paper. Viewed from <110> direction, 
(c). Twin planes in plane of paper xjy ** 2, leading to 
stable propagation in vertical <211 > direction. 

pendicular to the other set (CD and EF). Making 
the assumption previously used that the relative 
growth rate at the faceted tip in each direction 
depends only on the number of reentrant 
grooves in that direction the corners A and B 
will advance to A' and B ' (Fig. 8(b)) and the 
length of AB will increase. There is therefore a 
tendency for the dendrite to divide and growth in 
the <321) direction most nearly satisfies the 
requirement of preserving tip morphology. These 
arguments will also apply when there are variations 
in the spacing of the twins provided that each re¬ 
entrant groove contributes equally to the rate of 
growth. In the seven-twin seed used experimentally 
the spacing of the individual twins varied from 
approximately 1 to 3 and the total spacing was 
9*6 p (Table 1). Figure 3 shows the tip of a 
<321) dendrite. A comer such as B (Figs. 8(a) 
and (b)) will project furthest into the melt and the 
two sets of reentrant grooves will be at different 








N. ALBON end A. E. OWEN 


tQ(b to the <321) growth direction. Propa¬ 
gation require* a balance between the rate* of 
4he«c two group* of groove*, and it 
AMta* likely that, a* » observed, this would only 
occur over a narrow range of supercooling. 


<•) 





Flo. 9. Diagram to illustrate calculation of growth 
direction. 

Table 2. Calculation of angle of growth, 9, relative 
to (211} for various twin structures 


No. of twins 


-*ly 


e - tan-i(2 -r)IV3r 


Even 

3 

5 

7 

9 


1 

2 

3/2 

4/3 

S/4 


30° 

0 

11 ° 

16° 

19° 


FiO. Seven-twin dendrite, 

(*)* <211> tip. Twin planet perpendicular to paper 

viewed from <211> direction, Twin Groove —- 

Twin Ridge — *——, (b), Twin planes in [plane of 
piper, xjy m 4/3, leading to lengthening of groove AB . 

A# mentioned earlier the direction of growth of 
<321> dendrites often deviate* from the exact 
angle. Assuming a* before, that the ratio, rate of 
Advance normal to ABfnte of advance normal to 
CD it equal to the ratio of the number of re¬ 
entrant grooves perpendicular to these two 
direction*, then the direction in which the corner 
# advances can be calculated (Fig. 9). Table 2 
Show* the angle 8 which this direction make* with 
the <211> direction. This calculation indicates 
that <321 > growth would be most favored from a 
closely spaced five-twin seed. Experimental 
cwmnntfton of this was not possible a* a suitable 
seed was not available. 

2* Widely spaced Heins 

(a) Tm-twin seeds, When the twin plane* are 
WwMy spaced the reentrant grooves will be 


Note 

Cry.tallographically, the <11C» direction makes an 

m th the . <321 > direct,on an angle of 10-89° 

to the direction. 

separated by curved regions as assumed earlier 
and shown diagrammatically on Fig. 10. Nucleation 
will still occur in the reentrant grooves and for 
continuous propagation the tip morphology must - 
be maintained. This is achieved by layers origin¬ 
ating at the reentrant grooves and advancing 
over the curved interface to the adjacent facets 
For example, the facet A is maintained in equili¬ 
brium by a process of nucleation and growth at its 
!—5 »8«ker with widen, "**2 

layers advancing from facets B and C. This il 
essentially similar to a mechanism proposed by 
Hamilton and Seidensticker.<®> Hence tk« 
^th directions are those in which the facets 
aavance, i.e. <Z11>. The presence of two twin 
planes » essential for continuoua propagation** 

“ “ ntrMt t ° the with closely spaced 

wins the second twin does not influence the 
direction of growth. It may be expeSthlt 
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growth directions resulting from this mechanism 
will be sensitive to the influence of thermal 
geometry. 

(b) Multi-tvrin seeds. The same considerations, 
apply to seeds containing a number of twins 
although complex details may arise from the 
variations in spacing which occur. 


tip and the same cemideratiofts apply. The 
tip* of <110) and <211 > dendrite* u such that diflunon * 
processes can occur more readily when growth is tn the 
<110> direction. ^ 

EXPERIMENTAL OBSERVATION 8 ON 
GERMANIuhf AND SILICON 
Although the preceding discussion was based 
on experimental observations made with indium 



Flo. 10. Schematic drawing of facets on curved tip of 
dendrite having two widely spaced twin planes. 


3. Thermal conditions 

(a) Supercooling. Experimental observations of the 
effect of supercooling on the appearance of various 
growth directions were described earlier in this paper. 
This will not be discussed further here. 

(b) Thermal and solute gradients. Growth of dendrites 
of indium antimonide in the <110) and <321) directions 
occurs readily using the experimental conditions 
described, indicating that the thermal gradients which 
exist are favorable. A low thermal gradient favors comer 
growth because latent heat is then dissipated more 
readily and this will make growth in the <321 ) and 
especially the <110) direction preferred. Referring to 
Fig. 6, nucleation at the reentrant grooves followed by 
growth will be favored near the corners A and B. These 
growth layers can interact and form a projection in the 
<110) direction before growth on each reentrant 
groove results in a projection in the <211) direction. 
Thus, low thermal gradients and narrow twin spacing 
both favor <110) growth. When a two-twin indium 
antimonide seed having the closest spacing available 
( <2 /a) was used, growth in the two <110) directions 
at 60° to the seed axis was favored over propagation 
in the direction of the seed. This observation was 
repeated using the seed rotated through 180° and occurs 
because this mode of growth dissipates latent heat 
most readily. An example is shown in Fig. 11. 

During growth from a solution or from an impure 
melt a concentration gradient may become the con¬ 
trolling factor in determining dendrite shape behind the 


antimonide no account was taken of the polarity 
of this compound in postulating a mechanism. 
The same features should therefore apply to 
elements crystallizing in the diamond lattice. 

When germanium dendrites are grown with 
similar apparatus to that used in this work for 
indium antimonide the thermal gradients are high 
and do not favor <110) growth. However, 
examination of a germanium sample grown from a 
pure melt under experimental conditions which 
reduce the imposed thermal gradients revealed 
branches in <110) directions. We are indebted to 
Dr. S. O'Hara for supplying this sample which is 
shown in Fig. 12 and diagrammatically in Fig. 13. 
An examination of the twin structure by fradture 
at the points marked on Fig. 13 showed a relation 
between numbers of twins, twin spacing and growth 
direction which is summarized in Table 3. 

Threefold growth symmetry in <211) directions 
is shown by the main stem and many branches 
and all of those examined show three closely 
spaced twins. Two kinds of branches in the <110> 
direction occur and both have only two twin 
planes, either of the two outside twin planes of 
the main stem being lost. Those branches with 
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FiC. 13. Diagram of dendrite shown in Fig. 12. 


two twins of 5 ft spacing show features of both 
<211) sutd (110) growth and this appears to 
he the critical spacing for these growth conditions. 
The branches having two twin planes of only 1 
spacing show only features of <110) growth 
with sixfold symmetry. 


Table 3. Growth directions and twin structure , 
germanium 


Section 

Direction 

No. of 
twin* 

Spacing fi 


211 

5 

1-5-7 S-l5 

Main Stem 

211 

3 

1-5 

Branch** 

211 

3 

1-5 

jfjfligidbas 

110 and 211 

2 

5 

Brandies 

HO 

2 

1 


These observations are similar to those made on 
indium antimonide. At the dendrite tip a pro¬ 
jection in the <110) direction is formed at two 
twin planes and when the <110) branch grows, 
a twin is lost. In Fig. 14 is shown a section across 
the main <211) stem and a <110) branch which 
illustrates that the third twin jogs to the surface. 
Either twin can be readily lost including one of a 
pair with a spacing of only 1 p. That twin may be 
lost which lies closest to a face of the dendrite 
parallel to the twin planes aa suggested by 
Setdensticker and Hamilton* 13 * who discuss the 
loss of twin planes when asymmetrically placed 
during later stages in growth. An early stage in 
this process is shown in Fig. 15 of a section near 
the tip of a 211 branch, on a germanium sample. 
This shows the lag in growth of one twin plane. 

Similar behavior can readily be observed on 
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ma ples of silicon. Observations which duplicate 
closely those described for germanium have 
been made on silicon dendrites supplied by 
A. I- Bennett and J. Melnoalis. One of these 
samples consisted of a strip grown in the <211) 
direction which terminated in 110 branches. 
The sample was fractured close to the point of 
division as shown in Fig. 16. Examination of the 
fracture showed that one of the original three 
twins was lost at the point where <110 > growth 
commenced. 


and Ge. Subsequently observations on Stand Ge 
have confirmed that, under suitable conditions, 
the same featured may be found in these materials. 
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The observations on silicon and germanium 
indicate therefore, that under certain conditions 
dendrites can propagate in the <110) directions 
thus confirming the model proposed on the basis 
of experiments with indium antimonide. 

CONCLUSIONS 

It has been found that InSb dendrites may be 
propagated in <321) and <110) directions as 
well as the more usual <211) directions. The 
appearance of these new directions depends 
critically on the twin-structure of the seed crystal 
and also, in the case of <321), on supercooling. 
The experimental observations are discussed in 
terms of a simple morphological model of the 
dendrite tip and it is shown that this can adequately 
account for the new features. The model and 
mechanism make no reference to the polarity of 
InSb and should therefore, be applicable to Si 
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A SIMPLIFIED METHOD FOR CALCULATING THE 
DEBYE TEMPERATURE FROM ELASTIC CONSTANTS 
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Abstract—The Reuss-Voigt approximations are well known methods whereby the isotropic 
polycrystalline elastic constants can be calculated from the single crystal elastic constants, It is shown 
here that the Reuse and the Voigt approximations can be used to estimate, accurately, the mean 
sound velocity of a crystal. Using this method, the Debye Temperature, which is proportioned to 
the mean sound velocity, can be determined without recourse to the published tables or high 
speed computers. This approximation is valid for all crystal classes. 


I. INTRODUCTION 

The Debye temperature is an important parameter 
of a solid. It is found in equations describing 
properties which arise from atomic vibrations, and 
in theories involving phonons. 

One of the standard methods of calculating 
the Debye temperature is from elastic constant 
data, since d is proportional to the sound velocity 
(averaged) v m by the equation 
h[3qNplV» 


and where hjk have the usual meanings of 
quantum mechanics, N is Avogadro's number, p 
is the density, M is the molecular weight of the 
solid and q is the number of atoms in the molecule 
(g * 2 for NaCl, 3 for CaF 2 ). 

The use of equation (1) is often hindered by the 
problem of computing v m . Since 6 is a scalar, it 
follows that v m must also be a scalar, and herein 
lies the difficulty of this method. The stress is a 
tensor quantity, and for each direction in a crystal, 
there are three velocities each of which is a com¬ 
plicated function of the stress components. The 
expression* 1 * for v m is 


v m 


/i ^ r 1 

ill Jr ^ (2) 


This integral is solved by numerical methods as 
follows; the three sound velocities, vu v* are 


found in an arbitrary direction and then stored; 
the process is repeated for a large sample of 
directions, throughout space; and a numerical 
summation using Simpson's rule made in place of 
the volume integral. 

The equation shown above is the rigorous way 
to find the mean sound velocity, but it is im¬ 
practical to use except by means of high speed 
computer methods. The solution of the equation 
requires knowledge of the elastic constants of the 
crystal. 

This paper will be concerned with a substitute 
for equation (2) to determine the mean sound 
velocity. Only one class of symmetry—that of 
isotropy—lends itself to an easy calculation of v m , 
for in that case equation (2) reduces to the simple 
form 



In this case, isotropy includes truly isotropic 
materials like glass, and polycrystalline materials 
where the shear and longitudinal sound velocities, 
v 8 and oj are invariant with direction. 

The idea presented in this paper is that the 
experimentally measured velocities v% and vt of the 
polycrystalline solid can be closely approximated 
by a simple, but well known, averaging scheme 
of the single crystal elastic constants, yielding it 
and fy. Further, it is proposed that the averaged 
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vdoories when u«ed in equation (3) yield a 

ydw " ' 



whkKii little different from the value & m calculated 
by the rigorous method, equation (2), 

The particular averaging scheme used and 
recommended will be presented in Section II. A 
description of the detailed calculations involved 
in proving that ft* is a close approximation of v m 
is presented m Section III. The results of several 
hundred crystals will be presented in Section IV. 
The implications and benefits to the materials 
scientist resulting from the use of € m will be 
discussed in Section V. Numerous tables of the 
elastic constants used are collected in several 

appendices. 


u. literature background for the 

AVERAGING SCHEME 

The recommended scheme for averaging the 
elastic constants and sound velocities is a synthesis 
of several ideas which have appeared in the 
literature. It will be called hereafter the VRHG 
approximation (Voigt, Reuss, Hill and 
Gilvajwy). 

That part of the VRHG approximation due to 
VoiQT< ! > is a simple linear relation between the 
isotropic shear and bulk moduli of a polycrystalline 
composite and the single crystal moduli (r</8 
represent stiffness) 


*v«/i(c„) (5) 

Gk - Mc«) (6) 


Equations (5) and (6) are expanded in Appendix I. 

A different linear relation between the isotropic 
shear and bulk moduli and the single crystal elastic 
moduli was derived by RfiirssW (**/« represent 
compliance,) 

K R -M*ts) (7) 

( 8 ) 


Equations (7) and (8) are expanded in Appendix I. 

‘^ losing energy considerations HillW proved that 
the Voigt and Reuss equations represent upper and 
tbftdr limits of the true polycrystalline constants, 
and lie recommended that a practical estimate 


of the polycrystalline moduli were the arithmetic 
means of the extremes, 

Kh == lj2{Kn+Kv) W 

Gh = 1/2(Gr+Gv) ( 10 ) 

The probable values of the average sound 

velocities are computed from (9) and (10) as 

follows 

ft = \/(GhIp) (11) 

ft = V(Kh+4!1G„)/p (12) 

Finally the approximate sound velocity is found 
by using the values computed from (11) and (12) 
in (4), and the Debye temperature then is easily 
computed by (1). Gilvarry used virtually the 
same method to approximate the Debye tempera¬ 
ture of sodium,and deserves credit for insight 
to the method. 

The point is that the VRHG approximation 
(equations (4) through (12)) for computing € m 
requires only about ten minutes on the slide rule 
and is good for any symmetry, whereas the 
exact method using equation (1) requires numerical 
methods on a high speed computer, or access to 
tables such as have been published by deLaunay 
for some of the high symmetry solids.* 4 ) 

It is the purpose of this paper to demonstrate 
that the VRHG approximation is not only 
practical but quite accurate. In fact, the VRHG 
approximation was applied to the data of over 200 
crystals of all classes. In all but a very few cases, 
which will be later discussed, the error of the 
approximation was less than the probable error 
of the experimental results themselves. 

There are other approximations in the literature, 
but these, in the author’s opinion, either lack 
generality or accuracy. For example, a number of 
“mathematical** approximations to equation (1) 
which have been explored by Blackman* 5 ) are 
sometimes accurate but cannot be applied 
generally—typically one technique is accurate 
for a certain class, but not for another. One 
approximation due to Post, is general to all 
crystal classes, but it yields results which are 
considerably more erroneous than the VRHG 
approximation. 

The VRHG approximation as applied to the 
trigonal crystal alumina, is presented in detail in 
Appendix I. 
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IH. PROVING 'rHB VHHG APPROXIMATION 

The proof consists of an analytical part and an 
e xpe ri me ntal part. The analytical proof is that 
equation (4), is close in value to v m , equation 
(2), when the same elastic constant data are used 
in both calculations. The experimental proof is that 
the computed Young’s modulus and Shear 
modulus, Eh and Gn from equations (9) and (10) 
which average the elastic constants of the single 
crystal, are close in value to the measured E and G 
of the highly dense poly crystalline phase which is 
hot pressed from the crystalline powder. 

A. Analytical proof 

A program for the IBM 7090 was written to 
solve equation (2) for v m > The following is read 
into the computer program as input data: the 
elastic constants, or the elastic compliances, 
Sij; the density; the molecular weight of the 
crystal; the limits of integration shown in equation 
(1)—(for a cubic crystal the limits correspond to a 
one-fourth of the sphere); and the increment of 
angles in the numerical integration (usually 5°). 

Given the elastic constants the elastic com¬ 
pliances are computed, or vice versa by a sub¬ 
routine which inverts any reasonably sized n x n 
matrix. 

Next the solution of the equations of motion of 
elastic waves is found. This involves solving the 
determinant for a particular direction of wave 
propagation. In the general case, each element of 
the determinant involves all elastic constants/ 7 ) 


To get the velocities the eigenvalue* of the deter¬ 
minant are obtained by a sub^mitine which used 
double precision statistical methods. 

The three velocities allow the integrand ® 
equation <2) to be twined. The integrand h» 
stored, and the program repeated for a new 
direction. The integration is replaced by a summa* 
tion which sums the integrands according to 
Simpson’s rule. The program is arranged so that 
any fraction of the sphere can be chosen for the 
integration (quadrant, octant, etc.) and the 
correct multiplication factor is retained. As a 
typical case, integrating one-fourth of a sphere at 
5° intervals in the polar angles 0 and tf> takes about 
10 sec on the IBM 7090. 

If 0 is the polar angle, and ^ the azimuthal angle, 
the volume of integration is then sin MMufr* 
The limits on integration for 0 is always 90°. 
The limits on <j> are 30° for hexagonal crystals, 
45° for tetragonal, 60° for trigonal, 90° for 
orthorhombic and 180° for monoclinic. 

After v m > equation (2), is computed; the Voigt 
and Reuss elastic moduli, equations (4) to (8), are 
computed and finally various sound velocities, 
including v mt equation (4). 

The program was checked by comparing the 
Debye temperature 0 from the computed 
with the Debye temperature given by others using 
various methods where in all cases the same elastic 
constants were used for the solid. (It was not 
always possible to ascertain whether the density 
was the same as that used by other authors.) 
This crosscheck is shown in Table 1. 


Table 1. Comparison of the value of the Debye temperature front this IBM program with values in 

the literature 


Element 

Density 

Mol. Wt. 

8 (here) 

8 (published) 

Source of Information 

Ag 

10-635 

107-88 

226*5 

226-4 

Alers and Neighbors 

A1 

2-734 

26-965 

426-7 

426*6 

Huntington 

Au 

19-488 

197*00 

161-7 

161*6 

Alers and Neighbors 

Cu 

9 02 

63-54 

344-5 

345-3 

Overton and Gaffney 

Li 

0-545 

6-94 

326-0 

335*9 

Alers and Neighbors 

Ni 

8-968 

58-71 

476-2 

476-2 

Alers and Neighbors 

Th 

11-787 

232*05 

164*2 

164-2 

Armstrong Carlson, Smith 

V 

6-022 

50-95 

393*2 

394*0 

Bolef and Menes 

Hexagonal 

Beryl 

1*848 

9-013 

1463*5 

1462.0 

Smith 

Cd 

8-719 

112-41 

214-2 

213*0 

Garland and Silverman 

Mg 

1-779 

24*32 

386-0 

385-8 

Alers 

Zn 

7*134 

65-38 

328*3 

328-1 

Alers and Neighbors 
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,:The print out erf the program is: (1) the basic 
5^, indodjng crystal class, author and 

(source of elastic constant data), 
te mp er s tore of measurement, density, and in- 
structkms for die integration; (2) the elastic 
oonstants themedvea in matrix form; (3) the Voigt, 
Reus* and Hill approximations for the isotropic 
moduli; (4) the final results, including the 
rigorous average sound velocity v m , the approxi¬ 
mate average sound velocity, the Debye tempera¬ 
ture, and the approximation error. 

A * (€m-Vm)/v m (13) 

The analytical proof is completed by showing 
that A is about the same order as the uncertainty 
in measuring elastic constants. This will be 
demonstrated in some detail in Section IV. 


B. Experimental proof 

When pure and finely divided crystalline powder 
is hot pressed, in the appropriate way, the result 
is a bar of the material which is uniform in density, 
and isotropic, which approaches the density of the 
single crystal, and which is large enough to make 
resonance measurements of the elastic moduli. 
If a sufficient number of these bars are prepared, 
with a variety of values of porosity all close to 
aero, the isotropic elastic constants of the poly- 
crystalline materials at zero porosity can be 
obtained by extrapolation. 

The experimental proof is completed by 
showing that the extrapolated values of the elastic 
moduli of the hot pressed solids (zero porosity) 
are dose to the values obtained by the Hill mean, 
equations (9) and (10) from single crystal elastic 
constant data. 

This proof has already been established for 
Several polycrystalline metals by Data on 

oxides are rarer. The polycrystalline elastic 
: constants of hot pressed alumina were reported 
in the Master's thesis (1961) of Dae-Hyun Chung 
O f Alfred University.^) Chung’s results sre shown 
in Tabic 2. The vslues in the parenthesis are 
writer** extrapolations. These results are 
; plotted in Figs. 1 and 2. The results in the last 
^ Hike above are to be compared with the values 
r predicted from the elastic constants of trigonal 
^dtumna, as shown in Appendix I. 


Table 2. Measured isotropic moduli of poly- 
crystalline alumina 


Density 

PimWt , Young’. 

P< ”£" ty modulus 

1 /e1 (kW») 

Shear 

modulus 

(kbars) 

3-835 

3-79 

3571 

1439 

3-848 

3-46 

3607 

1462 

3-885 

2-53 

3702 

1503 

3-900 

2-16 

3764 

1538 

3-914 

1*81 

3784 

1549 

3*947 

0*98 

3928 

1591 

3-986 

(0) 

(4050) 

(1650) 

Table 3. Predicted isotropic moduli of polycrystalline 



alumina 




Young's 

Shear 


modulus (kbars) modulus (kbars) 

Max. (Voigt) 

4083 

1660 

Mean (HiU) 


4027 

1634 

Min. (Rcuss) 

3972 

1607 
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0 12 3 4 

Porosity, per cent 


Flo. 2. Variation of shear modulus with porosity for 
sintered alumina (after Chung< 8 >). 

The agreement between the mean values in 
Table 3 and the last row in Table 2 is remarkably 
good. Further work must, of course, be done on 
non-metallic polycrystalline solids, but the experi¬ 
mental proof can be considered as established, at 
least tentatively. 

IV. THE VRHG APPROXIMATION FOR SIX 
CRYSTAL CLASSES 

The IBM program for the calculation of 
v m> and A (equation (13)) was used for a 
number of seta of elastic constant data obtained 
by reading the literature, including 106 cubic 
crystals, 60 he xago n al crystals, 19 trigonal crystals, 
18 tetragonal crystals, 19 orthorhombic crystals 
and one monoclhuc crystal.* 

* The full tabular data can be obtained by writing the 
author. 


A. Cubic system 

Numerous approximations exist in the literature 
for the value of v m lot cubic symmetry. In the 
author’s opinion none of the approximations are 
more accurate than the VRHG approximation. 

It turns out that for most cubic crystals, the 
error A is less than 1 per cent. Those crystal* 
in which it is more than 2 per cent are all highly 
anisotropic. A convenient method of defining 
anisotropy, following Hill,# 5 is the spread of the 
computed shear modulus computed by the Reuas 
and Voigt limits, the degree of anisotropy is; 

g 1 G v —Gr G v —Gr 

2 Gh Gq+Gr 

3[2c44“-(cn-£u)] 2 

= —-- (14) 

1 2 * 44 + 3Sc u (c n —ds)+3(cn—eja) 2 

It turns out that whenever 8 is less than 20 per 
cent, A is less than 2 per cent This is illustrated 
in Fig. 3. Here it is shown that the results cluster 
around two simple curves, the upper composed 
mostly of the halide crystals, the lower being 
elements and other compounds besides halides. 
This relationship between A and 8 permits a 
rather exact estimate of the Debye temperature 
from the elastic constants of a cubic crystal. The 
author recommends the following procedure. 
Compute by the VRHG method. Compute 8 
by equation (14). If 8 is less than 20 per cent, A is 
less than 2 per cent. If 8 is more than 20 per cent, 
the value of A can be estimated, it being approxi¬ 
mately 1/10 8 and positive. 

B. Hexagonal system 

In Appendix II, typical examples of the results 
obtained for 60 hexagonal crystals are presented. 
The maximum error in A is 3 per cent for ic^. 
Cadmium and zinc are fairly anisotropic, and the 
value of A is about 2-1/2 per cent. But in general, 
the VRHG approximation is quite good for this 
class, and in most cases better than the probable 
accuracy in measuring elastic constants. 

C. Trigonal system 

In Appendix II, typical examples of the 
results obtained for 19 trigonal crystals are 
presented. Here the elastic constant data from one 
author compared with another are not always 
in agreement, and the value of A takes on a 
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Cubic Solids 



Dvqtm of anisotropy , per cent 

Fig. 3. Degree of anisotropy per cent. 


number of values. Whenever, the elastic constant 
data are very good, the value of A is low. For 
instance, when the most recent measurements on 
alumina by Wachtmann and Teft in which the 
elastic constants were very carefully cross checked 
for internal consistency are used, A is only 
— 1 *36 per cent. Older data for alumina shows A 
to be as much as 8*5 per cent. The elastic constant 
data for Koga for a-quartz is very reliable, and in 
this ca*e A is — 2'2 per cent, whereas other data 
yields a higher error. The worst value calculated 
by the VRHG method is for mercury, where A 
is 25 per cent However, these elastic constant data 
were reported in 1934, and should be recheckcd. 
In the author’* opinion, A is less than 2*5 per cent 
for rhb class whenever there has been careful 
cross checking of the elastic constant data by the 
ga^enmenters. 

IBft Tfirqgenal system 

In Appendix II, typical values obtained for 18 
jettftgo&al crystals are presented. Again, whenever 


there is evidence of internal consistency of the 
elastic constants, the value of A is small. For 
instance, the values for v in for Rutile are 
5*652 x 10 5 and 5*557 x 10 5 from Birch, and from 
Joshi and Mutri respectively, revealing a dis- 1 ' 
crepancy of about 2 per cent in the primary 
measurement data. Yet, the difference between 
the approximate and the rigorous values of 
are 2 per cent, using the same data in both cases. 
Consequently, the approximation is about as 
accurate as the data itself. On the other hand, 
the values for the crystal KH 2 PO 4 vary con¬ 
siderably from author to author, and corre¬ 
spondingly the value of A is somewhat higher. In 
the author s opinion, the VRHG approximation 
is reliable for this class. 

E. Orthorhombic system 

The results for the orthorhombic system are 
especially interesting as shown by the example in 
Appendix II. All values of A are low except for 
KBsOg • 4HjO which is 4'3 per cent. Especially 
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interesting Is the value for uranium in which A 
is bebw 1 per cent. The elastic constants for this 
solid were accurately determined and carefully 
for internal consistency. It would appear 
that the VRHG approximation is reliable for this 
class. 

F. Monoclinic system 

The data for one monoclinic crystal was found, 
which is presented in Appendix II. 

G. Temperature dependence of v m 

The elastic constant data at absolute zero are 
needed for the determination of the Debye 
temperature. The elastic constant data at room 
temperature are more often available. There are 
a number of instances in the literature where the 
elastic constants at room temperature are accurately 
integrated by equation (2), to obtain a value of the 
Debye temperature, and this Debye temperature 
is then compared with the corresponding Debye 
temperature calculated from specific heat measure¬ 
ments. This value of 6 thus obtained is meaningful 
only to the extent the v m is independent of tem¬ 
perature. The temperature dependence of v m 
was checked for three solids where the elastic 
constants were well determined from room 
temperature. In these three solids, Beryl, Cd, 
and Zn, the change of the rigorous value of v m 
between room temperature and 0°, and the 
VRHG approximation is shown in Table 4, and 
in Fig. 4. 


Table 4. Comparison of A with temperature extra¬ 
polation error (velocity in 10 6 cm/sec) 



Beryl 

Cd 

Zn 

Absolute zero value of v m 

9-871 

1-995 

2-773 

Room temp., value of v m 

Per cent change of v m 

9*752 

1-812 

2-551 

from R.T. to 0°K (in %) 

1-0 

0-93 

0-63 

A at absolute zero (in %) 

0-088 

0-248 

0-22 

A at room temp (in %) 

0-082 

0-254 

0-241 


It is evident that for most solids, especially where 
the anisotropy is not excessive, that the true value 
of the Debye temperature is off by as much when 



Fio. 4. Per cent change in value of mean sound velocity 
Vm from room temperature value. 

the room temperature values are used in equation 
(2), as when the VRHG approximation in place of 
equation (2). 

V. DISCUSSION 

It is concluded that the elastic constants of a 
well sintered solid can be predicted if the single 
crystal constants are known. The difference 
between predicted and observed values will result 
from the method of sintering. 

It is also concluded that a solid does not have to 
be grown in the form of a single crystal in order to 
measure isotropic elastic parameters. The solid 
can be hot pressed from fine powder into a dense 
specimen and the appropriate experiments made. 
The values measured will be the integrated values 
of the single crystal and suitable for determining 
Debye 0. 
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15/G* = 4<2ju+* aa) - *(* 12 +2*u) 
+3(2 tm+<m) 

Data for AltOi, by Wachtman and Tbit, /. Res. NBS, 


64A, 3 (1960): 

C\\ = 4968 kbars 

in = 0-235 xl0~*(kbar8) 

cj3 “ 4981 

1,8 = 0-217 

c 44 - 1474 

i44 = 0-694 

r«« _ 1666 

s tt “ 0-614 

ci 2 = 1636 

S 12 — —0-072 

C13 = 1109 

iia = —0-036 


Note added in Proof: The VRHG approximation has 
been found accurately applicable to MgO at all tem¬ 
peratures, reported recently by Mr. D. H. Chung, 
(1963) Phil . Mag., in pres*. 


APPENDIX I 

Computation of elastic constants of alumina 
Equations for all crystal classes 

Bulk Modulus (maximum) by the Voigt approxima¬ 
tion: 

Ky « l/9(cii+ci82+C8a)+2/9(cia'f cra+fia) 

Shear Modulus (maximum) by the Voigt approxima¬ 
tion: 

Gy » l/15(cn+CM+csa)- 1/I5(ci2+rra+^ai) 

Bulk Modulus (minimum) by the Reuas approxima¬ 
tion: 

tyfti " (*u+* 2 a+**a)+ 2 (jia+iaa+*ia) 

Shear Modulus (minimum) by the Reuas approxima¬ 
tion: 


15/G* « 4(jii+^w+faB)-4{fi2-f Jaa-na) 

*4* 3(144 4* $ 55 ) 4* J®e) 

Reduced equations for trigonal class: 

Ky ■* l/9(2cii+<**)+ 2/9(cig-h2cia) 

Gy » !/15(2ca+tf4a)-*l/15(cia+2ri3) 

4* l/S(2C44+d|«) 

l/K* « (2*11+*»)+2(#u 4* 2ria) 


Bulk Modulus (kbars): 

Max: Ky - 2514 
K r = 2509 

Mean :K H m 1/2(2514+2509) « 2512 


Shear Modulus (kbars): 
Max: Gy = 1660 
Min: G r = 1607 
Mean: Gjj * 1634 


Young's Modulus (kbars): 


Max: Ey = 


9Ky X Gy 


3Ky + Gy 
Min: Er = 3973 
Mean: Er =* 4028 


= 4083 


Longitudinal Modulus (kbars): 


M h = K h + %G h = 4692 


Sound Velocity (p — 3*986): 

= 6*41 x 10 6 cm/sec 
€i = 10*91 x 10^ cm/sec 
Vm = 7*09 x 10 6 cm/sec 
9 - 1045°K 
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APPENDIX n 

Velocity touts 10 6 ctn/sec 


Hexagonal system 




Trigonal system 








Crystal 

Accurate 

Appox. 

Per cent 

Crystal 

Accurate 

Approx. 

Per cent 


Vm 

4 

Vm 

Error 


Vm 

Vm 

Error 









Sb 

1-925 

2*049 

6-2 

BaTiOt 

3*280 

3*283 

0*09 

SiO» 

4*570 

4*468 

-2-22 

Beryl, 0°K 

9*870 

9*879 

0*08 

Tourmaline 

5*733 

5*743 

017 

Beryl, 300°K 

9-751 

9*760 

0-09 





Beryl 

9*360 

9*314 

0*09 

Tetragonal system 




Cd, 0°K 

2-000 

2*04 

2*50 

BaTiO*(E) 

3*875 

3-93 

1-45 

Cd, 300°K 

1*813 

1*859 

2*46 

BaTiOs(2>) 

3*439 

3-523 

2*42 

CaBa 

2*584 

2*597 

0*4 

In, 0° 

M2 

103 

8*7 

CdS 

2*110 

2*105 

0*22 

In, 293 °K 

0*901 

0*925 

2*73 

Co 

3*392 

3*412 

0*59 

kh»po 4 

2*758 

2*860 

3*73 





NH 4 HIP 04 

2*664 

2-788 

4*62 

ice 

0*761 

0*785 

3*07 

NiS0 4 6Hg0 

2*540 

2*567 

1-05 

Mg, 0°K 

3*67 

3*672 

0-03 

Sn 

1*996 

1*997 

0*06 

Mg, 293°K 

3*514 

3*516 

0*04 

TiOa 

5*652 

5*745 

1-66 

SiOa 

4*457 

4*462 

0*1 

ZrSiC>4 

2*216 

2*267 

2*29 

Y, 0°K 

2*774 

2*775 

0*03 





Y, 300°K 

2*640 

2*641 

0*02 

Orthorhombic system 




Zn, 4*2°K 

2*732 

2*795 

2*29 

BaS0 4 

2*463 

2*491 

1*14 

ZnO 

3*188 

3*187 

-0*02 

CaCOa 

3*942 

3*991 

1*26 





KBaOs • 4H*0 

2*264 

2-361 

4-28 

Trigonal system 




MgS0 4 * 7HiO 

2*543 

2-586 

1*23 

ai,o 3 

7*190 

7*093 

-1*36 

SrSOi 

1*979 

2*080 

5*10 

AIPO4 

3*644 

3*531 

-3*10 

Sa 

1*978 

2*019 

2*11 

Bi 

1*302 

1*261 

-3*16 

Topaz 

6*331 

6-341 

0*15 

CaCOa 

4*017 

3*898 

-2*94 

ZnSo4 * 7HaO 

2*758 

2*794 

1*33 

FeaOa 

4*729 

4*674 

-1*17 

U 

7*286 

7-349 

0*86 

Hg 

0*559 

0*698 

24*96 

Olivine 

5*408 

5-472 

1-17 

(NaBr) C«HiiO« 

2*243 

2*254 

0*50 





(NaCDCeHiaOe 

2-280 

2*270 

0-50 

Monoclinic system 




NaNOa 

3*408 

3*604 

5*7 

LisSOiHaO 

3*29 

3*30 

3*0 
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Abstract—The oxidation of homogeneous magnesiowustite single crystals, prepared by diffijsing 
iron into MgO single crystals, is studied optically and by X-ray diffraction. Crystals designated 
L (low), M (medium) and H (high), containing about 20, 36, and 67 cation per cent Fe were pre¬ 
pared. By control of temperature and oxygen partial pressure using appropriate CO/COa gas mix¬ 
tures, the magnesiowustite crystals were equilibrated at or near their upper ferric iron composition, 
and then were oxidized to magnesioferrite in air at temperatures in the range 800-1100°C and for 
various periods of time. Photomicrographs showed that L and M crystals oxidised by forming 
magnesioferrite surface layers, with “fingers" of magnesioferrite extending into the crystals and 
with numerous small isolated “islands" of magnesioferrite within the crystals. The growth of the 
external oxidized layer was found to be linear with time and with an activation energy of about 
30 kcal/mol. Photomicrographs of if crystals show major development of magnesioferrite on external 
surfaces, with small amounts of hematite on or near the original surface and also on some internal 
(111) planes. The growth of the external oxidized layer is proportional to (time) 1 /®, suggesting a 
diffusion controlled mechanism, and the activation energy is about 18 kcal/mol. Comparison is made 


with data for oxidation behavior of iron oxides. 

1. INTRODUCTION 

A study has been made of the oxidation of single 
crystals of magnesiowustite (Mg, Fe)0, by optical 
and X-ray diffraction methods. The oxidation has 
been carried out at temperatures in the range 
800-1100°C under normal atmospheric conditions, 
with three groups of crystals, designated L t M, 
and H } containing respectively low, medium and 
high iron contents, approximately 20-23, 35-40, 
and about 67 cation per cent. The crystals were 
prepared by diffusing iron into single crystal 
blocks of MgO with linear dimensions of the 
order of lx 0*5x0-5 cm and homogenizing the 
resulting materials at appropriate temperatures 
and oxygen partial pressures. 

Phase relations in the system MgO-FeO-Fe20s 
have received considerable attention but not all 
features have been fully evaluated as yet. It will 
suffice here to mention briefly only those aspects 


* Dow Coming Corp., Midland, Mich. This study 
forms part of the M. S. Thesis in Solid State Tech-* 
nology submitted by W.L.S. 


which are particularly relevant to the present 
study. The system Fe-0 within which FeO-FegOj 
occurs was studied by Darken and G\JRRyO* *> 
who established that wustite, Fe*0, is stable within 
a range of oxygen partial pressures approximately 
lO^-lO* 2 ® atm. and a range of temperatures 
approximately 560-1370°C, and x may vary from 
about 0*85-0*96; see also the .discussion by 
Muan< 8) of phase equilibria in systems involving 
changes in oxidation states. The pressure-tem¬ 
perature-composition limits within which mag- 
nesiowustites are stable seem not yet to be fully 
established. In normal atmospheres and with 
temperatures exceeding about 1000°C, the iron 
is principally in the ferric state and equilibrium 
can be considered between end members MgO 
and FegOg with magnesioferrite, ideally MgFe*0* f 
as an intermediate phase. Phillips, Somiya and 
Muan< 4 > have described the phase relations under 
these conditions. The magnesiowustite phase can 
incorporate a considerable proportion of Fe a+ ions 
which increases rapidly as the temperature rises 
above about 1000°C. Phase relations in the ferrite 
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Mytait for oxygen pmum from 1 *0 to 0*01 atm. 
have been diicti—ed particularly by Palaoino< 5 > 
who haa shown that the Mg ion content may be 
appreciably higher than is given by the ideal for¬ 
mula and may correspond to (Mg 0 )*MgFes 04 
with x m 0-092. At low partial pressures of oxygen, 
iron occurs in both ferrous and ferric states and the 
resulting phases in the ternary system will depend 
on temperature and oxygen pressure. Full infor¬ 
mation is not available, but a partial treatment by 
BftVffiSTAD and FloodW of equilibrium relations 
at 1400*C under various oxygen pressures has 
been found useful in the present work. 

A simple, perhaps too simple, representation of 
the oxidation of magnesiowustite to magnesio- 
ferrite » as follows: 

2(Mg^,Fe» + )0+*/20 a ^xMgFe® + 0 4 
4 * (2 — 3*) MgO 

This equation neglects a fraction of ferric ions in 
magnesiowustite, and assumes ideal formulae for 
the magneaioferrite and magnesium oxide. The 
maximum value of * for which this equation can 
hold is x «■ 2/3 and the product is then wholly 
magnesioferrite. 

From a crystallographic viewpoint, the reaction 
Is principally one in which cations occupying 
octahedral sites in magnesiowustite occupy partly 
octahedral and partly tetrahedral sites in magnesio¬ 
ferrite. The oxygen anions have essentially the 
same configurations, a face-centered cubic arrange¬ 
ment, in all the solid phases. However, in wustite 
and probably also in magnesiowustite some ferric 
ions are present and some of these may occupy 
tetrahedral sites. Roth <7 > has studied by magnetic 
and by X-ray diffraction methods the defects in 
wustite and has shown that where Fe ions are dis¬ 
placed to tetrahedral sites, the resulting defects 
may resemble magnetite in structure. A similar 
situation in magnesiowustite may provide favor¬ 
able nuclei for the development of magnesioferrite. 
By and large, however, the reaction is one involv¬ 
ing cation redistribution within a constant frame¬ 
work of oxygen ions. 

From « chemical viewpoint, the equation indi¬ 
cates the addition of (x/2)Og gas molecules, or 
x Q*~ inns by a process of the following kind: 

2 Fc*++*G2 -+2Fe*++0»- 


Since the oxygen ions in the solid phases are in 
cubic close-packed array, the additional oxygen 
ions will be added externally to a crystal and will 
require outward migration of Fe ions and also of 
Mg ions if a uniform distribution of cations is 
maintained. Concomitant with this process is a 
decrease of the Fe/O ratio within the crystal so 
that internal oxidation also may take place, aided 
probably by the nature of the lattice defects dis¬ 
cussed in the previous paragraph. The present 
experiments provide clear evidence for these two 
kinds of oxidation. 

A brief reference may be made to the techno¬ 
logical importance of the subject. Oxidation of 
magnesiowustite plays an important role in the 
behavior of basic refractories in steel plant pro¬ 
cesses, where iron (or FeO) diffusing into MgO 
produces magnesiowustite which subsequently 
may pass through oxidation-reduction cycles. 
Mu an and Osborn W have surveyed the technical 
importance of these reactions from the standpoint 
of phase equilibria, and G. R. RigbyW has em¬ 
phasized particularly the volume changes involved. 

2. PREPARATION OF HOMOGENEOUS 
MAGNESIOWUSTITE CRYSTALS 

Single crystal blocks of magnesiowustite, about 
10x4x2 mm in size, were prepared by diffusing iron 
into single crystals of magnesium oxide by packing 
cleaved blocks of MgO in reagent grade FejOs, or in 
ferrous oxide obtained by reducing the FeaOs, or by 
attaching iron sheet (reagent grade) to the larger crystal 
surfaces and firing under appropriate conditions of 
temperature and oxygen partial pressure (usually 
around 1250°C and 1:4 CO/CO 2 gas mixture). After 
treatment, any superficial polycrystalline oxide was re¬ 
moved by grinding to expose the single crystal contain¬ 
ing diffused Fe ions. The clean crystals were returned 
to the furnace, usually mounted on scrap MgO or 
(Mg,Fe)0 of similar composition, and were made homo¬ 
geneous by holding for several days at temperatures be¬ 
tween 1200 and 1400°C with a 1:4 CO/COa gas mixture. 
With these conditions, which provide an oxygen 
Pressure of the order of 10'* * atm., it is to be expected 
from the work of Brynestad and Flood<®> that a small 
but significant proportion of Fe ions will be in the 
ferric state, a condition which E. B. Rigby and Cutler* 10 ) 
have shown facilitates diffusion in MgO—(Mg,Fe)0 
couples. Magnesiowustite* with high iron concentrations 
were obtained by repeating this process on previously 
homogenized (Mg,Fe)0 crystals. 

Homogeneity of the prepared crystals was checked by 
cleaving them into numerous sections and sub-sections 
and analyzing a number of them by X-ray diffraction 
ltfing high-order reflections to obtain accurate lattice 
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parsneter values. Compositions were determined by 
reference to specially prepared lattice spacing/compo¬ 
sition curves (see Appendix). 

3. FRE-OXIDATXON WITHIN TOE MAGNESlO- 
WUSTITE PHASE 

In general, magneeiowustites can be oxidized in 
two stages, namely (i) oxidation within the mag- 
nesiowustite phase itself, and (ii) oxidation to 
magnesioferrite. The first stage involves no change 
of crystal structure but corresponds to an increas¬ 
ing proportion of ferric ions. The second stage in* 
volves converting the remaining ferrous ions to the 
ferric state with a change of cation distribution to 
that of the spinel structure but without major 
change of the oxygen anion arrangement. 

Attention has been focussed principally on the 
second stage of oxidation, and accordingly the 
magnesiowustite crystals were brought (at least 
approximately) to the magnesiowustite/magnesio¬ 
ferrite phase boundary. The correct conditions 
were found by X-ray powder diffraction analysis 
of magnesiowustite compositions treated at various 
temperatures and oxygen partial pressures. The 
limit of the magnesiowustite phase was indicated 
by a broadening of the 333, 511 X-ray reflection 
from magnesiowustite and the appearance of the 
400 reflection from magnesioferrite. Crystals to be 
oxidized were ‘soaked’ at an oxygen pressure on the 
low (magnesiowustite) side of the phase boundary 
at the temperature at which the subsequent oxida¬ 
tion would take place. 

4. THE OXIDATION EXPERIMENTS 

(a) Oxidation procedure 

The magnesiowustite crystals thus prepared were 
cleaved into plates 0-2-0 7 mm thick, placed on a 
porous alundum body, and drawn into a pre-heated 
furnace for oxidation in normal atmospheres at various 
temperatures and for various times. 

(b) Optical examination 

Oxidized crystals were cleaved on their smallest cross- 
sections, and both freshly cleaved surfaces and also 
lightly ground surfaces, sometimes etched with a solu¬ 
tion of 5 ml HF, 10 ml HNOs, and 50 ml water, were 
examined optically by reflected light. 

(c) Phase identification 

Phases were identified by X-ray powder diffraction 
and included magnesiowustite (of various compositions), 
ntagnesioferrite, and. hematite. The composition of 
magnesiowustite was determined by reference to cali¬ 
bration curves (see Appendix). 

5. RESULTS 

The cleaved faces of all magnesiowustite 


crystals prior to oxidation were smooth, shiny and 
black. Following oxidation, they had a dttH 
appearance except that the H crystals at the 
highest oxidation temperature (1100°C) had an 
appearance almost as shiny as the initial cleavage 
face. Comers and edges of crystals lost their- 
sharpness and surface irregularities were “soft¬ 
ened 1 * or disappeared. Microscopic examination 
showed that the dull appearing surfaces had 
irregularities with “hills” and “valleys” differing 
in level by about 0*003 mm. 

Photomicrographs of L, Af, and H crystals 
oxidized in air for various times at temperatures 
from 800-1100°C show that L and M crystals 
behave similarly, but H crystals behave differently 
and must be considered separately. 

(a) Oxidation of L and M crystals 

The only phases observed were magnesio¬ 
wustite and magnesioferrite which appear as dark 
and light phases respectively in the micrographs. 
Evidence was sought for the formation of hematite 
transiently, but none was found. X-ray evidence 
showed that the magnesioferrite was formed on 
the surface of the magnesiowustite in parallel 
orientation. 

In the earliest stages of oxidation, thin layers of 
magnesioferrite appear on the external surface to¬ 
gether with small and randomly distributed 
“islands” of magnesioferrite within a zone parallel 
to the external surface. Figure 1(a) shows the 
cleavage surface of an L crystal after 1| hr at 
900°C. With increasing time and temperature, 
the surface Layer thickens, the “islands'* become 
larger, they increase in number occupying a wider 
zone of the magnesiowustite, and they also join 
together to form “fingers” extending at right 
angles to the external surface. 

Figures 1(b) and 1(d) show L and M crystals 
oxidized for 13 hr at 1000°C where the thipkened 
rim and finger formation are clearly seen. Figure 
1(c) shows an M crystal polished to remove the 
surface layer; the cross sections of the fingers are 
seen to exhibit no particular pattern and to be of 
roughly constant cross-sections. Fingers are seen 
also developing from internal surfaces, probably 
cracks. 

(b) Oxidation of H crystals 

Their behavior is more complex than that of L 
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tod M crystal*, and the analysis requites consider¬ 
ation of both the phases formed and their com- 
p osit io ns , die latter information being derived 
from X-ray measurements of high-order lattice 
•paring*. The sequence of observations for one 
particular H crystal may be briefly summarised. 

After a 20 min oxidation at 850*C, single crystal 
reflecti ons from the magnesiowustite cleavage 
surface were replaced by corresponding reflections 
from magnerioferrite, together with a reflection or 
reflections from hematite. The 400 reflection from 
ntafnesiowuatite, d m 1 *067 A, was replaced by 
tee 800 reflection from magneaioferrite, d » 
1*048 A, which corresponds to a 2 per cent linear 
decrease of the cubic close-packed oxygen arrange¬ 
ment. The magneaioferrite was well oriented at 
first with respect to the substrate but the orienta¬ 
tion became less perfect as the process continued. 
The hematite phase also showed evidence for 
some degree of orientation; the first reflections 
to be observed were the combined 1,0,10-119 re¬ 
flection and the 108 reflection (i.c., using hexagonal 
axes for the hematite lattice). These are among the 
weaker reflections from hematite, but they corre¬ 
spond to lattice planes most nearly perpendicular 
to the c-axis. The hematite tends to develop, there¬ 
fore, with the e-axis more or less normal to the 
substrate. The 800 lattice spacing of the magnesio- 
ferrite varied with time showing that when first 
formed it had a composition corresponding to 
MgFe*0 4 but, as oxidation continued, it became 
richer in iron, approaching FeFe 2 C> 4 , but after 
about 15 hr oxidation the composition reverted 
to that of MgFesOs. 

Figure 1(e) shows the development of magnesio- 
ferrite (grey phase) and hematite (white phase) 
from magnesiowustite (dark phase) after oxidation 
for 2 hr at 1000°C, At this stage the hematite is 
confined to the surface layer, but later (c.f. Fig. 
1(/), H crystal oxidized for several days at 800°C) 
the magnesiowustite disappears entirely, the 
hematite layer thickens and additional hematite is 
precipitated in sheets on the (111) planes of the 
magnesioferrite. Similarly oriented precipitations 
of hematite were reported previously by Gruner.< u > 
In Fig. 1(/) the hematite lines lie at angles of 
about 63° and 37° to the edge of the crystal and 
correspond to a polished section at about 22° from 
*100 cube face. 

The amount of hematite forming is dependent 


on the temperature and from the phase diagram 
(Phillips, Somiya and Muan,W) the maximum 
amount is expected at temperatures of about 
800-900°C. After heating at 1100°C, only traces 
of hematite were observed. An H crystal was 
oxidized for 12 hr at 1200°C followed by 12 hr at 
800°C. The hematite then precipitated on the 
(111) planes of the magneaioferrite as shown in 
Fig. 1(g) where the hematite lines are at approxi¬ 
mately 90° to each other and 45° to the outer 
surface; the plane of the photograph corresponds 
closely to a (100) cube face. 

Several attempts were made to induce the 
crystallization of cubic y-Fe 20 s which might be 
expected to form preferentially in the cubic en¬ 
vironment of magnesioferrite. H crystals oxidized 
at 800°C yielded hematite in the oxidized rim. 
The crystal illustrated in Fig. 1(g) was examined 
by X-rays and the precipitated phase was found 
to be hematite. 

One further observation may be made con¬ 
cerning oxidized magnesiowustite crystals, more 
particularly those rich in iron. Occasionally, when 
air-quenched after oxidation, they fractured 
spontaneously, more particularly when left longer 
in the oxidizing atmosphere. This seldom hap¬ 
pened in the case of L crystals. It is clearly an 
indication of strains arising from the oxidizing 
process. 

6. RATE STUDIES ON THE DEVELOPMENT OF 
SURFACE OXIDATION 

L, M and II crystals, previously brought near 
the oxidation limit of the magnesiowustite phase, 
were oxidized in air at 800, 900, 1000, and 110CT°C 
for various periods of time. Measurements were 
made of the thickness x of the oxidized surface 
layer from photomicrographs of cleavage sur¬ 
faces, for various oxidation periods /. The results, 
shown in Figs. 2(a), (b) and (c) for L } M and H 
crystals respectively, were obtained from measure¬ 
ments on about 100 different crystals. 

For L and M crystals the observations lie on 
straight lines through the origin within the 
probable experimental errors so that the process 
can be represented by equations 

x L ~ k L t and x M = k M t (1) 

where Ml and are rate constants for surface 
oxidation, 
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Fig. 1. Photomicrographs of magnesiowustite single 
crystals oxidized in air. 

(a) L crystal, oxidized 1£ hr at 900 n C. (400 x ). 

(b) L crystal, oxidized 13 hr at 1000°C. (400 x ). 

(c) M crystal, oxidized at 900°C. (100 x). 

(a) cleaved section; (b)-(g) polished sections. 

Phases: (a), (b), (c), (d): white = MF; dark « MW. 
(e), (f)» (g): white = H; grey = MF, (e) dark ^ MW. 
MW — magnewiosustite; MF — magnesloferrke; 
H ~ hematite. 
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For H crystals* the observations in Fig, 2(c) do 
not foil on straight lines, but appear to follow 
parabolic curves. This is confirmed in Fig. 3 
where Xff is plotted against 4/t expressed in 
(min) 1 / 2 . An allowance of 1 min is made as an 
approximate correction for the time to bring a 
crystal to full temperature when drawn into the 
hot zone of the furnace. On the linear time scale 
used in Fig. 2, such a correction is unnecessary. 


7. DISCUSSION OF THE 83NBTIC DATA 
It appears that L and M magnesiowuattte crys¬ 
tals oxidize according to a linear time variation, 
but H crystals follow a parabolic relation. The 
latter relation suggests a diffusion controlled pro¬ 
cess in which the rate of development of the sur¬ 
face layer of magnesioferrite, dx/dx, is inversely 
proportional to the thickness * of the layer, Le., 
dx/dt = kjx which on integration becomes 



Fig. 2. Thickness , x, of oxidized rim vs. time of oxidation, (a) L crystals, (b) M crystals, 
(c) H crystals. Temperatures of oxidation in °C. 


The results obtained at 1000°C were exceptionally 
erratic (see Fig. 2(c)) and are omitted from 
Fig. 3. FrOm the gradients of the lines in Fig. 3 
the rate constants kj£ in the equation 

XR = k HX /t (2) 

have been determined. 

If the temperature dependence of oxidation is 
given by a relation of the Arrhenius type, 

k * Aexp(-E/RT) (3) 

then a plot of In A vs. 1/T, reciprocal of the 
absolute temperature, should give straight lines 
of slope (— EjR ). The results are shown in Fig. 4, 
and tile calculated’ activation energies are re¬ 
spectively: 

El Em 30 keal/mol 
Er 18 keal/mol 



FlC. 3. Thickness, x t of oxidized rim of H crystals vs. 
square root of oxidation time. Temperatures of oxidation 
in °C. 
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9 m If oxidation take* place always at a con- 
***** rote, then x » kt in accordance with the 
Sugar relation* far X and Af crystal*. 

The difference in oxidation behavior of L and 
Af crystals and of if crystals mutt be sought in the 
percentages of Fe in the materials studied. 
If crystals, with approximately 67 per cent Fe 
cations, 33 per cent Mg cations, have the appro¬ 
priate cations to form entirely magnesioferrite by 
oxidation. L and M crystals, with fewer Fe and 
more Mg cations, will form mixtures of magnesio- 
ferrite and magnesiowuatite. 



I/T, V.xlO 3 

FU>,4. Log* vs. reciprocal of absolute temperature for 
L t M and H crystals. 

Since the lattice parameters of magneaiowustite 
and magnesioferrite are not exactly equal, the 
jotter being a few per cent smaller than the former 
depending on precise compositions, a system of 
mkrocracks or Of dislocations can be expected to 
develop which may facilitate migration of Fe ions 
to (he reacting surface. The development of 
'‘jimer*” of magnesioferrite in M and L crystals 
(oeeFif. 1(b) and (d)) may reflect the formation of 
gnch microcrickt. In H crystals, a more “solid” 
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development of the oxidized surface appears to 
take place; Fig. 1(e) shows that although there is 
something resembling “finger” formation, the 
magnesioferrite near the surface has a much more 
homogeneous appearance (apart from the hema¬ 
tite) than one finds in M and L crystals. In H 
crystals a reaction interface may start at the surface 
and in effect move inwards. The actual process, 
however, is one in which oxygen ions are added 
externally and become bound by Fe cations diffus¬ 
ing outwards through the oxidized layer. Diffusion 
through a developing layer seems to be an essential 
feature of the process in H crystals. 

The activation energies which have been deter¬ 
mined can be compared with related data for iron 
oxides. Himmel, Mehl and Birchen all* 12 > found 
for the activation energies of self diffusion of iron 
in wustite, magnetite, and hematite, values of 
about 30, 55, and 110 keal/mol respectively. The 
value of 30 keal/mol for self diffusion of iron in 
wustite agrees with the values found in the present 
study for oxidation of L and Af crystals. If, as pre¬ 
viously suggested, their oxidation depends on the 
formation of microcracks, then the rate-controlling 
process may be a diffusion of iron to these micro- 
cracks which permit easy passage of the cations by 
surface migration to the external surface. Both the 
constancy of the reaction rate (which is shown in 
Fig. 2(a), (b)) and the activation energy of 30 kcal/ 
mol appear to be consequences of the constant 
diffusion process within the magnesio wustite phase. 

As regards the activation energy of 18 keal/mol 
found for oxidation of H crystals, it may be noted 
that in the work of Davies, Simnad and 
Birchen all* 18 > on the oxidation of wustite to 
magnetite in the range 850-950°C, the oxidation 
was found to follow a parabolic law; from the data 
in their Table II an activation energy of about 18 
keal/mol has been calculated. There is consistency, 
then, as regards both the activation energy and the 
parabolic relation in these reactions. 

8 . CONCLUSIONS 

Oxidation of magneaiowustite single crystals 
containing low and medium iron concentrations, 
approximately 20 and 35-40 cation per cent Fe, 
takes place by surface oxidation by addition 
of externally bound oxygen ions and by internal 
oxidation arising from the changed cation/anion 
ratio within the structure. The external oxidized 
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layer of mjtgtwnoferrke develops at a constant 
rate with respect to time and has an activation 
energy of the order of 30 kcal/mol. The constant 
rate of surface oxidation is considered to arise 
from the formation of microcracks which enable 
ferrous ions to reach the oxidizing surface layer 
by energetically easy paths. The activation energy 
is considered to reflect a diffusion process which 
transports ferrous ions to the conducting cracks. 
High iron magnesiowustites (67 cation per cent Fe) 
also develop an oxidation rim but the process is 
proportional to \/ f, suggesting a diffusion- 
controlled reaction with diffusion taking place 
through an increasingly thick surface layer. The 
activation energy of the process, about 18 kcal/mol, 
and the parabolic relationship agree with data for 
the oxidation of wustite to magnetite. 



Fig. 5. Lattice spacing d(400), in A, for magnesiowus¬ 
tites equilibrated at 1250° in various COCOg gas 
mixtures; MR — mixing ratio CO/CO 2 . 
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APPENDIX 

Lattice spacing vs. composition curves of magnesiowustites 

Calibration curves were made relating lattice spacing 
to composition for magnesiowustites equilibrated at 
1250°C and various oxygen partial pressures obtained 
with flowing gas mixtures of CO and CO*. Since the gas 
mixing ratio is known more exactly than the resulting 
oxygen pressures, results are expressed in terms of the 
CO/COa mixtures used. Oxide mixtures at intervals of 
10 cation % Fe from 10 to 90 per cent were prepared by 
mixing appropriate amounts of MgO and FejOa under 
acetone in an agate mortar. After firing under desired 
conditions, the samples were removed from the furnace, 
crushed and small pellets prepared. These were fired at 
1250°C and with the desired gas mixing ratio, air- 
quenched, ground under acetone, and the (400) lattice 
spacing determined by X-ray diffraction using Mn- 
flltered FeKa radiation and a scanning rate of (28 )/min 
with a Philips Norelco diffractometer. The (400) re¬ 
flection occurs in the neighborhood of 128°(20) for 
wustite and 133 *4°(20) for MgO. The diffractometer was 
calibrated with reference to a silicon standard. 

The results are given in Fig. 5 where d(400) in A is 
plotted against Mg cation per cent for various ratio* 
CO/COa. The upper curve, CO/COa ® 3, represent# 
the most reducing condition employed and at 1250 # C 
the conditions are in the vicinity of the wustite-metallic 
iron boundary. However, no iron was detected. The 
results agree closely with experimental data by Hahn< 14) 
for magnesiowustites in equilibrium with liquid iron; 
his observations fall on the curve CO/COj « 3 in 
Fig. 5. 

From the shape of the spacing-composition curves, 
it is evident that X-ray data are more useful for esti¬ 
mating low iron concentrations (approximately leas 
than 50%) than for estimating high iron concentration 
(approximately greater than 70%). It is also noteworthy 
that the curves depart considerably from the linear 
Vegard law. Finally, it is clear that lattice spacing data 
for such a system ere useful for determining composition 
only if the oxygen partial pressure is controlled. 
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Abstract —The time constant for color formation with temperature change was studied by applying 
a pulse of heat to films of therrnochromic salicylidene-anilines. There is a weak absorption band 
formed around 5400 A, in which the time constant for color formation is about 50 msec. For the 
Larger absorption band, around 4800 A, the time constant was shorter than the sensitivity of our 
instrument, i.e. shorter than 5 msec. This indicates the mechanisms are different for the two bands. 
Both are probably intramolecular processes, the 4800 A band being caused by tautomerization 
to a quinoid state, while the 5400 A band is due to another species whose exact nature is not well 
understood. 


I. INTRODUCTION 

Some crystalline anils of salicylaldehyde are 
photochromic, i.e. their color deepens from yellow 
to red on irradiation with near u.v. light.^ This 
color-deepening is due to the appearance of an 
absorption band extending from 4000 to 6000 A 
with a maximum at about 4800 A, and shoulder 
at 4900 A. The deep color can be bleached by 
light absorbed in this latter band. Those crystalline 
anils of salicylaldehyde which are not photochromic 
are found to be therrnochromic, i.e. their color 
deepens with increasing temperature. Here, 
again, a new absorption band in the visible is 
responsible; it is very similar to the band de¬ 
scribed above insofar as wavelengths of maximum 
absorption and shoulder are concerned. However, 
the absorption of the therrnochromic crystals has 
been reported^ 2 ) to cut off sharply at about 5200 A, 
so that there appears to be an additional band 
in photo-colored crystals at long wavelengths 
(5200-6000 A). 

We have investigated the speed of response of 
therrnochromic crystals to rapid changes in 
temperature. The response of the main band 
(4000-5200 A) has been found to be “immediate’* 
on our time scale. However, these studies have 
shown that there is a change in absorption also 
in the long wavelength region, and that there is a 

* Work supported by the National Cash Register Co., 
Dayton, Ohio. 


finite time lag between application of the heat 
pulse and the response in this region. ThuB, 
there is an absorption band at long wavelengths 
even in therrnochromic crystals, although its 
intensity is much less than that of the photo- 
formed one. Further, the mechanism of formation 
of the species absorbing at these wavelengths must 
be different from that of formation of the species 
responsible for the main absorption. 

In Section II we describe the apparatus, and 
in Section III we report the results of our 
measurements. 

II. EXPERIMENTAL 

(a) The optical arrangement is shown schematic¬ 
ally in Fig. 1. Light from the light source S 
(30 W 6 V incandescent) passes into a mono¬ 
chromator M (Bausch and Lomb DL 1892) and is 
focused by lenses and mirror arrangement, Mi, 
on the sample anil A . It is then reflected into the 
1P21 photomultiplier tube, P, fed by a highly 
stabilized power supply. The output of the tube. 
is fed into one of the beams of a Tektrofaix 502 
double beam oscilloscope. 

(b) The sample A was a thin film cast on a 
machined iron anular plate I, whose dimensions 
are given at the top of Fig. 1. The form of a ring 
is necessary to achieve a homogenous heating. 
Two current leads and two voltage leads, L, 
were silver soldered to the back of the plate and 
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served to measure the resistance of the iron, 
as a measure of the temperature. (Initially a 
thermocouple was used for this purpose, but was 
found to lag considerably behind die temperature 
rise. Change in resistivity can be assumed to take 
place immediately,) About 5 A d.c., obtained by 
series connection with the incandescent lamp fed 
from an accumulator, was used in the current 
leads, and this was sufficient to give meaaureable 
and stable readings on the oscilloscope. Since the 
resistance of the sitver-soider is unpredictable each 
ring iron used in these experiments was calibrated 
fast while immersed in an oil bath whose tempera¬ 
ture was measured directly. An arrangement (not 
shown in the figure) for blowing cool air on the 
sample, enabled us to superimpose the heat pulse 
on any desired ambient temperature between 
-70°C and room temperature. 



FjO. 1. Schematic representation of the apparatus 
described in the text. 


By feeding the output of the voltage leads (i.e. 
the iron resistance) to one beam of the scope and 
the Output of the photomultiplier to the other 
beam, one obtains simultaneously the intensity of 
the reflected light and of the temperature as a 
function of time both during the heating period 
and later. Because the film is very thin, it is 
assumed that its temperature is always the 
same as that of the iron. Checks on this will be 
discussed in the next part. 

For applying a short heat pulse, dielectric 
frestifig was first tried, but proved unsatisfactory 
because the anils are very good insulators, with 
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extremely low losses, at all frequencies used. 
We therefore introduced the method of coating 
the material on a flat iron ring, which was heated 
by an induction heater. 

(c) The heating is carried out by applying a 
pulse of r.f. to the coil C in Fig. 1. It consisted of 15 
windings on each side, of No. 14 (B. and S.) 
copper enameled wire, wound on a threaded 1^ in. 
Norton furnace core. It serves as the anode coil of a 
Hartley type oscillator, which supplies 100 W at 
2*7 Mc/s. 

The grid of the oscillator tube (805) is normally 
held negative by a one-shot multivibrator, thus 
preventing the oscillations. The multivibrator 
is flipped manually by a push-button switch, and 
is flipped back after a time determined by one of a 
set of condensers. The oscillator is thus switched 
on for a period of time which can be selected by a 
switch. In the final form, 2 positions of the switch 
were used, yielding oscillations for 50 msec and 
100 msec respectively, as measured on the Teck- 
tronix oscilloscope. The longer pulses were used 
around 4800 A where a relatively large temperature 
change is needed to get an appreciable change in 
signal, because of the high absorbance of the 
materials in this spectral region. For the longer 
wavelengths, the shorter pulses were sufficient, 
due to the high sensitivity of the photomultiplier. 
The heating rate was 800 Q C/sec, so that the longer 
pulse yielded a temperature change of 80°C and 
the shorter pulse yielded a temperature change of 
40°C. 

(d) It would have been relatively simple to 
increase the power of the oscillator, so that shorter 
pulses would suffice to obtain the necessary^ 
temperature rise, with a possibility of studying 
shorter time-constants for color formation. This 
was not considered practical, however, because of 
severe limitations in heat transfer from the iron 
to the sample under study. In a poorly prepared 
sample, i.e. one which did not adhere well to the 
iron plate, a delay could be observed in the start 
of the change in light-reflection, with respect to 
the change in temperature. Even for carefully 
prepared samples, such a delay could normally 
be observed in certain parts of the film (the light- 
focusing arrangement allowed a choice of a small 
portion of the film to be studied) and it was only 
in certain parts that the curves started simultan¬ 
eously, so that measurements could be made. 
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When the fifaa w*§ left far a day or two, part* of it 
started to peel off, and this waa first observed for 
the portions in which delays were observed 
initially. After longer times, or after many 
successive heatings, even the “good” parts 
started to show delays, and later to, peel off. The 
measurements reported in the next Section were 
therefore carried out only on selected parts of 
freshly prepared films, which were cast on the 
iron ring, previously heated to give better adhesion. 
While the anil waa still liquid it was pressed 
slightly to yield a thin enough film (normally 
about 0-05 mm). 

These difficulties did not encourage any 
decrease in the time of pulse, since it seemed that 
the technique was in any case not applicable 
to shorter time constants than reported here. 


(which has the stationary value A(Tv) far t ** fa 
and the other stationary value ^(Ti) when t -koo). 
In particular, this formula is used at the time 
t to fa+8r, when it is assumed that another jump 
is made to the temperature 2*. Here one does not 
start from thermal equilibrium, therefore at the 
time t -» fa+2Sf, 

Aito+Mt, Tt)-A(T 2 ) - {A(T4-A{t«+&t. T x )} 
x wpf-fc/r) - A(T S )-{A(T4-A(T X )} 
x exp(—Sf/r)——i4(To)} exp(—2 &/t) 

( 2 ) 

etc. Consider now the case where A is a linear 
function of T (which is a good approximation when 
the total change in temperature is not large) i.e. 


HI. RESULTS 

In Fig. 2 typical curves are given of reflection 
from the sample and of temperature of the iron, 
as functions of time. It can be seen that the color 
continues to form long after the temperature has 
stopped rising, and even when it shows a tendency 
to decrease. A rather large noise is seen towards 
the end, but this can usually be overcome by taking 
several photographs and averaging the noise out. 

It is seen from the figure that it is not desirable 
to depend on the exponential part of the curve 
(i.e. after the switching off of the heater) to give 
the time constant, because of the noise and 
because the heating period is comparable with the 
time constant. Nevertheless, this has been done in 
some cases, and the time constants for color forma¬ 
tion computed in this way roughly agree with 
those obtained by the method described below. 
To get a better estimate, consider a process in 
which a function A of the temperature T (e.g. 
absorbance or reflection in our case), approaches 
its stationary value exponentially in time, with a 
time-constant t which does not depend on tem¬ 
perature. If one starts with a thermal equilibrium 
at temperature To, where A has its stationary 
value A(To) y then at time t = fa the temperature 
is suddenly raised to 7i, an exponential dependence 
means that A is given by 

A(U T x ) - A{Tx)-{A(Tx)-A{T 0 )} 

X exp{-(*-*o)/r} (1) 


A{T)~{T-To)a+A{To) (3) 

where a is a constant. Assume further the jumps in 
temperature are always by the same amount hT 
(which is justified in our case where the heating 
is linear in time), then one obtains after n such 
jumps: 

n 

^(fa + n8r, T n )—A(T n ) = - oc§ T ^ cxp( — mSt/r) 

i»-i 

The sum of the geometric series can be easily 
carried out, and if one writes for the total heating 
time At = nBt f and for the total temperature 
change AT = tiST, and passes to the limit 
-y 0, n —v oo 


A{t+ At, T+AT) 
A(T+AT) 



From a graph like Fig. 2, one should therefore 
determine the total heating time, At, and the ratio 
between the value of reflection at the end of the 
heating period and its value after a long time (or, 
actually, its maximum, since eventually the re¬ 
flection decreases again). These two when sub¬ 
stituted in (4) suffice to yield r by solving a 
transcendental equation, easily carried out using 
a graphical plot of (4). As can be expected. (4) 
is particularly usefal for r w At, while for 
r At it yields no information except that the 
reflection curve exactly follows the temperature 
curve. 
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The malt* of the roowurwneot* on 5'- 
cfeforoftftd* of «Hcyl«tehyde heated from room 
t em p era t u re, are plotted in Fig* 3. It trill be teen 
that there ii a finite time-lag for absorption at 
wavelength* 5100-5600 A, Outside this region, 
and in particular in the ma in color band around 
4800 A, the reflection curve exactly follows the 
temperature curve with no observable time-lag, 
as is illustrated in Fig* 4, i.e. the time constant 
is zero on our scale, or less than about 5 msec, 
practically the same results were obtained for 
the 5'-Br and 5'-Mc anils, at room temperature. 
For 4800-5100 A the color change below room 
temperature is larger than at room temperature, 
but a change can be observed practically up to 
the melting point Nowhere in the range of — 70°C 
to the melting point was any time-lag observed in 
the three anils studied, for these wavelengths. 

In the longer wavelength band the signal 
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decreases rapidly when the ambient temperature 
is lowered and there is evidently no absorption 



Flo* 3* The time-constant for color formation as a 
function of wavelength (5' Cl at room temperature). 

below 0°C. The lowest ambient temperature at 
which a measurable signal could be obtained was 

4 Th* prime indicates diet the substituent is in the 

aldehyde-ring. 
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-15°C and, within the poor accuracy of ± 20 
per cent possible there, due to rite relatively high 
noise level, the time constant is the same as at 
room temperature. 

The fact that a time-lag is observed only in a 
limited wavelength range proves that this lag is 
actually associated with the time of formation of 
color, and not with the transfer of heat into the 
sample, since the latter can hardly be expected to 
depend on wavelength. To check this further, we 
studied with the same apparatus the color change 
in azobenzene, whose optical properties are very 
similar to those of the anils. No time-lag was 
observed for this material in any wavelength. 

IV. DISCUSSION 

It has been argued* 1 * 2 ) that the color-band at 
4800 A is due to formation of the quinoid form, 
i.e. a displacement of a proton: 


H 



This is mainly based on the necessity of the 
ortho-hydroxyl group for these processes* 2 ) but 
also on a more direct n.m.r. evidence for a similar 
material.* 3 ) In the similar photochromic anils we 
have found* 4 ) that the OH line in n.m.r. disappears 
on irradiation, supporting this assumption. The 
fact that the longer wavelength color takes a longer 
tune to form indicates that the absorbing species 
is formed by a different mechanism from that of 
the 4800 A absorbing one, this may be true also in 
the photochromic case. The fact that the 5400 A 
band does not form at low temperatures evidently 
means that it is due to some change in the colored 
quinoid state rather than in the uncolored phenolic 
state. It is probably some rotation of the phenyl 
ring, which, according to the crystallographic 
data* 2) should be easier in the photochromic than 
for the thermochromic crystals. This explains why 
the long wavelength band is much smaller for the 
thermochromic than for the photochromic case. 
Evidence for two different processes can also 
be qualitatively deduced from measurements at an 
intermediate wavelength, e.g. 5000 A, where the 2 
bands contribute to the color change observed. 
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Fig. 2. The temperature (straight lines) and the output from the photo¬ 
multiplier as functions of time. Time scale: 50 msec/cm. Temperature 
scale: 1 mV/cm. Light intensity scale: 50 mV/cm. The material wai 
5'Cl anil studied at 5400 A (room temperature). 



Fig. 4. A case of no-delay in the reflection of light (5' Cl anil at 
4800 A at room temperature). Timescale: 50 mscc/cm. Temperature 
scale 0-5 mV/cm. Light intensity scale: 50 mV/cm. 
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The signal from the photomultiplier at such a 
wavelength shows a break, going from an initial 
fast increase in color to a later slower increase, 
although there is no measurable over-all time-lag, 
as has been mentioned before. To show this effect 
clearly requires the use of thick films, as otherwise 
the slower process is completely dominated by 
the more rapid one. For thick enough films, the 
break could be observed at room temperature down 
to 4700 A. At — 70°C there was definitely no break 
indicating a disappearance of the slower process. 
Because of the noise, it was impossible to define the 
temperature at which this effect disappears. 
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THE DIAMAGNETIC SUSCEPTIBILITY OF A 
QUANTUM PLASMA 
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Abstract—The current density induced in a degenerate electron gas in the presence of a uniform 
magnetic field Bo by a small perturbing field B\ is calculated by the self-consistent field method. 
The field Bi can vary in space in an arbitrary way. From the Fourier transform of the induced current 
density one can obtain the function V(f, Bo), which is the ratio of the Fourier transform of the mag¬ 
netic field strength Hi, to the Fourier transform of the magnetic induction Bi of the perturbing 
field. In the limit as the wave vector q approaches zero (Bi is independent of the spacial coordinates) 
V” 1 reduces to the usual expression for the magnetic permeability, displaying the de Hasa- J van 
Alphen oscillations. 


I. INTRODUCTION 

The experimental investigation of the quantum 
oscillations of the diamagnetic susceptibility* 1 * 
has proved a very useful tool in the study of the 
electronic structure of solids. The explanation of 
the oscillatory behavior of the susceptibility was 
given by Landau* 2 ) and Peierls,* 3 ) and is based on 
the quantization of the energy levels of electrons 
in the presence of a magnetic field. The Landau 
treatment involves a calculation of the free energy 
for an electron gas in the presence of a uniform 
magnetic field and the differentiation of the free 
energy with respect to the strength of the uniform 
magnetic field. The present treatment represents 
a somewhat different approach to the problem, 
which yields the Landau diamagnetism as a special 
case. The present work is a natural by-product of 
the derivation of the self-consistent response of 
a degenerate electron gas in the presence of a uni¬ 
form magnetic field to an arbitrary electromag¬ 
netic disturbance.* 4 * In the present work we 
calculate the response of the electron gas to an 
infinitesimal magnetic field, which is constant in 
time but can vary in an arbitrary way in space. 

If Bq is the magnetic induction and Ho the in¬ 
tensity of the constant magnetic field, the mag¬ 
netic permeability p, is defined by the relation 

( 1 ) 
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The magnetic permeability depends on the mag¬ 
nitude of Bo as indicated in equation (1). When we 
perturb the system by adding an infinitesimal 
magnetic field of induction B\ and intensity Hi, 
we have 

B 0 + Bi - rt|B 0 + BjIXHo+Hi). (2) 

By subtracting equation (1) from (2) and consider¬ 
ing the limit as B\ tends to zero we arrive at two 
distinct cases. If Bi is perpendicular to Bo one 
obtains 

KBo) = (2) 

while for B\ parallel to Bo one obtains 

^B 0 ) - [l-/(B 0 )Ho]iJi/Hi, (4) 

where p/(Bo) is the derivative of fx with respect to 
Bo. Thus it is only for the case in which Bi is 
perpendicular to Bo that the ratio of Bi to Hi is 
equal to the magnetic permeability of the system. 

In the first Section of this paper, a summary of 
the self-consistent field method for an electron gas 
in a uniform magnetic field is presented. In 
Section II, we apply the self-consistent field 
approach to the problem at hand, the calculation 
of the magnetic susceptibility. The Landau 
diamagnetism is obtained as the special case in 
which the perturbing field fli is constant in space. 


Bo = m(|B g |)Ho. 
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TI 10 final Section contains a dis cus si on of the 
remits of the present calculation and suggests 
some generalizations to which the self-consistent 
field approach should be applicable. 

It SELF-CONSISTENT FIELD APPROACH TO AN 
SteCntON GAS IN A UNIFORM MAGNETIC 
FIELD 

The general theory of the response of an electron 
gaa in a uniform magnetic field of induction Ho to 
an arbitrary electromagnetic disturbance that 
varies as cxp(tW-iq-r) has been presented in 
some detail in Ref. 4, so only a brief summary is 
given here. We consider an electron gas consisting 
of N electrons in a cubic box Of side L in the 
presence of a magnetic field of induction B 0 . Let 
A(r,f) and ^(r,f) be the vector and scalar potential 
for the self-consistent field produced by the dis¬ 
turbance, and let A<> ■* (0, Box, 0) be the vector 
potential of the d.c. magnetic field Bo. We have 
chosen a cartesian coordinate system with the 
*-axis parallel to Bo. 

The Hamiltonian for a single electron in the 
presence of the self-consistent field and of B 0 is 

JP « JTo+JTu (5) 

where 

ST H*)’ (6 > 

and 

JPx * —(v * A + A * v)+*£. (7) 

c 

The operators Ho and 

are the Hamiltonian and velocity for an electron 
in the field B*. In equation (7) we have dropped 
the quadratic terms in A, which is justified be¬ 
cause we are interested in infinitesimally small A. 
The eigenfunctions and eigenvalues of jP o are 
given by* 8 ) 

Jv> » )****«> - Lr x cx${ikyy+ik $ x) 

x u«(x+M*/*rwo), (8) 

. / B, « E^k .) - *«*(*+(9) 


The allowed values of the wave number Jty and hg 
are obtained by imposing periodic boundary con¬ 
ditions. The quantum number n can be any non¬ 
negative integer and u*(x) is a normalised simple- 
harmonic oscillator wave-function for a particle 
of mass ttt and characteristic frequency coo ** 
eBolmc . 

The electron current density induced by the 
self-consistent field is calculated with the aid of 
the single particle density matrix. The single par¬ 
ticle density matrix p satisfies the equation of 
motion 

= (10) 

ct 

We set p = po+p\ where p\ is a small change in 
the single particle density matrix from its equi¬ 
librium value po caused by the self-consistent 
field. By linearizing and taking off diagonal 
matrix elements of the equation of motion of p 
one obtains 

<*M*0 = [/»(£/) - e v - 

X <4*f,|/>. (11) 

In writing dow n equation (11) we have assumed p\ 
varies in time as exp (i<ut) and used the condition 

Po\ v > ~/o(B„)|*'>, (12) 

where fo(E) is the Fermi distribution function. 
The induced electron current density at a position 
r 0 and time t is 

V ! 

X p+*.c.t\ (13) 

I ' 

where h.c. designates the Hermitian conjugate of 
the preceding operator. Taking the Fourier trans¬ 
form of equation (13) and making use of equation 
(11), one obtains for the Fourier components 
j{q,w) of the electron current density. 

CO® 

j(q,w)*= ~~[(l + I)A(q,*>)-K4(q,< u )l (14) 

where A(q,a>) and are the Fourier com- 

ponenta of the electromagnetic potentials, and 



V “ - ‘ . , ' . V' ' 

- J'» V*l»' <t i '^‘rlv 

, '■ ■,*, '■"'*;■•,>of .$%■ *•**•&? 

• , i» ' w- ‘S, < 
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MS 


the tensor I and vector K are given by 


The symbols are given by 

*&(«*) - 

m 


x <v'\V(q)\v><v'\V(q)\y\* (15) 

and 


K(g,«») =-^2 LM^')-/o(^)](^' -£>-M" 1 

vf' 

x <v'|V(9)|v><v'|exp(iqT)|v>.* (16) 

The operator V(q) is defined by 

V(q) = 1 exp (iq • r)v+Jv exp(iq • r). (17) 

In Ref. 4 a more detailed treatment of the deriva¬ 
tion of the induced current density is presented; 
in particular the gauge invariance of equation (14) 
is established. In the present work we are inter¬ 
ested in the effect of a small magnetic field B\ 
perturbing the system. We can choose <f> = 0 and 
A independent of time, i.e. we consider a zero 
frequency disturbance. We can also choose q, the 
wave vector of the disturbance to lie in the y-z 
plane with no loss of generality. The matrix ele¬ 
ments of the components of F(q) can be evaluated 
directly; they are given by 

<n'k' i y t \V x {q)\nk y k t '> = $(k' y ,k y + q v ) 

X 8(k t \h+q t ) i (—J xp n (q v ), (18) 

<n , ty z \V 1 Aq)\nk y k l ') = b{k' v ,k y +q y )h{k' t , 

kz + 9t) [^ fn n(qv)+ {~d) X * n(qv) ] 

(19) 

and 

<«'*^| V£q)\nkyk t > = Kk' v ,k v +q v )S(k' i ,k t +q t ) 

X —(kz + qzltyfn'nfav)' (20) 

m 

The symbol 8(k\k) is zero unless k' = k in which 
case it is unity, and /»*(q*) may be expressed as 

00 

/»'»($*) 8=8 **-*' j Vni*)exp(ilvx)un(x) <**• (21) 
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Equation (14) allows us to calculate the current 
density induced by an arbitrary electromagnetic 
disturbance. Maxwell's equations give us the re¬ 
lation 


Vx(B-H)+-^(D-E)--y, (2 3) 

c ot c 

where j is the induced current density. We now 
choose <f> =» 0, and A proportional to exp(—«jf*f) 
but independent of time; therefore D * E =■ 0. 
The perturbing magnetic field Bi is simply 
Vx4 = —tqxA. For simplicity we shall in¬ 
vestigate separately the two cases q parallel to Bo, 
and q perpendicular to Bo. 

A. q Parallel to the field Bo 

In this situation A = A exp(—iq*s) and the 
perturbing field ft = iq t (A v , — A% y 0) is perpen¬ 
dicular to the applied field Bo. We define the 
tensor r by the relation 

ft = vB x . (24) 

Taking the curl of (Bi — ft) and equating it to 
4 njc times the induced current density gives the 
relations 

Vxy = Vyz — 0» (25) 

vxx{.q t ) = 1 +~(i+hy) = 1+^ (i+/«). 
&q\ c*q* 

** (26) 

V v y(?z) ** 1 + 0 +/»*)* (22) 

The conditions imposed by gauge invariance, 
which are established in Ref. 4, are quite useful. 
One of these conditions, which has been used in 
writing down equations (25)-(27), is 

-4 =»!«• (28) 

The only non-vanishing components of the tensor 

I (in the limit of zero frequency considered in 

this work) are the diagonal elements and Iyz **» hv 
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With the aid of equation (28) I w and I n can be 
expressed in terms of to that we can consider 
*b* tensor T to have only two independent ele¬ 
ments /** and I n : 

l«***Uu~ (29) 

l+/ w -(l+/«)ff*/^. (30) 

B. 9 Perpendicular to the field Bo 

In this esse q is in the plane, and as we have 
Stated previously wc may choose the jy-axis to lie 
in the q direction with no loss of generality. The 
vector potential A is then of the form A 
exp( — iqpy) and the perturbing field B x = iq y 
(—>!*, 0, ,4*). The use of equations (24), (23) and 
(14) then gives the result 


*» Vtx *= 0, 

(31) 


>«<«»)- i+-^(i+/„), 

(32) 

CO? 

*«(4,)=» 1+TT(‘ + U 

(33) 


It should be emphasized that in equations (25)- 
(27), the components v are of functions of g gt 
while in equations (31)—(33) they are functions of 
q y . In the former case we are interested in J x % and 
l w in the limit that q y tends to zero; in the latter 
we must know I% x and /« in the limit as q t 
approaches zero. v xx , v yy and v n represent the 
ratio of the infinitesimal magnetic field strength 
Hi to the magnetic induction From equations 
(3) and (4) it is clear that in the limit that Bi is 
independent of the spacial coordinates (Le. 
q v mm q t mu 0), v** and Vyy must reduce to usual 
Landau diamagnetism which displays De Hass- 
van Aiphen oscillations, and v n is related to the 
magnetic permeability and its derivative with 
respect to magnetic field strength. 

For zero temperature the two independent 
elements/** and I w of the tensor I can be expressed 
as 

00 

/«(**) - 2 2 *$»*> 

sM# *'-Q 

—(A.+fc^)], 1 (34) 

L MV 0 J 


and 




-2A 

ma>oN 


ntytf »'-0 


X \n'-n+—(k t +q,l2)Y (35) 

L ma)Q J 

Using equation (21) fn'n{qy) can easily be ex¬ 
panded in powers of q v 

fn'n{q v ) = 2 q[ <n'\x r \n >/r! (36) 

r-0 

where is the matrix element of the rth 

power of the coordinate x between simple har¬ 
monic oscillator states ri and n. This matrix ele¬ 
ment can be evaluated in a straightforward way by 
expressing x in terms of creation and annihilation 
operators, and a y for a simple harmonic 
oscillator: 

/ * \ 1/2 

-te) ^ (37) 


Equations (34) and (35) can then be expanded to 
any desired power of q y and q t . The expansion is 
convergent provided qv Qt the product of the vector 
q and the Fermi velocity v 0t is smaller than the 
cyclotron frequency o> 0 . To order j 2 we obtain 


to } 

Vxa{qz) — Vyv(qz) — 1 4- —r { (*xy ) — 2 )► 

ntc^wi \ 


2 

' x * {qy) ~ 1+ ^g"{ <t * v>_2<ei>+ 


2mco^ 


x (3 > - f <*| v > --~2.) J. (39) 

The expression for v n is found to diverge. The 
significance of this result will be discussed later. 
In equations (38) and (39) c*„ = Aco<>(« + *)’ 
€ * * A*A # /2w and the symbol <(e) means average 
value of «; for example 


1 ^ 

<•**«*> -^2 /o[ £ «(M] hM n + 4 ) * 2 ^/ 2 b 


(40) 




i 
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In the limit that q# or g M approaches zero, equations 
(38) and (39) yield the usual Landau diamagnetism 
as expected* 

to* 

ft-W-1+-^4-(<«*»>-2<«,». (41) 

The functions <e* v > and <«*> have been evalu¬ 
ated in the case of a free electron gas by Quinn 
and Rodriguez using these expressions the 
oscillatory behavior of fi~ l (Bo) is apparent 




2mto^ 



sin(2wMp/ htoo — 77/4) 1 /Aa>o\ 2 "| 

sinh(2?r 2 «AT/Aa>o) 3 tt \ 2/> / J ^ ' 

where p is the Fermi energy of the free electron 
gas.W The functions ^€ Xy € Z y, <4> and <(«f> 
can also be expressed in oscillatory series by using 
the Poisson sum formula. < 7 > The results derived 
here are valid only for zero temperature, although 
we have included the temperature dependence of 
<e X y) and <e e ) in equation (42). 

The divergence of v u is apparently related to 
the derivative of the oscillatory series with respect 
to magnetic field strength. Evaluating equation 
(42) at zero temperature and investigating the 
series obtained by differentiating term by term, 
one finds a divergent result, implying that p“ 1 (£o) 
is not a continuous function of B$. 


IV. CONCLUSION 

The self-consistent field approach is a very use¬ 
ful method since it can be applied to a wide variety 
of problems which involve the response of an 
electron gas to an arbitrary electromagnetic dis¬ 
turbance. In the present work we have shown how 


this method can be applied to the diamagnetism 
of a degenerate electron gas. The response of tike 
electron gas to a small perturbing magnetic field 
Bi is calculated by the self-consistent field approach. 
In the special case that Bx is independent of the 
' spatial coordinates we obtain the Landau result for 
the oscillatory susceptibility. In addition we obtain 
the leading terms in q when the field Bi varies in 
space as cxp(— iq* r). As far as the author is aware 
this is a new result. 

It is quite straightforward to generalise the 
problem to a multicomponent plasma since the 
induced current density is simply the sum of the 
induced current densities of each component* The 
resulting susceptibility contains a sum of terms, 
one for each component of the plasma, like the 
second term on the right hand side of equation 
(38). One should also be able to take into account 
the effect of a finite collision time for the electrons 
by introducing an appropriate small imaginary 
part in the energy denominator of equation (15). 
One would hope that such a treatment would re¬ 
produce the results of Dingle*®) for the effect of 
collisions on the magnetic susceptibility. 
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Abstract —n.m.r. investigations of a number of metal hexaborides were carried out at room tem¬ 
perature and a field of 5800 G. Both positive and negative Knight shift* were observed for die B 11 
resonance. Magnetic polarization of the conduction electrons by the metal ion cores provides a 
basic explanation for the signs and magnitudes of the shifts in the paramagnetic hexaborides. In 
LaBe, CaBe, and EuB« the B 11 resonance frequency was observed to depend upon composition. 
These shifts were determined to be associated with alterations of the conduction electron density. 
However, the large diamagnetic shifts observed in metal-deficient samples of CaBs and EuB* could 
not be explained on .he basis of any of the mechanisms suggested. 


L INTRODUCTION 

Metal hexaborides have been the subject of 
numerous researches since the synthesis of CaBe 
by Moissan and Williams* 1 * in 1897. This 
continuing interest is due, in part, to the simple 
crystal structure of the hexaborides* 2 ” 4 ) which can 
be considered as formed of two interpenetrating 
simple cubic lattices, one composed of metal atoms, 
the other of octahedra of boron atoms. Thus the 
space lattice is body-centered cubic with one 
AfBe group per unit cell (see Fig. 1), where M 
represents any one of a large number of alkaline 
earth or rare earth atoms. 

The boron bonding in the hexaborides has been 
studied theoretically by several authors. * 6-8 > 
The starting point of all these studies is the treat¬ 
ment of the lattice as composed of linked boron 
octahedra with ionized metal atoms in the inter¬ 
stices. The role of the metal atoms is to provide 
the additional electrons necessary to form those 
boron—boron bonds which stabilize the framework 
of linked octahedra. 

In the work of Longuet-Higgins and 
Roberts, < 8) electron energy bands arising from 2s 
and 2p boron atomic orbitals are calculated in a 
tight-binding approximation. It is shown that an 
energy gap exists in this band structure and that 
the valence band is filled by the electrons available 
from the boron atoms together with two electrons 

939 


from each metal ion. Any additional electrons go 
into a conduction band. Thus the divalent alkaline 
earth metals are predicted to form insulating or 
semiconducting hexaborides, while the pre¬ 
dominantly trivalent rare earth metals are predicted 
to form metallic hexaborides with essentially one 
conduction electron per metal atom. 

The work of Flodmark,* 7 '®) although differing 
in some details of the calculation, generally 
confirms thi9 picture, provided only the 2s and 2 p 



Fio. 1. Metal hexaboride crystal structure. 
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; boron orbitals arc included. He has, however, 
extended hie analysis to include the effect* of $s, 
3p $ end 3 d boron orbital*. The result is that bands 
arising from these orbitals overlap the bands 
arising from the 2 $ and 2 p orbitals in such a way 
as to fill up the gap. Thus Flodmark predicts all 
heicaboiides to be metallic. 

Studies of the resistivity and Hall effect,W 
magnetic susceptibility, U&-13) and thermionic 
emission* 12 * 1 *) have confirmed the metallic nature 
, of the hexaborides of trivalent metals. However, 
work on the hexaborides of divalent metals* 8 a2) 
has been much more limited and is not conclusive 
as to the nature of the conductivity. It was the 
object of the present work to gain more knowledge 
of the electron energy band structure of the 
hexaborides, by investigation of electron-nucleus 
interactions via studies of nuclear magnetic 
resonance (n.m.r.) behavior. 

The n.m.r. technique has several advantages in a 
study of the hexaborides. Significant information 
can be obtained even in the presence of consider¬ 
able amounts of impurity. The B u resonance is 
reasonably strong and readily studied. In the 
hexaborides, the boron framework maintains its 
structure not only for various metal substitutions 
but also for a range of nonstoichiometric, metal- 
deficient compositions. Further, the lattice constant 
is only slightly different for any two members of 
tile series (see Table 1). Thus the boron resonance 


Table 1 


Hexaboride 

a# (A) 

CaB« 

4-145<‘> 

YB« 

4-113W 

UB. 

4-156W 

CcB« 

4*141«) 

NdB# 

4-128U) 

EuB§ 


GdB* 

4-112W 

YbBe 

4 144W) 


frequency should be insensitive to changes that 
die mat accompanied by modification or re¬ 
arrangements in the occupation of the available 
electron energy bands. Changes in the number of 
conduction electrons should result in a change in 
the S 11 Knight shifts 


and SIDNEY SHAPIRO 

The situation is complicated by the quadrapoiar 
effects associated with the spin 3/2 B 11 nucleus 
and the magnetic interactions present for most of 
the rare earth hexaborides. The latter effects, 
studied extensively by Gossard and Jaccarino,* 15 ) 
were not of primary interest in the present in¬ 
vestigation. The quadrupolar effects, studied by 
Kttshida, Laurance and Silver, * 16 > were accounted 
for by a procedure to be described later. 

Most attention was concentrated on the 
hexaborides of La, Ca, and Eu and on the effect 
of variations in stoichiometry on the B 11 Knight 
shift in those compounds. The B u Knight shift 
in the hexaborides was found to depend on the 
metal atom, and for a given metal atom, on the 
stoichiometry. Where the data overlap, the results 
of this work agree with those of Gossard and 
Jaccarino in both the magnitude an<’ sign of the 
Knight shift. The hexaborides exhibit shifts 
which are generally small. However, a large 
dependence on stoichiometry is found in several 
of them, and, in the case of the hexaborides of 
divalent metals, relatively large negative shifts ~ 
are encountered. 

Following Sections devoted to experimental 
details, explanation of data analysis, and presenta¬ 
tion of results, various possible explanations for 
the behavior of the hexaborides are discussed with 
particular attention to their relationship to the 
theories of Longuet-Higgins and Roberts, and of 
Flodmark. 

EL EXPERIMENTAL 

The n.m.r. spectra of powder samples of a 
number of hexaborides were observed at room 
temperature with a Pound-Watkins spectrometer 
operating at a fixed radio frequency of 7*911 Mc/s. 

A field-modulation lock-in detection scheme was 
employed, the derivative of the absorption being 
recorded on a strip chart recorder. Magnetic 
field markers were entered manually by noting 
the proton resonance in a sample of mineral oil 
mounted in dose proximity to the hexaboride 
sample. The proton resonance was observed with a 
circuit similar to one described by Knight,* 17 > 
and the resonant frequency measured with a 
BC-221-AK frequency meter. 

Both proton and hexaboride sample r.f. coils 
were mounted in a jig between the pole faces 
**of a 6-in. Varian magnet to assure positional 
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tcprodnciWKty. Dm were found to be reproducible 
whether sample* were reinserted after a day or 
several weeks. The proton and hexaboride coils 
could also be interchanged in the jig without 
change in the data. 

Typical derivative traces are shown in Fig. 2. 
The top trace is the derivative of the B 11 resonance 
observed in crystalline boron, and is typical of the 
resonances observed in the diamagnetic hexa¬ 
borides. The center trace is the derivative of B 11 
in NdB«; there is some evidence of quadrupole 
asymmetry in the line. The bottom trace is the 
B 11 derivative in GdBe, showing strong quadrupole 
asymmetry and magnetic broadening. 

Analysis of these experimental traces was com¬ 
plicated by the width and asymmetry of the lines. 
The asymmetry was apparently not due to 
mechanical strains within the crystallites since 
annealing produced no detectable change in 
resonance characteristics. The predominant causes 
appear to be quadrupole coupling to the spin 
3/2 B 11 nucleus, and for some samples, magnetic 
interactions. 


A schematic rep resentation of the absorption 
in a quadrupole broadened line is shown in 



Fio. 2. B 11 nuclear magnetic resonance absorption 
derivatives in boron (top), NdBe (center), and GdBe 
(bottom). 
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Fig. 3. Hie unahifted reaonant frequency, vo, 
•hatilA Ik Q^oiltUt from the ieparation of the 
■btorption peak»< 18 > given by 


where At «* 


AH - 2SAtl9 

9 21+3 


644^(27-1) 


(<W 

hv o 


( 1 ) 

( 2 ) 


where the symbols have their usual meaning. It is 
apparent from Fig. 2, however, that in the 
hexaborides the derivative zero-crossings, corre¬ 
sponding to the absorption peaks, were not well 
resolved, making the application of equation (1) 
and (2) of dubious accuracy. To obtain the desired 
degree of accuracy, the method used by Gossard 
and Jaccarjno< 15 > was adopted. This method 
involves a double integration of the derivative 
curves in order to locate the center of gravity of 
the line. The correction, A, given by Saha and 
Das<«) 


A - SA/\5h (3) 

is then applied to the center of gravity. Integration 
was necessary only for the asymmetric lines, for 
the diamagnetic samples the asymmetry was 
negligible and the correction was applied directly 
to the derivative zero-crossing. 

IIL SAMPLE PREPARATION 

Most of the samples were obtained commer¬ 
cially* as powders, then ground further and passed 
through a 325-mesh screen. X-ray exmination 
indicated the presence of only the hexaboride 
phase for all the samples except yttrium hexa¬ 
boride, which contained a small admixture of 
the tetraboride. 

Several samples of nonstoichiometric com¬ 
position were manufactured in our own laboratory. 
C&tfBe was formed from Ca metal and high purity 
boron. X-ray examination detected the presence 
of only the hexaboride phase. An approximate 
composition was determined by chemical analysis, 
but this technique is not sensitive enough to 
detect small composition changes. Similarly, 
X»xay examination, dependent on changes in 
lattice parameter to detect changes in composition, 
cannot readily resolve the small differences 


* Supplier* wets American Potash and Chemical 
Carp, and Norton Company. 


produced in the stable hexaboride framework. 
There is, therefore, a limitation on the accuracy 
of absolute composition of this compound. 
However, several of the CaB* samples had com¬ 
positions which varied enough to be detectable 
by chemical analysis, so that the sense, if not the 
absolute magnitude, of the composition changes 
was known. 

LaB<) has no metal-rich composition and changes 
color as it becomes progressively more metal 
deficient. ^ Further, the La system is more 
amenable to chemical analysis than the Ca or Eu 
systems, so that such analyses can be carried out 
and result in significant composition data. The 
sense and a good estimate of the range of com¬ 
position are therefore available. Reacting stoichio¬ 
metric LaBg with excess boron produced a 
compound Lao- 77 B«, which is the extreme of the 
metal-deficient range. < 20 > 

Reacting stoichiometric EuB« with excess boron 
produced what was assumed to be metal-deficient 
material, although chemical analysis could detect 
no difference. There was, however, a resonance 
shift in the direction expected for a metal- 
deficient sample. 


IV. RESULTS 

A comparison of the B u Knight shifts observed 
for various compounds of stoichiometric com¬ 
position referenced to B 11 in a solution of sodium 
metaborate is show T n in Fig. 4. (An alternative 
reference is B 11 in triethylborate/ 16 ) which 
produces a strong, narrow resonance at slightly 
higher field.) The results for the paramagnetic, 
tri valent-metal hexaborides agree with the work 
of Gossard and Jaccarino who propose the 
mechanism of conduction electron polarization 
by metal ion cores. The results for the diamagnetic 
hexaborides (LaB« and CaBe) and the divalent 
metal paramagnetic hexaboride (EuBe) must be 
treated separately, and will be considered in the 
following Section. 

Table 2 summarizes the investigations of 
resonance shift as a function of composition in 
■ LaB«, CaB$, and Eube. Each sample was subjected 
to X-ray examination, chemical analysis, and 
wherever possible, metallographic examination, 
to insure the existence of only the hexaboride 
phase. The data indicates a direct correspondence 
.between metal content and B 11 shift, the higher 
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- TabU 2. Knight shifts in hexaborides of varum compositions 


Sample 

Material 

Preparation 

Shift (%) 

10681-15/20 

CaBg 

Commercial CaBg 

-0-291 

10681-15 

CaB* 

10681-15/20 reacted with calcium 

+0*011 

10681-25 

CaBg 

10681-15 reacted with boron 

—0*069 

10681-16 

EuBe 

Commercial EuBe 

—0*059 

10681-21 

EuB« 

10681-16 reacted with boron 

—0*135 

10488-48 

LaBs 

Commercial LaBe 

+0*031 

10681-0 

La&g 

10488-48 reacted with boron 

+0*018 



metal content (greater conduction electron density) 
producing more paramagnetic shifts in each case. 



Fig. 4, Knight shifts in MBs compounds of stoichio¬ 
metric composition. 


In the course of the hexaboride work, we also 
investigated several other boron systems. These 
were the transition metal diborides, and samples of 
crystalline boron. In all of these materials, the 
observed shifts were extremely small, of the order 
of the shifts observed in the diamagnetic 
hexaborides. The latter thus appear to be typical 
of boron systems. Also, the diborides appear to 
show composition dependent shifts, similar to 


those observed in the hexaborides, but with 
a much smaller range. 

V. DISCUSSION 

The Knight shift dependence observed here is 
in sharp contrast to previous work involving 
variation of the conduction electron density. 
Semiconductors* 21-24 ) exhibit a major change 
in line width and intensity, but little, if any, change 
in Knight shift with doping. Narath and 
Wallace * 8fi ) observe large (approximately 0*15 per 
cent) negative shifts for W 18a in cubic sodium- 
tungsten bronzes such that larger diamagnetic 
shifts correspond to higher conduction electron 
density. The hexaboride data shown in Table 2, 
however, indicate larger diamagnetic shifts corre¬ 
spond to lower conduction electron density. 
Jones et alS 2 *> observe no paramagnetic Knight 
shifts for Na 23 in the same compound. In the 
lithium-vanadium bronze system* 27 ) only very 
small (approximately 0*002 per cent) diamagnetic 
shifts are observed for Li 7 . 

An approximate calculation of the Knight shift 
of B 11 in LaBe, based on a single /-character 
conduction electron indicates A H/H ^0*1 per 
cent, which is considerably larger than the observed 
value. This would indicate that either the con¬ 
duction electrons have little /-character, or there 
is a diamagnetic contribution cancelling their 
paramagnetic effects, or both. One obvious 
contribution is the diamagnetic shielding due to 
other atomic electrons. However, for boron this 
correction, approximated by the free atom value 
of 0*02 per cent, is too small to be a mqjor factor 
although it may contribute to the observed 
shifts. 

Longuet-Higgins and Roberts, Flodmark, and 
Yamazaki attribute varying degrees of /-character 
to the conduction electrons, all considerably less 
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''36a* tOO par cent. Using the Longuet-Higgint 
picture of one conduction electron per LaBe 
cell, and assuming 35 per cent f-character, leads 
*0 a ahidding-correctcd resonance shift of 
apprarixnatdr +0-03 per cent (experimental 
value +0*031 per cent, sample 10488-48). A 
change of 23 per cent in electron density 
(LaBs LaorrBs) reduces the Knight shift to 
+0*023 per cent (experimental value +0*018 per 
cent, sample 10681-9). In this picture, however, 
CaB« has no conduction electrons, so it is hard to 
understand the positive shift observed for stoichio¬ 
metric material. 

When the Flodmark picture is used with the 
statistical value of 1*66 electrons as the number 
necessary to satisfy the boron bonds,* 12 ) then 
LaBe has 1 *34 conduction electrons and CaBe has 
0*34. Now in order to arrive at a corrected 
resonance shift of approximately +0*03 per cent 
for LaB$ and +0*023 per cent for Lao^Be, 
approximately 25 per cent r-charactcr must be 
assumed. On this basis, the predicted shift in 
CaBs is +0*008 per cent (experimental value 
+0*011 per cent, sample 10681-15). While the 
agreement is not always extremely good, there is a 
reasonable correspondence between shift and 
electron density, indicating that the diamagnetic 
hexaborides, containing either divalent or tri- 
valent metals, do approximate behavior predict¬ 
able by the Flodmark model, at least over limited 
ranges of composition. 

CaBs samples having maximum metal content 
(e.g., sample 10681-15) showed a relatively 
narrow, intense B 11 resonance. As in the LaBe 
system, this maximum metal content should 
correspond to a stoichiometric composition. 
When an attempt was made to investigate metal- 
deficient CaBs (samples 10681-15/20 and 
10681-25), it was observed that the line width 
increased sharply, with a corresponding decrease 
in intensity, indicative of an increased quadrupolar 
interaction, probably caused by a destruction of 
some Of the boron symmetry. (This broadening 
WO not observed in any of the other materials, 
either paramagnetic or diamagnetic, possibly 
because the composition differences achieved were 
not greet enough.) The relative instability of 
CaB# is consistent with a lower conduction 
^ebtron density, which presumably allows the 
escape of fewer metal atoms before the boron 
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structure deteriorates. Moreover, the lower boiling 
point of Ca (MOOT) compared to La (4515T) 
and Eu (18O0°C) indicates that evaporation of 
metal from the CaB* complex should be more 
easily accomplished. 

Part of the negative shifts in these samples can 
be attributed to the increased quadrupole inter¬ 
action, but after correcting for an assumed upper 
limit for the interaction, there still remains a 
substantial negative shift (approx. —0*20 per 
cent) which must be explained. 

There are several mechanisms which can 
produce such large diamagnetic shifts. Those, 
such as exchange polarization* 25,28 ) and conduction 
electron polarization,* 151 which are magnetic in 
origin, are not relevant to the diamagnetic CaBe 
system. Diamagnetic ‘‘ring cu’-rdhts”* 28 ) have been 
suggested to explain in part the Knight shift 
results in diborides.* 29 > The hexaborides do not 
possess the closed ring structure of the diborides, 
and an estimate of the effects off “ring currents” 
within or between the boron octahedra leads to 
corrections far too small to be the significant 
source of diamagnetism. We have had a similar 
lack of success in applying any of the suggested 
mechanisms to the CaBe system and arriving at 
shifts of the order of those observed. 

The results for EuBe are complicated by 
magnetic interactions and the divalent character 
of the Eu ion. This divalent character, suggested 
by the lattice parameter* 20 ) was confirmed 
by observation of the electron spin resonance 
arising from the 4/ 7 electron configuration,* 80- ® 2 ) 
This resonance was observed at room temperature 
and 77°K, but was not observable at 4*2°K, 
indicating a transition, probably antiferromagnetic, 
somewhat above 4*2°K. (For GdBs* 33 ) 
T n *= 13°K). 

The electron density of EuBe is therefore similar 
to that of CaB® while the magnetic interactions 
should be similar to those in GdB fl . Subtraction of 
the GdBe results from those of EuBe indicates 
the effects of electron density variations alone. 
The composition dependence in EuBe is con¬ 
siderably greater than in LaB e , while the fact 
that it is not as large as in CaB e may be due to 
differences in composition range. Presumably, 
the same mechanism responsible for the dia¬ 
magnetic shifts in CaBe will explain those in 
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VL CONCLUSION 

The variation of conduction electron density 
appears to be the basis for all the composition 
dependent Knight shifts. In each case, decreased 
density (lower metal content) produced shifts in 
the diamagnetic direction. Unfortunately, the 
size of the shifts encountered and the limitations 
on accuracy preclude detailed examination of the 
data with a view toward developing a consistent 
picture of die hcxaboride energy band structure 
and its variation. In particular, the temperature 
dependence of the Knight shift, which has proved 
to be of great value in energy band structure 
determination*® 4 ) would not be obtainable with 
sufficient accuracy to justify the effort. 

The magnetic state of the material appears to 
be a more important parameter than the valence 
state of the metal ion in determining the resonance 
shift. However, the latter appears to be instru¬ 
mental in determining the effect of composition 
change on the shift. In this light, it is difficult to 
substantiate either the theory of Flodmark or of 
Longuet-Higgins and Roberts, although our 
results seem somewhat more consistent with the 
former. The deterioration of the B 11 signal in 
metal-deficient CaBe and the masking effects of 
the magnetic interactions make more detailed 
comparison difficult. 
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Abstract —The constant K,\ of magnetocrystalline anisotropy of nickel depends linearly on magnetic 
field strength. At 30°C it is found: (l//Ci)(dKo/dff) « (0*53 ± 0*05)per cent/kOe, at least up to 
fields of 33 kOe. It is shown that this effect is an intrinsic property of the pure crystal, Xt is found 
that within the experimental errors K\ depends only on the intrinsic magnetization when varying 
the two independent variables field strength and temperature, at least at room temperature. The 
field dependence of the magnetocrystalline anisotropy is connected with the anisotropy of the 
intrinsic magnetization, of which a calculation could be made. The case of iron is also discussed. 


I. INTRODUCTION 

By the magnetocrystalline anisotropy energy 
Eji(a) for field strength H we mean: the work per 
unit volume which must be done by the (mechanical 
and magnetic) torque forces to rotate the mag¬ 
netization M from a reference direction to some 
direction a with respect to the crystal while the 
magnitude of the magnetic field H remains 
constant. For cubic crystals like those of iron and 
nickel we may write this energy as a power series: 

Ea( «) = Kq +/£i(a|<Xg + OgOtJ + aJoc|) 



where the components at are taken with respect 
to the crystal axes. In the case that M is confined 
to the (001) plane, as in our measurements, the 
part containing the angular dependence reduces to: 
Ea(0) e= —ATx/8 cos 40+ ...» where 0 is the 
angle between M and the X-axis (Fig. 1). The 
torque per unit volume due to the anisotropy, 
which is exerted on the crystal by the magnetic 
field, can be shown to be given by: 

L(0) = - dE A /dB = — (JCi/2) sin40+ .... 

It is generally assumed, as concluded from 
experiments, that the coefficients Ki are inde¬ 
pendent of H, So the same must hold for the 
function L(9). The experimental finding that for 
smaller fields the L(0) curve is somewhat lower 


and for increasing H seems to tend to a limit is 
ascribed to incomplete saturation of the mag« 
netization in that region of H, The “true” value 


H 



Fio. 1. Definition of the angle* when measuring the 


torque, due to magnetic anisotropy, acting on a single 
crystal. The field lies in a plane containing two cubic 
axes x and y. 
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X% i* found by extrapolation of the ,< effective ,f 
tm of Ki to infinite fidd.tt> 

r 2. hCEASUBEMENTB AND RESULT FOR NICKEL 
l ay—liftin g the anisotropy of a nickel single 
f cryatal this L{€) curve wss measured. It must be 

. remembered that the direct result of the measure- 

amt is the L(Y) cum, where ¥ is the angle 
between the magnetic field H and the X-axis of 
the crystal. But from this curve L{B) is easily 
found by calculating B for each T by means of the 
relation L - -HM tin (T-0). We found that 
L{8) has nearly a sin 40 shape: the values of K\ 
computed from the slopes of L for the [100] and 
£110} direction, where L *■ 0, (acting as if the 
curve were a pure sine) differ by (0 ± 2) per cent 
and (-3 ± 2) per cent respectively from the one 
according to the peak of L. This measurement 
was done for H — 10 kOe. Also at other field 
Strengths, peaks and slopes were measured. Our 
result, however, was not in accordance with the 
d—criptkm in the introduction. After a steeper 
course at lower fields, the torque increased 
linearly with H above ~ 8 kOe, at least up to the 
maximum value we could reach, 33 kOe. Several 
meaaurements, described below, gave that the 
Change of L relative to the value for lOkOe 
amounted to (0*53 ± 0*05) per cent/kOe, at 
30°C. 

We have concluded that the observed effect is 
an intrinsic property of the pure crystal, i.e., the 
true or intrinsic K\ is really given by the measured 
& above some minimum field of about 8kOe, 
and so depends, contrary to the expectation, on H. 
Othef more trivial sources which could give a 
similar effect have been excluded by varying the 
type of measurement and by using specimens of 
duff—ant origin as follows. 

A nickel single crystal produced from the melt 
— well as a pseudo single crystal sheet with a 
Strong cube texture were available as starting 
matensis. Static measurements were done in 
irtffdl the torque due to die magnetic anisotropy 
was compensated by the torque of a torsion wire. 
Also dynamic measurements were performed in 
w&foh the magnetic torque gave the restoring 
Couple Of oscillating system. The equilibrium 
for which the dynamic meaaurements 
wri—e dene-w—e the two [110] directions in 
tike diffc plane white die static measurements were 


carried out in two directions of m a ximum torque 
in a (100) plane. A sphere of 8 ram diameter and 
a disk of 5 mm diameter and 0*5 mm thickness 
manufactured from the single crystal were in¬ 
vestigated with the static and the dynamic method 
respectively. From the pseudo single crystal a 
disk 5 mm in diameter and 0*1 mm thick, was 
subjected to the dynamic measurement. As has 
been said a magnetic field up to 33 kOe has been 
made use of, also more homogeneous types of 
field with field strengths up to 27kOe. All 
measurements led to the same slope of the 
Ki(H) line within an error of 10 per cent. 

The more trivial sources which may cause a 
dependence of the observed anisotropy on H 
and the reasons why we exclude them as explana¬ 
tions of the effect measured by us are as follows. 

(a) Parasitic torques by imperfect mounting of 
the sample. The sample could have been fixed 
eccentrically with regard to the suspension axis 
in an inhomogeneous field. Also the normal to the 
plane of the disk might not have been parallel 
with that axis. From the fact that the same value 
of dKijdH is found in all measurements as well 
as from calculations, together with an estimation 
of the possible imperfections, such errors can be 
ruled out. 

(b) Incomplete saturation connected with the 
shape of the specimen. Kouvel and Graham * 11 
have found a dependence of L(B) on field strength 
for a silicon-iron alloy, though smaller than our 
effect for nickel and not linear with field, but 
approaching a limit according to 

K[ = ^(1-C/VW), 

where K ' is the effective A'x determined by 
L(0). They used fields up to 20 kOe. They explain 
their effect in the manner already mentioned 
above, namely by lack of technical saturation of 
the magnetization, which they are able to show 
at the edges of the crystal. At the edges remain 
domains in which the rotation of the magnetiza¬ 
tion to the net direction is still incomplete. The 
extent and nature of these domains, and therefore 
the magnitude of the net magnetization fit of the 
cr y sta l disk, will depend on the direction of M 
for a given field strength, in which case it is 
necessary to use a modified expression for the 
4orque: L « -d£*/d0+//cos(T-^dJ&/d0. It 
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saturation rireadyctuses an appreciable value of 
l«m^aiideoai(»ountaieaaoQably fbrtheobeerved 
effects* In ourexperiments incomplete saturation 
does net pb]r an important role as may foe dear 
from the constant value of dJ^i/dg in a large region 
of H t die independence of the effect on the shape 
of the sample and the relatively small value of AT, 
for nickeL Possibly only the deviation from linearity 
of Kj{H) for lower fields may be connected with 


range 7O-120TL are in 
sensitive m ess u remo rts of Prog aMtAMtt]BflWPti 
and of those of the fits! anisotropy ooostant Jti 
by Praai>W we get m? sa 26 for I5°C 
see that within the Hmhaof experimental tottolfc 
anisotropy is even completely detenbohied bytha 
intrinsic magnetization whoa varying die two 
independent variables of state H and ^gfHt, 
can write: K^M[T t H]) % at least near loom tom* 
pasture. 


the lack of technical saturation. 

(c) Imperfections of the crystalline structure. 
No major influence of such imperfections on the 
observed effect has been indicated in the com¬ 
parative measurements of the single crystal and 
the fine grained 0-1 mm) texture. 

3. DISCUSSION 

After all, a dependence of the intrinsic magneto- 
ciystalline anisotropy on if could be expected. We 
condude this from spedal theories on the tem¬ 
perature dependence of the anisotropy, 
although there are large quantitative discrepandes 
between these theories and experiment. They 
consider the relations K%(M), etc., which 

arise when the temperature is varied. One must 
conclude that the relations of this kind obtained 
when varying the applied field strength do not 
differ very much from the former, because H will, 
at least partly, change M in the same manner as 
does T, namely by varying the extent of alignment 
of the atomic moments. And experimentally it is 
found that M depends measurably on ff.< 6 > By 
M we mean here the intrinsic M or the M of the 
pure crystal at complete technical saturation. Let 
us, to examine this question on the basis of the 
experimental values, compare the relative change 
of M with H (from Danan’s measurements at the 
highest field strengths) with the relative change of 
K\ with H (from our measurements), i.e., «// in 
the relation (1/l^dlEtfdlI)- m B * {l/M^dM/dH) 
(if there exists a relation of die form Ki » C • A#* 1 , 
then n = m B ). Danan gives curves for two 
specimens of nickel at 15°C, for which we find 
m B — 21 and 26, at 15°C. We can also calculate 
an m? with respect to temperature variations. 
Making use of die most recent values for the 
temperature dependence of the spontaneous 
magnetization found by Budnick and quoted 
by Pugh and Argyle,W which in the te mpe r a ture 


A difficulty exists when making this c oacUi si oP ; 
According to Danan, A/should be propcHticmal to 
yif, while in our measurements Ki h rather 
linear with H. It should he remarked that onfy 
according to the theoretical equation the linearity 
of M with •y/H has been revealed, w he r eto 
experimentally the errors of measurement ere 
such that at least in the region 10-25 kOe we just 
as well can regard M as linear with H+ On rite other 
hand the theory, being the work of HouTStN 
and Primakoff,< 8 > is in very good agreement 
with the experiment concerning the mean value of 
the susceptibility. 

4. TEMPERATURE DEPENDENCE 
We have also measured values of (1 /Ki)(dKijdB) 
as a function of temperature (Fig. 2). Outside 
30°C they represent only dynamic measurements 
on the pseudo-unicrystalline disk. The difference 



Fio. 2. Relative chance of die first an i sotropy constant 
Ki of nickel with magnetic field H aa a function of 
temperature. 


between the measurements along the two [110] 
directions in die disk plane is indicated. Aa 
magnetization measurements as a function of 
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available for large H outride 
compare (IjKiftdKijdH) 
lik fliMttnd wdu* of(l/M)(d3f/dif). The only 
could do wm to nuke c alc u la ti ons of 
ill two manners for comparison 
purposes, mnndy: 

' ft) Using the equation of Holstein and 
Primahoff, with which Datum obtained a correct 
dependence of M on H at room temperature 
(Fig, 3a). For M(T) in this equation we used the 
values of Budnkk, which are available up to 
27*CL 

(b) Supposing m? ~ m# should hold also 
OUtltde room temperature. We used again the 
values of M(T) by Budnick and those of Ki(T) 
by Purei to calculate mr(T) t and then our measured 
values of (l/iCi)(dJCi/dff) to get (l/M)(dM/dtf) 
(Fig. 3b). 



M\ while Ea is defined for constant Hm instead of 
for constant H . For practical purposes, however, 
we may for the fields used by us take the Ea as 
defined in Section 1, so replace Hm by H, because 
the difference introduced by this is far below the 
accuracy of the measurements. If we expand M 
in the same manner as Ea, namely: 

M( tt) = Mo+Mi(a|o| + o|«J + aJa|)-|- ... , 

it follows that M\ ™ — dKijdH. According to our 
K\(H) curve Mi will be independent of H in the 
field region used by us and 

(M\/Mo) « —(Kt/Mo) • (l/Ki)(dKi/dH) 

~ 0*5 x 10 -8 

at 30°C. This iB much more than the estimation 
Callen and Callen give on the basis of their theory. 
Moreover, with the aid of the temperature de¬ 
pendence of (\IKi)(dKijdH) (Fig. 2) and that of 
K\ by Puzei we find between —100° and +100°C 
for M\ a temperature dependence as shown in 
Fig. 4, the shape of which also differs appreciably 
from the result of Callen and Callen. 


Htistafo and Primakoff. (b) Computed from the 
PMsttUVd (l/XkXdXi/dH) curve in Fig. 1, supposing ■ 
retationahip Ki(M[T, H]) in the temperature range 
involved. 

f» AKisoraonr of magnetization 

■ **«• been pointed out by Callen and 

Callen,^ the field dependence of the magneto¬ 
crystalline anisotropy is theniKxiyrunucallyrelated 
lO the tnttotrcpy of if, namely: 

W®*). - -Jm- 

Hen Hu fa rite component of B in the direction of - 



Fio. 4. Afi, defined by the expression for the intrinsic 
magnetization M ■■ + <**«« + a?ot*) + ..., 

tt a function of temperature. Mi = —d/Ci/d H is cal¬ 
culated in multiplying the Ki(T) values of Puzei by the 
(\IKi)(dKijdH) values in Fig. 2 measured by us. 

Mo * 484 G at 20°C. 


6. THE CASE OF AN IRON ALLOY 
It may be interesting to see what a calculation of 

(1 /Ei)(dKifdH) will give for the silicon-iron alloy 

(of 3*5 wt per cent silicon) investigated by Kouvel 
and Graham, using again the assumption 
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mr & ***** MSkiJag use of the result of measure- 
mats on the anisotropy of a 3 per cent silicon- 
iron ctystal by Graham, <l0 > giving m T ~ 6*5, 
and taking the value of the intrinsic susceptibility 
measured by Danan; (l/M)(dAf/df/) 2 ; 0*0075 per 
cent/kOe for iron (by lack of information on 
silicon-iron) at H = 20 kOe, we get 

{ljKi)(dKildH) ~ 0*05 per cent/kOe. 

In a report* 11 * being an extension of Ref. 1 
Kouvel and Graham find that the value of C 
(as defined in our Section 2), so (IjK'^dK'JdH) 
for constant H , depends on the thickness to dia¬ 
meter ratio of the disk specimen. Extrapolation to 
ratio 0, however, does not give C ~ 0 as one would 
expect if C would be due only to lack of technical 
saturation, but about 4*5. This means that 

(1/K’JidK'JdH) ~ 0*08 per cent/kOe 

at H = 20 kOe. This limiting value for the 
maximum field where measurements were done 
may approximate the intrinsic (1 /Ki)(&KildH) 9 
so must be compared with the above result of 
0*05 per cent/kOe. 
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ELECTRON TRANSFER IN ZINC-BLENDE III-V 

COMPOUNDS* 
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Abstract—The X-ray powder diffraction patterns for A1P, BP, GaAs, GaSb, InAs and InSb have 
been measured. From these and previously reported data, a correlation of the bond order, inter¬ 
atomic distance and electron transfer is made for intermetallic III-V compounds having a zinc- 
blende structure. The ionic character of the bonds is determined quantitatively in terms of electron 
transfer. The energy gap between the valence and conduction band decreases with increasing bond 
length in compounds of a similar bond character and same crystal structure. The energy gap in¬ 
creases with increasing ionic character in isoelectronic series. 


I. INTRODUCTION 

A class of intermetallic compounds having the 
formula A III B V are formed by elements in group 
III and group V. The chemical bonding in this 
class of compounds is largely covalent.(D This 
covalency concentrates the chemical energy of the 
system in directed bonds between each atom and 
its nearest neighbors only, thus constraining the 
crystal to a high degree of chemical and structural 
perfection. Except for the nitrides, § all the com¬ 
pounds of this class have a face-centered cubic 
(zinc-blende type) structure in which each group 
III atom has four tetrahedrally arranged group V 
atoms as nearest neighbors bonded through 
covalent sp 3 hybrid bonds. Likewise each group 
V atom is bonded to 4 group III atoms. 

A quantitative measurement of the effective 
charge of these bonds can be made by measuring 
the Reststrahl frequency in the far infrared. It is 
possible also to obtain a quantitative correlation 


* Abstracted in part from a thesis submitted by C. C. 
Wang in partial fulfillment of the requirements for the 
Ph.D. 

t Present Address: Department of Chemistry, 
University of Kansas, Lawrence, Kansas. 

t Present Address: Department of Chemistry, 
University of Missouri, Columbia, Missouri. 

§ Both cubic and graphitic type hexagonal forms have 
been reported for BN. AIN, GaN and InN have wurzite 
type hexagonal structure. We have observed high tem¬ 
perature wurzite type hexagonal BP. 


of crystal structure and ionic character in the 
following manner. 

Using the concept of the resonating bond, 
Pauling postulated and later experimentally con¬ 
firmed^ the relation between the bond length 
and bond order for many compounds to be: 

D(n) = D(l)-0*60 logion (1) 

D(n) is the bond length for bond order, n t which 
is the ratio of the valence of the atom to the num¬ 
ber of bonds. Z)(l) is the bond length for a single 
bond. As Pauling has indicated, a consideration 
of the interatomic distances shows that electron 
transfer from atoms of one element takes place in 
many intermetallic compounds. The amount of 
electron transfer is related to valence changes 
which may result from the gain or lose of electrons, 
the partial ionic character of bonds between unlike 
atoms, or the equalization of the electronegativity 
differences between atoms. A purely covalent 
bond in the zinc-blende structure will be charac¬ 
terized by a bond order of f. In most zinc- 
blende compounds, there will be some electron 
transfer. The electron transfer per bond is equal 
to (n-l). Since there are four bonds per atom, 
the electron transfer per atom for compounds of 
this class is 4(»— J). The value of the bond order, 
may be calculated from equation (1) using 
experimentally determined values of D(n) and 
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The X-rejr powder difraction patterns for AiP, 
BP* GaAa, GaSb, InAs and InSb were measured 
in dua laboratory* using a General Electric XRD-5 
d iff r act ometer, using filtered copper radiations 
and a scanning speed of 1° (0) per minute. AH of 
the patterns show the zinc-blende structure.! 
The Cubic parameter, oo» was obtained by the 
least squares refinement of Nelson and Riley* 3 ) 
in which the minimum error in the cubic para¬ 
meter occurt in the limit when cos 2 0(l/sin 0+1/0) 
approaches zero. A comparison of the do values 


• The AIP and BP were prepared in this laboratory 
and found to be 99*9+ per cent pure by spectrographic 
analysis. Single crystals of InSb, InAs, GaAs, and GaSb 
of purity greater than 99*9 per cent were supplied by 
Texas Instruments Incorporated, Dallas, Texas. 

fWBtrroiuK 7 * suggests a hexagonal structure for AIP 
similar to that of AIN. We have found AIP to be of the 
sino-blende type. 
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determined in this work with those reported in 
the ASTM X-ray powder data file is shown in 
Table 1. Because of the geometry of the zinc-hlende 
structure, the interatomic distance, is 

equal to 3 1 '' 2 ao/4. 

The single bond lengths, D( 1), are given by: 

DQ)**rA+r B -c\xA-XB\ ( 2 ) 

where ya and rs are the single bond radii as given 
by Pauling * 41 xa and xb are the electronegativities 
of the atoms as given by Pauling* 6 ) and c is the 
Schomaker-Stevenson coefficient which Pauling* 6 ) 
assigns a value of 0*08 for a bond with boron, 
0*06 for a bond with Al, 0 04 for a bond with Ga, 
0-02 for a bond with In. 

The bond order, n, was calculated from equation 
(1) using these values of D(n) and D(l). Then the 
electron transfer per atom was calculated and the 
results tabulated in Table 2. 


Table 1. The cubic parameter , ao determined in this laboratory and 
the value reported in the ASTM X-ray powder datafile 



Th a 

Laboratory 

ASTM 

Card 

Number 

BP 

4-534 

4-538 

11-119 

AIP 

5-467 

5-451 

Ref. (11) 

GaAs 

5-675 

5-637 

12-608 

GaSb 

6-098 

6-095 

7-215 

InAs 

6-076 

6-0584 

8-387 

InSb 

6-481 

6*4782 

6-0208 


Table 2. Bond numbers and electron transfer per atom for some IIJ-V compounds 



w \) 

(A) 

D{n) 

(A) 

Bond order, 
n 

Electron 
transfer 
per atom 

Structural 
data source 

BN 

1-47 

1-565 

0-71 

-016 

Wentorf 17 ) 

BP 

1*89 

1-963 

0-76 

004 

this lab 

BAs 

201 

2-068 

0-79 

016 

Post et al.W 

AIP 

2*31 

2‘367 

0-79 

0-16 

this lab 

AlAs 

2-43 

2-438 

0-96 

0-84 

Natta< # > 

AlSb 

2-62 

2-656 

0-87 

0-48 

GlESBCKEUOl 

GaP 

2-33 

2-360 

0*89. 

0-56 

AddamianoUU 

GaAc 

2*44 

2-448 

0-96 

0-84 

this Ub 

GaSb 

2'63 

2-640 

0*96 

0-84 

this Ub 

InP 

2*51 

2-541 

0-89 

0*56 

Addamiano (11 > 

InAs . 

2*62 

2-631 

0*96 

0-84 

this lab 

InSb 

2*81 

2-806 

1-00 

1*00 

this Ub 
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TEL DISCUSSION AND CONCLUSIONS 

Tabic 2 dearly shows that all values of D(n) 
except that for BN are between the value of -D(l) 
and D(|) which means that the bond orders, w, 
are between } and 1*00. Thus the bonds exhibit t 
the ionic character as indicated by the electron 
transfer value. 

The results for BN are inconsistent with what 
one would predict on the basis of the electroneu¬ 
trality principle whereby there would be electron 
transfer in order to counteract the partial ionic 
character of the B-N bond. The measured inter¬ 
atomic distance in BN (1*565 A) is only slightly 
higher than the distance (1 *54 A) obtained by the 
addition of the covalent bond radii given by 
Pauling. Thus it is not necessary to make the 
Schomaker-Stevenson correction for the B-N 
bond just as it is not necessary to do so for the 
OC1 bond.< 6 > The corrections for the other boron 
compounds in this study are so small, due to the 
small differences in electronegativity, that it i9 
difficult to determine if the correction is required 
for any of the other boron bonds. The “ionic 
character’* of these bonds has not been measured 
by other experimental methods. 

Using a value of D(l) = 1*54 A for BN, the 
value of the bond order is 0*91 and the electron 
transfer per atom is 0-64. Ignoring the Schomaker- 
Stevenson correction, bond orders of 0*79 are 
calculated for BP and BAs which is no change for 
BAs and a small change for BP. Further justifica¬ 
tion for the omission of the Schomaker-Stevenson 
correction in the B-N bond can be made on the 
basis of the observation that unusually large B-N 
distances occur in all known tetrahedrally bound 
B-N compounds such as pyridine-boron tri¬ 
fluoride and amino-boron trifluoride which have 
been discussed by G eller. < 12 > 

This rather large electron transfer for BN 
would be intuitively expected upon the large 
electronegativity difference. However, a closer 
examination of the other data shows no simple 
correlation between the electronegativity and the 
electron transfer. In fact one will observe that if 
there is any apparent trend, it is in the opposite 
direction. For a group of compounds of the same 


group V element, the electron transfer tend*!* 
increase with the increasing aioe of the group 
elements. For a group of compounds of Ga and to* 
the same trend occurs with increasing at ae of the ,, 
group V element 

Two qualitative correlations can be made be* 
tween the energy gap of these semiconducting 
compounds and die bond nature and length. The 
energy gap decreases with increasing bond length 
in substances with the same crystal structure and 
similar degree of bond character* The energy gap 
increases with increasing ionic character in an 
isoelectric series. These correlations indicate that 
the less tightly bound electrons are capable of not 
only undergoing a greater degree of transfer in 
the bond but also are more easily raised to a con¬ 
duction band. 
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ABSORPTION EDGE IN FERROELECTRIC SbSI UNDER 

ELECTRIC FIELDS 

Gt)NTHER HARBEKE 

RCA Laboratories, Zlirich, Switzerland 
(Received 28 January 1963) 


Abstract—The shift of the absorption edge in SbSI caused by an applied electric field has b ee n 
measured as a function of temperature and field strength. It shows a sharp maximum at the Curie 
temperature T e , a linear field dependence below T 0 and a quadratic field dependence above 7V. This 
behavior can be explained by the known dielectric and electromechanical properties. 


I. INTRODUCTION 

The absorption edge in semiconductors and in¬ 
sulators is due to light induced transitions be¬ 
tween states in the uppermost filled band and 
states in the lowest empty band. External para¬ 
meters like magnetic or electric fields are mostly 
of weak influence on the shape and the spectral 
position of the edge. High electric fields of the 
order of 10*—10® V/cm are known to shift the 
absorption edge to longer wavelengths by a small 
but in some cases detectable amount depending 
on the steepness of the edge and the effective 
masses both in the initial and final state.* 1 ) Kern* 2 ) 
has found a remarkably large shift of the absorp¬ 
tion edge in SbSI to shorter wavelengths in fields 
of the order of 10 3 V/cm to 10 4 V/cm. 

According to Doenges,* 3 ) SbSI crystallizes in 
the orthorhombic structure with the lattice con¬ 
stants a = 8*49 A, b = 10*10 A and c = 4*16 A. 
It tends to grow in form of thin needles along the 
c-axis and is red transparent since the absorption 
starts increasing around 6500 A. The material 
is photoconducting* 4 ) with a maximum photo¬ 
current at 6300-6400 A. The edge shift is pro¬ 
duced by a d.c. field applied along the c-direction 
and the light direction perpendicular to c inde¬ 
pendent of the field direction and seems to be 
connected with an electromechanical elongation 
of the crystal. 

In the course of further investigation of these 
effects SbSI was found to be a ferroelectric 
material* 5 ) with the c-axis as ferroelectric axis. 


The Curie point is at 21 °C, the spontaneous 
polarization is more than 7 /a C/cm 2 at 0°C. 
The ferroelectric properties are reported else¬ 
where.* 5 ) This paper is concerned with some 
new features based on the correlation between 
ferroelectricity and the behavior of the absorption 
edge. 

H. INSTRUMENTAL 

The optical set up for the experiments is similar 
to the one used by Kern.* 2 ) The monochromator 
slits were set at a resolution of 0*003 eV or better. 
The samples were measured under vacuum in a 
chamber thermally stabilized to a few tenths of a 
degree. 

m. RESULTS 

(a) Absorption without an applied field 

The transmission and reflection of thin crystals 
with plane parallel faces was measured around the 
band edge with the light direction perpendicular 
to the c-axis. The crystals were taken as grown 
without any polishing or etching treatment. From 
these data the absorption constant K was deter¬ 
mined. The F « 0 curves in Fig. 1 show K both 
for light polarized parallel and perpendicular to 
the c-axis without an applied field. A remarkable 
energy difference of 0*07 eV in the positions of 
the two edges corresponding to the two directions 
of polarization can be noted. These measurements 
are in agreement with the transmission measure¬ 
ments of Kern.< 2 > On the high photon energy 
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Flo. t. Absorption constant of SbST for polarized light E]c and E\\c with and without applied 
d.c. field as a function of incident photon energy. Light direction perpendicular to the c-axis. 


side the measurement of K was terminated by the 
low transmission level in even the thinnest crystals 
available. The energy dependence of the absorption 
in the edge gives no information about the type of 
transitions causing the edge. Therefore no de¬ 
tailed conclusions can be drawn concerning the 
band structure of the compound. They only 
indicate band gap values of about 1 *95 eV for 
2?J jc and about 1 *88 eV for E\]c. 

Both edges shift with temperature without 
altering their shape. The energy of maximum 
photosensitivity is known to shift with an 
extraordinarily high temperature coefficient of 
dBmxIdT** — 1 *5 x 10* eV/°K,< 4 > a value aver¬ 
aged bet we e n room temperature and 80°K. This 
value was found by KkrnW to be identical with 
die averaged temperature coefficient ft of the 
absorption edge for unpolarized light. On the 
Other hand, the measurements through this tem¬ 
perature range show that the relation Eq(T) « 
Bq(0)+PT with constant does not hold. Taking. 


P for the tangential slope of the Eq(T) curved one 
finds p changing from — 1 x 10"* 3 eV/°K around 
80°K to -2*3 x 20“ 3 eV/°K between 0 and 20°C. 
The shift of the edge around the Curie tempera¬ 
ture is shown in Fig. 2 for E^c and K = 500 
cm'* 1 . The temperature coefficient below 20°C is 
-(2*2 ± 0*2)«10" 3 eV/°K in perfect agreement 
with the value quoted above; above 22°C it is 
-(0*9 ± 0*2). 10-3 e V/°K. Thus, a sharp break 
in Eg(T) occurs right at the Curie temperature. In 
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Fig. 2. Shift of absorption edge of SbSI with tempera¬ 
ture around the Curie temperature. 
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very pure and fipy single crystal needles the same 
temperature coefficients were found. In addition 
to fhk, a reversible spontaneous jump of the 
absorption edge to lower energies of 0*02 eV 
equivalent to 60 A was observed going across T c 
with increasing temperature. It must be noted 
that T e can vary from sample to sample and that 
there is a small temperature hysteresis in the jump. 

(b) Absorption under a d.c, field 
The effect of a d.c. field parallel to the c direc¬ 
tion on the absorption edge for polarized light can 
be seen in Fig. 1 at 25°C. It does not depend on 
the sense of the field. At a mean field of 2 kV/cm 
the edge shifts by 0*012 eV to higher photon 
energies. The mean field is taken as the ratio of 
applied voltage and electrode distance, since by 


crystal This shift A£e is of 
some orders of magnitude highorthantheFriukS 
effect would predict This is in qualitadve ag^e- 
ment with the results of R*rr.<*> Since it beeame 
dear, that A Eq is very sensitive to BoariL changes 
in temperature around T e the measurements were 
performed at a constant fidd of 2 kV/cm under 
accurate temperature stabilisation. The result 
(Fig. 3) showB a very pronounced peak right at the 
Curie temperature. At the maximum point the 
edge shift is at least 10 times larger than either 
10° below T c or 15° above it. It is an interesting 
feature that this curve has a striking similarity to 
the dielectric constant vs. temperature curve. (W 
Another property which depends very strongly 
on the temperature around T c is the d.c. field de¬ 
pendence of A Eq. In Fig. 4, A Eq is plotted vs. 


visual observation it can be seen that the change in 
transmission is nearly uniform over the entire 



10 20 30 40 

Fio. 3. Shift of absorption edge of SbSI under a d.c. 
field of 2 kV/cm applied along the oaxia va. temperature 
around the Curie temperature. 
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Fig. 4. D.C. field dependence of the shift of absorption 
edge in SbSI at 16'6 6 C. 

the applied field at 16*6°C. At this temperature, 
well below T c , the field dependence is linear. 
In Fig. 5, A Ea is plotted vs. the square of the 
applied field at 25*5°C. At this temperature, well 
above T Ct the field dependence is quadratic. The 
dependence is linear up to 20°C and quadratic 
above 22°C. In the intermediate temperature 
region, i.e. for T e — 1° to T*c-f1°, a mixed field de¬ 
pendence was observed. 

Preliminary investigations of the dilatation of 
the crystal in a d.c. field by an electrical condenser 
method show a strong elongation in r-direction 
independent of the sense of the field. A typical 
value for the relative elongation A l/I is 7 x 1(M at 
a field of 2 kV/cm. The field dependence is neither 
strictly linear nor quadratic. These measurements 
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FlO. 5* D.C. field dependence of the shift of absorption edge in SbSI at 25*5°C. 


were done in air at room temperature, that is, in 
the immediate neighbourhood of T c . This might 
explain the similarity to the optical effects which 
it confirmed by the time dependence of the 
elongation. The response time consists of a fast 
part of less than 1m sec duration and a very slow 
part of a few seconds. This performance resembles 
tite time dependence of the edge shift,< e > and in 
both cases die fast part corresponds to about two 
thirds of the whole effect. 

IV. DISCUSSION 

The existence of ferroelectricity in a crystal 
requires a lack of a center of symmetry in the 
structure. SbSI is reported to be of orthorhombic 
structure, space group 2>JJ, thus having a center 
of ejmmctry.^ It therefore appears that all pre¬ 
vious X-ray work in determining the crystallo¬ 
graphic structure must have been done in the 
nan-fe rro e le ctric region above the Curie tempera¬ 
ture of 21*C» The ferroelectric phase has not been 
determined ao far. From our optical data the phase 
txansitioa is indicated by the sharp change in die 


band gap as a function of temperature (see Fig. 2) 
and by the spontaneous jump of the absorption 
edge at T c in some crystals. In the ferroelectric 
region near T e the temperature coefficient of the 
band gap is nearly three times that in the non- 
ferroelectric region. 

The temperature coefficient of an energy 
difference between two levels consists out of fwo 
parts, one due to the change in atomic distance 
with temperature and the other due to the level 
broadening with increasing temperature by elec¬ 
tron-phonon interaction. For a cubic crystal this 
can be expressed in the following way: 

dEo &Eo d a /&Eg\ 

~dT =Z ~8^'dT + \dF) a (1) 

The second term is negative in every case and of 
the order of kT t hence about lO^eVfK. In 
general, temperature coefficients of semicon¬ 
ductors and insulators are of the order of lO^MO - * 3 
eV/°K. The extraordinarily high negative value of 
—2’2x 10“* eV/°K below T e indicates that in 
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SbSI the first term Is strongly negative too. It effect the edge shift behaves very sfanfiar to 
depends <m the relative motion of both bands con- dielectric properties; eg. the teotpeeatdco de^ 
taming die initial and the final state involved in pendence of the edge shift (Fig* 3), is saa nl if to , /,* 
the optical transition caused by the change in the temperature dependence of the dielectric ' 

stent The dielectnc p ro p e r tma of SbSI are not 


atomic distance. The negative thermal expansion 
coefficient of SbSI along the c-axi®, found by pre¬ 
liminary X-ray investigations, < 6 > substantiates this 
assumption. 

The dichrotam defined as the relative difference 
in the absorption coefficients 2 (K t - K J/(f£, + JCJ 
is very large in SbSI. Well remote from the edge 
on the low energy side at 1*7 eV this quantity is 
approximately equal to unity and increases towards 
the edge to 1*5 at 1*95 eV and 25°C (see K t and 
K x in Fig. 1, where the reflection losses have been 
taken into account). Hence the dichroism in SbSI 
is comparatively much higher than in BaTiOs* 7 * 
due to its stronger deviation from the cubic struc¬ 
ture. The results do not contradict the selection 
rule K x < K t derived from first principles by 
Casella and Keller< 7 > since this rule is valid only 
for crystals in the crystal classes C%v and C n , 
where « =» 3,4 or 6 . 

The electro-optical effect in solids is the change 
in the refractive index ellipsoid caused by an 
electric field. The field can cause both a deforma¬ 
tion and a rotation of this ellipsoid, a cubic crystal 
can become uniaxial and thus birefringent, an 
uniaxial crystal can become biaxial. One has to 
differentiate between the true electro-optical 
effect and the indirect effect as a result of the 
piezoelectric or electrostrictive deformation of the 
crystal. Theory shows that one can expect a 
true linear electro-optical effect when the material 
is piezoelectric. In this case the symmetry con¬ 
ditions of the electro-optical effect are the same 
as in the piezoelectric effect A true quadratic 
electro-optic effect, Kerr effect, can be expected 
when the material is not piezoelectric. In this case 
the effect corresponds to the quadratic electro- 
striction. This behavior arises simply from the fact 
that the refractive index is equal to the square root 
of the dielectric constant. For this reason the tem¬ 
perature dependence of both quantities is the 
same in ferroelectrics e.g. in KH 2 PO 4 and 
KDsP0 4 .<*> 

Numerous papers are concerned with the 
electro-optical effects, but to our knowledge, an 
dectro-optical band edge shift in ferroelectrics 
has not been reported yet. Like the electro-optical 


known in detail to far.Howcvcr the aharptranaitfein 
from a linear field to a quadratic field dependence 
of the shift at the Curie temperature indicates that 
piezoelectricity and e lec tros tr iction are determin¬ 
ing this optical performance. 

It must be noted that there seems to exist a 
contradiction between the linear field dependence 
of the shift below T c and its independence of the 
direction of the field along the i-axis. However, 
since all measurements were taken above the 
coercive field strength (lOOV/cm at 0 °C) all 
ferroelectric domains reverse when a field is 
applied in opposite direction thus restoring the 
previous symmetry. The parallelism between edge 
shift and dielectric behavior may be illustrated by 
the situation above the Curie temperature. Here 
the structure appears to be orthorhombic*** be¬ 
longing to the crystal class £** which exdudes 
piezoelectricity. Hence no linear electro-optical 
effect can be expected and only a quadratic (Kerr) 
effect should be observable. Experimentally a 
purely quadratic edge shift is found. 

The structure below T c is not known but since 
it is ferroelectric the matrix of its piezoelectric 
constants must be different from zero; thus a 
linear dependence has to be expected. Experi¬ 
mentally, a purely linear behavior was found wdl 
below the Curie point. In the intermediate region 
T c — 1°C < T < T+1°C the performance is 
affected by the transition from the paradectric 
to the ferroelectric state or vice versa. It could also 
be affected by a field induced transition into the 
ferroelectric state above the Curie temperature as 
discussed by Merz for BaTiOs.< 9 > 

Since a very dose relationship between the 
band edge shift and the dielectric properties has 
been established the question arises, whether it is 
only a secondary result due to the piezoelectric 
and elec tr ostrict iv e deformations of the crystal or 
whether it contains a direct effect. There is no 
doubt that an indirect, secondary effect occurs. 
After a dielectric deformation the ions are in 
different positions than before thus the potential 
distribution inride of the crystal is changed and 
hence also the initial and final state involved in 
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“ which causes the edge. Analogous to 

•qusdon (1) one cm write far tbs field dependence: 

dgp ^SEp d* /SEg\ 

d r'* 9 » ' 4 F + \ep)» 1 

for the simplified case of a cubic crystal. 

Quantitatively one can not calculate both terms 
from equations (1) and (2) because SbSI is not a 
simple cubic crystal. The orthorhombic structure 
consists of chains of composition (SbjSalg)* 
running parallel to the c-axis. The bonding be¬ 
tween neighbouring chains is of van der Waals 
type or weak anion-cation bonding between the 
chains. The distances between anions in adjacent 
chains are too long in order to form direct anion- 
anion bonding. From these considerations Moosbr 
and Peab9on< 10 > concluded that the conditions of 
the semiconducting bond are fulfilled and pre¬ 
dicted that SbSI and compounds of the same 
structure should show semiconducting properties. 
That means that the electronic properties like the 
energy required to create an electron-hole pair are 
determined by the situation inside the chains. 
From dilatation measurements it is known that 
the crystal expands strongly in the ^direction 
under a d.c. field. Since one would expect that in 
the first approximation the volume of the crystals 
keeps constant this must result in a contraction 
perpendicular to c or at least in either the a- or 
indirection. Furthermore it must be assumed that 
the crystal does this contraction perpendicular to 
* by varying the distance between neighbouring 
chains since the weakest bonds are there. Thus 
the atomic distance inside the chains which deter¬ 
mine the electronic properties such as the energy 
gap should not be influenced. Due to the fact that 
the chains are running parallel to the c-axis the 
interaction with an electric light vector parallel 
to them is sponger thin with an electric light 
vector perpendicular to them. For the same reason 
the dielectric constant parallel to c is shout 1000 
times larger than perpendicular to c. The result is 
that in contrast to the situation in other crystal 
structures the absorption constant K for E\\c is 
larger than for EJLc* One might think of an allowed 
first order transition for £||e and a first order 
forbidden transition for 2?J.c. In both possible 
JtrwsitiGitfLthe simultaneous presence of a static 
electric vector parallel to c which causes a small 
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motion of certain ions from their former positions 
produces a comparatively small perturbation of 
the inner potential. This explains the observation 
that for both polarization directions E\\c and EJ_c 
the edge shift under an electric field is exactly the 
same. 

In the general form of equation (2) for different 
atomic distances a, b , c, 

dEo BEq da dEa Ab ( BEq d c 
~dF ~ ~Ba ~dF + ~Bb~ dF Be AF 



one can therefore neglect the first two terms on 
the right side and is left with 


d E g 
~ dF 


BEq deje {BEq\ 

&/7 dF +\lF)c 


(2b) 


The same considerations are true for equation 
(1); one obtains 


dEa BEq dc/c {BEq \ 
"dT ~8cjc ' ar + Ut)c 


(ib) 


Both equations contain the quantity dEa/de/c. If 
one neglects the second term in (lb) which should 
be small compared to the high value of — 2*2 x 10“ 3 
eV/°K for dEojdT and puts in the preliminary 
value of — 5-10“ 5 /°K for dc/c/dT (expansion in 
c-direction by cooling) one gets BEq\Bc\c= 44 eV. 
This means the absorption edge shifts to higher 
energies with increasing atomic distance in the 
c-direction. This value and dc/c/dF” = 
3*5 • 10~ 7 /V/cm (see Section Illb) gives about 
T4*10 -B eV/V/cm for the first term in (2b). Since 
dEa/dF « 1 *6-10~ 5 eV/V/cm at T c the edge shift 
with electric fields comes out in the right order 
of magnitude from independent measurements. 
On the other hand, this rough estimate shows that 
the second term, the true effect, is small compared 
to the indirect effect. From the present data no 
more accurate conclusions can be drawn. This 
would be possible if one could know BE G jdc and 
dcjdF more accurately. These values could be 
evaluated by measuring the absorption edge shift 
under pressure and the compressibility for 
BEgJBc; the piezoelectric and electrostrictive con¬ 
stants for dc/cLF. 
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Cobeiive energy of die alkali halide crystals* 

(Rmx nW4 February 1963; revised 1 jfpri/ 1963) 

Interest in Bom model treatments of the 
cohesive energy of the alkali halide crystals at 
atmospheric pressure has recently been re- 
vived,**-®) mainly for the purpose of obtaining 
empirical information on the Born repulsive 
energy. It has, on the other hand, been shown* 6> 
that a Bom-type analysis of crystal data at atmos¬ 
pheric pressure in a given alkali halide crystal 
does not allow a meaningful test of the functional 
dependence on the interionic distance assumed 
for the Bom repulsive energy in the salt. It is 
nevertheless apparent* 6 ) that the systematic 
examination of the discrepancies between the 
values of the cohesive energy calculated in differ¬ 
ent approximations and the experimental values, 
in the entire family of salts, may provide a direct 
criterion to discriminate among the alternative 
forms of the Bom repulsive energy which have 
been extensively used in the literature. This pro¬ 
cedure is used here to show that the Born re¬ 
pulsive energy in the alkali halides at atmospheric 
pressure is represented better by the single 
exponential form than by the inverse power form, 
and to elucidate the role of the van der Waals 
energy and of a proper treatment of the equation 
of state in the determination of the parameters 
entering the Born model expression for the lattice 
energy. 

Table 1 reports the values of the cohesive 
energy of the alkali halide crystals at room tem¬ 
perature and at atmospheric pressure, calculated 
by the Bom model in different approximations, 
and their deviations from the experimental values, 
determined by a Bom-Haber cycle in these 
thermodynamic conditions. In the first four 
columns the single exponential form was adopted 
for the Bom repulsive energy, while in the last 
column the inverse power form was taken. With 
both forms, the repulsive parameters were deter¬ 
mined separately for each salt from data at room 
temperature and at atmospheric pressure, using 
the equation of state and its volume derivative at 

* Bated on work performed under the auspices of the 
Atomic Energy Commission. 


constant temperature. In the first cbttinkn the 
equation of state was chosen to have the fona 
appropriate for a static crystal, which is of confab 
inconsistent with the use of data at room tempera¬ 
ture, whereas the Hildebrand form of the equation 
of state (Ref. 7, equations (21) and (22)) was 
adopted in the second, third and fifth columns, 
and the Mie-Griineisen form (Ref. 7 equations, 
(17) and (18)) was adopted in the fourth column. 
Finally, the van der Waals energy was also in¬ 
cluded in the last three columns, using the per¬ 
tinent coefficients given by Mayer.* 8 * The results 
are somewhat sensitive to uncertainties in the 
various data. We are therefore mainly interested 
in examining the trends which are apparent in 
the discrepancies between the various calculated 
values of the cohesive energy and in their devi¬ 
ations from experiment. 

The most simple treatment of the first column*^ 
yields surprisingly good results in the fluorides, 
but large and consistently positive deviations from 
experiment in the other salts, as it overestimates 
the Born repulsive energy. The comparison of 
the first and second columns shows a nearly 
systematic improvement of the theoretical results 
upon replacing the equation of state appropriate 
for the static crystal by the Hildebrand equation 
of state. Of course, the improvement is con¬ 
nected with the use of a correct thermodynamic 
treatment, which reflects itself in the contribution 
of the Bom repulsive energy to the cohesive 
energy. This correction is, however, insufficient by 
itself, since the signs of the deviations from 
experiment in the second column are still mostly 
positive. The explicit consideration of the van der 
Waals energy in the third column improves 
further the overall agreement between theory and 
experiment. Practically identical results are ob¬ 
tained in the fourth column, confirming the 
essential equivalence of the Hildebrand and Mie- 
Gnineisen forms of the equation of state for the 
alkali halides in the thermodynamic conditions in 
question.* 7 ) Finally, the comparison of the third 
and fifth columns shows that mostly positive, and 
frequently large, deviations from experiment re¬ 
appear upon replacing the single exponential 
form for the Bom repulsive energy by the inverse 
power form. This is a clear indication that the 
965 
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Table 1. Cohesive energy of the alkali halide crystals at room temperature and at atmospheric 

pressure * (kcal/mole) 


UF 

-242*2 

(0-1) 

-245*4 

(-31) 

-246*1 

(-3-8) 

-246*4 

(-4-1) 

-239*3 

(3 0) 

UC1 

-192*9 

(6-0) 

-197*1 

(1-8) 

-198*1 

(0-8) 

-198*6 

(0-3) 

-194*0 

(4-9) 

LBr 

-181 *0 

(8-8) 

-185*7 

(4-1) 

-186*9 

(2-9) 

-187*3 

(2-5) 

-183*3 

(6-5) 

Ul 

—166*1 

(H ■•) 

-168*5 

(9'2) 

-169*8 

(7-9) 

-169*5 

(8-2) 

-165*7 

(12-0) 

N*F 

-215*2 

(-0-8) 

-214*8 

(-0-4) 

-215*5 

(—1*1) 

-214*8 

(-0-4) 

-210*0 

(4-4) 

NaCl 

-178*6 

(4*0) 

-182*6 

(0-0) 

-183*7 

(-M) 

-184*0 

(-1-4) 

-180*9 

(1-7) 

NaBr 

-169*2 

(4-4) 

-172*2 

(1-4) 

-173*3 

(0-3) 

-173*4 

(0-2) 

-170*5 

(3-D 

Nal 

-156*6 

(6-6) 

-158*6 

(4‘6) 

-159*9 

(3-3) 

-159*9 

(3-3) 

-157*1 

(6-1) 

KF 

-189*1 

(0-7) 

-189*9 

(-01) 

-191*1 

(-1-3) 

-190*9 

(-1-1) 

-187*1 

(2-7) 

KC1 

-161*6 

(4-2) 

—164*0 

0 -8) 

-165*6 

(0-2) 

-165*6 

(0-2) 

-162*9 

(2-9) 

KBr 

-154-5 

(4-0) 

-157*6 

(0-9) 

-159*3 

(-0-8) 

-159*3 

(-0-8) 

-157*0 

(1-5) 

KI 

-144*5 

(5-4) 

-147*4 

(2-5) 

-149*2 

(0-7) 

-149*3 

(0-6) 

-147*1 

(2-8) 

RbF 

-180*4 

(1-0) 

-182*6 

(-1*2) 

-184*4 

(-3-0) 

-184*4 

(-3-0) 

-181*1 

(0-4) 

RbCl 

-155*4 

(3-9) 

-158*8 

(0-5) 

-160*9 

(-1-6) 

-161*0 

(-1-7) 

-158*8 

(0-5) 

RbBr 

-148*3 

(4-3) 

-151*5 

(M) 

-153*6 

(-1-0) 

-153*7 

(“ID 

-151*5 

(M) 

RBI 

-139*6 

(5-3) 

-143*2 

(1-7) 

-145*5 

(-0-6) 

-145*6 

(-0-7) 

-143*8 

(M) 

CsF 

-171*2 

(1*3) 

-175*6 

(-3-1) 

-178*6 

(-61) 

-178*8 

(-6-3) 

-176*4 

(-3-9) 

CsCl 

-146*6 

(8*8) 

-150-2 

(5-2) 

-153*8 

(1-6) 

-153*8 

(1-6) 

-152*0 

(3-4) 

CiBr 

-141*1 

(8-3) 

—144*1 

(5'3) 

-147*9 

(1-5) 

-147*9 

(1-5) 

-146*1 

(3-3) 

Cel 

-132*7 

(9-7) 

-136*1 

(6-3) 

-140*1 

(2-3) 

-140*1 

(2-3) 

-138*6 

(3-8) 


• The data at room temperature and at atmospheric pressure used in the Born model calculations of the 
cohesive energy were taken as follows: the interionic distance, the coefficient of volume thermal expansion, 
the isothermal compressibility of the cesium halides, and the temperature and pressure coefficients of the 
comprwtibility, mostly from CuBicciorn.W except that in some salts his estimated values for the two 
latter quantitica were replaced by experimental values taken from M. D. Huggins, J. Chem. Phys. 5, 143 
(1937) and from P. W. Bridgman, Proe. Amer. Acad. Arts Sci. 74, 21 (1940) and 77, 187 (1949); the iso¬ 
thermal compressibility of the other salts, from the elastic constants data of K. Spanoenberg, Natunviss- 
mschqften 43, 394 (1956). The vibrational internal energy, the heat capacity at constant volume and its 
temperature coefficient were estimated by the Debye model, with a Debye temperature evaluated from 
the preceding data by the formula of M. Blackman, Proc. Roy. Soc. A181, 58 (1942). The data for the„ 
Born-Hflber cycle determination of the cohesive energy were taken as follows: the electron affinity of the^ 
fluorine atom, from T. L. Bailey, J. chem. Phys. 28, 792 (1958); the electron affinity of the other halogen 
atoms, from J. E. Mayer et al. t J. chem. Phys. 3, 20 (1935), 11, 56 (1943) and 12, 323 (1944); the other 
thennochemical quantities, from Cubjcciotti. (4> For each salt, the difference of the two numbers re¬ 
ported in any column reproduces the value of the cohesive energy obtained from these thermochemical 
data. 


dependence of the Born repulsive energy in the 
alkali halide crystals on the interionic separation, 
in the neighborhood of the equilibrium separation 
at atmospheric pressure, is represented better by 
the exponential form. The same conclusion was 
reached by BaugHan^ by an argument which 
involved* however, the comparison of derivatives 
Of the Bom repulsive energy in the crystal and in 
the molecule. 


The sensitivity of the repulsive parameters to 
the procedure used in their determination is 
illustrated for a few representative salts in Table 
2. Clearly, the thermodynamic correction and 
the van der Waals energy correction have large, 
but partly compensating, effects on the repulsive 
parameters. 

In conclusion, the approximations leading to 
the results displayed in the third column of Table 
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Table 2. Parameters of the single exponential form 
for the Born repulsive energy in a fete alkali halide 
crystals* 


NaCl 

1*05 

0-321 

CO 
O' oq 

<N 6 

1*99 

0-301 

2*02 

0-300 

NaBr 

1*33 

0*328 

2-07 

0*308 

1-72 

0-322 

1-69 

0*323 

K.C1 

2*05 

0-326 

3-04 

0*309 

2 - 21 
0-330 

2*19 

0-330 

KBr 

2-30 

0*336 

5-40 

0-303 

3-34 

0-328 

3-36 

0-328 


* For each salt, the upper line reports the values of 
the pre-exponential parameter (in 10 -8 erg/molecule) 
and the lower line reports the values of the hardness 
parameter (in 10“® cm). The columns correspond to 
the first four columns of Table 1. Complete tables of 
the repulsive parameters are available. 

1 represent the best of the simple Born-model 
treatments considered here for the cohesive 
energy of the alkali-halide crystals at atmospheric 
pressure. This treatment involves the use of a 
single exponential form for the Born repulsive 
energy and of the Hildebrand equation of state, 
and the explicit consideration of the van der 
Waals energy. The deviations from experiment 
found in this treatment display no distinct broad 
regularities, and lie in most salts within the com¬ 
bined uncertainties of the data used in the calcu¬ 
lations nod of the experimental cohesive energy. 
Actually, these deviations do not compare un¬ 
favorably with the corresponding deviations found 
by Cubicciotti< 4 > with the more refined Born- 
Mayer form for the Born repulsive energy, 
except in salts such as lithium iodide and sodium 
iodide where the Born repulsion of like ions is 
strong. It is also found that the net effect of the 
inclusion of the van der Waals energy on the 
calculated cohesive energy, which involves both 
a change of the pre-exponential factor of the Born 
repulsive energy and a change of its relative slope, 
is much smaller (by a factor £ to $) than the actual 
amount of the van der Waals energy itself, con¬ 
firming a qualitative argument of Born and 
Huang. <•> Finally, the corrections due to the use 
of a correct thermodynamic treatment and to the 
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inclusion of the van der Waste energy 
to be approximately additive. Both COri^etlCjiaUi 
are clearly necessary to obtain good agreement 
with experiment, although the former correction 
is generally more important. Both correction* 
were neglected by Kapustinskii,^! and the former 
correction was neglected by Ladd and Lss<*> and 
by Baughan.W 

Acknowledgements —I am indebted to Prof. F, G. FUMI 
for a critical reading of the manuscript, and to Mr. J. T. 
Schnute, student aide for the summer of 1962, for 
programming the calculations on an IBM 1620 com¬ 
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Absorption edge in degenerate n-type gallium 
arsenide* 

{Received 28 March 1963) 

Studies of degenerate semiconductors have 
described shifts of the absorption edge to both 
higher* 1 > and lower* 2 ) energies with increasing 
carrier concentration. The experimental situation 
for GaAs is somewhat obscured by the difficulty 
in finding n-type impurities that are well behaved 
at high carrier concentrations. In a previous 

* The research reported was sponsored in part by the 
Manufacturing Technology Laboratory, Aeronautical 
Systems Division, Air Force Systems Command, U.S. 
Air Force under Contract No. AF33(600)—37268 and 
RCA Laboratories, Princeton, New Jersey. 
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study#) h wss shown that at high concentrations 
selenium enters the GoAs lattice primarily as an 
unionised complex, giving rise to an absorption 
Marring at about 0*9 eV. The measurements have 
been extended into the region where the principal 
absorption mechanism is one of band to band 
transitions, and the excess absorption due to 
selenium may be neglected, thereby providing a 
direct measure of the shift in band edge with 
electron concentration. 

Single-crystal specimens used for the trans¬ 
mission measure m ent s were cut from ingots grown 
by the horizontal Bridgman technique. Hall 
measurements were made on adjacent slices. 
Sample thicknesses, of the order of 4/t, were 
measured interferometrically. 


Table 1. The electron effective mau and Fermi level 
calculated from Kane*s theory for the carrier con¬ 
centrations listed 


Sample 

N(c m-») 

m*/wo 

t(eV) 

1 

7 x 10 w 

0*072 

_ 

2 

5'3 x 10 1 * 

0084 

0 128 

3 

6*9x10# 

0*0855 

0150 


Table 1 lists the samples used in this investiga¬ 
tion. The total selenium concentration of Sample 
3 is about an order of magnitude higher than the 
electron concentration. The room temperature 
absorption coefficients as a function of photon 
energy are shown in Fig. 1. For absorption co¬ 
efficients ^ SxKP/cm the absorption rises ex- 
ponentially, and shifts to higher energies with in¬ 
creasing electron concentration. 

Since the band structure of G&As is the same as 
IhSb, with different effective masses, a relation 
derived by Kai&br and Fan#> to describe the shift 
of the absorption edge in degenerate n-type InSb 
was applied to the GaAs samples investigated: 

In (“-.)] ( 1+ ^) (1) 

Here hv k the photon energy, Eg is the band gap, 
«o and a are the absorption coefficients of the pure 
and degenerate sample at the frequency v, ( is the 
Fermi energy measured from the bottom of the 


conduction band, and w* and w* are the electron 
and hole effective masses, respectively. Eg was 
taken as 1 *4 eV and m h « 0-50 wo- (S) Values of «o 
were taken from the absorption curve of Sample 1. 



Fig. 1. Absorption coefficient as a function of photon 
energy at 300°K: experimental data, broken line; calcu¬ 
lated curve, solid line. 


The electron effective mass of degenerate 
GaAs has been determined previously.< 6 * ? ) How¬ 
ever, the results differ substantially, and do not 
extend over the entire range of interest. Values of 
m e and £ were, therefore, determined by applying 
Kane’s#) theory for InSb to GaAs. The E-k 
curve for GaAs has been computed from Kane’s 
theory by Moss,#) and the same parameters were 
used in the present calculation. The electron 
effective mass and Fermi energy corresponding 
to the appropriate carrier concentrations are 
listed in Table 1. The effective mass determined 
by SmzER and Whelan#) for a sample of 
n = S^xlO^cm^ 8 agrees within experimental 
error with the value obtained for Sample 2. 
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The absorption curves calculated from equation 
(1) are shown as solid lines in Fig. 1. The good 
ag reem ent with the data indicates that the band 
structure remains unchanged for these impurity 
concentrations; i.e., the shape of the absorption 
edge is determined by the shift of the fundamental 
absorption edge to higher energies as a result of 
the filling of the bottom of the band by conduction 
electrons (Burstein shift* 10 )). This shift is in 
quantitative agreement with the conduction band 
model of Kane. 

Radio Corporation of America, I. Kudman 

RCA Laboratories , L. V island 

Princeton , Netc Jersey. 
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Thcrmodifftiaion in den Hochtemperatur- 
phasen von Zirkon und Titan 

(Received 1 February 1963) 

Vor einiger Zeit ist die Thermodiffuaion in 
mehreren Kupfer-Zinn-Legierungen beschrieben 
worden.* 1 ) Bei diesen Versuchen beobachtete man 
besonders grosse Dimensions- und Gefilge&nder- 
ungen an der Phasengrenze Tieftempera- 
tur-/Hochtemperaturphase. Dies ist eine Folge 
der an der Phasengrenze auftretenden sprunghaften 
Anderung der Beweglichkeiten. Es lag nahe, auch 
Reimnetalle, die bei hdheren Temperaturen ihre 
KrieUllstruktur Sndem, zu untersuchen. 

Bisher sind Transporterscheinungen im Tem¬ 
per aturgefsille von folgenden Reinmetallen be- 
kannt: Gold,®- *> Plating 4 > Kupfer®- *> Alu¬ 
minium®) und y-Eiaen.< 5 > Auch bei Wolfram®) 


m 

und Tantd< 7 > ist aus der Ohexf&che^ 
rich im TemperaturgeflUle a u a b ildc t, auf 
Vorhandensein und Richtung eines Materie- 
stromes geschlossen worden. 

Zur Durchfiihrung der Vcrsuche warden rohr- 
fdrmige Proben aus Titan* und Zirkonf mit einem 
Aussendurchmeaser von 5 mm, einem Innen- 
durchmesser von 3 mm und enter Ltnge von 
50 mm zwischen gekuhlten Kupferbacken einge- 
spannt und mit Wechselstrom von 50 Ha bdastet. 
Wahrend der Vcrsuche wurde ein Vakuum von 
< 10 -8 Torr aufrechterhalten. Die Vcrsuchsan- 
ordnung bedingt ein symmetrisches Temperature 
gefaile mit nahezu parabolischer Temperatur- 
verteilung. Im mittleren Bereich der Proben 
bildet sich die Hochtemperaturphase aus (Abb. la 
und 2a). Die Gldhdauer der einzelnen Titan- und 
Zirkonproben betrug 72bzw. 48 Stunden bei 
einer Maximaltempcratur in der Probenmitte von 
950°C. Die AbkUhlungsgeschwindigkeit nach dcm 
Versuch betrug ca. 10° pro Minute. Im einzelnen 
ist die experimentelle Anordnung in einer anderen 
Arbeit* 1 ) beschrieben worden. 

Die Umwandlungstempcratur von Titan ist 
882°C. Bei Raumtemperatur liegt Titan in der 
hexagonalen Kristallstruktur vor, die Hochtem- 
peraturphase ist kubisch-raumzentriert. Die Um- 
wandlungstemperatur des Zirkons ist 862°C, 
Zirkon kristaliiriert unterhalb und oberhalb der 
Umwandlungstemperatur in den gleichen Kri- 
stallstrukturen wie Titan. 

In Abb. 1(a) ist fiir eine Zirkonprobe der Tem- 
peraturverlauf als Funktion der Ortskoordinate 
dargestellt. Die Phasengrenzen sind eingezeichnet. 
In Abb. 1(b) rind die nach dem Versuch vorge* 
fundenen Abstandsanderungen (punktierte Kurve, 
linker Masstab) ebenfalls gegen die Ortskoor¬ 
dinate aufgezeichnet. Bei mikroskopischer Be- 
trachtung der angeschliifenen Flache ist die Lage 
der Phasengrenzen relativ zu den in der NMhe 
liegenden Markierungen genau festlegbar. Man 
rieht bei der in Abb. 1(b) dargestellten Zirkon¬ 
probe Abstandsverkiirzungen zwischen den 


* Die Analyse des Titans ist: 450 p.p.m. Fe, 70 p.p.m. 
Si, 15 p.pjn. Mn, 60 p.p.m. N, 600 p.p.m.O. Rest Titan. 

t Die Analyse des Zirkons lautet: 400 p.p.m. Fc, 
95 p.p.m. C, 70 p.p.m. Hf, 40 p.pm. Al, 0,2 p.p.m. B, 
5 p.p.m. Co, 60 p.p.m. Sr, 20 p.p.m. Cu, 24 p.p.m. Mn, 
10 p.p.m. Ni, 5 p.p.m. Pb, 60 p.p.m. 8i, 20 p.p^n. Ti, 
20 p.p.m. V, 10 p.p.m. Mo. Rest Zirkon. 
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Mltrkienmgen «b Foige des Abbaus von Gitter- 
ebeneo im Berdch der Tieftemperatuiphase in 
unmkUilbwfer Nihe der Phasengrenzen und 
Ab«Undsvcrgrdwerungcn im Berekh zwischen 
den PHsscngrenzcn als Folgc eines Zwiachenbaus 
von Gitterebenen in Achsrichtung. Dies laaat auf 
due Wanderung der A tome in Richtung zur 
hdheren Tcmperatur schliessen. Der Zwischen- 
bau von Gitterebenen innerhalb der Hochtem- 
peraturphnse wird aber nicht von einem gietch- 
growen Abbau an den Phasengrenzen kompen- 
siert, aodaas inagesamt eine Verl&ngerung der 


r*c 

mo 

900 

ooo 


x(mm) 

Ortskoordfnoit 



., Qrtstoordinot* 


10 


20 


30 


40 


50 


Abb. 1. Temperaturverlauf und Abstandaftnderungen 
von Markicrungen ala Funktion der Ortskoordinate. 
(a) Temperaturveriauf lings einer Zirkonprobe. (b) Kx- 
perimentelle Abstandalndcrungen der Markierungen als 
Funktion der Ortakoordinate bei einer Zirkonprobe 
(punktierte Kurve, linker Maastab). Berechnete Ab- 
stancUInderungen der Markierungen (ausgezogene 
Kurve, rechter Maaatab). 

Versuchabedingungen: Direkte Heizung mit Wechael- 
•trom von 50 Hz, 72 h, Tms* 950°C, Vakuum < 10‘ 6 
Torr. (c) AbatancUlnderungen der Markierungen als 
Funktion der Ortakoordinate beim nachtrlglicben 
Olilhen bei 950°C, Gluhdauer 8 h. 


Probe resultiext, Diese Verlangerung laaat sich 
bei nachtraglichem Gliihen nur zum Teil riick- 
gingig machen (aiehe Abb 1(c) und die Erkldrung 
weiter unten). 

Bei den Versuchen etgibt sich eine lineare 
Abh&ngigkeit der Markierungswanderung von der 
Zeit. Die Effekte eind gut reproduzierbar. 

Ob dieser unerwartet grosse Effekt bei einem 
ReinmetaU mit den bisherigen Vorsteliungen 
uber die Thermodiffusion in Einklang zu bringen 
ist, lasst sich mit der Berechnung einer theoretisch 
zu erwartenden Kurve der Abstandsanderungen 
priifen. Fur eine Maximalabsch&tzung kann man 
mit Hilfe der Beziehung zwischen dem Masse- 
strom J einer Komponente im Temperaturgefalle, 
dem SelbstdifFusionskoeffizienten und der Trans- 
portwarme 




D* 

RT*f 


d T 

Q* -cm/sec 

dx 


(i) 


die Grosse der zu erwartenden Markierungswan- 
derung berechnen. / ist in Beziehung (1) der Kor- 
relationsfaktor,*®) der fur einen Leerstellen- 
mechanismus im kubisch-innenzentrierten Gitter 
0,72 betragt. 

Fur D* des /3-Zirkons sind mehrere unter- 
schiedliche Werte* 10 - u < 12 ) bekannt, von denen 
wir den grossten cinsetzen. Q * ist seinem Bet rage 
nach vom Transportmechanismus abhangig. Die 
Transportwarme ergibt sich bei Vorliegen einer 
thermischen Fehlordnung aus der Differenz von 
Bildungs- und Wanderungsenergien der Leer- 
stcllen, kann aber maximal gleich der Aktivie- 
rungsenergie fiir die Diffusion werden. Betrachtet 
man den Hochtemperaturbereich, nimmt £)* als 
temperaturunabhangig an und setzt daflir einen 
Maximalwert von 24 kcal und fiir D* == 4,2 x 10~ 5 
exp( — 24000/an, so erhalt man die in 
Abb. 1(b) dargestellte ausgezogene Kurve (rechter 
Masstab). Bei der Berechnung ist /= 0,727 
gesetzt worden. Aus dem Masstab sun terschied 
geht hervor, dass die experimentell gefundenen 
Markierungswanderungen etwa um einen Faktor 
5 grosser sind als die berechneten. Eine Thermo¬ 
diffusion im <x-Zirkon kann wegen der kleinen 
Beweglichkeit der Zirkonatome in der Tieftem- 
peraturphaseOa) ausgeschlossen werden. 

Die Ehfferenz zwischen beobachteter und 
berechneter Kurve und insbesondere die 
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Abstaodsverkiirzungen innerhalb der a-Phase 
konnen verschiedene Ursachen haben : 

Einmal kdnnten gitteraufweitende Einlagerungs- 
elemente wic Wasserstoff, Stickstoff, Sauer¬ 
stoff, Kohlenatoff und Bor eine Rolle spielen, 
indem sie bei der Diffusion im Temperatur- 
gefalle in dem Volumenelement, aua dem sie 
herausdiffundieren eine Gitterkontraktion und 
in den Bereichen, in die sie hineinwandern, 
eine Gitteraufweitung hervorrufen. Von den 
erwahnten Einlagerungselementen ist nur Koh- 
lenstoff in dem verwendeten Material vor- 
handen. Beim Arbeiten im Vakuum bei ca. 10“ 5 
Torr konnen Sauerstoff und Stickstoff nicht in 
nennenswerten Mengen in die Probe gelangen. 
Sauerstoff und Stickstoff wurden auch wie 
Rieck und Bruning< 13 > gezeigt haben, im 
Temperaturgefalle zum kalten Teil wandern 
und so in der heissen Mitte eine Kontraktion 
hervorrufen. Bekannt ist der Einfluss des 
Kohlenstoffs auf die Thermodiffusionser- 
scheinungen bei y-Eisen.< 3 ) Hier findet in un- 
mittelbarer Nahe der Phasengrenze a jy im 
a-Bereich eine Gitterkontraktion und damit eine 
Abstandsverkurzung zwiachen den Markier- 
ungen infolge des Abdiffundierens des Koh¬ 
lenstoffs in die y-Phase statt und in der y-Phase 
tritt eine Gitteraufweitung cin. Eine weitere 
Moglichkeit der Erklarung der Kurve der 
Abstandsanderungen ist der Einfluss der Um- 
wandlung auf Dimensionsanderungen. Bei Gltih- 
versuchen mit Zirkonproben bei 950°C 
und homogener Temperatur wurden jedoch 
keine Dimensionsanderungen festgestellt. Im 
Schliffbild sind Anzeichen fiir ein bevorzugtes 
Kornwachstum in Achsrichtung wie man sie 
bei Titan (siehe weiter unten) und Eisen< 6 > 
beobachten kann, nicht zu finden. MOglicher- 
weise iiberdeckt der Zcrfall der ^3-Korner bei 
der Umwandlung die Beobachtung der wahrend 
deg Versuchs bevorzugt in Achsrichtung gc- 
wachsenen Korner. 

In Analogic zu den Dimensionsanderungen bei 
Thermodiffusionsversuchen an innenzentrier- 
ten Kupfer-Zipn-Phasen, a > ist es denkbar, dass 
die Abbauerscheinungen in der Nahe der 
Phasengrenze im a-Gebiet auf das Ausheilen 
von Leerstellen zuruckzuftihren sind und einen 
Ausstrahlungseffekt darstellen. Nimmt man an, 
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dsm Leerstellen aua der /J-phase an die Fhasen* 
grenze herandiffundieren und doit ausheilea, 
so ist es denkbar, dass sie auch in die a*Phaae 
eindringen. Wean auch von mehreren Auto* 
.ten/ 1 '14-17) mittlere freie Wegllngtm von 
Leerstellen bei hdheren Temperaturen bis zu 
1 mm gefunden wurden, so erecheint doch der 
hier beobachtete Wert von mehreren MQli- 
metern sehr hoch. Beim nachtraglichen Glfthen 
bei homogener Temperatur tritt eine weitere 
Dimensionsanderung auf, wie Abb. 1(c) zeigt. 
In unmittelbarer Nahe der Phasengrenzen 
findet im a-Bereich eine Abstandsverkurzung 
der Markierungen von ca. 10/x entsprechend 
einem nachtraglichen Abbau von Gitterebenen 
statt. Dies deutet daraufhin, dass das Lcer- 
stellengleichgewicht aich wahrend des Thermo- 
diffusionsversuches nicht einstellt. Auch die 
Probenoberflache wirkt als Leerstellensenke, 
sodass ein Teil der an die Phasengrenze her- 
andiffundierenden Leerstellen an der Ober- 
fliche in der Nahe der Phasengrenzen ausheilen 
kann. Dies wiirde die Diskrepanz zwiachen dem 
Betrag des Abbaus an der Phasengrenze und dem 
Betrag des Zwischenbaus innerhalb der Phase 
erklaren konnen. 

Eine restlos befriedigende Erklarung fiir den 
Unterschied zwiachen beobachtetem und berech- 
netem Thermodiffusionseffekt kann noch nicht 
gegeben werden. Moglicherweise gilt im vorlie- 
genden Fall nicht der fiir einen Leerstellen- 
mechanismus berechnete Korrelationsfaktor, son- 
dern ein kleinerer Wert. Aus einigen anderen 
Arbeiteng e ht hervor, dass auch die Trans- 
portwarme temperaturabhangig sein kann. Ein 
temjjeraturabhangiges Q+ konnte eine Korrcktur 
an der berechneten Kurve ergeben. 

Abb. 2(a) zeigt den Temperatu rverlauf auf einer 
Titanprobe und in Abb. 2(b) sind die nach dem 
Versuch vorgefundenen Abstandsanderungen 
gegen die Ortskoordinate aufgetragen. Es hat den 
Anschein, als ob innerhalb der Tieftemperatur- 
phase keine Dimensionsanderungen auftreten. 
In der Nahe der Phasengrenze innerhalb der 
Hochtemperaturphase ist eine Abstandsvergrdsser- 
ung zwischen den Markierungen als Folge des 
Zwischenbaus von Gitterebenen zu beobachten. 
Zur heissen Mitte hin schliesst eich ein Gebiet an* 
in dem die Abstandsverkiirzungen auf den Abbau 
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Yon Gitterebenen schlktten lasscn. Au» dem 
Diagramm entnimmt mats, dm der Materiestrom 
in der Hochtemperaturphasc des Titans zu 
raedrigeren Tempcraturcn gerichtet ist. Die 
Abstandavcrktirzungen iiberwiegen die Abstands- 
vergiflmningcn, sodass insgeaamt eine VerkOr- 
zung dcr Probe eintritt Dicse VerkUrzung wird 

rc 



x(mm) 

Ortskoordinat* 


Die sprunghaften Anderungen in der Kurve der 
Markierungsverschiebungen sind auf das grosse 
Komwachstum in der Hochtemperaturphase in 
der Probenmitte zuriickzufiihren. Das Korn- 
wachstum scheint durch die Transport erscheinun- 
gen im Temperaturgefalle gefdrdert zu werden. 
In Abb. 3 sieht man die Phasengrenze zwischen 
Tief- und Hochtemperaturphase und das bevor- 
zugte Wachstum der K6mer in Achsrichtung. 
Ober die bei diesen Versuchen durch das Zusam- 
menwirken von Transporterscheinungen und 
thermischer Atzung an Titanproben auftretende 
Oberflachengestalt ist in einer anderen Arbeit* 18 * 
berichtet worden. 



Wie Gliihungen von unfcehandeiten Titan¬ 
proben bei homogener Temperatur zeigen, kann 
man wie im Falle des Zirkons. Dimensionsander- 
ungen keine feststellen. Dagegen ergibt sich bei 
Gliihungen nach dem Thermodiffusionsversuch 
im Hochvakuum bei 950°C und homogener 
Temperatur an den Phasengrenzen in dem 
Bcreich, in dem wahrend des Thermodiffusions- 
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ABS. 2. Tcmpcraturvcrlauf und Abstands&nderungen 
von Markierungen ala Function der Ortakoordinate. 
(•) Temperaturverlauf lilngs einer Titanprobe. (b) 
Abatandattnderungen der Mnrkierungen ala Funktion 
der Ortakoordinate bei einer Titanprobe. 

Vera ucha bed ingun gen: Direkte Heizung mit Wecheel- 
strom von 50 Hz, 48h t 7m** 950°C, Vakuum < 10 -6 
Tort, (c) Abstandattnderungen der Markierungen ala 
Funktion der Ortakoordinate beim nachtrftglichen 
Olilhen bei 950°C, GKihdauer 8 h. 

nur zum Teil bei nachtrSglichem Gliihen wieder 
rUckg&ngig gcmacht, wie Abb. 2(c) zeigt (siehe 
weiter unten). Der Effekt der VerkQrzung (Ti) 
bzw. der Vcrttngemng (Zr) der Proben im 
TemperaturgefSlle ist auch bei anderen Rein- 
metallen *.B. Fe< 8 > und an Kupfer-Zinn- 

Legierungen* 1 * gefunden worden» ohne class 
biaher dne befriedigende ErklSrung dazu vorliegt; 


versuches ein Zwischenbau erfolgte, ein weiterer 
Zwischenbau von ca. 12^, wie Abb. 2(c) zeigt. 
Dies lasst darauf schliessen, dass sich das Gitter- 
fehlstellengleichgewicht wahrend des Versuchs 
nicht einstellt. Der nachtragliche Zw 7 ischenbau 
lasst einen Zwischengittermechanismus bei der 
Diffusion im Temperaturgefalle moglich 
erscheinen. Wieweit das grosse Kornwachstum 
die Thermodiffusionserscheinungen innerhalb der 
Phase geringfiigig iiberdeckt, ist noch nicht zu 
ubersehen. 

Eine ahnliche Abschatzung der Grosse des. zu 
erwartenden Effektes wie bei Zirfeon kann noch 
nicht gegeben werden, da ein Selbstdiffusions- 
koefRzient von Titan wegen des Fehlens eines 
geeigneten Isotops noch nicht gemessen wurde. 
Man kann aber aufgrund der Arbeiten von 
Peart und Tomlin* 19 * annehmen, dass die Akti- 
vierungsenergie und der Frequenzfaktor fur die 
SelbstdifTusion des /S-Titans in der gleichen 
Grdssenordnung wie fur £-Zirkon liegen. Be- 
trachtet man umgekehrt fiir eine Abschatzung des 
SelbstdifFusionskoeffizienten aus den Thermo- 
diffusionsdaten den Bereich der Phasengrenze, 
setzt die Abstandsanderungen ein und nimmt 
den gleichen Betrag fiir die Tranaportw^rme wie 
bei Zirkon an, so ergibt sich fur den Diffusions- 
koeffizienten des ^-Titans bei der Temperatur 





Ami. 3. Ubcrsichtsaufnahme an der Phasenfrrenze Ticftemperatur- 
/Mochtempcraturphase. Innerhalb der Hochtemporaturphnsc in 
Acbsrichtun^ ^cwachsene Kbrner. 
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der Umw&ndlung aufgrund dcr Beziehung (1) 

S82°c ~ 5 x 10~ 10 cm a /ficc 

Die Ergebnisse zeigen, dass die Transport* 
warme des Zirkons in der Hochtemperaturphase 
positiv ist. Die Transport warme des Titans in 
der Hochtemperaturphase scheint dagegen negativ 
zu sein. Die Grdsse def Transportw^rmen kann 
noch nicht angegeben werden. Die Diffusion im 
Temperaturgefalie zeigt eindeutig, dass in den 
kubisch-innenzentrierten Gittern der Hochtem- 
peraturphasen von Titan und Zirkon die Diffusion 
im 1 emperaturgef&lle nicht iiber einen Ring- 
mechanismus verlauft, wie das fur das ebenfalls 
kubisch-innenzentrierte a-Eisen vermutet wird.< 20 > 
Wahrend bei Titan die Diffusion im Tempera- 
turgefalle moglicherweise iiber einen Zwischen- 
gittermechanismus ablauft, deuten die Ergebnisse 
bei Zirkon auf einen Leerstellenmechanismus 
hin. Die Grdsse des Effekts ist mit dem 
normalen Leerstellenmechanismus allerdings nicht 
zu erklaren. 

Weitere Versuche sind im Gange. 

Institut fur Metallkunde der H. G. Feller 

Techntschen Universittit Berlin , H. Wever 

Berlin 12 
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Electrical properties of single crystal BfaSi* 

{Received 25 March 1963) 

There has been no previous literature published 
on the electrical properties of single crystals of 
bismuth trisulfide at temperatures other than 
300°K.< 1 > The electrical properties of this material, 
particularly in single crystal form, arc important 
because the high Seebeck coefficient (550/xV/°C 
at 300°K) makes it of some interest in thermo¬ 
electric applications. 

In a previous investigation several single 
crystals of B 12 S 3 were produced using a modified 
zone melting technique.U> One of these crystals 
was used in the present investigation. The crystal 
as grown was in the form of a boule about 8 cm in 
length and 1*5 cm in diameter. The (010) plane, 
which is the principal cleavage plane for this 
material, was inclined to about a 45° angle with 
the growth axis. The samples used for Hall and 
conductivity measurements were cleaved from the 
central portion of the boule. The conductivity 
samples had dimensions on the order of 15 x 5 x 
2 mm. In the following data all measurements 
were made with the current flow parallel to the 
cleavage planes. It was found to be very difficult 
to prepare samples with other orientations be¬ 
cause of the brittleness of the material. 

Chemical analysis of bismuth in the central 
portion of the boule showed that there is an excess 
of sulfur on the order of 0*1 per cent over that 
required for stoichiometric proportions. Spectro¬ 
scopic analysis indicated no impurities. The 
sensitivity of the analysis was about 10 p.p.m. 

Electrical leads were attached to the sample by 
melting small drops of lead in a V of nichrome 
wire; when the droplet reached a temperature 
where the oxide film disappeared the droplet was 


* This work supported by the U.S. Atomic Energy 
Commission. 
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touched to the sample surface. The resulting con* 
tact was ohmic, physically strong, and soldered 
connections could be made to it. This technique 
for making contact minimizes the heating of the 
bulk of the sample. 

Conductivity measurements were made by a 
standard four probe method. The Hall measure¬ 
ments were made using an a.c. method with narrow 
band detection. This technique appears to be re¬ 
quired with BigSg because the large amount of 
noise inherent in the material tends to obscure 
the Hall signal. 



FlO. 1. Temperature dependence of carrier density 
taken from Hall effect measurements. 



The material exhibits certain instabilities, par¬ 
ticularly above room temperature, which makes 
the conductivity and Hall data not entirely repro¬ 
ducible, The data in Figs. 1 and 2 have been 
selected to show typical behavior of our samples 
and they suggest that three effects are required 
for a consistent explanation. First, as reflected in 
the lower temperature Hall measurements, there 
is a very weak direct dependence of the carrier 
concentration on temperature. If the data below 
25°C are interpreted in terms of an activated 
process, the activation energy is less than 0*01 eV, 
Second, a typical decrease in mobility with in¬ 
creasing temperature is observed (Fig. 3). We 
have found the mobility to be quite reproducible, 



Fig. 3. Temperature dependence of mobility. 

and, unlike the other properties, to be independent 
of the sample's immediate history. Third, at tem¬ 
peratures above room temperature (e.g. 70°C) 
there is a slow increase in the carrier density with 
time at a fixed temperature. This is reflected in 
the conductivity as well as the Hall effect. Based 
on the slow rate at which the carrier density 
changes (see time markings on Figs. 1 and 2) and 
the fact that the rate is much slower at room tem¬ 
perature than at 70°C, we speculate that the 
change in carrier density is associated with a 
change in chemical composition which is tem¬ 
perature dependent and diffusion controlled. 


Fig. 2. Temperature dependence of conductivity. 






LETTERS TO THE EDITOR 


Rapid cooling from a high temperature quenches 
in the high temperature composition. This is 
seen in Fig* 1 where Hall measurements show 
that there is no change in carrier concentration 
when the sample is quenched from 73 to 24° C 
within a 5 min. interval. The conductivity shows 
a similar effect, but with a superimposed mobility 
change. Both carrier density and conductivity de¬ 
crease toward their original values upon prolonged 
storage at room temperature. Below room tem¬ 
perature compositional changes proceed so slowly 
that they play no part in the measurements. 

The calculation of the mobility curve in Fig. 3 
is not entirely straightforward since it has not 
been possible to make simultaneous measurements 
of the conductivity and the Hall effect on the 
same sample. From room temperature down the 
calculation is made using data taken on samples 
which have been kept at room temperature or 
lower after being cleaved from the boule. Above 
room temperature the curve is obtained by extra¬ 
polation and then checked under the assumption 
that changes in conductivity upon quenching 
from 70 to 24°C are due entirely to mobility 
changes. In plotting the conductivity certain of the 
solid lines are curved without direct support of 


data points. The curvature is such as to reflect 
the shape of the mobility curve* 

These results are at variance with those obtained 
from sintered, polycrystalline and thin film 
samples/ 1 " 4 ) In all except single crystals large 
exponential dependences of conductivity on the 
temperature have been observed. Black et 
report carrier concentrations of 3 x IG^fcm* at 
300°K for polycrystalline material, about a factor 
of ten larger than found here in single crystals. 

Sandia Corporation, Richard C, Heckman 

Albuquerque, D. M. Mattox 

New Mexico . 

References 

1. Gildart L., Kune J. M. and Mattox D. M., J . 

Phys. Chem . Solids 18, 286 (1961). 

2. Black J., Con well E. M., Sbiglb L. and Spencer 

C. W., J. Phys . Chem. Solids 2, 240 (1957). 

3. Konorov P. P., Zh . tekh. fiz . 26, 1126 (1056); 

English translation: Sov. Phys. — Tech* Phys , 1, 
1100 (1957). 

4. Goriunova N. A., Kolomiets B. T. and Mal’kova 

A. A., Zh. tekh . fiz. 26, 1625 (1956); English 
translation: Sov. Phys. — Tech. Phys. 1, 1583 
(1957). 




BOOK REVIEWS 


Albsxt xm Sr and Jvlun Vidtb. Met&lhirgia Stroo- 
turafo* 0«nod. Pam, 1962. 480 pages. 75F. 

This book k written (in French) for students in 
metallurgical or mechanical engineering. The 
first and second chapter (about one fourth of the 
book) are devoted to a rapid summary of our basic 
knowledge on pure metals and alloys: structure of 
perfect crystals, imperfection in crystals, work- 
hardening and creep, diffusion, alloys and their 
phase diagrams. In the third chapter the authors 
describe the techniques of metallographic obser¬ 
vation. It is to be noted that X-ray diffraction is 
quite ignored. 

Then the authors describe in detail the main 
properties of current metals and alloys. This is 
the most useful part of the book although an index 
and some bibliographic references would be a 
great help to the reader. 

G. Saada 


V. K. Semenchbnko : Surface Phenomena in Metals 
and Alloys. Addison-Wesley, Reading, Massachusetts 
(1962). 466 pp. $14.75. 

This book was originally published in 1957 by 
V. K. Shmenchenko whose researches have con¬ 
tributed a great deal to what is presently known 
about metal surfaces. As he himself points out, 
his collaborators contributed about one-quarter of 
all the data on surface tension of metals which 
exists in the present world literature. 

The book covers general discussions on surface 
tension in metallic and non-metallic systems, the 
thermodynamics of surface phenomena including 
the developments of J. Willard Gibbs and 
Irving Langmuir, the molecular statistical 
theories, single and multiple-component systems, 
surface phenomena in solids, effect of impurities, 
and theory of surface tension. Detailed treatment 
is included on effect of impurities on properties of 
metals, including recrystallization temperatures 
and microstructure. 

The approach used by the author emphasizes 
theory somewhat more than it does either experi¬ 
ment or experimental results, although both areas 
are covered. 


The barriers in the way of constructing an 
adequate theory of surface tension apparently are 
great, even for pure metals, Attempts in this 
direction, it is stated, are mostly by Russian 
scientists, the first publication in this regard being 
by Ya. Frenkel in 1917, The calculated value in 
terms of electrostatic energy of the surface double 
layer are in good agreement with observations for 
mercury but not for other metals. Subsequent 
theoretical contributions by others are described 
in detail, but they also leave something to be de¬ 
sired insofar as agreement with experiment is con- 
cerned. However, as the author paints out, this 
situation is not unexpected in view of the present 
imperfect theories of liquids and metals. 

The reviewer was unable to find any mention 
of the determination of surface energies of solid 
metals by the balanced weight method described 
by Tammann, and later by Udin et <d . The results 
of these researches are of sufficient importance to 
have merited detailed description in a book of this 
kind. 

On p. 17, it is pointed out that the Russian, A. 
Bachinskii in 1922 was the first to show the con¬ 
nection between surface tension and differences 
in density of two phases. A similar relation was 
reported one year later in the Transactions of The 
Faraday Society by B. MacLeod. Two years later, 
S. Sugden used this relation to derive the famil¬ 
iar “parachor”. Subsequently, R. H. Fowler 
attempted a theoretical derivation of the parachor, 
but this in SembncHenko’s opinion falls short of 
the mark and is not valid. 

It may come as a surprise to find on p. 100 that 
presently we have neither a firmly established 
value for the surface tension of mercury nor do we 
know the form of its temperature dependence. 
The main difficulty is apparently one of metal 
purity, which greatly influences surface tension. 

A1 and Mn increase the surface tension of tin; 
the author shows that these elements must, there¬ 
fore, lower the recrystallization temperature, and 
it is observed that they do, reaching values some¬ 
what below room temperature. On the other hand, 
Na, Bi and Te are surface active and they raise the 
recrystallization temperature. Zn behaves anom¬ 
alously, increasing both surface tension and the 
recrystallization temperature. Other interesting 
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data of this kind appear throughout various of all the tables at the back of the book is not con- 
chapters. veaient. 

The translation is well-done. The photo off-set The monograph fills a real need in the scientific 
process used by the publisher is less than pleasing literature on a subject which is treated much less 
and some of the formulae are obscure and difficult thoroughly in related treatises. It is a useful nefer- 
to read. One hopes that the present book does not ence source to all those who are concerned with 
represent a trend in the mechanics of publishing surface properties of metals including grain 
specialised monographs of this kind. The location boundary properties. 


H. H. Uhlig 
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ELECTRICAL CONDUCTIVITY IN LEAD TITANATE 
ZIRCONATE CERAMICS 
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Abstract —Ferroelectric lead titanate zirconate ceramics prepared by sintering in air are found to 
have p-type conductivity, believed to result from an excess of lead vacancies. Donor substituents for 
lead, titanium, or zirconium reduce the conductivity by electron-hole compensation, but n-type 
conductivity is not observed and is probably prevented by the formation of lead site vacancies. 
The data supporting this view are presented. These include observations on the effect of donor and 
acceptor doping and of oxygen pressure during sintering on resistivity, and measurements of thermal 
A comparison is made between effects observed in lead titanate zirconate ceramics and those 
in barium titanate, which can have high n-type conductivity at room temperature after doping, and 
in barium zirconate. 


INTRODUCTION 

In investigations of the dielectric and piezo¬ 
electric properties of perovskite lead titanate- 
lcad zirconate ceramics, t 1 ” 6 ) the conductivity of 
these materials has in general received attention 
only as a secondary matter, although the 1000-fold 
increase in resistivity caused by additives of 
excess valency* 7 ) has become of great practical 
significance. It is the purpose of this article to 
present experimental results on this conductivity 
and an interpretation of these results. The inter¬ 
pretation will be extended to consider ceramic 
barium titanate, a material whose conductivity be¬ 
havior is less clear-cut. 

The nature of the electronic processes in certain 
compounds consisting of an element from Group 
U of the Periodic Table and another from Group 
VI, such as the sulfides, selenides, and tellurides 
of cadmium and zinc, has been extensively 
studied. Two recent reviews contain references to 
niuch of the work in this field.* 8 * e > In these com¬ 
pounds it was found that the stoichiometry 
played a major part in determining the conduction 
mechanism. Vacancies in the position of the 
Group II element were found to serve as acceptors 


* Present address : Missouri School of Mines and 
Metallurgy, Rolla, Missouri. 


and those of the Group VI element as donors. 
“Pure” single crystals of some II—VI compounds, 
e.g. CdS and CdSc, are n-type, while those of 
ZnTe are p-type conductors. It is easy to bring 
these crystals to a high resistivity state by adding 
acceptor impurities to the former and donor 
impurities to the latter crystal, but formation of 
additional vacancies makes it difficult to change 
the conduction type of a given compound. #-type 
conductivity due to oxygen deficiency was ob¬ 
served long ago in titanium dioxide and zinc 
oxide. Rudolph* 10 * has shown that p-type con¬ 
ductivity is present in several pure simple oxides, 
including BaO and Zr02, fired in air. 

He explains this by a state of “over-oxidation/ 1 
that is, metal site vacancies. It has been suggested 
that a similar situation occurs in lead titanate 
zirconate ceramics* 11 ) and that excess valency 
substituents compensate for this deficiency. 

In the present investigation it is demonstrated 
that the usual lead titanate zirconate ceramic fired 
in air is indeed a p-type semiconductor in the 
temperature range between 100 and 600 P C. The 
p-type conduction is probably due to vacancies 
at lead sites, and the usual criteria of p-type con¬ 
duction are present: thermal eon.f. measurements 
result in a positive Seebeek coefficient, the 
electrical resistivity is decreased as the oxygen 
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wmure wmI during the fifing of the ceramic it 
mmed t and an increase in electrical resistivity 


if found when n-type substituents are added to 
compensate the jp-type conduction. 

MEASUREMENTS 

1. Thermal t.iruf. 

One would like to measure this quantity at a 
tem p er ature where the resistivity is high, in order 
to establish the characteristics of the ceramic in 
the insulating condition. The difficulty is that if 
the resistivity of the ceramic is much in excess of 
10* Cl cm, the thermoelectric effect is masked by 
extraneous electrochemical potentials, which are 
invariably present in these ceramics. The samples 
used were typically about 1 cm dia. and 1 mm 
thick, and had both plane surfaces coated with a 
thin layer of DuPont silver frit to improve elec¬ 
trical and thermal contact. The silvered faces were 
placed between stainless steel pistons, one of 
which was kept about 20°C hotter than the other 
by an auxiliary heating coil. The measured data 
for a number of ceramics are given in Table 1. 
It is seen that, except for the one sample of 
barium titanate which had received a treatment 
in a reducing atmosphere, all of the ceramics 
measured were p-type. As quantitative results, 
however, it is difficult to assess the numerical 
accuracy of these data. Slight variations in im¬ 
purity content, atmosphere during firing, or rate 
of cooling may be expected to affect the numerical 


magnitudes, but not the sign of the Seebeck 
coefficient. 

2. Conductivity at a function of oxygen pressure 

The conductivity of two of the ceramics was 
determined after firing under neutral and ox i di zin g 
conditions. The samples measured were disks 
about the same size as those used for thermal 
e.m.f. measurements and had their flat surfaces 
coated with DuPont silver frit. The density of the 
samples exceeded 96 per cent of the theoretical 
value calculated from X-ray determination of 
lattice parameters. Guard rings were not used for 
the measurements, because in the 150-400°C 
temperature range surface conductivity is neg¬ 
ligible. The instrument used was a Bruel and 
Kjaer megohmmeter, which applies a d.c. potential 
of about 100 V. The measuring field gradient was 
therefore about 100 V per mm; at low fields re¬ 
sistivity is substantially independent of field 
gradient. 

In the ceramic, whose resistivity temperature 
curves are shown in Fig. 1, the effect of increased 
oxygen during sintering is clearly to lower the 
resistivity. This is characteristic of a p-type oxide 
in which the holes are generated by ionization of 
metal vacancies. Increasing oxygen pressure re¬ 
duces the concentration of oxygen vacancies and 
therefore, as a result of the Mass Action Law, the 
number of metal vacancies is increased and more 
holes are created. 


Table 1. Seebeck coefficient of ferroelectric perovskites 


Composition 

Temperature 

of 

measurement 

<°C) 

Seebeck 

coefficient 

(^vro 

Resistivity 
(O cm) 

Conductivity 
type from 
Seebeck 
coefficient 

PboMSroo^rouTio^Oi 

460 

500 

10 4 

P 

PbZro■ mTio-uOs 

420 

1300 

2xl0 7 

p 

+ 1 wt.% NbtOft 

540 

900 

2x 10* 

P 

BaTiOi 

490 

600 

5x10* 

P 

BaTiOa+1 wt.% NbsOs 

550 

600 

7x 10* 

P 

BaTiOa+k wt.% NbtOs 

330 

-300 

4x 10 4 

n 


Reduced in carbon a* 900°C. 
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Fig. 1. Resistivity-temperature curves for Pbo »4 
Sro-o«Zro-s 3 Tio- 470 a fired in gases of varying oxygen 
content. Curve (1): Firing atmosphere was nitrogen 
with an oxygen partial pressure of approximately 
1 Torr. Curve (2) Average curve for air-fired ceramic. 
Curve (3) Firing atmosphere was oxygen at a pressure 
of 8 atm. 

The influence of grain boundaries on resistivity 
in these materials has not been fully evaluated, 
but does not seem to be major. When the ceramic 
is over 90 per cent dense, the resistivity was found 
independent of the exact density attained in a 
given atmosphere. In addition samples of un¬ 
doped ceramic whose average grain sizes differed 
by an order of magnitude were found to have 
essentially the same resistivity. 

3. Effect of doping 

The doping of ceramics may be carried out 
with either donors or acceptors, and the effect of 
c*ch depends on whether the ceramic is *- or 
>-type at the pressure and temperature of sinter¬ 
ing. Figure 2 shows the resistivity as a function of 
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temperature for air-tired 
ceramics with niobium or ocandium sddedfor 
doping. The measurements were made U des- , 
cried in the previous e x per im ent. 

The substitutional site of niobium, based on ^s 
ionic radius, should be the titanium pos i tio n . 
Since the normal valency of niobium It 4-5* 
rather than the 4-4 value found in titanium, 
niobium may be expected to function as a donor. 
Scandium has a valency of +3 and is expected to 
behave as an acceptor when substituting for 
titanium. 

Figure 2 shows that donor additions increase 
the resistivity, while acceptor additions decrease 
it. This is added evidence that the ceramic is a 
p -type conductor whose conductivity is increased 



Fig. 2. Resistivity-temperature curves for lend titanate 
zircon ate ceramics with donor and acceptor additions. 
Curve (1): Donor addition, ceramic composition 
(PbZr*.ssTio*aO»)o-M + (PbNb*Os)o oi. Curve (2) No 
addition, ceramic composition PbZro wTi<>- 470 ». Curve 
(3) Acceptor addition, ceramic composition 
(PbZroas Tio-470s)oss + (PbSc*O»)p0i. 
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s ome what by Acceptor subatituents (8c) but re- 
duccd drastically through compensation by donor 
substituent* (Nb). 

If the above hypothec it correct, it should 
follow that similar electrical behavior will be 
measured when other elements are added as 
dopants. It was found that additions of one 
mole per cent of tantalum, neodymium, or lan¬ 
thanum were equivalent to the niobium addition. 
Tantalum also has a valency of +5 and fits the 
titanium position, while neodymium and lan¬ 
thanum have a valency of +3 and fit the lead 
position, replacing a divalent element. Potassium, 
an dement of valency +1 and ionic radius of the 
right size for the lead position, behaves exactly 
as scandium does in increasing the conductivity 
and may also be classified as an acceptor. 

The compensation effect is achieved with a few 
tenths mol per cent of donor substituent or more. 
In our experience with hundreds of samples it 
has never been found that increased amounts of 
donor cause the resistivity to drop again by for¬ 
mation of n-type carriers. This may be explained 
by the relatively easy expulsion of lead during 
firing of ceramics with more donor substituent than 
needed to overcome the electron deficiency (see 
Appendix). 

DISCUSSION 

The method of regulating the vacancy equilibria 
and hence the conductivity of simple oxide 
ceramics by varying the oxygen pressure has been 
explored previously.* 10 * The fact that titanium 
dioxide in its rutile modification is an n-type 
semiconductor, and that perovakitc barium titan- 
ate behaves like rutile in becoming a semicon¬ 
ductor after reduction in hydrogen, seemed to 
indicate that perovskitc titanates will be n-type. 
As was shown above this conclusion is not valid 
for lead titanate zirconate ceramics, which behave 
as p-type semiconductors. In terms of stoichio¬ 
metry, lead titanate zirconate sintered in air con¬ 
tains excess oxygen, and therefore cation vacancies. 

Two other perovskites will now be briefly con¬ 
sidered. The first is barium zirconate, an extremely 
refractory oxide. Sintering temperatures for this 
ceramic are about 1700°C, as opposed to below 
1300$C for the lead titanate zirconate ceramics. 
KOSHIO* 1 ** has found that the resistivity of this 
ceramic in the temperature range between 200 


and 500°C can be increased by several orders of 
magnitude by the addition of one mole per cent 
of lan than um or niobium. The ionic, radii and 
valency considerations are about the same as 
observed in the lead titanate zirconate system, 
and this evidence suggests that a p -type semi¬ 
conductor, barium zirconate, is being compen¬ 
sated by donor addition. 

The conductivity of barium titanate doped 
with donor additions has been investigated. < 13 ~ 16 > 
These materials were of particular interest be¬ 
cause some of the ceramics were found to show a 
very strong positive temperature coefficient of 
resistivity in a temperature range extending up¬ 
ward from the tetragonal-cubic phase change, 
associated with the disappearance of ferro- 
electricity. Small amounts of donor additives (of 
the order of 0-1 mol per cent) cause barium titanate 
to be an n-type semiconductor whose room tem¬ 
perature resistivity may be as low as 10 12 cm. 
However, when one mole per cent or more of 
these donors are added to barium titanate, it be¬ 
comes a highly insulating ceramic similar to com¬ 
pensated lead titanate zirconate. 

It is suggested that the occurrence of high con¬ 
ductivity in donor-doped barium titanate may be 
due to a lack of equilibrium at high temperature. 
The compensation process in these oxides con¬ 
sists of several steps (see Appendix), of which the 
first is ionization of the donor atoms, producing 
a surplus of electrons. To compensate and attain 
high resistivity the ceramic must react by pro¬ 
ducing more cation vacancies which can ionize 
and absorb the electrons. However, vacancy pro¬ 
duction is a relatively slow process involving " 
interaction with the surrounding atmosphere. 
The interaction may be expected to be faster in 
compounds containing lead than in those con¬ 
taining barium, because of the high vapor pressure 
of lead at the sintering temperature. It is also 
plausible that the diffusion of barium out of 
BaTiOa containing small amounts of donor sub¬ 
stituents should be initially slow at the firing 
temperature, but that at higher donor concentra¬ 
tions the driving force for diffusion is sufficient 
to initiate the formation of vacancies. These in 
turn speed the entire diffusion process, so that a 
state of equilibrium can be rapidly approached. 
The equilibrium state involves p-type conduc¬ 
tivity of a lower magnitude than that of the 
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ttndepodasiddrat m the cmseof *he lead compounds* 
Tib hypot h esis can be supported by some data 
prwwxtetf by Saver and Fisher/ 18 * who show 
that tie room temperature resistivity of a lan¬ 
thanum doped barium strontium titanate could 
be raised from 5 x 10* to 10 7 Q cm by increasing 
the high temperature sintering period* 

One possible explanation for the increase in 
resistivity of «-type conductive BaTiOa near its 
Curie point is an increase in the donor ionization 
energy, or increase in the activation energy for 
electron hopping, caused by the drastic drop in 
dielectric constant. It is also worth noting that in 
some perovskite semiconductors having magnetic 
Curie points, there is a resistivity anomaly below 
the Curie point similar to the one observed in 
ferroelectric perovskites, but much smaller in 
magnitude.* 17 > Miller, et al. t attributed the 
anomaly in magnetic materials to added scattering 
by disaligned d-shells. A more complete under¬ 
standing of the conduction phenomena in barium 
titanate would include consideration of scattering 
mechanisms m the paraelectric and ferroelectric 
states. However, a change in conductivity type 
is also noted in the transition from tetragonal to 
cubic/ 16 ) and the resistivity anomaly may well 
signal a considerable change in energy-band 
structure. 

Goodman* 1 ®* observed that a donor-doped 
BaTiOa single crystal has even higher conductivity 
than a corresponding ceramic, and much less 
temperature dependence of conductivity than the 
latter. He takes this as evidence that barriers at the 
grain boundaries cause the anomalous resistivity. 
We propose another possible explanation. 
Diffusion of barium from single crystals is prob¬ 
ably a very slow process as compared with diffusion 
from ceramics. Thus, under the usual preparation 
conditions the doped single crystal may be main¬ 
tained for long periods in an essentially metallic 
state, which may not be an equilibrium state. 
It is felt that the evidence in this article demon¬ 
strates that vacancy equilibria are an important 
feature of conductivity in some perovskites and 
should probably be considered in all perovskites. 
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APPENDIX 

Calculation of the change in resistivity of a p-type 
oxide semiconductor due to donor additives: 

Assume that a typical ceramic may be presented aa 
M 2 * 0 2 ~. In PbTiOs or PbZrOj this neglects the effect 
of Ti or Zr, but both of these metals are of substantially 
lower volatility than lead and may be expected to inter¬ 
act with the atmosphere to a lesser extent. 

The holes which are the major cause of conductivity 
are generated by the process; 

V M ^V*~+2k ( 1 ) 

where 

Vm is an unionized cation vacancy 
V\ Sf — is a doubly ionized cation vacancy 
h is a hole. 

The Law of Mass Action, applied to equation (1) 
yields the relationship: 

p z [vVA 

— - — = Ki cxp( - EijkT) (2) 

[V M ] W 
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m 

i « A ■- 


¥bcn £ ) around A* quantity designate* the concen- 

S '*; , p fc «lw hole c o nc en tration 
Jtx i» * constant 

ft k the reaction energy for the process 
• w p wwn ted by equation (1). 

Rudolph hap shown that at high temperatures Wu] 
com es *0 equilibrium at a value determined by the gas 
p artia l pressures on the system. The oxygen and metal 
prsasu re are not independent, and on varying the 
oxygen pr essure the entire vacancy equilibrium situation 
1» shifted. (Rudoph’s article treats this equilibrium 
quantitatively and shows the nature of the variation.) 
Thm is a temperature T> below which the time re¬ 
quired for establishing equilibrium becomes very long. 
On cooling a system at fixed oxygen pressure, [Vm\ and 
{Fb] (the oxygen vacancy concentration) do not change 
by interaction with the atmosphere below 7>. When a 
cition of high volatility, such as lead, is used, 7> may 
be expected to be 500-600°C. 

To calculate the value of p as a function of temperature 
it is first assumed that the hole concentration is deter¬ 
mined solely by equation (1), so that V% m p/2 , and that 
IVV] [Kis] at low temperatures. 

Then from equation (2); 

P - (2 [V m ]rKx)W exp(—Ei/2kT) (3) 

where (Km]*' is the metal vacancy concentration at the 
temperature TV. Now suppose a normally trivalent ion 


enters the Af site aubstitutionaily, If this atom could 
be substituted at very low temperature, the lattice would 
tend to impose a divalent structure on N. At high tem¬ 
perature, however, N*+ will further ionize almost com¬ 
pletely to The electrons created by this process 
combine with holes formed according to equation (1), 
and shift the equilibrium to the right side of this 
equation, with formation of additional vacancies until 
[VjT] approaches [N*+]/2. For doping levels near 
1 mol. % [Vl~] > [VmI. 

To calculate the resistivity of the "doped 1 * ceramic 
below Tf we again use equation (2) but now both [V*] 
** [N*+]/2 and [Fa r] * [Vm]f are nearly temperature 
independent because p is much smaller than either 
[VSn or [Vm]; hence: 

/2K\\V 

eM ~ Ei,2kT) • (4) 

Equation (4) makes two predictions: 

1, The hole concentration in the doped ceramic will 
be considerably less than that in the undoped ceramic. 

2. If logarithm p is plotted as a function of 1 fT below 
Tf both equations (3) and (4) yield straight lines. The 
slope of equation (4) is greater than that of equation 
(3) by a factor of T5. This means that the doped ceramic 
drops more rapidly in conductivity than the undoped as 
the temperature is lowered. Both of the above predic¬ 
tions are borne out by the experimental data (Fig. 2). 
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Abstract —A dilatometric and X-ray study of certain iron-aluminum solid solution alloys has 
shown that the FeAl order field completely surrounds the FegAl order phase; this is in agreement with 
theoretical predictions. It has also been conclusively demonstrated that the so called “JC-state”, 
which is produced in certain alloys on annealing at a low temperature after quenching from a high 
temperature or after cold working, is an ordered structure but with a very small antiphase domain 
size. It is proposed that ordering on slow cooling is not observed because of kinetic difficulties. 
Many of the anomalous properties of iron-aluminum alloys can now be explained with the aid of 
this new phase boundary information, and a knowledge of the nature of the “JC-state". It has also 
been shown that the production of the ‘'K-state” in iron-aluminum alloys can lead to a 25 per cent 
increase in the flow stress. 


INTRODUCTION 

In their classical X-ray study,* 1} Bradley and 
Jay distinguished the FegAl and FeAl ordered 
structures in the solid solution of aluminum in 
iron. They found that the region of FejAl order 
commenced at ~ 19 at. % aluminum and ex¬ 
tended to ~ 34 at. % aluminum with a maximum 
of 550°C in the critical temperature for ordering 
at 27 at. % aluminum. The recent results of 
Taylor and Jones (lattice parameters), * a > and 
McQueen and Kuczynski (dilatometry and re¬ 
sistivity)*®) agree quite well with this FejAl field, 
while Lawley and Cahn (high temperature 
diffractometry )* 4 > observed that FeaAl order com¬ 
mences at 23 at. % aluminum. Bradley and Jay, 
and Lawley and Cahn, found that FeAl order 
commenced at 25 at. % aluflStffttim at temperatures 
above the FegAl field, Taylor and Jones, and 
McQueen and Kuczynski place the FeAl boundary 
close to 20 at. % aluminum. Rudman,* 5 > using the 
Zeroth approximation, has proposed a diagram 
in which the Fe»Al is completely surrounded by 
the FeAl field. To add to the complexity of the 
phase diagram is the observation of the 
“JC-Btate”* 6 ) in alloys containing less than 20 at, % 
aluminum. 

The “K-state” is produced in many alloys, 


whose compositions are close to known or 
postulated order-disorder boundaries, when they 
are quenched from a high temperature, or cold 
worked, and then given a low temperature anneal. 
Its presence has been detected in Fe-Al/ 71 
Fe-Si,* 7 > Ni-Cr,<7-13> Fe-Al-Cr,<«' 7) Ni-Al,* 7 ) 
Ni-Cu-Zn,* 7 ^ Cu-Ni,* 7 > Ni-Fe,U0> Ni-Fe- 
Crtt<U3,i6> an a Ni-Fe-Mo* 1 *’ 18 - 17 ) by an increase 
in resistivity after the above heat treatment. The 
theories thus far advanced as to the nature of the 
“AT-state” are: (1) short-range* 7 ’ 12 ' 14 * 16 * or a form 
of long range order,* 8 * 9 * (2) clustering or Guinier- 
Preston zones, < 10) and (3) clustering of some atoms 
followed by ordering of the matrix.* 17 * 

The effect of the “K-state” upon mechanical 
properties has, as far as the author is aware, only 
been studied in 80% nickel-20% chromium 
(Nichrome) alloys. Nordheim and Grant,* 9 ) and 
Lifshitz* 10 ) observed a 20% increase in hardness, 
and Starikova and Presnyakov* 18 ) noted an in¬ 
crease in the ultimate tensile strength on the 
formation of the “K-state”. Lifshitz also reports 
that the work hardening balances the destruction 
of the “JC-state”, and thus there is no increase in 
hardness for a *‘JSC-state” Nichrome alloy cold- 
rolled 20-80 per cent reduction in area; after 
80 per cent in area the "JC-state” is completely 
985 
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destr o ye d and tbe hardness increases with defor- 

mation. 

In view of the differences which exist between 
(he proposed iron-aluminum equilibrium dia¬ 
grams, ft was decided to re-investigate the com¬ 
position range 16 to 25 at. % aluminum by dilato- 
mctric and X-ray diffuse scattering methods. 
Tbs effect of the “JC-statc” upon flow stress has 
also been studied in an iron —16*5 at. % aluminum 
alloy. 


EXPERIMENTAL DETAILS 

(a) DUaionutric study 

The dilatometer was of a standard pattern with 
»11 the heated parts made of silica. A Pt/Pt-Rh 
thermocouple was in contact with the 1 in. long 
specimens. A displacement transducer that could 
detect a change of 5 x 10~ e in. (it was normally 
used on a less sensitive range) measured the 
dilatation. 

The specimens were heated to ~900°C for 
1 hr in situ , cooled at ~ 1°C per min, which is 
slow enough to maintain equilibrium,< 4) and 
every 15°C the temperature was stabilized and a 
reading taken. No attempt was made to measure 
absolute expansion coefficients. Discontinuities in 
the expansion-temperature curve indicated when 
a transformation had taken place, It was un¬ 
necessary to employ a protective atmosphere as 
the oxidation resistance of iron-aluminum alloys is 
excellent. 

For a study of the "AT-state” (which only forms 
under the conditions outlined above), it was 
necessaiy, for the elimination of instrumental 
alignment errors, to measure any dilatation due to 
the ‘T-itate” without removing the specimen from 
the dilatometer. To achieve this, the quenched 
17*9 at % aluminum specimen was put into the 
dUatdmeter preheated in the range of 30(M00 o C 
•lid after 2 hr the reading given by the transducer 
Wl# noted. (Thomas^ has shown by resistivity 
measurements that 1 hr at temperatures above 
is sufficient to produce the maximum value 
nf the “JC-Btate” in iron-aluminum alloys.) 
The transducer reading for the specimen in the 
slew -eowW state was obtained by heating to 
destroy the “AT-state’V 6 * and then 
W 1°C per min. to the original annealing 
Thus the difference in 


the transducer readings gives the dilatation due to 
the “jK-state”. 

(b) X-ray procedure 

A General Electric XRD-5 X-ray set, with a 
focussing lithium fluoride monochromator in the 
diffracted beam and pulse height analyzer to 
eliminate harmonic wavelengths of the cobalt 
radiation, was used to investigate the structure of a 
series of iron-aluminum alloys containing from 
16 to 22 at. % Al. The method of obtaining the 
diffraction pattern over the range of 28 from 
15 to 45° was to count for at least 100 sec every 
1/3 degree with a slit subtending 1° in 28 at the 
focus; the probable counting error was less than 
2 per cent. AU measurements were made at room 
temperature. 

For the study of the order-disorder boundaries 
solid specimens in the composition range 16-22*3 
at. % aluminum, were cooled at 10°C per hr from 
500°C with a 16 hr anneal at 400 and 300°C, 
and a 65 hr anneal at 200°C and finally quenched 
into water from 100°C; for comparison purposes 
they were also water quenched from 850°C. 

The ‘‘AT-state” formation was studied in 
detail in the 17*9 at. % aluminum specimen by 
quenching from 850°C and annealing for at least 
1 hr in the temperature range 250-360°C. In 
addition the remaining alloys, previously quenched 
from 850°C, were annealed for 1 hr at 323°C. 

In order to check whether the “AT-state” forma¬ 
tion is the same in other alloy systems, an iron 
— 8 *7 at. % silicon alloy was given a similar 
series of heat treatments. 

(c) Flow stress determination 

Lawley, Vidoz and Cahn< 19) have shown that 
strains as large as 2 per cent can be completely 
recovered in polycrystalline iron-aluminum alloys 
by a 2 hr anneal at 800°C so that one specimen 
can be used for a whole series of tests. This pro¬ 
cedure was adopted for this investigation of the 
effect of the "AT-state” upon the flow stress. 

The specimens, with gage section dimensions 
of 1*5x0*08x0*04 in., were tested in a Polanyi 
type machine at a strain rate of 5 x 10~ 6 sec' 1 . 
The alloys were prepared from super pure 
aluminum and iron with a carbon content of 
0*03% maximum, in a high frequency induction 
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furnacewith an argon atmosphere, A typical re- 
crystallized grain aize was 0*10 mm. 

The flow strew after 0*05 per cent plastic strain 
(a 045 per cent proof stress) was found for 
specimens in the following conditions: (1) 
quenched from a high temperature, 700-900°C, 
and annealed for 1 hr at 350°C to develop the 
“iC-state” and (2) quenched from 850°C and 
annealed in the temperature range 200-425°C. 
Attention was focussed on an iron —16*5 at. % 
aluminum alloy but other iron-aluminum and 
iron-silicon alloys were used to check the gener¬ 
ality of the results. 

RESULTS 

(a) Equilibrium Diagram 

The X-ray scattering results for the alloys 
22*3-16 at. % aluminum are summarized in Table 
1. “Pseudo FeAl” is a state, intermediary be¬ 
tween short-range order (S.R.O.) and FeAl 
order, which results in a (100) diffraction peak, or 
inflexion in the scattering curve, at 26 = 34-35° 
instead of at 36° for perfect FeAl order. “Imper¬ 
fect FeAl” refers to FeAl having small antiphase 
domains as indicated by a broadened (100) 
diffraction peak. Thus on slow cooling the 
FeaAl-FeAl order boundary is between 20*5 
and 21*85 at. % aluminum, and the FeAl-disorder 
boundary is between 18*8 and 20*5 at. % 
aluminum. 

The proposed iron-aluminum equilibrium 
diagram, which is composed of dilatometric,< 3) 
specific heat( 20) and resistivity data/ 21) Fig. 1, 
shows that the FeAl phase does in fact completely 
surround the FeaAl phase. 


(b) 

The diiatometric results show that die con¬ 
traction due to the “iC-state” increases with 
decreasing annealing terpperature after quenching 
frcto 825°C, Fig. 2, and that the contraction on 
annealing at 350°C, Fig. 3, increases with in¬ 
creasing quenching temperature until ~ 800°C 
when a saturation value of the contraction ig 
observed. 



Fig. 1. Proposed equilibrium diagram for the solid 
solution of aluminum in iron. 


Table 1. The structures produced in a series of iron-aluminum alloys after various heat treatments 


At. %A1. 

. 




Heat 

Treatment 

22-3 

21-85 

20-5 

18-8 17*9 16 

Slow cool 

Fe3Al 

FesAl 

S.R.O. + “Imperfect 
FeAl” 

S.R.O. + "Pseudo FeAL” 

Quench from 850°C 

“Imperfect FeAl” 

S.R.O. 

Short Range Order (S.R.O.) 

Quench from 

850°C +1 hr 
at 323°C 

FegAl 

FesAl 

FeAl 

"Imperfect FeAl” 
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FlO. 2. Percentage contraction produced by the " K - 
•tatc M after quenching from 825°C and annealing at 
lower temperature®. 



FlU. 3. Percentage contraction produced by the "/£- 
etttte*' on annealing at 350°C after quenching from the 
indicated temperatures. 


In Fig. 4 are shown the uncorrected diffraction 
patterns for the 17*9 at, % aluminum alloy after 
the various quenching and annealing treatments. 
The type of 1long range order present is indicated 
'fey the number and position of the superlattice 


lines. FeAl (B2) type of order gives a <100} Aaper- 
lattice line at 20 36 q ; Fe»Al(DOj) type of 
order, which has a unit cell composed of eight 
body centered cubic cells, produces a (111) 
superlattice line at 26 = 31° as well as a (200) 
superlattice line at 2 6 = 36°. If however FesAl 
order is forming from a fully FeAl ordered lattice, 
only the intensity of the (111) superlattice line at 
26 «= 31° will change. The presence of short- 
range order is indicated by a very diffuse peak at 
16 = 25^29°. It is seen that the lower the annealing 
temperature after the 850°C quench, the greater 
the tendency to form FesAl type of order; the 
255°C anneal does in fact produce a Fe^AI 
structure but with a very small domain size as 
indicated by the width of the superlattice lines. 

The uncorrected diffraction patterns for the 
iron —8*7 at. % silicon alloy, Fig. 5, show that 
after quenching from 850° C there is only short 
range order present. Slow cooling produces 
FeSi (B2) type of order, while annealing for one 



DEGREES zB 


f IG * ^ Uncorrected X-ray diffraction patterns for the 
tron-17*9 at. % aluminum alloy after the indicated heat 
treatments. 
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hour at 32J°C>; tafter quenching from 850 9 C, 
pvesFeaSi(D6s) type of order but, as indicated 
by the width of the ^111) superlattice line, with a 
small domain sue. 



Fig. 5. Uncorrected X-ray diffraction patterns for the 
iron-8 *7 at. % silicon alloy after various thermal 
treatments. 


This X-ray diffraction data indicates that 
quenching from a high temperature followed by a 
low temperature anneal produces a more perfect 
form of order than slow cooling alone; the DOs 
order is, from the number and type of atomic 
bonds, a more perfect form of order than the B2 
order. 

(c) Flow stress* 

The results are expressed as the percentage 
increase in the 0*05 per cent proof stress on 
forming the “RT-state” compared to the 0*05 per 
cent proof stress after quenching. There was no 
difference between the flow stress of the quenched 
and furnace cooled states; in agreement with 
previous work* 82 * the 0*05 per cent proof stress 
after quenching was 67,000 p.s.i. Figure 6 shows 
that there is a maximum increase of ~ 25 per cent 
in the flow st re ss on annealing for 1 hr at 300°C 
following a quench from 850°C. Figure 7 shows 
that the increase in flow stress on annealing at 
350°C is dependent upon the quenching tern- 


* This work was done by Lie. Maximo Victoria at 
the Institute de Fisica, San Carlo* de Bariloche, 
Argentina. 



Fig. 6. Variation of 0*05 per cent proof stress with 
annealing temperature. 



Fig. 7. Variation of 0*05 per cent proof stress with 
quenching temperature. 


perature in a manner very similar to the variation 
of contraction with quenching temperature (Fig. 
3). 

An increase in the 0*05 per cent proof stress 
upon forming the “RC-state” was shown by iron 
—16 to 19 at. % aluminum alloys and by iron 
—6 to 10 at % silicon alloys* The magnitude of 
the increase was dependent upon composition; 
the closer the alloy composition was to the order- 
disorder boundary the greater was the increase in 
proof stress upon forming the state”* 
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DISCUSSION 
(*) Equilibrium diagram 

The order-disorder boundaries drawn in Fig. 1 
were those observed after slow cooling at a practical 
rate, and the agreement between the results 
obtained by different workers is quite good. The 
critical ordering temperatures in alloys contain¬ 
ing more than 22 at. % aluminum agree very 
well wkh those obtained by Taylor and Jones/ 2 * 
but at lower compositions there is considerable 
disagreement. At the moment there is no apparent 
explanation for the major differences between the 
present diagram and those proposed by Bradley 
and Jay/ 1> and Lawley and Cahn.< 4) Seybolt< 21) 
tentatively suggested that the inflexions in his 
resistivity-temperature curve indicated a two 
phase ordered plus disordered field, but, as his 
points fit the proposed diagram so well, it is 
concluded that they delineate the FeAl field. 

The proposed equilibrium diagram confirms 
the prediction of Rudman< 5 > that the Fe&Al phase 
» completely surrounded by the FeAl phase. As 
the FeAl structure, which has aluminum atoms 
at second nearest neighbor distances, is inter¬ 
mediary between disorder, or short-range order, 
and the FegAl structure, where aluminum atoms 
are at third nearest-neighbor distances, one would 
expect, on slow cooling, the formation of the 
FeAl prior to the FegAl superlattice and thus an 
equilibrium diagram of the form observed. 

(b) “K-state” 

Our X-ray findings provide a direct proof that 
the “ AC-state ” is a form of order; the contraction 
of the lattice is also an excellent indication that 
ordering is taking place. On slow cooling, only 
short-range order is formed; quenching from a 
high temperature followed by a low temperature 
anneal produces the same type of order observed 
in more concentrated alloys. Therefore it is 
proposed that the “AC-state” is the equilibrium 
state which is attained because the excess vacancies 
quenched in (or produced by cold work) accelerate 
diffusion; order does not form on slow cooling 
solely because of kinetic difficulties. Assuming 
that the activation energy for atomic migration 
is that of vacancy motion alone, in the presence 
Of access vacancies, and knowing the activation 
energy for vacancy formation (~ 18 kcal/mole)/ 2 ^ 
It am be calculated that the diffusion proem at 


323°C is accelerated by a factor of ~ 10®. Since 
after quenching it takes approximately 1 hr at 
323°C for the resistance to reach a constant 
value/ 6 * the calculation indicates that it would 
take approximately 10 years to reach the same 
state with the equilibrium concentration of 
vacancies present. A similar enhancement of 
diffusion by a factor of 10M0 5 has been observed 
in a silver-zinc alloy after quenching from a high 
temperature.< 24) 

Popov and Karpov< 12 > also have shown the 
importance of excess vacancies in forming the 
X-state. They studied the increase in resistivity 
as a Ni-18-25 at. % Cr alloy was annealed at 
200-300°C after quenching from 650 to 1100°C, 
and observed that the resistivity, and presumably 
the amount of the X-state, increased monotonic- 
ally with increasing quenching temperature. 
Assuming that the rate of formation of the X-state 
was vacancy controlled, they calculated the activa¬ 
tion energy for vacancy migration to be 38*7 kcal/ 
mole. Lifshitz* 10 * observed in nichrome (80% 
Ni-20 Cr) an activation energy of 43 kcal/mole for 
the formation of the AC-state. The activation energy 
for vacancy migration in pure nickel is 39 kcal/ 
mole/ 121 

The observed dilatometric saturation at quench¬ 
ing temperatures above 800°C, Fig. 3, is no 
doubt related to the quenching rate and thus the 
concentration of quenched in vacancies. 

For iron-aluminum alloys, Thomas ( 6) has 
detected the “AC-state” in alloys a 9 dilute as 
10 at. % aluminum, and he observed, as have 
others/ 26 * that as the temperature is raised the 
"AC-state” disappears in the range 4OO-450°C 
for alloys around 18-19 at. % aluminum," The 
"AC-state” may be the FejaAlg phase proposed 
by Taylor and Jones/ 2 * or a continuation of the 
observed FeAl and Fe 3 Al fields. Considering the 
shape of the order—disorder boundaries in Fig. 1, 
this latter suggestion is very unlikely. As the 
AC-state approaches equilibrium only with the 
help of excess vacancies it is not certain, at a first 
glance, whether it belongs on an equilibrium 
diagram at all. One may consider this to be 
analogous to the 6* phase in aluminum—4 wt.% 
copper alloys which is not the equilibrium phase 
yet is stable over a certain temperature range. 
Nevertheless, it is considered that the “AC-state” 
should be included in an equilibrium diagram as 
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it is Attempting to form FegAl (or FeuAl®) type 
of order which is the equilibrium structure for 
alloys containing only slightly more aluminum. 

The reason why the "Jt-etate” has only been 
observed in the specific alloy systems mentioned 
previously, is probably related to the relative 
quenching and annealing temperatures in ordering 
alloy systems in general. The alloy systems listed 
above contain at least one transition element and 
so have a melting point of 1400-1500°C; to form 
the “AT-state” they are usually quenched from 
~800°C (0*65 Tm where Tm is the absolute 
melting temperature) and annealed at ~ 300°C 
(0-33 Tat). Alloys based on copper, silver or gold 
are also normally quenched from ~ 800°C 
(0-9 Tm) and annealed at a minimum of 200°C 
(0-4 Tm ). Thus with the greater number of excess 
vacancies and the higher relative annealing 
temperature, diffusion will be very rapid, and the 
increase in resistance due to the “X-state” will 
occur too quickly to be recorded. An excellent 
example of this is to be found in the paper by 
Korevaar< M) on quenching and annealing AuaCu. 
When AusCu was quenched from 488°C (0*64 Tm) 
and annealed at temperatures below 200°C. an 
increase in resistivity, due to either short range or 
long range order with small antiphase domains, 
was observed; at 70°C (0*3 Tm) this increase 
remained constant with time. Upon quenching 
from 802°C (0*9 Tm) no resistance increase was 
noted but only a decrease due to long range order. 
Selisski< 27) has demonstrated that there is an 
increase in the resistivity of a cold worked 
iron —25 at. % aluminum alloy upon annealing 
at a low temperature (~200°C); recent X-ray 
work< 28) has shown that such a thermal treatment 
results in a very small antiphase domain size. 

Thus it is concluded that the “AC-state” is an 
ordered state but with a very small antiphase 
domain size which leads to an increase in re¬ 
sistivity. This resistivity increase is stable because 
domain growth is impossible at relatively low 
temperatures. Many of the magnetic, resistivity 
and mechanical < 29 ' 30) property anomalies in iron- 
aluminum alloys can be explained on the basis of 
this increased understanding of the structure 
produced by different heat treatments. Alloys 
containing less than ~ 22*5 at. % aluminum are 
very sensitive to thermal history/ 4 ' 6 ' 23 > The 
domain size in alloys that do order on slow cooling 


is still relatively smaB/ 4r but can be increased, by 
quenching from a high temperature and annealing 
at a lower temperature; ibis is ittustrtted in 
Table 1 by the increase in perfection in the FeAl 
type of order for the 2t)*£ at % aluminum alloy. 

(c) Flow stress variation with u X-xtete” 

Since the “X-state” has been ahown to be an 
ordered state with a very small domain size, the 
strengthening is probably due to a combination of 
antiphase domain size and order hardening* Biggs 
and Broom/®** and Ardlet* 82 * have demonstrated 
antiphase domain strengthening in CugAu, and 
it is also thought to occur in FesAl/ 19) Lawley, 
Vidoz and Cahn have also shown that there is a 
maximum in the strength of FesAl at an inter¬ 
mediate degree of order. 

The maximum in the curve of increase in proof 
stress with annealing temperature, Fig. 6, is 
probably due to the small amount of the “X-state” 
that will be produced by annealing for one hour 
at temperatures below ~ 300°C. 

SUMMARY 

(1) An equilibrium diagram for the iron- 
aluminum solid solution, obtained from dilato- 
metric and X-ray results, indicates, in accord with 
Rudman’a theoretical predictions, that the Fe*Al 
field is completely surrounded by the FeAl 
field. 

(2) The “AC-state” has been shown, by X-ray 
scattering, to be an ordered structure but with a 
very small antiphase domain size. This order, 
which only appears when excess vacancies are 
initially present, is not observed on slow cooling 
due to kinetic difficulties. 

(3) The production of the “X-sUte" in an iron 
—16*5 at. % aluminum alloy gives a 25 per cent 
increase in the flow stress, which is thought to be 
due to a combination of antiphase domain size 
and order hardening. 
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Zuaammenfassung —Mit der Mossbauer-Methode wurde die Hyperfeinstruktur dca 14,4 keV- 
Ubergangs von Fe 57 in 75 % Ni/25 % Fe — Folien mit und ohne NisFe-lJberstruktur und in 81 % 
Ni/19% Fe-Permalloy-Aufdampfschichten mit und ohne uniaxiale magnetische Anisotropic 
untersucht. 

Aus dem Abatand der Hyperfeinlinien wurden die am Eisenkem wirksamen Magnetfelder b«- 
stimmt. Aus den gemessenen Verbreiterungen und Verformungen der Hyperfeinlinien konnte das 
Schwankungsspektrum der inneren Magnetfelder ermittelt werden. Es liew sich auf Schwankungen 
der Zahl und Nahordnung der Eisen- und Nickelatome auf den Gittemachbarplfitzen zurUckfUhren; 
die NiaFe-Cberstruktur bewirkte cine merkliche Abnahme der Schwankungsbreite und eine geringe 
Abnahme der Hyperfein-Aufspaltung. Anhand der Messungen an magnetisch anisotropen Per- 
malloy-Aufdampfschichten wird diskutiert, inwieweit Anderungen der magnetischen Struktur in 
der Nachbarschaft einzelner Eisenatome, insbesondere die Ausrichtung von Eisenpaaren als Aniqo- 
tropieursache, mit der Mossbauer-Methode noch nachweiabar sind. 

Abstract—The hyperfine-structure of the 14-4 keV-y-transition in Fe &7 was measured by the 
Mo&Bbauer Effect in foils of ordered and disordered NisFe and in Permalloy-films (81 % Ni, 19 % Fe) 
with and without uniaxial magnetic anisotropy. The magnetic field at the iron nucleus was determined 
from the separation of the hyperfine-lines. The broadening and the asymmetrical form of the 
measured lines can be explained by a spectrum of hyperfine fields resulting front statistical fluctu¬ 
ations in the microenvironments of the iron atoms. In the ordered NisFe the broadening of the 
resonance lines was appreciably reduced. 

No differences were found for the width and the form of the hyperfine-lines in Permalloy-films 
with and without uniaxial magnetic anisotropy; the number of directed iron-pairs in films with 
uniaxial magnetic anisotropy is shown to be smaller than 10 s0 pairs/Cm.*. 


1. EINLEITUNG 

Das Mossbauer-Spektrum des 14,4 keV-Uber- 
gangs von Fe 67 besteht in ferromagnetischen 
Stoffen infolge Zeeman-Aufspaltung der Kem- 
niveaua aus sechs Hyperfeinlinien. W Aus ihrem 
Abatand und den bekannten magnetischen 

a ^ 


Momcnten der KernzustSnde kann das am Kern 
wirksame Magnetfeld bestimmt werden, Es 1st 
antiparallel zur Magnetisierung gerichtet und 
wird hauptsMchlich dutch eipe Spinpolarisation 
der r-Elektronen der inneren Schalen erzeugt^ 

In metallischem Eisen ist das Magnetfeld am 
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Oft «Her Euenkeme gleich und betrigt —330 
kOe.<*> Die Hyperfeinhnicn sind daher echarf und 
tiiftfn aich dutch Loteutrimrvcn gleicher Breite 
darvteUen. In Legierungen «u* statiitisch ver- 
Ueflten Atomcn unterschwd lichen magnetiechen 
Moment* achwanken die inncren Felder statistisch 
tnit der Zueammcnsetzung und Struktur der 
atomsren Nachbararhaft der cinzehen Eisen- 
kerne. Die Abttknde der Hyperfeinlinien Sndern 
«ich mit der Legierungszusammcnsctzung ; die 
Liftien iind in charaktcriatitcher Weiee verbreitert 
und deformiert. 

Linienverbreiterungen und Anderungcn der 
Hyperfeinatruktur, die auf statistische Schwank- 
ungen der Magnetfelder am Kern zuriickgefuhrt 
werden konnten, wurden biaher nur an Fe-Al- 
Legierungen von Flinn und Ruby< 4 > beobachtet 

Johnson u.a.< 6 > unterauchten die inncren 
Felder in Ni-Fe-Legierungen. Sie fanden syste- 
matische Anderungen der Aufspaltung mit der 
Lcgierungtrusammensetzung, jedoch keinc merk- 
lichcn Linienverbreiterungen. Die nach Neutro- 
nenatreuungen von Shull und Wilkinson um 
bis zu 2,5 Bohrsche Magnetonen unterachied- 
lichen magnetischen Momentc von Eisen und 
Nickel cineracita, die beobachtete Anderung 
des mittleren Magnetfeldes am Kern mit der 
Legierungszusammensetzung andererseits sollten 
jedoch gut mesabare, von der Nahordnung der 
Bison- und Nickelatome abhangige Linienver¬ 
breiterungen nach aich ziehen. Wir haben daher 
die Hypcrfeinapektren in Folien aua 75% Ni/25% 
Fe mit und ohne NiaFe-Uberatruktur und in 
81% Ni/19% Fe-Permalloy Aufdampfschichten 
mit und ohne uniaxiale magnetische Anisotropie 
daraufhin untersucht. 


2. ABSORBBRHERSTELLUNG 
Zur Aufnahme de« Eichapektrums wurden 15j* dicke, 
wejchgegKlhte Reinsteiaenfolien aus aechsmal zonenge- 
ao ge nem Eiaen verwendet. 

1>» Fol mr aua 75 % Ni 25 % Fe wurden auf 5*1 O' 8 cm 
Dick* auagewalzt und 2 Stunden bei 1000°C in gereinig- 
lua Waaaentoff gegldht. Ein Teil davon wurde 
anschlieatend 2 Stunden bei 600°C getempert und dann 


apezifiacbe Widentand war 25% kfcinef ala bei atari- 
itisch ungeordneten Folien. * 

Die Eiaen- und Pennalloy-Aufdampfschichten (gi % 
Ni, 19 % Fe) wurden im Hochvakuum von einigen 10~ 7 
Tort aus Aluminiumoxydriegeln aenkrecht auf jeweila 
drei 0,1 mm dicke GlaapUittchen bei Trftgerte mper a- 
turen von 250°C aufgedampft. Der zu 8Q% mit Fe* 7 
angereicherte Eisen-Absorber bestand aus drei auf- 
einandergepackten, etwa 700 A dicken Aufdampfschich- 
ten, tiber die zum Korrosionsachutz noch dilnne 
Nickelschichten aufgedampft waren. Bei den Permalloy- 
Absorben wurden je aecha Aufdampfschichten zu einer 
etwa 2 * 10‘ 4 cm dicken Abaorberschicht zuaammenge- 
packt. Auf der Vorderaeite jedes der drei GlastrSger- 
pUttchen wurden hierzu aus 2 Dfen nacheinander etwa 
4000 A dicke Schichten, auf der RUckseite anschliessend 
aus einem weiteren Ofen etwa 2000 A dicke Schichten 
aus einer Schmelze von 82% Nickel und 18% Eisen 
aufgedampft ; daa Eisen war zu 80% mit Fe 67 anger- 
eichert. Der Schichttrager befand sich im Centrum 
gekreuzter Helmholtzpulenpaare ; durch sie konnte 
wkhrend des Aufdampfens der magnetisch anisotropen 
Permalloy -Absorber ein homogenes magnetischea 
Gleichfeld, wfthrend des Aufdampfens der magnetisch 
isotropen Schichten ein homogenes 50-Hz-Zweiphaaen- 
Drehfeld von 30 Oe in Schichtebene erzeugt werden. 
Die einzelnen Permalloyschichten hatten Koerzitivfeld- 
st&rken zwiachen 0,5 und 8 Oerstedt ; die Anisotropie- 
feldst&tken bei den magnetisch anisotropen Schichten 
betrugen etwa 2,5 Oe. Die im Drehfeld aufgedampften 
Eiscnschichten hatten KoerzitivfeldstSrken von etwa 
10 Oe. Die Zustammensetzung und Dicke der Schichten 
wurde durch Rfintgenfluoreszenzmessungen und inter- 
ferometrisch bestimmt. Die Legierungszusammenset- 
zung war bei den einzelnen Schichten nur um 0,2 bis 
0,4% unterschiedlich. 


3. MESS AN ORDNXJN G 

E8 wurde die Transmission der 14,4 keV Gammaatrah- 
lung durch die Resonanzabsorber als Funktion der 
relativen Geschwindigkeit zwischen Quelle und Absorber 
gemessen. Auf Bild 1 ist die Measanordnung darge- 
stellt. Die Quelle bestand aus 10 mC Co 57 . Dieses 
wurde elektrolytisch auf einer Platinfolie abgeschieden 
und anschliessend etwa 10 min im Vakuum bei ca. 
900°C eindiffundiert. Eine derartige Quelle emittiert 
eine unaufgespaltene Kemresonanzlinie nahezu natiir- 
licher Linienbreit.< 7 > Durch eine Kunststoffhalterung 
wurde die Quelle starr mit dem elektromagnetischen 
Antrieb< 8 > verbunden. Von den beiden mechanisch 
gekoppelten Lautsprechersystemen diente eines zur 
Erzeugung und Rcgelung der Resonanzschwingung, 
wfthrend das andere eine der momentanen Geschwindig- 


unfcer WawemoflF auf Zimmertemperatur abgeschreckt ; . der Quelle proportionale Spannung lieferte. Diese 
Gitterp®|t*e sind dann weitgehend statistisch von___ 

bCTet,t il^ antierer teil d ' r .* FOr die Hers tell ung der Absorberfolien mSchten 
wurde 168 Stuncta be. 450»C getempert und wir den Herren F. Pren®. und H. Hillmann, fiir die 
dbnn M Duft »bge»cbreckt; duroh Rontgenbeugungs- Rdntgenbeugungsuntersuchung Herm Dr H G 
nscbgewieeen werden, dess sich Baer von der V«cuumschmel*e AG, Hanau,' an dieser 
ta flwai w e«n* NuFe-Cbentruktur gebildet hatte ; der Stelle herzlich danken. 
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Bild 1. Messanordnung zum Vergleich der Kemresonanzabsorption vonFe 57 in 
zwei verschiedenen. Absorbem und zwei in Schichtebenc senkrecht aufein- 
anderstehenden Magnetisierungsrichtungen. 


wurde als Regelgrasse mit dem sinusfdrmigen Spart- 
nungsverlauf (Klirrfaktor kleiner 0,1 %) ernes extrem 
stabilen RC-Generators (Krohn-Hite 440 A) verglichen* 
Die Differenz wurde verstarkt und als Stellgrdsse der 
Antriebsspule zugeftthrt. Man erreicht so, dass die 
Bewegung der Quelle beim Betrieb in der Resonanz- 
frequenz des Systems (13,3 Hz) um hochatens 0,05 % 
vom Verlauf der Generatorspannung abweicht.W 

Die vom Resonanzabsorber durchgelassene Gamma- 
strahlung wurde mit einem Proportionalzkhlrbhr 
(Xenon-Methan-FUllung) nachgewiesen, die der 14,4 
keV-Linie zugehtfrigen Zahlimpulse in einem 256- 
Kanal-Z&hler gespeichert. Ein mit der sinusfdrmigen 
Bewegung der Quelle synchronisierter Oszillator un- 
terteilte die Zeit fur eine voile Schwingung des Antriebs- 
systems in 256 gleiche Intervalle. Die einzelnen Kan ale 
wurden nacheinander durch die Oszillatorimpulse zur 
Spcicherung gefiffnet. Jedem Zfihlkanal entsprach ein 
bestimmtes Geschwindigkeitsintervall. Man erhklt das 
gesamte MSssbauer-Spektrum liber einem sinusformig 
verzerrten Geschwindigkeiumassstab. FUr die vorlie- 
genden Messungen war vorteilhaft, dass bei groBsen 
Relativgeschwindigkeiten die Messpunkte besonders 
dicht lagen. 

Um die Mossbauer-Spektren zweier Folien oder 
Schichten genau vergleichen zu kimnen, waren die 
Absorber auf einem pneumatisch bewegbaren Schlitten 
montiert und konnten abwechselnd in den Strahlengang 
gebracht werden. Der gerade durchstrahhe Absorber 
stand in Zentrum gekreuzter Helmholtzspulenpaare ; 
< i urc h dieae konnten Magnetfelder von etwa 15 Oe in zwei 
Benkrechten Ricbtungen der Schichtebenc erzeugt wer¬ 
den. Durch einen elektronischen Programraschalter 
warden die Absorber oder ihre Magnetisierungsrich- 


tungen automatisch in kurzen Zeitabstftnden gewechselt 
und die zu vergleichenden Spektren in entsprechenden 
Untergruppen des VielkanalzHhlers gespeichert. Syste- 
znatische Fehler durch einen Gang der Apparatur bei 
Langzeitmessungen konnten so vermieden werden. 

4. MESSERGEBNISSE 

In Bild 2 sind die gemessenen Hyperfeinspek- 
tren dargestellt. Aufgetragen sind die in Trane- 
mission pro Geschwindigkeitsintervall gezahlten 
Impulse liber der Relativgeschwindigkeit zwischen 
Quelle und Absorber. In Bild 2(a) ist das Spek- 
trum der Reinsteisenfolie dargestellt ; die Linicn 
sind Lorentzkurven der Halbwertsbreite 0,32 
mm/s. Das zum Vergleich eingezeichnete Spek- 
trum der Fe 67 -Aufdampfschicht zeigt eine gering- 
fiigige Linienverbreiterung. Beim Vergleich der 
Eisenspektren auf Bild 2(a) mit den Eisen^Nickel* 
Spektren in Bild 2(b) und (c) sind die Abnahme 
der Aufspaltung tnit zunehmenden Nickelgehak 
und die Verbreiterung der Hyperfeinlinien deut- 
lich erkennbar. Besonders auifallend ist die 
asymmetrische Verformung der Linien. In Bild 
3 und 4 ist dies quantitativ dargestellt. 

In Bild 3 sind die Magnetfelder an den Eisen- 
kernen in. Ni/Fe-Legierungen* bezogen auf das 
im Reinsteisen gemessene innere Magnetfeld, 
uber den Atomprozenten Nickel aufgetragen. Die 
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v, mm /s 


IJild 2, Hyperfeinspektrcn dor 14„4 keV-Fe 67 -Kem resonanzlinie (a) 
einer 15 p-Rcinatctsenfolie (•) und einer 0,2 fx Eiscn-Aufdampfschicht 
(O); (b) cincr 75% Ni/25% Fc-Folie ohne (J) und mit (J ) 

XiaFe-Cbcrstruktur. (c) einea aufgedampften 81 % Ni/19 % Fe-Pcrmalloy- 
Absorbers Bci 2a und 2c entspricht der Durchmesser der Messpunkte 
ihrem statisti&chen Fchlcr. S ist die Isomerieverschiebung zwischen 
l ; missions und Absorptionslinic. Die Absorber waren in Schichtebene 

magnetisiert. 


bei Zimmertemperatur gemessenen inneren 
Felder wurden auf Skttigungamagnetisierung bei 
0°K korrigiert. 

Unsere Werte stimmen im Rahmen der Mess- 
genauigkeit gut mit dem von Johnson u.a.w 
gefundenen Verlauf iiberein. Der Vergleich mit 
der gestrichclt cingezeichneten Kurve fiir das 
magnetische Moment ^p* des Bisens in Ni/Fe- 
LegierungenW aeigt, dass im Gegensatz zu alien 
jmderen bisher untersuchten kubischen Eisen- 
* LegieTungen^ bei den Eisen-Nickel-Legier- 
tnpfen koine Proportionality rwiaehen Magnet- 
; am Kern und magnetischem Moment des 
Etaeasbesteht. Johnson u.a. haben bereits darauf- 
htngewfescn> dass das Magnetfeld am Eisenkem 


offenbar von den magnetischen Momenten der 
Nickelnachbarn mitbeeinflusst wird ; der Verlauf 
des Magnetfeldes am Eisenkern zeigt daher mehr 
Ahnlichkeit mit der Slater-Pauling-Kurve fiir das 
ebenfalls eingezeichnete mittlere magnetische 
Moment jl. 

In Bild 4 sind die vollen Linienbreiten bei 
halber Linienhohe fur je eine innere, mittlere und 
ausscre Hyperfeinlinie uber der Geschwindigkeit 
am Linienmaximum aufgetragen. 

Wie schon erwahnt, sind alle Hyperfeinlinien 
der Reinateiaenfolie gleich scharf; dies beweiat, 
dass keine apparativen Linienverbreiterungen mit 
zunehmender Geschwindigkeit auftreten. Aus der 
nur geringfiigigen Linienverbreiterung bei der 
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wird weherhin eraichtUch, breito ; dabei wrnde em^^ I® 

daw eiBeerfeOf^i^evofc^^ eteisea gemesaeik^ Halbwertsbreitc die Er d te d ffT 

grenzen oflfenbftr auch nur sehr kleine Schwank- EmisaionsiuHO zu 0 t 2 rnm/a tng eoomg MML Ofc 
ungen dcr Magnetfelder am Kern bewirkt. Linienform 1st bm 4$r geordnetcn Ulld ungeord- 

'rtetcn Folk verschieden* die Aufepakung briber 
geordneten Folie ctwas kfekser. Bonn Verglekh 
der Hypcrfeinspektren von magnedadi k oteo pan 
und anisotropcn Pcrmalloy-AuMamp^hktrten 
konnte keine direkte messhare Andcrung der 
Linienbreite und -form gefuaden werden. Das 
gleiche negative Ergebnis ergab eia Vergleich der 
Hyperfeinspektren des magnetisch anisotropea 
Absorbers, wenn dieser einmal in leichter, einmal 
in schwerer Richtung magnetisiert wurde, worauf 
in Abschnitt 5.3 noch naher eingegangen wird. 


F« Ni 

p At, % Ni 

Bild 3. Mittlerc Magnetfelder £t(p) am Fe B7 -Kem, 
mittleres magnetiaches Moment p(j>) und magnetischea 
Moment von Eiaen in Eisen-Nickel-Legierungen 

mit p Atomprozenten Nickel. 

□ Reinsteisenfolie (H(0) — 330 kOe). 

O 75% Ni/25% Fe-Folie ohne NisFe-Uberstruktur 
x 75 % Ni/25 % Fe-Folie mit NiaFe-Ubemruktur 
A 81 % Ni/19% Fe-Permalloy-Aufdampfschicht 
—•— Verlauf von fi(p)/H( 0) nach Johnson u.a. 1B) 

--Verlauf von nv* nach Shull und Wilkinson. < 6 > 

-pi « p * /ini + (1 — p) n re (in Bohrschen Ma- 

gnetonen /is). 





Die Halbwertsbreiten der Hyperfeinlinien der 
Ni/Fe-Legierungen nehmen dagegen in betracht- 
lichem Masse mit der Geschwindigkeit im Trans- 
missionsspektrum zu. Wie die durch die Mess- 
punkte gelegten Geraden zeigen, ist die auf die 
Geschwindigkeit am Linienmaximum bezogene 
relative Linienverbreiterung fur alle Linien eines 
bestimmten Absorbers im Rahmen der Mess- 
genauigkeit gleich. Sie betragt fur die Permalloy- 
Aufdampfschicht, etwa 8%, fur die ungeordnete 
Ni/Fe—75/25%-Eolie etwa 10%, fur die teilweise 
geordnete Ni/Fe-Folie nur etwa 6%. Bei der 
iussersten Linie der ungeordneten Ni/Fe-Folie 
entsprichte dies einer Verbreiterung der Absorber- 
linie auf das Fiinffache der natvirlichen Linien- 


Bild 4. Halbwertsbreiten der Fe B? -Hyperfeinlinien in 
Eisen- und Nickel-Eisen-Folien (Index “F**) und 
-Aufdampfschichten (Index "S"), aufgetragen ttbcr dcr 
Eage des Linienmaximuma in Transmissionsspektrutn. 

□ 15 /u-Reinsteisenfolie 
V 0,2ft-Eisen-Aufdampf8chicht 
O 75 % Ni/25 % Fe-Folie, ungeordnet a 
x 75% Ni/25% Fe-Folie, mit NuFe-Gberstruktur 
A 81% Ni/19% Fe-Permalloy-Aufdampfschictit 


5. SCHWANKUNGEN DER INNEREN 
MAGNETFELDER 

Die Proportionalitat der Halbwertsbreiten mit 
der Geschwindigkeit (Bild 4) zeigt, dass die 
Linienverbreitenmgen offenbar durch Schwan- 
kungen der inneren Magnetfelder VerunttCbt 
werden. 
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l'i Eme susftxtkhe Liwenverbreiterung k6nnen 
S*w*flkendc ekktrischc Quadrupolwechsel- 
witktragen hervorrufen ; me kt im Falle des Fe 67 
fftt Hypcrfcinlimen gleich. Die in Bild 4 
tufgctragenen Halbwertsbreiten der vcrschiedencn 
Hyperfeinimien zcigen, daw ein solcher Beitrag 
fUr die uatersocbten Absorber klein iat; er wird 
M der wdteren Diskussion nicht bcrucksichtigt. 

Bei der Diskussion der Schwankungen der 
Magnctfelder am Kern sollcn ihrer verschiedenen 
Urwchen nach zwei Beitrage AJ?i und Ai /2 
auseSnandergehalten werden, 

AHi wird auf lokale Schwankungen der Legier- 
ungszuiammcnsetrung zuriickgefiihrt, also auf die 
von Eisenatom zu Eisenatom schwankende Anzahl 
nftchster Eiscn* und Nickel-Nachbarn im Gitter. 
Dcrartige Schwankungen der Magnetfelder am 
Kern sind nach der beobachteten Anderung der 
mittleren Felder mit der Legierungazusammen- 
•etzung (Bild 3) 2u erwartcn. 

£kfft kommt bei konstanter Zahl Eisen- und 
NickeLNachbarn infolge ihrer verschiedenen 
riumlichen Anordnungsmdglichkeiten und untcr- 
•chiedlichen magnetiflchen Momente hinzu; dieser 
Bcitrag cntapricht also den Schwankungen dea 
Lorentxschen Mikrofeldes am Ort des zentralen 
Eisenkerns. Es wird bei gleichartigen Gitternach- 
bam in kubiacher Symmetric bekanntlich Null. 
Summicft man hingegen die Dipolfelder der um 
2,4 Bohrache Magnetonen unterschiedlichen ma- 
gnetischen Momente der Eisen- und Nickel nach- 
bam ft ly* und in den Legierungen, dann 
erhllt man Lorentzfclder AHt> die mit der 
Anordnung und Richtung der n magnetischen 
Momente mi% der Eisenatome auf den Gitter- 
nachbwplktzen schwankcn. 

Wir btschrciben daa Magnetfeld H an einem 
bw tim m ten Eisenkem also durch eine Summe 
aus dem mittleren Feld R (Bild 3) und den 
Schwmkungen A/fi und A H* : 

ff(«, mje, mHi) « B+&H\(n) 

m F «, m N i) (1) 

OTAHSTIBCHE VERTOILUNG DER 
A ; ijwssesxjnospartner 

Vertrilung der Legierungs- 
'/''jSyph^ 1st die Wahrscheinlichkeit, gerade n 
11 : Eisefl flftchb sn] auf den 12 nichsten Gitternach- 


barpUttzen tines Eisenatoms anzutreffen, dutch 
one Binomialverteihing 

W(n,p) * (?)p*-*V-pr (2) 

gegeben \p iat die Konzentration der Nickelatome 
in der Legierung. Ordnen wir der mittleren ZahL 
der Eisennachbarn n ** 12 * (1 — p) das fiir p 
gefundcne mittlere Feld #zu und vemachlassigen 
zunichst Af/ 2 , dann erhalten wir bei einer um 
(n—fl) vom Mittelwert ft abweichenden Eisen- 
nachbarnzahl n ein Feld H(n), das sich entspre- 
chend um 

\Hi(n) = (n-fi) d ft I An (3) 

vom Mittlewcrt R unterscheidet. Dabei aetzcn 
wir voraus, dass H(rt) sich mit der Eisennach- 
barnzahl n in gleicher Weise andert wie die 
mittleren Felder R mit der makroskopischen 
Lcgierungszusammensetzung p bzw, ft ; &H\ 
wird daher proportional der aus Bild 3 entnom- 
menen Anderung dfj/dri des mittleren Felde 9 mit 
der Legierungszusammensetzung angesetzt. 

Die Maxima der sechs Hyperfeinlinien (i = 1, 
2, 6) bei Aufspaltung der Kernzustande durch 

das mittlere Magnetfeld fjliegen im Transmissions- 
spektrum bei den Geschwindigkeiten 
Andert sich R um AHi, so werden die Hyper¬ 
feinlinien entsprechend um (v~V{) auf benachbarte 
Geschwindigkeiten v verschoben. 

Aus dem Zusammenhang zwischen Zeeman- 
Aufspaltung der Kernenergieniveaus 

&E( = Ei-E Q = {mafia! I a - m g fi g jI g )H (4) 

und Dopplerverschiebung 

AEiIEq = Vile (5) 

folgt 

{v-Vi)jvi « SHijJt. ( 6 ) 

(In (4) und (5) bedeuten E t m y 1 der Reihe nach 
Resonanzenergien, magnetische Quantenzahlen, 
magnetische Momente und Spins des Kerns im 
angeregten Zustand (Index “<z”) und Grund- 
stand (Index "j”) ; fiir den 14,4 keV-t)bergang 
in Fe« gilt : £ 0 = E a -E g = 14,4 keV ; ^ » 
-0,153^* ; fi ff a* 0,0903/ut ; ft* - 3,14 * 10" 12 
eV/Oe » Kernmagneton ; /« « | ; I g » 

Nach (6) kann (o— o<) aus AH\ berechnet werden. 
Die Wahrscheinlichkeit W(v) t eine Hyperfeinlinie 
b?i der Geschwindigkeit v zu finden, ist somit 
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dttttk (2), (3) '^ (6) gegebcn, Sic wt in Bild 5 
ffir die luaacrite Hyperfeblifiie (t == 6) der un- 
geordoeton 75% Ni/25% Fe-Folie gestrichclt 
etogezdchnet. Statt einer einzigen Hyperfeiniinie 
bei n# erhalten wir also jeweils ein ganzes Spektruci 
von Hypcrfcinlinien um vu das nach (6) dem 
Schwankungsspektrum der Magnetfelder an den 
Eisefckemen ent&pricht. 



Bild 5. H&ufigkeitsverteilung der ftussersten Hyper- 
feinlinien der ungeordneten 75% Ni/25% Fe-Folie 
(Maximum in Transmissionsspektrum bei (vs — 5) = 
4,65 mm/s ; 5 = —0,36 mm/s ® Isomerierverschie- 
bung zwischen Emissions und- Absorptionslinie). 

- — Aus der Binomialverteilung der Eisen-Nickel- 
Atome auf den 12 GittemachbarplStzen und der 
Anderung der mittleren Magnetfelder B(p) mit 
der LegierungBZUsamxnensetzung berechnete 
Verteilung W, 

-— Aus dem gemessenen Hyperfeinspektrum ermit- 

telte Verteilung S. 

Andererseits entstehen die gemessenen Hyper- 
feinspektren AT(t>) auf Bild 2 durch eine Faltung 
des tatsachlichen Spektrums S der Hyperfein- 
linien mit der im Reinsteisen gemessenen Lorentz- 
kurve L als Kern der folgenden Integralgleichung 

+00 

M{v) dv ?? dv J S(u)L(v—u) d«. (7) 

-00 

Wir haben S daraus durch ein numerisches 
Iterationsverfahren ermittelt, im Maximum der 


berechnetcn Haufigkcitavertcilung Wiv) *: 

und erhaiten die a usg esqgc ne Kurve in 
Ihrer Hslbwertabreite entaprechea mi^ere * 
Schwankungen der Magnetfelder am Kern ym 
/I0%, AHi ist also voi* der GrOssenordmmg 10* 
Oe. Die Obereiratimmung von W und S zetgt, 
dass sich die Verbreiterungen der Hypcrfeinlinien 
praktisch allein auf die Magnetfeids^waakungen 
Atfi zurtickftthren lassen und die asymmetrische 
Linienform durch die Binomialverteilung der 
Eisenatome auf den Nachbarpldtzen gepr&gt wird. 

Weitere Linienanalysen lassen darauf schlieasen, 
dass auch ein Einfluss der sechs iiberoachsten 
Nachbarn eines Eisenatoms auf die Schwankungen 
AHi der Magnetfelder am Kernort vorhanden ist 

Die Binomialverteilung ist bei 50% Eiaen am 
breiteeten und wird mit abnehmenden Eisengehalt 
schmaler. Daher ist verstandlich, dass die Linien 
der Folie mit 25% Eisen breiter sind als die der 
Permalloyschicht mit 19% Eisen. 

5.2. LEGEERUNGEN MIT UBERSTRUKTUR 

In einer vollstkndig zu NiaFe gcordneten 75% 
Ni/25% Fe-Legierung haben alle Eisenatome 
gleiche Umgebung und nur niichste Nickel-* 
Nachbarn ; es sind daher keine Magnetfeld- 
schwankungen und Linienverbreiterungen zu 
erwarten. Die Linien miissen mit zunehmenden 
Ordnungsgrad scharfer werden. Dies ist in 
Obereinstimrnung mit den beobachteten schmale- 
ren Linien in der teilweise zu NiaFe geordneten 
75% Ni/25% Fe-Folie. 

Aus der Form und Breite der Hyperfeinlinien 
kann der Ordnungsgrad fur Oberstrukturen in 
Ni/Fe-Legierungen bestimmt werden. 

Die Linienform wird insbesondere davon 
abh&ngen, ob die NiaFe-Phase sich ausscheidet 
oder ob iiber Nahordnungsvorgknge ein ftir alle 
Bereiche der Schicht gleichmassiger, etetiger Ober- 
gang in die geordnete Phase stattfindet. Eine 
Analyse des Hyperfeinspektrums der teilweise zu 
NiaFe geordneten Legierung ergab etwa tinen 
Ordnungsgrad von 50% ; in Obereinstiramung 
mit ROntgenbeugungsaufnahmen liegen geordnete 
und ungeordnete Bereiche nebeneinander vor. 

Nach der in Abschnht 5.1. dargelegten An- 
schauung sollte bei 12 nachsten Ni-Nachbarn das 
mittlere Magnetfeld ft dem Feld im reinen Nickel 
entsprechen, also ftir die NisFe-Phase etwa 10% 
kleiner sein als das der ungeordneten 75% Ni/25% 
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: PoJtofic, TatOchUch beobachteten wir ein Feld 
: jg, das nur etwa 2% tinner war als in der un- 
y eor dn eten Legierang- Diesea Ergebnia deutet 
r ittrf einen Einfluss der sechs flbemichsten 

Ehcoachbarn auf das Magnetfeld am Eiaenkern 
lib, worauf bei der Diskussion der Linien- 
vwbrateningen bereat* hinge wieseo wurde. 

U USCIBRUNOEN MIT EIKACH&IGER 
MAGNETISCHER ANISOTROPIE 

Die bisherige Diskussion zeigte, dass die 
beobachteten Verbreiterungen der Hyperfein- 
littien auf Ai/i allein zuriickftihrbar sind, Ver- 
brckerungen durch Schwankungen A #2 der 
Lorenttschcn Mikrofclder an Eiaenkernen konn- 
ten nicht direkt aus den gemessenen Hyper- 
feinspektren ermittclt werden. 

Wir haben jedoch versucht, Anderungen von 
AH 2 dutch einen noch empfindlicheren Vergleich 
der Linienform nachzuweisen. 

Dabei wurden ft, A//i und die Ubrigen Ver- 
suchsbedingungen exakt konstant gehalten und 
die Anderungen von A #2 in ein und demselben 
Absorber erzeugt. Derartige Anderungen von A 
•oilten an ausgerichtcten Eiscnpaaren in ma- 
gnetisch anisotropen Permalloyschichten auftreten, 
wenn man sic einmai in magnetisch leichter, 
einmal in magnetisch schwerer Achse magneti- 
•iert. Damit bestand zugleich Aussicht, das 
Vbrhandensein derartiger ausgerichteter Eisen- 
paare als eine der vermutlichen Ursachen fur die 
Af-induzierte magnetische Anisotropie diinner 
Permalloyachichten direkt nachzuweisen/ 11 ' 12 > 
Nach entsteht beim Aufdampfen oder 

Tempern mit festgehaltener Magnetisierungs- 
richtung M eine magnetisch leickte Achse 
dadurch, dass ein Bruchteil ilberschiissigcr Eisen- 
paste mit Achscn parallel zu dieser Magneti- 
aierungsrichtung induziert wird. 

Magnetisiert man einen sole hen Absorber 
einmal in leichter, einmal in schwerer Richtung, 
damn werden die magnetischen Momente eines 
vollstindig ausgerichtcten Etsenpaares einmal in 
Richtung seiner Pa&rachse und einmal senkrecht 
dasu ausgerichtet. Die Lorentzfelder (Afl*) und 
(dffa) x unterscheiden sich dabei je nach Zahl und 
Atiordnung der Ubrigen Eisennachbara um lo 3 bis 
# 0e Im Mittel erwartet man an ausgerichteten 
somit Unterschiede der Magnet- 
Mdse am Kern von grGaaenordnungsm&ssig 1% ; 


dem entsprechen im Transmksionsapektrum Ver- 
schiebungen der Hyperfemlinien fUr die in Ndel- 
Paaren enthaltenen Eisenketne von grdseenord- 
nungsmissig 10% der gemessenen Halbwerts- 
breiten, 

d j 


-- M(izur leichten Achse 
-M-Lzur leichten Achse 



Bild 6. Modifizierung der Hyperfeinlinie eines ma- 
gnetisch anisotropen Permalloy-Absorbers bei Ma- 

gnetisierung in magnetisch leichter (-) und schwerer 

(——■) Achse (Prinzipt). 

Der FlSchenanteil A J, der dem Bruchteil a von 
Eisenkemen in ausgerichteten Paaren entspricht, wird 
um 3/2 « verschoben. Aus der Fl&che F unter der re- 
sultierenden DifFerenzkurve A N kann a * * bestimmt 
werden. Die relative Verschiebung von A J um |( » 
3»*[—-c, (f {JT • ff) f AHs f — AHs ±J entspricht 

dabei der Anderung der Lorentzschen Mikrofelder 
A// a bei Magnetisierung parallel (||) und senkrecht (jJ 
zur magnetisch leichten Achse. 

Wie in Bild 6 veranschaulicht ist, wird bei 
Ummagnetisierung in leichter und schwerer 
Richtung nur der den Neel-Paaren entsprechende 
Flachenbruchteil A J jeder Hyperfeinlinie um 
diesen Betrag verschoben. Die darunter skizzierte 
Differenzkurve AN(v) beider Hyperfeinlinien re- 
eultiert also nur aus diesen verschobenen Anteilen. 
Das VerhSltnis der Flache IF unter der Differenz¬ 
kurve zur Gesamtflache J unter der Hyperfein- 
linie ist naherungsweise gleich dem Produkt aus 
der mittleren, auf die gemessene Halbwertsbreite 
bezogenen Verschiebung der Hyperfeinlinien 
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« A A»/T xmd 4em Bruthteil ot der in ausgerich- 
tctcn Paarcn enihakenen Eisenkerne 

a • i & 2 F/J (fur « 1). (8) 

Wir haben yersucht, das Verhaltnis 2FfJ an 
dcm in Abschnitt 2 beschriebenen, 2*i dicken, 
magnetisch anisotropen Permalloy-Absorber zu 
messen. Bei den iiber mehrere Tage laufenden 
Messreihen wurde der Absorber durch gekreuzte 
Helmholtzspulenpaare nach jeder Minute auto- 
matisch von einer Achsenrichtung in die andere 
ummagnetisiert. Die zu vergleichenden Hyper - 
feinspektren wurden in die zwei Halften eines 
256-Kanal-Zahlers eingespeichert. Das Ergebnis 
ist in Bild 7 dargestellt. Bei etwa 3 Millionen 
Impulsen pro Messpunkt jedes Spektrums betrug 
der statistische Fehler, bezogen auf das Maximum 
der mittleren Hyperfeinlinie, nur noch etwa 
0,25%. Diese Genauigkeit war ausreichend, um 
ein Produkt a • e von 5 • 10” 3 noch nachzuweisen ; 
Verschiebungen der gesamten Hyperfeinlinie 
(oc = 1) um 0,5% ihrer Halbwertsbreite waren 
also gerade noch messbar gewesen. 



Bild 7. Tranamissionsspektren N{v) und ihre Different 
&N(v) fUr einen magnetisch anisotropen Permalloy - 
Absorber (81 %Ni/l9 %Fe ; 80%-Fe M - aage- 

reichertes Fe ; Dicke 2 * 10 -3 cm; AnisotropiefeldsUrke 
2,5 Oe) bei Magnetisierung parallel (#) und senkrecht- 
(O) zur magneti8ch leichten Achse. (Beim Transmissions- 
•pektrum N(v) entspricht der lichte Durchmesser der 
Measpurikte ihrem statistischen Fehler). 


Die unten a ufgeUag e n c Diffetettd iurv* i 

jedoch keinen iiber den Rahmen der statistitdwm 
Fehlerbrdten hinau^^endcneystemadacto Ve*» 
lauf i der Bruchteii . wisgeiiqhteter Easen-Paare 
IJ&gt also unterhalb der mit der M&itibauftr* 
Methode erreichbaren Nachvreisgrenze, Btiemer 
mittleren Verachiebung der Hyperfeintetme um 
10 % der Linienbreite wiirden gr6aaenordming«- 
m&ssig 10 20 N6el-Paare pro cm® noch nachweisbar 
sein. Fur die mittlere Anisotropieenergie pro 
ausgerichtetes Paar folgt daraus zuaammen mit 
der gemessenen Anisotropiefeldstarke von 2,5 Ot 
eine untere Grenze von 10“ 17 erg. Nach N isJuO^ 
betragt diese Energie jedoch 10~ 15 bis 1(H® erg, 

Um die Eisenpaar-Ausrichtung als Uraache 
fiir die M-induzierte magnetische Anisotropic 
diinner Permalloyschichten nachzuweisen Oder 
auszuschliessen, miisste entweder die Nachweut- 
grenze oder die Zahl der Ndel-Paare, also die 
Anisotropie, um ein bis zwei Grdssenordnungcn 
erhoht werden. Diskutabel ist nur das Letztere. 
Durch Tempern im Magnetfeld ist eine grdssen- 
ordnungsmassige Erhdhung von a jedoch nicht 
mehr mdglich, da das zugehorige thermische 
Gleichgewicht bei so tiefen Temperaturen liegen 
wiirde, dass Platzwechselvorgiingc im Gitter 
praktisch nicht mehr stattfinden, PaulevA u.a/ 18 * 
zeigten jedoch kurzlich an einer 50%Ni/50% 
Fe-Probe, dass man die gewunschten Nahord- 
nungsvorgange dann eventuell durch Neutronen- 
bestrahlung erzielen kann. 

6. SCHLUSSWORT 

Die bisherigen Untersuchungen lassen sich wie 
folgt zusammenfassen : Die Magnetfelder am 
Kernort von Eisenatomen in Eisen-Nickel- 
Legierungen schwanken. Das Spektrum der 
inneren Magnetfelder konnte mit Anderungen der 
Eisen-Nickel-Zusammensetzung auf den Gitter- 
nachbarplatzen in Zusammenhang gebracht 
werden. 

Messungen an magnetiech anisotropen Per¬ 
malloyschichten zeigten, dass weniger als 10 20 
ausgerichtete Eisenpaare im cm 8 enthalten Bind. 
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Abstract —The correct potential in the effective mass equation should be the difference of the 
potential of a donor in the solid and that of an atom of the semiconductor host crystal. In the present 
paper such a difference potential is constructed for the central-cell region (defined by a sphere of 
radius of half the nearest neighbor distance), by making use of the Thomas-Fermi statistical theory, 
and considered as a perturbation to the potential (a simple Coulomb potential shielded by the static 
dielectric constant of the semiconductor) of the uncorrected theory. Using first-order perturbation 
theory the energy corrections are computed and the ground state energies of P, As, Sb and Bi in Si 
and Ge are found to be (the minus signs are not denoted) 31, 35, 39, 45 meV and 8*9, 9*3, 9*6, 10.0 
meV, respectively, representing a definite improvement over the values of 29 meV and 9*2 meV 
which were predicted for all donors in Si and Ge, respectively, by the uncorrected theory. The 
possible sources of the still remaining discrepancies between theoretical and experimental values are 
discussed and attributed partly to effects outside of the central-cell region and partly to approxima¬ 
tions involved in the present treatment that resulted in obtaining a lower limit for the size of the 
corrections. 


1. INTRODUCTION AND STATEMENT OF THE 
PROBLEM 

It is well known from the theory of impurity 
levels®) that it predicts the same ground state 
energy for all Column V (so called shallow) 
impurities in Si on the one hand and Ge on the 
other hand whereas measurements show that 
in both semiconductors this quantity markedly 
depends on the specific nature of the donor. 
Furthermore, it is also known that the absolute 
value of the predicted ground state energy is 
considerably smaller (especially in Si) than any one 
of the measured values. This defect of the theory 
can be traced back to an approximation, namely to 
the use of an incomplete potential with which the 
effective mass equation is solved. According to 
theory®) the correct potential should be the 
difference of the potential of a donor in the solid 
and that of an atom of the semiconductor host 
crystal. Since it would be very difficult to construct 
such a difference potential valid for all regions of 
space, in practice it is approximated by its asymp¬ 
totic form that is obtained from the following 
considerations: As a first step one imagines that 


out of the five valence electrons of a (Column V) 
donor atom one is removed and then the resulting 
ion and the free electron is substituted in the semi¬ 
conductor lattice. In this case the ion will establish 
four (covalent) bonds with its four neighbors and 
the electron will move under the influence of the 
difference potential. At large distances from the 
impurity center the semiconductor component of 
the difference potential is negligibly small com¬ 
pared to the donor component which, as can be 
shown from first principles/ 8 * is a simple 
Coulomb potential shielded by the static dielectric 
constant of the semiconductor. For this reason in 
earlier actual calculations only the asymptotic form 
of the donor component of the difference potential 
was used. It is clear, that in the vicinity of the 
impurity center this approximation is poor since 
there the semiconductor part of the difference 
potential might not be negligible compared to the 
donor part which itself might be very different 
there from its asymptotic form. 

It is the purpose of the present paper to investi¬ 
gate what corrections will result to die simple 
theoretical ground state values®) of Column V 
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in Si and Ge by considering the full 
4$ffctet}ce potential in the immediate vicinity of 
the I mp uri ty center and using the shielded Coul¬ 
omb potential as an approximation for the differ¬ 
ence potential outside of this region. It is hoped 
that by SO doing one will be able to ascribe the 
discrepancies that arc still expected to remain 
between the calculated and measured values to 
other factors such as the space dependence of the 
di el ectric constant^ 4 * (i.e, the deviation of the 
donor potential from its asymptotic form), the 
modification of the conduction band edge due to 
the strain resulting from the replacement of an 
atom of the semiconductor by a donor of a different 
size**) and the role the possible mixing-in of other 
bands might play in the effective mass formalism. 

2. THEORY AND CALCULATION 
In what follows the actual band structure of 
both Ge and Si will be ignored and a simple 
spherical conduction band will be assumed. 
While it is true that consideration of the actual 
band structure of Si and Ge would make a more 
attractive model it is pointed out that this simplifi¬ 
cation is necessary in order to arrive at manageable 
formulae for the energies of the donor ground 
states. The reason for this is that consideration of 
the non-sphericity of the conduction bands in Si 
and Ge would necessitate the inclusion of non- 
spherically symmetric (pancake-like) wave func¬ 
tions that would render the numerical computation 
completely unmanageable. Since, however, this 
idealization is important in judging the reliability 
of the present model an estimate will be made at a 
later stage of how much the computed energy 
corrections are expected to be modified had one 
been able to do the calculations in conformity 
with the actual band structures. 

In the absence of any impurities the Hamil¬ 
tonian for a conduction electron in the perfectly 
periodic semiconductor crystal is given* 1 ) by 

A 2 

Mo** __—( 1 ) 

2ffio 

w her e l/(r) is the potential energy of the electron 
ill the effective periodic potential of the crystal 
*nd f*o is the free electronic mass. If now one of 
m of the lattice is replaced by a positive 

singly charged impurity ion then the Hamiltonian 



for a conduction electron is modified to 

H — Ho—er)(r), (2) 

where ^r) is the difference potential defined by 

V D +(r)-Vs(r). (3) 

Since in the present work one is primarily 
interested in the form the difference potential 
takes near the lattice point of substitution one may 
assume that the potential due to a neutral atom of 
the semiconductor Fs(r), or that due to a donor 
ion Fn+(r), is the same in the solid as in the free 
systems. 

To obtain the atomic and ionic potentials of 
equation (3) use is made of the Thomas-Fermi 
statistical theory.* 7 ) According to this theory the 
charge distribution of a neutral atom extends to 
infinity, whereas that of a positive ion goes to 
zero at a certain distance ro (which for the present 
purposes need not be specified here further) 
from the nucleus of the ion. As to the potential 
distribution it can be written* 7 ) as 


Zs* 

Vs (r) =- fa (r) 

r 


for the neutral atom and 


fV(r) 


-fa+(r)+V o for r < r 0 (5a) 


{Z D -N)e 

V&+ (r) *=- for r > yq (5b) 

r 


for the positive ion. In equations (4) and (5a, b) 
^s(r) and 4>d+{y) are appropriate solutions of^the 
Thomas-Fermi equation; Z& is the atomic 
number of the ion, Zs is that of an atom of the 
semiconductor, e is the electronic charge, N is 
the number of electrons of the ion, and Vq is a 
constant related to ro the radius of the ion. Since 
present interest centers only in a space region 
which is smaller than that of a sphere with the 
radius of the ion use will only be made of equation 
(5a). Such a restriction is compelling for two 
reasons: First, it is known* 8 ) from comparisons 
with more sophisticated quantum mechanical 
calculations that the Thomas-Fermi potentials 
are not reliable at large distances from the nucleus 
and second, as already mentioned, the potential 
of an ion or atom in the solid can be taken identical 
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with ia ti^fpee ^ratefla only in the vicinity 
of the nudeu* where the Influence of neighboring 
a tom* of the lattice (causing deviation from 
spherical symmetry) is not felt 
Though the functions M r ) and fa >+(r) could 
be inferred from available tables, for the present 
purposes a more comprehensive tabulation is re¬ 
quired and for this reason analytic approxima¬ 
tions proposed by Sommerfbld<®> will be used. 

These approximations have been shown to 
be in very good agreement with the exact solu¬ 
tions of the Thomas-Fermi equation and are and 
given< w > by 

Mr) = [(1 + C^/5)15/4]-i (6) 

and 


where 

Z*(r) mV .‘‘ 

One » now in a position to writ* down tire 
'effective mass equation. Recalling that the 
difference potential is considered only in/ the 
vicinity of the impurity center one may write 

^ *■ Etyfotr < Rg (11) 


*2 e 2 ! 

-V 2 - \ f - Rfifatr > Rs, (12) 

2m* (crj 


+iMr) = [(l + Q»H/»)MN]-i 
x [l-Ql+CnH/s)’*/*]. (7) 


The constants appearing in equations ( 6 ) and (7) 
are defined by 


C s 


Cd — 


2*1 15 


1444/16 x 0 - 8853 4 / 5 <*q / 5 


4 /W 


1444/16 x 0-8853 4 ^ 6 


-■( 


\ -75/8 

1 H-} 

1444/15/ 


where oo is the first Bohr radius and the quantity 
Xjy is a dimensionless constant, related to the 
atomic number and degree of ionization of the 
particular donor atom. The values of Xj) t as in¬ 
ferred from the Thomas-Fermi theory,* 11 ) are 
given below 


Xd(P+) = 13*27, Xd(A&+) = 20*54, 

Xn{Sb+) = 24-95, X D (Bi+) = 32*37. 

In terms of the Xd* the quantity Vq in equation 
(5) can be expressed as 

eZ%* 

Vq *s —-—. 

0*8853 X D a<> 

Making use of equations (3), (4) and ( 5 a) one 
toay rewrite the difference potential as 

Z*(r)e , 

y(r) «——— for r < To (9) 


where k is the static dielectric constant of the 
semiconductor (* = 12 for Si and h m 16 for 
Ge), E is the ground state energy of the donor and 
Rs is a parameter characterizing the region within 
which the difference potential is considered. 

In principle one could determine E by solving 
the differential equation both for the interior and 
the exterior region and by matching $ and its 
derivative at the boundary Rs . This, however, is 
a very complicated numerical procedure and it is 
much easier to proceed in a different fashion, 

Before doing that, however, one must be 
assured that the effective mass equation is mean¬ 
ingful since it becomes unreliable for a potential 
which varies very rapidly over a unit cell. In the 
present case the situation is favorable since in¬ 
stead of a very rapidly varying potential a 
difference potential is used whose dependence on 
r is much smoother than that of either one of its 
components. This is especially true for P in Si 
and for As in Ge where the variation of the 
difference potential is the smoothest since in both 
cases the atomic number of the semiconductor 
differs only by unity from that of the impurity. 
In the former case the ratio [X\rz}ejr%\j[Z*(r^elri\ 
is 0*65 when for the sake of demonstration the 
values of » 2 uo and t\ ■* lao are chosen, 
while in the latter case with the same choices of 
n and f 2 the ratio is 0*72. For the cases of Bi in 
Si and Bi in Ge, where the difference in the 
atomic numbers is the largest among the cases 
considered in this paper, the difference potential 
is found to vary still not too rapidly since the ratios 
at the same values of n and r 2 as above are found 
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m (Mfi and 0-17, respectively, that ia of the 
same order of magnitude » before. 

Returning now to equation (12) one sees that if 
for the moment Rs » taken to be zero then 
equation ( 12 ) is just the effective mass equation of 
the unoorrected theory**) and has the well-known 
hydrogen-like solutions. In correcting the theory 
one may consider [-* 7 ^)] aa a perturbation that 
acts in the 0 < r < R$ region, and calculate the 
first order perturbation energy from 

R s 

* correction =* jp[-")(r)]'fidv, (13) 

0 

where 

* « (rra*»)-*/a exp[-(r/«*)] (14) 

and dp «■ The quantity o* in equation 

(14) ia given by 

f&K K 

a* vm -- * uo 

m *^ 2 y 

Where y m jn*/mo and m* is an effective isotropic 
electronic mass. 

It is mentioned at this point that care should be 
exercised in the physical interpretation of equation 
(13)* It represents the interaction energy of an 
electron with a spherically symmetric potential 
but not the interaction of an electron with a core 
into which it penetrates, The donor electron 
moves neither in the field of the core of a semi¬ 
conductor atom nor in the field of the core of the 
substituted impurity atom but in the difference of 
their fields* The view that the donor electron 
moves in the field of a single core would lead to 
difficulties since one would have two Is electrons 
in the core and one impurity electron described 
by a modified Is wave function all within a single 
system that could not be reconciled with the 
PtiUli principle* This problem, however, does not 
appear here and the difference potential, as 
jdmdy said, might simply be looked upon as an 
dlecttottatic perturbation coining from the origin 
gfid acting only over a restricted space region. 

Should one attempt a variational solution of 
4 $Uitia &8 ( 11 ) and ( 12 ) then further difficulties 
because certain orthogonality con- 
d t tkms must be satisfied in order to obtain a re- 
tab}* energy value. These conditions are simple 


when an electron moves in the field of a core since 
they merely require that the wave function of the 
electron should be orthogonal to the wave func¬ 
tions of the core electrons. In the present case 
when the potential is the difference of the poten¬ 
tials of two different cores it is not quite clear 
just how the orthogonality conditions should be 
formulated in a variational procedure. The per- 
turhational approach adopted in this paper is free 
from this difficulty because one simply has to use 
the unperturbed wave function ift whose form 
cannot be changed by orthogonalization since 
that would amount to changing the unperturbed 
problem. 

To evaluate equation (13), two quantities need 
to be fixed, Rs and m*. Such a procedure un¬ 
avoidably has elements of arbitrariness but within 
the framework of the present treatment this 
cannot be circumvented. As to Rs one can take 
half of the nearest neighbor distance which for 
Si ifc 2-22 ao and for Ge 2*32 ao-* 12 > As for m* it is 
taken to be 0*306 mo for Si and 0*173 mo for Ge. 
These values are obtained (following a suggestion 
of Kohn< 13 >) from the requirement that the un¬ 
corrected isotropic effective mass equation should 
give the same ground state energy ( — 29 meV for 
Si and -9*2 meV for Ge), as that obtained by 
solving the uncorrected anisotropic effective mass 
equation by the variational technique. 

With the above choices of the parameters the 
integrand of equation (13) has been tabulated for 
the various cases and numerical integrations have 
been performed. The results are given in Columns 
II of Tables 1 and 2. Columns III show the cor¬ 
rected ground state energy values, -29+*si and 

9*2*Get Columns IV the experimental values 
and Columns V the difference between the experi¬ 
mental and corrected values. 

3. DISCUSSION AND CONCLUSIONS 

It is seen from Table 1 that for all donors in Si 
the corrections to the ground state energies are 
negative. Table 2 shows that for Ge the correction 
to the ground state of P is positive while the 
corrections to the other donors are negative. The 
reason for this lies in the feet that for small values 
o^ r the difference potential, ^(r), is always positive 
for donors in Si since there Z D > Z Sif while in the 
case of Ge Z p < Zq 6 but Zj> > Zq^ for the other 
honors. It is also seen from the Tables that the 



CORtUStSnONB TO THE GROUND STATE ENERGIES OF SHAliLOW DONORS 

TMe ^ iOorrectimt to Hu ground state energies of thaUon donors in Si. (VnamtcUi 
valued far all donors is -29 meV) 


Donor 

•oorreoUoa 

(meV) 

(roust HU. 

(meV) 

gMfldmiaUl ,lr 

(meV) 

Remaining 

'discrepancy 

(meV) 

P 

-1*5 

-31 

-45 (a) 

-14 

As 

-6*4 

-35 

-53 (a) 

-18 

Sb 

-10 

-39 

-43 (a) 

- 4 

Bi 

-16 

-45 

-69 (b) 

-24 


Values denoted by (a) were determined by optical measurements and are taken from Table 
1 of Ref. 1, p. 262, while the value denoted by (b) was determined by thermal measurements 
and is taken from the same source. 


Table 2. Corrections to the ground state energies of shallow donors in Ge, (JJncorrected 
valued for all donors is — 9*2 meV) 


Donor 

•correction 

(meV) 

gCklOUllUd 

(round state 
(meV) 

£ experimental 
xround atate 

(meV) 

Remaining 

discrepancy 

(meV) 

P 

+ 0-28 

- 8-9 

-12*8 (a) 

-3*9 

As 

-0*11 

- 9-3 

-14*0 (a) 

-4-7 

Sb 

-0*42 

- 9*6 

- 9*8 (a) 

-0*2 

Bi 

-0*84 

vlO-O 

-12*5 (a) 

-2-5 


Values denoted by (a) were determined by optical measurements and are taken from H. Y. Fan 
and P. Fisher, J. Phys. Chem. Solids 8, 270 (1959). 


corrections increase with increasing differences 
between the atomic number of the semiconductor 
and that of the donor in question. 

One also sees from the Tables that in terms of 
the ground state energy values obtained from the 
uncorrected theory (—29 meV for Si and —9*2 
meV for Ge) the present correction values range 
from about 5% for P in Si to 55% for Bi in Si and 
from about 3% for P in Ge to 9% for Bi in Ge. One 
may thus conclude that the perturbational approach 
used for the calculation of the corrections is well 
justified for donors in Ge and still reasonable for 
<lonors (with the possible exception of Bi) in Si. 
The fact that the corrections in Si are relatively 
much larger than in Ge is not surprising since 
the donor “orbits” are much smaller in Si than 
in Ge and, for this reason, the central-cell region 
is relatively more important for Si than for Ge. 

Comparing the corrected energy values with the 
experimental ones one still finds large discrepan¬ 
cies. One might assume that they could be 


reduced by taking larger values for R$ than the 
ones chosen. Apart from the difficulty of reconciling 
such a choice with the spatial restrictions imposed 
by the lattice it has been ascertained that no 
significant gain would be had since the correction 
values are very insensitive to any small increase 
beyond the Rs values used. This is also the reason 
why the same Rs value has been used for all 
donors in a particular semiconductor. A refine¬ 
ment in this regard would only be justified if the 
calculated energy values were very close to the 
measured ones. 

One might also argue that another choice of m* 
would lead to another set of correction values. 
This is certainly true generally but in the pertur¬ 
bational approach the value of m* cannot be 
changed without changing the zeroth-order Hamil- 


, * ( * 2 * 2 \ 

toman, I -V 2 -)» 

\ 2m* «r/ 


whose ground state 


wave function was used in the calculation of the 




■W* 

coyrtction nhm to iti ground state energy value. 
<)i*e might also assume that consideration <rf the 
band structure of Si and Ge could have led 
•to significantly different energy corrections. A 
definite answer could be given for this question if 
one Wild calculste the perturbation energy from 

*8 

f ' 9 w* — e J F*rj dv. 

o 

with the pancake-like wave function* 14 * 

| J ‘ifl+y 2 a 2 ! 1 / 2 


F « (ircflb)- 1 !* X exp - 


r 


instead of from 
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where the symbols in equation ( 17 ) indicate inte¬ 
gration over the volume of the spherical shell and 
the numerator and denominator are simply the 
probabilities of finding the electron in the shell 
when it is associated with wave functions iff and F, 
respectively. 

Considering that in Ge, for instance, the central¬ 
cell is characterized by a radius R$ of about 2*3 ao, 
that is small in comparison with «♦ => 48*9 A 
and* 14 * a = 64*5 A, b = 22*7 A, one can expand 
F 2 (x,y,a) into a triple MacLaurin series around 
x t y, z = 0 and also ^r) around r = 0. Keeping 
only linear terms in x, y, z and r and substituting 
the expansions into equation (17) one finds after 
integration that 

3 


(15) 


} ( 16 ) 




dr 


with 


tfi m (rrfl* 3 )" 1 / 2 exp( — r/a*) 


(13) 


(14) 


(i-i - -J * . ) . (is) 

e' “ a *3 \ 2a* J 

For all allowed choices of Ri and R% the second 
term in the parenthesis is negligibly small com¬ 
pared to the first one and therefore equation (18) 
can be written as 


as has been done in this paper. The quantity of 
importance is «/«', since it tells one how the re¬ 
placement of the simple isotropic wave function, 
tft, by the more exact anisotropic one, F, would 
modify the magnitude of the energy corrections 
due to a change in the probability of finding the 
donor electron in the central-cell. Because of the 
mathematical difficulties involved in evaluating 
«' one cannot calculate c/e' exactly but one can 
estimate it in the following way. First, one 
assumes that one is interested in a spherical shell 
within the central-cell that is characterized by an 
inn6r radius of Ri and by an outer radius of 
< R 2 < Rs )• If the shell is sufficiently 
thin (Ri /fy) then the difference potential rj(r) 

can be considered as a constant over the width of 
the shell and consequently can be removed from 
under the integral sign. In this case one finds that 


« *• 

J F 8 do 


Hi 


(17) 


C a*b I Mr = 0) 

— eg— = ——-— - 0*81 

e' a*& F 2 (x } y t z = 0) 

Thus, one may conclude that the treatment 
based on spherical wave functions underestimates 
the size of the central-cell corrections and that 
consideration of pancake-like wave functions 
would enlarge the energy corrections obtained by 
a factor of 1/0*81 = 1*2 for donors in Ge. In the 
same way as above, using a* = 20*7 A and* 14 * 
a = 25*0 A, b *= 14*2 A, one finds that for donors 
in Si the correction factor is TO. This result is not 
unexpected since the deviation of the wave 
function from spherical symmetry is much les$ 
in the case of Si than in the case of Ge because 
the ratio of the longitudinal effective mass to the 
transverse effective mass is only about 5 for Si 
while it is about 20 for Ge. One may thus conclude 
that the idealization of the band structures in the 
present model, with the choice made for the iso¬ 
tropic effective masses, has no serious conse¬ 
quences and one must look for other reasons in 
trying to explain the origin of the still remaining 
sizable discrepancies between the theoretical and 
experimental energy values. 

Another source for the discrepancies might be 


€ 




the bottom of the conduction band while for 
deeper states the inclusion of successively more 
functions from the conduction band and perhaps 
also from other bands above the conduction band 
might be necessary. However, within the frame¬ 
work of the present model there is no room for 
such considerations since one has to use the un¬ 
perturbed ground state wave function that was 
derived by considering wave functions from only 
the bottom of the conduction band. The mixing- 
in effect might possibly be important for Bi in Si, 
for instance, where it is questionable that one 
should consider the donor state ( — 69 meV) as a 
shallow state. 

One might look upon the form of the difference 
potentials as another source of discrepancy. Since, 
however, they were calculated by approximations 
which are known to be very good it is not likely 
that any change in this regard would result in the 
improvement of the ground state values. 

The region outside of the central-cell might also 
be responsible for part of the remaining dis¬ 
crepancies. In this region the potential has been 
considered as a Coulombic one shielded by the 
static dielectric constant. The deviation of the static 
dielectric constant from a “local dielectric con¬ 
stant” < 4 > 6 > is probably a significant factor in the 
defectiveness of the theory. Just how important 
is this factor (whose consideration would certainly 
improve the calculated values* 5 )) cannot be 
ascertained at the present time since there is no 
reliable way of extracting this effect from those 
already mentioned. 

It is mentioned that should one calculate the- 
perturbation correction to the donor wave function 
^ one would obtain different ground state wave 
functions for the different donors in Si and Ge. 
Such a modification in the wave functions might 
have some importance in the calculation of the 
mobility resulting from neutral impurity acatter- 
ing<!»> since its calculation is directly related to 
the wave function of the donor impurity. In 
ionized impurity scattering, * 16> where the differ¬ 
ence potential should also be used, the effect of 
the central-cell region on the mobility is antid- 


the corrections could be computed by a similar 
perturbational treatment In practice, however, 
this would be very complicated since the un¬ 
corrected effective mass equation is not hydrogen- 
like* 18 ) because of the complicated structure of 
the valence bands in Si and Ge. 
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mn|ififtori in tfeetplethat the possible mixing-in 
of bend* (other the conduction hand) could 
pHy la the effectftfe ttUas formalism. The reason 
for this is that only shallow impurity states can be 
represented in terms of wave functions from only 
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pated to be smallstaceitii ma^ydeto«Bued : ^’: ; !: 
small angle scattering which dees : «m-'‘tilK < ’part .:'" 
in the immediate vicinity of riwsattmng o6etor.dt) • 
Finally, e word migfctt he Mid 4&jirrep-; \' 

tions to the ground 'states of shallow acceptors 
which also show a dependence on the specific 
nature of (Column III) impurities.^) In principle. 
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Abstract —The effects of various ionic substitutions on defect structures in glass were investigated in 
sodfl-lime-silica systems. It is shown that detailed measurements of flaw characteristics provide a 
useful tool for investigating subtle internal energy variations in this solid. Influences of specific ions 
were quantitatively studied by determining the parameters of flaw length (Fi), and flaw number (F n ). 
Flaws produced on freshly broken surfaces under controlled loading conditions, were shown to be 
a direct indication of the stress response of the glass network. Relative bond strength and rigidity 
or brittleness of the structures varied with the ionic field strengths of added cations. Alkali ions in 
the form of oxides, were substituted for sodium and alkaline earth ions for calcium. Other additions 
and substitutional ions were also studied in detail. In general, the changes in flaw parameters were 
found to agree with theoretical predictions of internal energy changes based on the manner in which 
the ion entered the network, that is, as a lattice modifier, interstitial or network former. In specific 
systems, the variations in flaw length and flaw numbers were tentatively explained by changes in 
defect concentration and free volume as the ions were substituted. 


L INTRODUCTION 

Following the discovery of a method for quanti¬ 
tatively studying minute structure-sensitive flaws 
in glass/ 11 it became apparent that this technique 
could be utilized to study the effect of various ionic 
substitutions in the network. Detailed investi¬ 
gations have shown that these defects have pro¬ 
perties similar to dislocations in crystals and that 
the stress energies required to move or form these 
flaws are of the same order of magnitude as the 
energies necessary to move dislocations in crystal¬ 
line lattices. It has been repeatedly demonstrated 
that the minute flaws in glass are not the same as 
gross bond rupture or visible cracks and the 
structure-sensitive characteristics of the defects 
have been confirmed in numerous investigations. 

To a more limited degree, the influences of com¬ 
position variations on the defect patterns have 
been quantitatively shown in soda-lime-silica 
systems.* 2 - A dynamic spherical indenter tech¬ 
nique was employed to create flaws under known, 
controlled loading conditions. The length of the 
flaws produced by this device was found to vary 
in a systematic manner with various ionic sub¬ 
stitutions. 


The results of more extensive experimentation 
pertaining to the influences of substitutional ions 
on defect properties axe presented in this paper. 
Substitutions were made in three component 
systems, and two flaw parameters were studied; 
namely flaw length and number. By considering 
both of these parameters, the relative bond re¬ 
adjustment or yield was determined for a given 
stress condition. These quantitative flaw charac¬ 
teristics were compared with the ionic field strength 
or polarization of substituted ions. A hypothesis 
of changes in free volume with changes in internal 
ionic configuration was found to be in qualitative 
agreement with the experimental data. In general 
it is shown that the structure-sensitive defect 
patterns are related to internal energy variations. 

IL EXPERIMENTAL 

Oxide substitutions were made in a base glass 
containing 70 per cent silica and an initial soda- 
lime ratio of 1-14 (Na^O/OaO on a weight per 
cent basis). The selection of this particular glass 
was not entirely arbitrary, as will be shown in a 
following Section. Reagent grade materials were 
used throughout these studies. The silica was 
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l.y/vl * V'.f . «, i , 

*nd w «b of reagent 

3®#to®*** *** nutcriab wcre ^wwghly 

miaGed« placed in plattnum-rhodiunx crucibles* 
for 30 min. Sufficient batch 
V was used to give 20 g of melted glass, which was 
; jMaVTpi^ out into a sample about l in. thick and 
l§in. in diameter. The samples were generally 
free of bubbles (at most only two or three “seeds”) 
and the internal homogeneity appeared to be com¬ 
parable to commercial glass. These samples were 
annealed with a final internal tension of around 
20 p,t.i. (somewhat lower stress than in ordinary 
commercially annealed ware); After annealing, a 
test slug was diametrically scored with a glass 
cutter, then broken open using a fast break to 
give a relatively smooth test surface. The dynamic 
spherical indenter was applied within 30 sec after 
breaking. This indenter device was previously 
described* 3 ’ and consists of a A in. steel ball pro¬ 
vided with an axle so that it can rotate longitudin¬ 
ally under an applied vertical load. A 500 g load 
was used with a horizontal velocity of about 0-5 cm 
per sec. After making the ball trace, the samples 
were subsequently etched to develop the flaw 
patterns. 

The flaw counts and flaw lengths were deter¬ 
mined by microscopic examination using about 
100 x magnification. An ocular micrometer with 
a precision of about ± 0*001 mm was used to de¬ 
termine the flaw length. Only those flaws which 
were directly associated with the trace lines were 
included in the analyses. Under these loading con¬ 
ditions, at least 30 flaws were measured on all of 
the samples studied. The flaw length designated 
aa Ft is the average of length of the flaws extending 
from the trace line and the flaw number desig¬ 
nated as F n is the average number of flaws 
nucleated per mm of trace line. 


t fof weaker the bonds 5 in other weirds* the 
propagate outward from a high stress region until 
they reach a critical zone where the clastic strew 
is no longer of sufficient m a gnitude to produce 
bond displacement or slip. Detailed studies have 
indicated * 31 that the flaw lines are the edge# of shp 
planes created by mechanical or thermal stresses. 
The origin or core of the slip plane lies below the 
surface (~ 12/a). The linear magnitude of the shp 
line is closely related to the internal structure of 
the glass. This situation has been defined by 
Gray.* 41 “In theory all internal imperfections 
occasioned by impurities, structural defects or 
energy changes will have related effects at the 
surface, modifying the surface activity.” 

The number (F n ) of flaws produced with a given 
applied stress is an indication of the bond rigidity 
and might be loosely termed a “brittleness factor”. 
In a flexible network, the stress energy is dissi¬ 
pated by a greater bending or distortion of bonds 
and a few flaws are initiated. A more rigid struc¬ 
ture nucleates more flaws, due to the fact that 
bonds will break before much bending occurs. 
The parameter of flaw number might be expected 
to be related to Young’s modulus, and this possi¬ 
bility is indicated in a later Section. 

If we desire to obtain information regarding the 
relative number of bonds broken, or the degree of 
slip under a given stress, it is necessary to con¬ 
sider the product of flaw length ( Ft ) and flaw 
number (F n ). This product is designated simply as 

N b = (Fi)(F n ) ( 1 ) 

This empirical relationship, as previously men¬ 
tioned, has already been critically examined and 
it has been shown that the parameters vary with 
type and composition of the glass. The relation¬ 
ship between stress and radial distance r from the 


HL INTERPRETATION OF FLAW 
CHARACTERISTICS 


central point of loading on the spherical indenter 
is given by 


The value of flaw length (Fi )is taken as an indi¬ 
cation Of the relative bond strength under the 
fjven loading conditions. The greater the J*| value, 


* Material* corrosive to platinum were melted in 
^poffoatain crucibles. Impurities from these crucibles were 
?‘ r Found to produce a slight increase in the flaw parameters 
: at the biae glass. The use of porcelain did not, however, 
r..: alter the shapes of the flaw parameter vs. 

.'tfmdpwUlon curves. 



where P is the applied load and v is Poisson’s ratio. 
The critical yield stress occurs at the point where 
the flaws, initiated at the trace line, terminate. 
This stress may be found by substituting Fi for r 
in equation ( 2 ) which gives 

Ocrlt = PKl{F x f 


( 3 ) 
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If weaasume that the glass ifl isotropically uniform 
ihfiti Ocrti » a constant determined by the ratio 
4 f applied load P to flaw length squared, providing, 
-of course, the load is high enough to exceed this 
critical stress and initiate flaws. The load, there¬ 
fore, determines in a unique way the distance the 
"flaw will spread before the shear forces have been 
attenuated to a level where they are counter¬ 
balanced by the cohesive or bond energy of the 
glass. By rearrangement of equations (3) and (A) 
we may therefore predict more precisely how the 
flaw length is related to the applied load by 


F t - (FX/ccnt) 1 / 2 


( 5 ) 


Equation (5) shows that one would expect a linear 
relationship between the flaw length and the 
square root of the applied load. The data presented 
in Fig. 1 were obtained with a commercial sheet 
glass and show that this relationship is confirmed 
over a wide range of applied loads. Each point on 
this curve represents an average of over 50 flaw 
measurements. The form of the equation is, how¬ 
ever. 


Fi = aPi /2 + 6 


( 6 ) 


The constant b in equation (6) represents a 


. 

threshold 
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curve In Fig. 1 h— bewotm fom e d vriA di ffiereu t : ” 

type* of glasses,aid these data prcpride 

evidence that the flaws associated with the trace ' !, 

line are a direct indication of the response ot tiaA :. 

networic to applied stress. 

IV. NETWORK SUBSimmom 

Before making substitution*, using the so- 
called network modifying ions, systematic varia¬ 
tions were made to determine the manner in which 
the flaw characteristics change in three component 
systems. Three soda-lime-silica systems were 
made up for this study, and in each series the 
silica was held constant at 60, 65 and 70 per cent 
with the soda-lime ratio (based on weight percent) 
varied over wide limits. The results of the flaw 
length measurements are summarized in Fig. 2 
(the 60 per cent S 1 O 2 curve was previously given**) 
but is redrawn here for comparison). It may be 
seen that the flaw lengths generally increase with 
increasing silica content of the glass. In each series, 
there appears to be a maximum in the curve, and 
the significance of this will be discussed later. 

In spite of the flaw length increase with increas¬ 
ing silica, one would expect that with increasing 
concentration of this network-forming oxide, a 
general increase in the strength of the structure 



Fig. t. Relationship between load (P) and flaw length (F<). Indenter applied to the 
fresh surface of a commercial sheet glass. 
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or a decrease in the N& product would occur. That 
«h» it generally true may be seen in the data repre¬ 
senting flaw number and Nb product in Table 1, 




FlO. 2. Flaw length variations in three component sys¬ 
tem* with different silica bases. 


The largest values of Nb are found in the 60 per 
ctnjt SiOa seriea with high flaw nucleation num¬ 
bers It is also interesting to note that the spiral 
formations occurred in the 60 per cent SiOs series 
with soda-lime ratios from 0 *5 to 2*0; also, in this 
same range, the F n values are very large and the 
rigidity of the network is high. 

1 base glass chosen from this group to be 

died for the network modifying substitutions was 
the 70 per Cent SiO* glass with a soda-lime ratio 
of M4, It may be seen in Fig, 2 that this glass is 


located on a steep portion of the flaw length curve. 
It appears that changes in the network would be 
readily detected by marked variations in flaw 
lengths. This glass is also within the range of 
composition used in numerous commercial 
soda-lime-silica systems. The calculated weight 
percent composition of this base glass is 70 per 
cent S 1 O 2 , 16 per cent Na 20 and 14 per cent CaO* 

A. Network modifying cations 

The majority of the substitutional series were 
prepared with oxides of the network modifying 
cations. Oxides of the di- and trivalent cations 
were substituted for CaO and the univalent ions 
for Na20. The Fes03 and CuO additions were in 
small quantities and were added without substitu¬ 
tion for an oxide. Cations in this group are of 
intermediate sizes and field strengths (Z/r 2 ) and 
appeared to produce similar changes in the flaw 
parameters as they were added into the network. 
However, in this series of network modifiers, it 
was found that the effects could be further divided 
into two subgroups consisting of ions of "medium” 
and "low” field strengths. 

1. Ions of “medium” field strength. The ions in 
this subgroup are listed below along with the field 
strengths as calculated from the data of Pauling, < 5 > 
where r is the crystal radius of the ion and Z ita 
charge. 


Ion 

Z/r 2 

Sn 2+ 

3*06 

Sb 3f 

6-52 

Pb 2+ 

2*53 

Bi 3+ 

5*46 

Zn 2+ 

3*63 

Cu 2+ 

3*06 

Li 1+ 

2*78 

Fe 3+ 

7*32 


Because of similar chemical properties, tin and 
antimony as well as lead and bismuth may be 
compared as pairs. The flaw parameters for lead 
and bismuth were previously given however* 
their curves are included since they fit into this 
group of ions. 

The similarities in the effects of these ion paira 
are shown in Figs 3 and 4 where both the flaw 
Ungths and flaw numbers are plotted on the same: 
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Table 1, Flaw measurements in three component systems toith 
varying silica bases 
R = SodafLme retie 


Series 

R 

Ft 

F n 

-p,.— 

N b 

60 % SiO* 

0-20 

0-000 

0-00 

0*00 


0-33 

0*230 

1-84 

0-42 


0*40 

0-366 

2-82 

1-03 


0*50 

0*333 

10-72 

3-58 


0*66 

0*314 

12*00 

3-86 


0-80 

0-314 

10-20 

3-20 


100 

0*298 

10-78 

3-21 


1-33 

0*263 

8* 00 

2-10 


200 

0*204 

11*65 

2-38 


2-50 

0*336 

1-61 

0*54 


300 

0-342 

2-10 

0*72 


400 

0-200 

3*81 

0*76 


5*00 

0-068 

2*30 

0*16 

65 % SiO* 

0*13 

0-658 

1-52 

1*02 


017 

0-439 

1*18 

0*52 


0*40 

0-300 

1-42 

0-43 


0*75 

0-375 

0-68 

0-26 


1-33 

0*590 

0*94 

0-55 


2-00 

0*686 

MO 

0-76 


2*50 

0*825 

1-42 

117 


3-00 

0-763 

0-84 

0-64 


4*00 

0*511 

0-76 

0-39 


5*00 

0*362 

0-55 

0-20 

70% SiO* 

0*33 

0*782 

0-70 

0*55 


0-50 

0-745 

0-53 

0*39 


1*00 

0-516 

0-71 

0*37 


1* 14 

0-792 

0-76 

0*60 


2*00 

1-213 

0- 50 

0*61 


3*00 

1-244 

0-40 

0-50 


4*00 

1-113 

0-24 

0-27 


5-00 

0*815 

0-12 

010 


curve as a function of the moles of oxide substi¬ 
tuted. It should be noted that a different scale (on 
the right in Figs 3 and 4) was used for the F n 
values due to the pronounced increase in flaw 
number with moles of oxide added. This method 
of plotting demonstrates in a direct manner the 
changes in flaw parameters with moles of oxide 
substituted into the network of the base glas^. As 
these ions were substituted, there was a general 
increase in flaw length to a maximum point, fol¬ 
lowed in subsequent additions by a rapid decrease. 
In Figs 3 and 4 the maximum Fi value and more 
rapid increase in F n occurs with fewer moles in 


the case of the ions with the higher field strengths. 
For example! bismuth oxide of high field strength 
produces a maximum with fewer moles than lead 
oxide of low field strength and antimony oxide 
produces a maximum with fewer moles than tin 
oxide. The general changes in the flaw parameter 
curves are similar in these two groups. The 
significance of the maximum point in the Fi 
curves in Figs 3 and 4 will be discussed presently. 
The remaining members in this subgroup also 
produced similar changes in flaw parameters as 
may be seen by examining the data summarized 
in Table 2 (the zinc oxide curve is given later). 








Fig. 3. Effect of substituting tin and antimony oxide for silica p 1G + Flaw parameter variation with moles of bismuth and lead 

on flaw parameters, oxide substituted for SiO,. 
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Table 2. Flaw parameters in series containing ions of “medium” 
field strengths 


Series 

Moles oxide 


■a 


LiaO 

0-000 

0-792 

0-76 

0*60 


0-044 

0*933 

1*32 

1-23 


0-174 

0-550 

1-48 

0-81 


0-349 

0*397 

2*10 

0-83 


0-523 

0-318 

2% 

0-9+ 


0-610 

0-187 

5-18 

0*97 

CuO 

0-0000 

1*108 

1-39 

1-54 


0-0015 

1-818 

1-30 

2-36 


0-0030 

1-629 

1-61 

2-62 


0-0058 

1-529 

1-71 

2-62 


0-0121 

1-601 

1*90 

3-04 


0-0241 

1-256 

2-22 

2-79 


0-0390 

1-178 

2-39 

2-81 

Fe203 

0-00000 

0-792 

0-76 

0-60 


0-00019 

1-058 

0-66 

0-70 


0-00038 

1-283 

0-78 

1-00 


0-00063 

1-286 

0*82 

1-06 


0-00125 

1-543 

0-83 

1-28 


0-00250 

1-457 

0-90 

1-31 


0-00501 

1-622 

1-30 

2-11 


0-01002 

0-741 

1-83 

1 36 


0*02003 

0-580 

2-32 

1-35 


Again each ion produced changes of slightly 
different magnitude. 

2. Ions of “ low 11 field strengths 


Ion 

Z/r 2 

Sr 2+ 

1-56 

Cr 2+ 

2-13 

Ba 2+ 

1-06 

K+ 

0-56 


The flaw parameter data for ZnO from subgroup 
1 and SrO from the “low" field strength group are 
plotted in Fig. 5 to demonstrate the differences 
between ions in these two series. In general, the 
flaw length changes in the subgroup 2 ions are 
similar to those in the “medium" field strength 
subgroup. With the “low" field strength ions, a 
greater amount of oxide is necessary to reach the 
maximum in the flaw length curve. Also, the F n 
curves in Fig. 5 disclose a general decrease in flaw 
number in the SrO glasses in contrast with the 
pronounced increase in flaw number in the ZnO 
series with the ions of “medium" field strength. 
The flaw data for BaO, CdO and K 2 O are given 


in Table 3, and these ions also produce effects 
similar, to the SrO results; particularly the cad¬ 
mium oxide with the marked increase in flaw 
length and decreasing flaw number. The K + and 
Ba 2 + ions both disclose initial increases in flaw 
number instead of decreases; however, it was felt 
that they should be included in this subgroup be¬ 
cause of the shapes of the flaw length curves. The 
K + ion behaves almost like a “pure" interstitial 
as will be pointed out later. 

B. Discussion of network modifying effects 

One characteristic feature of the flaw length 
curves in both the network modifying series is the 
increase to a maximum value. These general 
changes are shown schematically in Fig. 6 with M 
representing the moles of oxide substituted into 
the network. Conceivably the modifying cations 
initially fill intersticies in the network. As the 
holes become filled, the ions may take up lattice 
positions; however, these internal energy changes 
are not considered as being a monotonic function 
of the substituted cation. An example of this non 
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Fig. 5. Variations in flaw parameter curves using net-work modifying 
ions of "medium’' and “low" field strength (substitutions for CaO). 


uniform change in energy has been given by 
DlBTKBL and Wickert< 6 > for a binary silicate. A 9 
NiifO was added to silica the rates of crystallization 
disclosed maxima and minima. The maximum 
rates of crystallization occurred in glasses with 
compositions corresponding to the di- and meta- 
ailicates. This type of change in internal structure 
may occur with varying sodium and calcium ion 
ratios and could at least partially explain the for¬ 
mation of the maxima and minima observed in 
die curves in Pig. 2. 

In the various series reported here, the cations 
replace either sodium or calcium (with the excep¬ 
tion of a few cases such as bismuth and lead and 
whore small additions were made). Replacement 
Or addition of ions of different size creates lattice 
defect through misfit snd bond distortion. It 
should be kept in mind, however, that defects are 


present in the base glass and the substitutions only 
modify the existing defect structure. As more 
“misfit” ions are added into the network, the 
defect concentration increases, until the ions no 
longer enter as interstitials but instead form 
stronger ionic or covalent associations in the net¬ 
work. The point of maximum flaw length (at M f 
in Fig, 6) is thought to represent the critical defect 
concentration or maximum disorder in the system. 
Also, in Fig. 6, N represents the number of ions 
necessary to produce the maximum disorder. 

The free energy ( F ) of the system is expressed 

by, 

F= € ~T(S ef +S th ) (7) 

where S^ is the configurational entropy produced 
by N ions creating n defects and S& the thermal 
entropy. The defects formed may be combinations 
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of both Schottky (cation-anion vacancies) and 
Frenkel types. In the formation of the Frenkel 
disorder, the ions (cations more likely than anions) 
pass from lattice sites into interstitial positions 
with the formation of vacant lattice sites and there 
is less volume Change as compared with the 
Schottky type. The Frenkel type of disorder is 
more likely when the lattice polarization is strong 
and may, therefore, predominate in these sub¬ 
stitutional series. 

It is assumed that the thermal entropy Sth will 
change with the added ions to a lesser degree than 
the configurational entropy. As pointed out by 
DekKER * 71 Sth may be considered to be inde¬ 
pendent of njN. In the case shown here, the intro¬ 
duction of ions with different field strengths in¬ 
crease the disorder and the negative entropy term 
produces a decrease in the free energy as the ions 
are initially added and defects are created. Such a 
decrease would be thermodynamically favorable 
and defect formation could, therefore, more than 
compensate for any initial increase in (e) within 
the network. 

The point M\ therefore, indicates the maximum 
S C f influence of randomly distributed defects. The 
point at M' may also represent the maximum 
randomization of free volume (u/) defined by 
Turnbull and Cohen (8) as 

Vf = V-t>0 (8) 

where v is the specific volume and tio is the van 
der Waals volume of a molecular region. These 
authors have suggested that molecular transport 
may occur by the formation of ‘Voids” during the 
free volume redistribution. They further point 
out that the random distribution of this unoccupied 
volume may occur more readily in the amorphous 
than in the crystalline phase. Any increase in 
order would, therefore, tend to decrease the free 
volume of the system. 

The application of an external stress to a system 
with maximum disorder would allow considerable 
structural yield and bond readjustment as a result 
of the free volume redistribution, with the maxi¬ 
mum free volume change occurring at the point 
of maximum defect (void) concentration or at M f 
in the F\ curve. A structural yield and free volume 
redistribution could conceivably produce a slight 
decrease in the F n curve since more bonds would 
bend instead of creating slip and nucleating flaws. 


tint 

Although the F n data shows scatter, this predicted 
decrease in F n to the point M’ may be indicated 
experimentally, specifically in Fig. 4 and in the 
upper curves in Fig. 5. r 

With ionic additions M > M\ both complex 
ionic and covalent bonds begin to form through 
chemical association with the added cations. The 
lattice is, therefore, additionally modified by the 
formation of more extensively ordered groupings 
and a consequent reduction in energy («). With the 
formation of more ordered units and stronger 
bonds the observed decrease in F\ (beyond M ‘') is 
readily explained; however, along with the for¬ 
mation of ordered groupings, structural yield or 
bending of bonds would tend to decrease and flaw 
nu cleat ion under applied stress would increase. 
This would explain the rapid increase in F n with 
additions greater than M\ as observed in Figs 3 
and 4. It appears that in the case of larger ions in 
the “low” field strength series (subgroup 2 ) a 
greater misfit of the ions produces a continuous 
increase in defect concentration (and free volume), 
which is not entirely compensated by an increase 
in order. The bond flexibility increases with 
creation of the free volume, and F n decreases as 
shown in the lower curves in Fig. 5 and in Table 3. 

In many of the series, the glasses crystallized 
with additions greater than point Af c in Fig. 6 . 
The kinetic barrier for nucleation may rapidly de¬ 
crease after the point M' and as ordered groupings 
form, crystal nucleation is promoted. 

C. Interstitial additions 

These same general defect hypotheses may be 
applied to the effects of interstitials on flaw para¬ 
meters. The addition of interstitials produces 
steady increases in S c / with increasing M; how¬ 
ever, no rapid decrease in energy (c) occurs. There 
are no strong bonds or ordered groupings formed 
between the added ions and the surrounding net¬ 
work. As the structure steadily weakens, both Fi 
and F n increase. Carbon provides an excellent 
example for the interstitial effect as shown in Fig. 7. 
The carbon was added in low percentages without 
substitution for any specific oxide and the glass 
became smokey in appearance as additions were 
made. The interstitial or “insoluble” nature of 
carbon in non-sulfur and non-iron containing 
glasses is well known and an excellent discussion 
may be found in Weyl’s book on colored glasses/ 9 ) 
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Table 3. Flaw parameters in series containing tons of “lore" field 
strengths 


Scries 

Moles oxide 

Ft 

Fn 

Fh, 

KsO 

0-000 

0*792 

0*76 

060 


0018 

0929 

1*07 

0*99 


0073 

0942 

1*31 

1-23 


0*1+5 

1-024 

1*67 

1*71 


0218 

1*000 

1*60 

1 60 

CdO 

0-000 

0792 

0-76 

0*60 


0-016 

1*231 

0*41 

0-50 


0031 

1*344 

0*42 

0*56 


0047 

1*639 

0*37 

0*60 


0062 

1*907 

0*14 

027 


0078 

0*000 

0*00 

OOO 

BhO 

oooo 

0792 

0*76 

060 


0*006 

1*006 

1*08 

1*09 


0027 

0849 

1*72 

1*46 


0052 

0*602 

0*63 

038 


0078 

0132 

0*09 

012 


0*091 

0*068 

0*10 

0*01 



Fio. 6. Schematic diagram showing general effect of 
network modifying ions on flaw parameters 
M —moles of oxide substituted 
JST —critical defect concentration; point of maximum 
disorder. 

N —number of ion# necessary to produce maximum 
disorder. 

AT* —point of maximum order; just preceding crystal- 
fixation. 



Fig. 7. Influence of carbon on flaw parameters. 

In the discussion of the effect of fluorine in 
glass, Weyl also points out that substitution of 
the monovalent fluorine ion for divalent oxygen 
‘‘causes a weakening of the glass structure”. This 
weakening effect of fluorine was confirmed in a 
series with NaF substituted for Na 2 0. The num¬ 
ber of Na + ions was held constant as the additions 
were made. Aa shown in Fig. 8, both F t and F n 
initially increase as the structure weakens. With 
additions greater than about 0-25 moles NaF 
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crystallization occurred. The decreasing values of 
Ft sind FW at higher additions of NaF may, there¬ 
fore, represent a decrease in free energy as Ordered 
groupings precede the visible, fluoride opal color. 
A maximum is observed in the F\ curve as in the 
case of the modifying cations (point AT in Fig. 6 ); 
however, because of the pronounced initial in¬ 
crease in both the flaw parameters, this ion is con¬ 
sidered as having an interstitial effect. 



MOLES NaF 

Fig. 8. Effect of the fluorine ion on flaw formation. 

It is also problematical whether the results from 
the K + series should also be placed in the inter¬ 
stitial column. As a result of its low field strength 
potassium appears to possess both modifying and 
interstitial properties (see data in Section A). 


D. Metworkformer effects 
The so-called network formers have very high 
field strengths and replace the strong silicon- 
oxygen bonds. Network formers may produce a 
greater effect on internal energy (c) than on dis¬ 
order (Scf). Although the effects are more difficult 
to predict, one might expect less change in F* with 
added ions or perhaps even a decrease in some 
cases if the bond strength is increased. Ordered 
groupings through chemical association might also 
be expected to be less than in the case of the 
modifying ions and consequently F n would re¬ 
main unchanged or perhaps decrease. The various 
ions which were substituted for silica are as follows 


Ion 

m 

p5+ 

41-67 

Al 8+ 

12-00 

B3+ 

75-00 


The substitution of both P 2 O 5 and AI 2 O 3 were 
found to produce the effects on the flaw para¬ 
meters as predicted. As shown in Table 4, both 
the flaw lengths and number decrease with the 
addition of these ions with high field strengths. 
Additions of AI 2 O 3 greater than around 0*05 moles 
produced immiscibility and reliable flaw measure¬ 
ments could not be obtained. 

In the case of B 2 O 3 , the results were much 


Table 4. Flaw parameters in series containing ions with high field 

strengths 
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more difficult to explain, even on a qualitative 
but*. The flaw results in Table 4 show the more 
erratic behavior of the boron ion. A B2O3 glass is 
however noted for its complex changes in structure. 
As the ion enters the network, vacancy defects 
may be created as it replaces the silicon-oxygen 
bonds. This would explain the initial increase in 
Fj and decrease in F n as was observed in the case 
of the large modifying ions. The difference in 
Charge and the high field strength of the B 8+ ion 
may account for complex structural groupings in 
the network. For example, Weyl and Marboe< 10) 
point out that vitreous B2O3 may consist of mole¬ 
cules which have widely different molecular 
weights and odd shapes. Additional study of 
defect structures in systems containing the B 8+ ion 
might shed more light on the influence of this ion 
on the structural changes. 

E. Anomalous behavior of MgO 
The effects produced by the substitution of 
MgO for CaO were difficult to categorize. In 
general, Fig. 9 indicates that the Mg 2+ ion 



Fig. 9. Flaw variations in glass with MrO substituted 
for CaO. 


(Z/f® 4*76) produces effects similar to the net¬ 

work formers with an initial decrease in F\ and 
little change in F n . An increase in F* occurs, how¬ 
ever, as the point of complete substitution is 
approached. The F n values continue to decrease 
and the final structure appears to be weak with 
low brittleness or high bond flexibility. The 
anomalous behavior of the Mg 2+ ion has also been 
discussed by Petzold, Wishmann and Kamptz< U) 
in their studies of the microhardness of glass. It 
Was suggested that magnesium may, as the result 
of oxygen coordination changes, take either net- 
work modifying or network forming positions. 


F. Ionic field strength of lattice modifying km 
It was previously suggested in Section B that 
the number (IV) of lattice modifying ions producing 
the maxim um disorder (point M' in Fig. 6) is re¬ 
lated to the field strength of the ions. This number 
(N) was determined (as g at. wt) in all of the series 
showing the maximum ( M ') and Fig. 10 shows the 
results of plotting with the field strength of the 
corresponding ion. The number of ions producing 
the maximum disorder change by three orders 
of magnitude over this limited range of field 
strength. The scatter of the points in Fig. 10 in 
many cases, is due to uncertainty in locating the 
point AT'. In most series all the glasses were made 
up before the flaw parameters were determined 
and it was necessary to extrapolate between 
missing data points at low concentrations. The 
results in Fig. 10 indicate the influence of ionic 
field strength of the lattice modifying cations on 
the flaw parameters. These findings are also in 
accord with the suggestions of Weyl and 
Marboe/ 32 * who also stressed the importance of 
ionic configuration in determining defect struc¬ 
tures in glass. 

V. DISCUSSION OF RESULTS 
It appeared pertinent to compare the flaw para¬ 
meter results with recent studies by Loewen- 
stein (13) of glasses possessing high Young’s 
moduli. In many cases he substituted the same 
ions as used in the series reported in the preceding 
Sections. The compositions of the glasses used by 
Loewenstein were not identical with those re¬ 
ported here; therefore, any comparisons will by 
necessity be qualitative in nature. 

The flaw parameter most closely related to 
Young’s modulus is the number of flaws nucle¬ 
ated per length of trace line (F„). A high Young’s 
modulus (E) indicates a rigid structure with little 
yield under applied stress. As discussed in Section 
III the F n value would also be high in a glass with 
high E\ this proposed relation might be expressed 

by, 

E & CF n ( 9 ) 

where C is a proportionality constant. There are 
some excellent qualitative agreements between 
Loewenstein’s work and the changes in the F n 
parameter as various ions were substituted. For 
example, it is pointed out that the network formers 
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suchss Si, B, P and A1 lower the Young’* modu- Potassium is an apparent exception in tbecom- 
lus. Data in Table 1 show the decrease in F n with pariaon of these two different studies. It was re. 
increasing SiOt, and Table 4 demonstrates de- ported by LoeweaStein that K + decreased E 
creasing F% for B, P and A1 cations (the boron whereas the F n value increased with substitution 
values are more erratic as was pointed out). The of potassium for sodium. The substitution of lit 
network formers substantiate the relation indi- for NagO produced marked increase in F% and an 
cated in equation (9). increase in E was also reported for this substitu- 



Fig. 10. Relation between the number of ions producing maximum disorder 
and ionic field strength. (N is given as gram atomic weight of ions in the 

gl"»0 


Loewenstein also states that “ions which do not 
enter the network yet increase the Young’s 
modulus appreciably possess a low solubility in 
the base glass”. An excellent example of this is 
shown by carbon which increases F n but does not 
significantly enter die network. Large ions, such 
as Sr and Ba were reported to lower E and this 
also appears to be generally in agreement with the 
present findings. An examination of the flaw para¬ 
meter curves show that initial additions of the 
modifying ions tend to produce decreases in F n . 


tion. In this rather superficial comparison it is 
indicated that there is a relation between Young’s 
modulus and the F n parameter. By comparing E 
and F n on the Bame glasses, the relationship could 
be more rigorously determined than given by 
equation (9). 

VL SUMMARY 

Defects created under controlled loading con¬ 
ditions were utilized in an investigation of struc¬ 
tural variations in glasses produced by ionic 
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substitution*. Detailed changes in the flaw para¬ 
meter* werc ahown to be related to the manner in 
which an ion entered the network; that is a* a 
modifier, interstitial or network former. 

Ion* erf intermediate field strength, or the net¬ 
work modifiers, produced an initial disorder in the 
structure and an increase in the flaw length values. 
With increasing ions substituted, a maximum 
occurred in the flaw length curve. With additions 
beyond this maximum the flaw lengths rapidly de¬ 
creased and the flaw number disclosed a marked 
increase. These variations in flaw parameters were 
attributed to free energy changes as the ions were 
substituted. Vacancies and interstitial defects are 
believed to be formed as ions were initially added 
and these promoted a free volume redistribution 
of voids, which was most pronounced at the maxi¬ 
mum in the flaw length curves. With additions 
beyond this maximum point, the ions formed 
chemical associations and the internal order 
Increased. The formation of ordered groupings 
increased the bond strength and the flaw length 
decreased. The ordered groupings also increased 
the brittleness and, in most cases, the flaw 
number (F*) increased beyond the maximum. 

These same general defect hypotheses were used 
to explain interstitial and network former effects. 
In the case of interstitial additions, such as carbon, 
no strong associations developed and the flaw 
lengths and number increased continuously with 
increasing concentration. The interstitials were 
ions of low field strengths. The network formers 
or ions with high-field strengths replaced Si in the 
network and the bond strengths generally in¬ 
creased with resulting decreases in flaw lengths 
and number. 

Superficial comparisons were also made between 
the studies reported here and work by Loewen- 
stein on ionic substitutions effecting Young’s 


modulus of glass. These qualitative comparison* 
showed that as predicted (in Section III) the F m 
values are a measure of the brittleness of the glass 
network. In general ions causing an increase in E 
also disclosed increases in F» and those producing 
a decrease in E disclosed decreasing F* values. By 
determining these parameters on the same glass, 
the relationship between E and F n (and Ft) could be 
be more precisely determined. 
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THE DIFFUSE REFLECTANCE SPECTRA OF SOME 
TITANIUM OXIDES 


AUDREY L. COMPANION and ROBERT E. WYATT* 
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(Received 3 April 1963) 


Abstract—Diffuse reflectance spectra in the , visible and near ultraviolet are reported for TiO, 
TisOs, and the anatase, rutile and natural brookite crystalline modifications of TiOi; Results are 
interpreted qualitatively in the light of crystal field theory. 


INTRODUCTION 

With the advent of crystal field theory interest 
in the optical spectra of solids and solutions con¬ 
taining transition metal ions has intensified. The 
present report is the second* 1 ) resulting from a 
program of investigation of the electronic 
structure of the bulk oxides of the first transition 
series metals, primarily through measurement of 
their diffuse reflectance spectra. Here we present 
results and tentative interpretation of the spectra 
of TiO, TiaOg and the anatase, brookite, and rutile 
modifications of Ti 02 . 

There is already in the literature some optical 
data on titanium oxides. BrecKenridge and 
Hosler* 2 ) observed a sharp absorption in the 
transmission spectrum of a single crystal of rutile 
beginning at 410 m^ (3*03 eV), but no comparable 
studies have been reported for anatase or brookite. 
Single crystals of anatase have not yet been grown, 
and brookite occurs in nature as small blue- 
black crystals of dubious purity. Glemser and 
Schwarzmann* 3 ) have reported synthesis of 
mixtures of rutile and brookite by the hydrolysis 
of hot alkoxytitanium, but pure brookite has not 
yet been synthesized in the laboratory. Cromer 
and Herrington* 4 ) have presented diffuse re¬ 
flectance spectra of rutile and anatase pigments, 
terminating their measurements at 3-87 eV. 
Vratny and Kokalas< 6 > reported the reflectance 
spectrum of a T 1 O 2 sample, but its crystalline 


* At present a graduate student in the Department of 
Chemistry, The Johns Hopkins University, Baltimore 
18, Maryland. 

1025 


modification was not specified. Pearson*®* 
measured the transmission spectrum of powdered 
TisOs imbedded in a matrix of KBr, observing 
a very narrow absorption at 0*06 eV, followed by 
a broad band centered at 0*74 eV extending from 
about 0*6 to 1*9 eV. His measurements were ter¬ 
minated shortly after a weak shoulder at 2*7 eV, 
To our knowledge no optical study on TiO has 
been reported. 

EXPERIMENTAL DETAILS 

Titanium monoxide and titanium sesquoxide 
were prepared by the reduction of anatase TiOg 
(Baker Analyzed Reagent) with powdered titanium 
metal (United International Research, Incorpor¬ 
ated, 99 per cent pure). Pellets of appropriate 
Ti-Ti02 mixtures were placed in a molybdenum 
lined alumina crucible which was inserted into a 
molybdenum succeptor and then into a zirconia 
crucible to prevent heat loss. The whole crucible 
system rested in a quartz tube which was sur¬ 
rounded by the coils of a GE 20 kW induction 
heater and then evacuated to 5*5 x 10“ 6 mm Hg. 
The temperature was raised to 1400°C over a 
3 hr period, maintained for 1 *5 hr reaction time, 
and then lowered to I200°C for 4*5 hr annealing. 
The sample was then rapidly quenched. 

The TiO obtained was a dull bronze solid, 
metallic in appearance and quite hard. When 
powdered, it was dark brown. Its composition, 
determined by oxidation to TiOa, was TiOi-os. 
The TigOs was a deep purple solid, non-metaflic 
in appearance, and an inky blade color when 
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powdere d , it* composition was TiaOs-o?* X-ray 
diffraction powder pattern* of our samples agreed 
with the result* of Andhwsson and coworker*< 7 > 
for TiaOs and (NaCl type) TiO. 

The TiO* sample* studied were the high purity 
anataee mentioned above, and rutile prepared 
from this by heating in air at 1000°C for 8 hr. 
Independent samples of rutile and anatase pig¬ 
ment* were donated by the New Jersey Zinc 
Company of Pennsylvania. X-ray diffraction 
patterns of all these coincided with results of 
Andsrssok and coworkers.< 7 > Samples of brookite 
were obtained in the form of an ore from Magnet 
Cove, Arkansas. The small blue-black crystals of 
brookite, leas than 2 mm in diameter, were 
separated by hand from the rock matrix, washed 
in water and dilute H 2 SO 4 , and ground in a Spex 
Wig-L-Bug to a blue-grey powder. X-ray diffrac¬ 
tion results agreed well with those of Yogan- 
arasimham and Rao.< 8 > When heated in oxygen, 
the powdered brookite took on a muddy yellow 
color which remained on cooling. This result, 
along with the analysis of Rao, Faeth and 
Yocanarasimham,^ suggests the presence of 
Ti®+ ions in brookite, despite the absence of any 
pronounced Ti 3 + absorption in the reflectance 
spectrum. 

Diffuse reflectance spectra were measured at 
room temperature with the ring-type reflectance 
attachment to the Cary Model 14 PMR Spectro¬ 
photometer, employing monochromatic radiation. 
A tungsten bulb served as light source from 
800 to 300 m/i, and a hydrogen lamp from 400 to 
210 m/i. Reagent grade Mallinkrodt MgO was 
used as the standard. The resulting spectra are 
shown in Figs 1 and 2. Reflectance data are 
expressed in terms of optical density, where 

OD * loglo[^Mgo/-RsnTnplel* 

DISCUSSION 

The qualitative aspects of the application of 
crystal field theory to transition metal oxides have 
already been discussed in considerable detail by 
Mown* 10 '* 1 * *nd 0 'Reuxy.< 12 > For TiO, Morin’s 
arguments* baaed on conductivity and magnetic 
measurements, favor the existence of a partially 
filled taw# formed by the overlapping of (normally 
fy) orbitals on the Ti*+ ions with their 12 nearest 
xnetal neighbors in the rock salt lattice. Such a 




Fig. 2. Diffuse reflectance spectra of anatase, natural 
brookite and rutile T1O2. 

band in the many-ion solid corresponds to a t 2g 
level in a molecular orbital scheme based on the 
microsymmetry of the Ti 2 + ion octahedral en¬ 
vironment. Here, six 2 p orbitals on the oxide ions 
may be appropriately combined with the 3 d, 4 s 
and 4 f orbitals on the metal ion to form the lower 
energy bonding MO* s: non-degenerate triply 

degenerate fi ff , and doubly degenerate which 
in TiO may be localized and filled with 12 elec¬ 
trons supplied by the oxide ions. The non¬ 
bonding, triply degenerate t 2gi next highest in 
energy, contains two electrons. This level, discrete 
within a hypothetical isolated TiOs unit, may 
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broaden into a band | full through overlap of 
tty MQ*i with those of similar units throughout 
the lattice. It seems a reasonably palatable assump¬ 
tion that the antibonding e g MO*s t which follow 
tty in increasing energy, may be similarly de¬ 
localised into a band. The absorption peak 
observed in our spectrum at 3*57 eV may within 
this model correspond to transitions between tty 
and e g bands, with additional broadening due to 
distortions induced by the excess oxygen in 

Ti °l*09* 

In T 12 O 3 the oxide ions form a field of distorted 
trigonal symmetry closely approximating the en¬ 
vironment of a metal ion in 1 X-AI 2 O 3 . 
McClure* 14 ’ 16 > has observed for Ti®+ ions im¬ 
planted in corundum transitions at 2*29 and 2*59 
eV, results comparable with our observed re¬ 
flectance peaks at 2*25 and 3-4 eV in Ti 2 C> 3 . The 
higher energy transition may be shifted in the 
bulk solid due to metal-metal interactions or to 
distortions induced by the excess oxygen in the 
solid. The significance of the double peak has been 
discussed in detail by McClure and by Ball- 
hausen. < w > 

The reflectance spectra of rutile and anatase 
T 1 O 2 show sharp absorptions beginning at 
3*00 eV and 3*23 eV respectively. The rutile result 
compares favorably with that of Breckenridge 
and Hosler.* 2 ) It is difficult to evaluate the 
brookite results; the absorption edge appears to 
occur at 3 *26 eV, slightly higher than that of 
anatase. For anatase only, the edge ends with a 
reproducible twin peak maximizing at 3*75 eV 
and 4*00 eV. For rutile, the edge peaks at 3*67 eV 
and for brookite at 3 *82 eV. The broaden ripples 
observed past 4*25 eV for all the dioxides appear to 
vary somewhat with sample preparation, and are 
thus probably not significant. 

We propose that these absorptions correspond 
to electron transfer excitations from the O z “2 p 
levels to empty levels on the Ti 4 + ions. The in¬ 
tensity change at the absorption edge is like that 
commonly associated with charge transfer pro¬ 
cesses. Furthermore, we suggest that the receptor 
levels are those of the empty metal 3 d orbitals 
with degeneracy partially or wholly removed by 
the distorted octahedral environment. 

Corroborating evidence for this identification 
may be found in recent X-ray studies of K absorp¬ 
tion edges. Hanson and Knight* 17 ) demonstrated 


the presence of a weak absorption near the onset 
of the JC edge in sevend transition metal oxides 
with incomplete d levels, and identified these as 
transitions, forbidden by selection rules 
And consequently weak. Shtraiwa* 1 ^ observed 
similar pips of low intensity occurring above the 
beginning of the K edge of rutile and anatase, but 
his spectra show no evidence of the d orbital 
octahedral splitting. This latter detail appears in 
the work of Vainshtein and co-workers< 1# ) and 
removes any doubt about the origin of the 
absorption. In Fig. 3 we have reproduced the 
qualitative features of the shapes of the edges de¬ 
termined by these authors for rutile and brookite. 
Superimposed in dotted lines is the relative 
position of the ^5 emission line, observed at 
approximately the same energy in all three oxides 
and the metal itself. This emission results from 
3p to K transitions on the titanium core and thus 
may be used to position the 3 d bands relative to 
the core. 



Fig. 3. Shape of the X-ray K absorption edge in rutile 
and brookite TiO* (after Vainshtbin and co-workers* 1 *)). 

The low energy structure of the absorption 
edge results from internal transitions of K elec¬ 
trons to the empty octahedral tty and e g orbitals on 
Ti 4+ . Further splitting due to distortion of the 
octahedron was not observed. Interpolation of 
Vainshtein’s graphs yields an energy separation of 
about 5-6 between the and tty levels. This 
result, coupled with our optical data, indicates 
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rim the oxide 2fi hand h centered «mewh*t above 
the^Ti 4 * bond in die oxide*. The 4*-*# separa¬ 
tion estimated from the X-ray results is 3-4 eV 
for both rutile and brookite, a value consistent 
With the generally observed increase in octahedral 
splitting with increase in oxidation number of the 
metal. Ho for~*r separation was observed by 
Vainshtein for anatase. 

The shoulder of the X-ray edge (Fig. 3) may be 
due to K electron transitions to a broad 4s band, 
and the high energy absorptions to K-4p transi¬ 
tions, as suggested by the work of Cotton and 
Hanson.* 30 * Cotton and Ballhaushn* 21 * have 
shown that in a field of £> 4 * symmetry the 4p level, 
normally degenerate in a perfect octahedral field, 
separates into two levels. Both anatase and rutile 
have this symmetry; brookite has even lower 
symmetry. 

The work of Cronemeykr* 22 * adds more 
strength to the crystal field interpretation of the 
energy structure of these oxides. For rutile Ti0 2 
this author measured photocurrent produced as a 
function of incident radiation, and observed at 
room temperature a well-defined peak at 3 *05 eV, 
agreeing well with measurements of the optical 
energy gap. At low temperatures this peak split to 
the extent of about 0*1 eV, attributed by Morin * 11 > 
to octahedral distortion. 

Cronemeyer's optical study of reduced rutile 
(containing some Ti 3f ions in Ti 4i sites) indicates 
possible further splitting of the *20 level. The 
broad absorption at 1-85/x (0*67 eV) may be due 
to excitation of the Ti 3+ <f-eIeetron from the 
lowest to the highest of the three levels comprising 
t%g. The X-ray absorption evidence makes 
e g an unlikely identification for this transi¬ 
tion. Rather, the e Q excitation on Ti 3 * should 
be masked by the charge transfer. 

Qualitatively, much of the present optical and 
X-ray data for the three modifications of Ti0 2 
appear to be compatible with a crystal field inter¬ 
pretation of their energy structure, and indeed 
invite quantitative theoretical investigation. Some 
aemi~empiricai crystal field and ligand field treat¬ 
ments are in progress in this laboratory. 

More X-ray absorption data would be useful, 
|Nntfottlariy m the low energy portion of the K 
ddge. Although Vainshtein's graphs hint of inter¬ 
esting structure, Httie numerical information can 
Wobtaitted from them. 
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ON THE INFLUENCE OF A UNIFORM EXCHANGE 
FIELD ACTING ON THE SPINS OF THE CONDUCTION 
ELECTRONS IN A SUPERCONDUCTOR 
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{Received 26 September 1962; revised 21 February 1963) 


Abstract —The effect of a uniform exchange field acting on the spins of the conduction electrons is 
treated within the framework of the b.c.s. theory of superconductivity. The transition from the 
superconducting to the normal state is shown to be of the first or second order according to the 
values of the field. 


INTRODUCTION 

A number of authors* 1 - 2 * 3 > have discussed the 
influence of a uniform magnetic field of strength h 
acting only on the spins of the conduction elec¬ 
trons in a superconductor, all orbital effects being 
neglected. Such a field may be the exchange inter¬ 
action between the conduction electrons and the 
impurity spins in dilute superconducting alloys 
with magnetic impurities. In most cases a uniform 
field model is not suitable, owing to the random 
orientation of the impurity spins, and the problem 
with such disordered impurity spins has been 
studied in detail by different authors .* 4,5t 6 > It 
seems however of interest to study the uniform 
field model in view of the existence of substances 
with both superconducting and ferromagnetic 
regimes.* 7 * 8 - 9 ) There is unfortunately disagree¬ 
ment between the authors who have considered 
this problem, and in particular the conclusions of 
the paper by Vonsovskii and Svirskii* 2 * seem to us 
to be incorrect. On the other hand, some strange 
features that occur in the treatment of this model 
(such as the rather peculiar shape of the curve of 
the critical temperature vs. h that one gets by can¬ 
celling the energy gap in the b.c.s. integral 
equation), have been already pointed out* 8 * but 
not completely explained, although in a simple 
discussion SuHl* 10 > has proved the existence of a 
first order transition. In the present paper a 
simplified model will be solved exactly within the 
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framework of the b.c.s. theory,* 11 ) and it will be 
shown that the transition from the superconducting 
to normal state is either of the second or of the 
first order according to the values of the field. 

We shall take the following simplified Hamil¬ 
tonian : 

k 

2 0 ) 

k,k' 

where c* is the energy, relative to the Fermi 
energy, of the electron. We also make the B.C.S. 
assumption that Vkk f = V for je*), |c*'| < w 
and Vide' = 0 otherwise, to being an average 
phonon frequency. The pairing approximation is 
equivalent to considering a lk'l or a -jci a k t 
to be approximate onumbers, and this leads to 
the following equivalent Hamiltonian which can 
be diagonalized 

k 

- 2 *-**•'( *-* 

kk* 

kk* 
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two 

Where denotes the thermal average. 

Putting now 

A* ** 2 

* 

we first get 

A* « 0 for fejtl > a> 

and 

a* - a *■ r 2 t't) * or !«*!< w ( 2 ) 

!•*')< « 

and Jf' reduces to 

•*"« 2 (”tt + n *j) + A ("*T- n *i) 

* 

+ (3) 

it 

The following well known equation for the gap 
A is readily found either by minimizing the free 
energy or as a self-consistency condition on A: 

-J— t—!—r.-‘- 

NV J V(^+A*) Lexp/}(A—%/[«*+A*])+1 


ZERO TEMPERATURE SOLUTIONS 

At T — 0 there are three different solutions 
that we shall label, I, II and III. 

Solution I is the well known Pauli paramag¬ 
netism of the normal metal, which is in particular 
the limiting form of any superconducting solution 
when A vanishes, as can be seen from equation 
(5) which reduces at T - 0 to 

Ei = 2 «* _ 2 1**1 ~ 2 h ( 7 ) 

Jt |e ic\>h lejfcICA 

The region where c* < —h is filled with elec¬ 
trons with up and down spins, and the region 
|cjt| < h is filled with only down spin electrons. 

Solution II is given by equation (4) which for 
A >h reduces to 

1 r de 

mF~J V(« 2 +A 2 ) 

This is the unpolarized B.c.s. ground state, 
with an energy 

#2 = 2 e *-V'(«2+A|)+~ ( 8 ) 

* V 


txpftfh 4- %/[«*+A 2 ]) + 1J 

where N is the density of states at the Fermi level 
and ft (AT)" 1 . The expression for the free 
energy reads 


- 2[*-J^ad#+2eWH+A8l)l +~ 

* P ( 5 ) 


If one makes the assumption that the gap vanishes 
at the transition point from the superconducting 
to the normal state, then the relation between h 
and the critical transition temperature should be, 
according to (4) 


The fact is not surprising, since the total polariza¬ 
tion commutes with the Hamiltonian ( 1 ). The 
gap A 2 is independent of h and equal to A 2 = 2 w/a 
in the weak coupling approximation, where 
a ~ exp(iVF)- 1 . The fact that this solution is 
restricted to h < A is related to its unstability for 
A > A: the quasi particle energies being 
± h -f vT^ + A 2 ), some of these would take 
negative values for h > A. 

A third solution is obtained from equation ( 4 ) 
which for A < h reduces to 

f dc 

NV = J ^(**+ 5 ) (9) 


1 f de (■ 1 1 1 This equation gives an h dependent gap. In Refe 

jvF” J 7 Up/B(*-.)+l “«p «*+.)+ij 1 2 was found the wrong equation 

(6) _L_ f dc 

This relation, however, takes the curious shape NV J V^+A 2 ) 

shown by die curve / of Fig. 3. So the question h 

arises of a more careful investigation. which does not minimize the energy. 
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For sake of simplicity we shall from now on 
assume the weak coupling approximation, although 
similar conclusions will hold in general. Equation 
(9) then gives the following solution 

2 <o 2(0 

As - \/[ay(c(Ji — a>)] for — < h < - 

a a a 


The complete solution of equation (4) in the limit 
of zero temperature, which consists of A 2 and A 3 
is]shown in Fig. 1. 



Fig. 1. Curves giving A/A 2 vs, hj A a for different values 
of kTf& 2 - The values of kT /&2 are indicated on the 
curves. 


m 


arbitrarily put equal to h . In fact it is equal to 
-A|) ~ (2<u/a)-A.When A increases from 
co/a to 2co/qt, it goes from w/a to fcero, and corre¬ 
spondingly the half width of the region occupied 
r by the pairs increases from to —(w/a) to m* 

In the two limiting cases, h * «*>/« and 
h = 2a>/a, solution III goes continuously into 
solutions I and II respectively. 

Let ub put 

£0 = 2 «*- 2 i«*i 


which is the energy of the normal ground state. 
One gets from (7), ( 8 ) and (10) after some algebra 

£ 0-^1 = Nh 2 

Ct > 2 

E 0 ~E 2 - 2JV — 
a 2 


Eo-Ea = IN - N 

a 2 


o> 2 (2a>-aA) 2 


(”) 


The three curves are plotted in Fig. ( 2 ). The 
conclusion is that at zero temperature the system 
is in the b.c.s. unpolarized ground state up to 
h — {(o^2)l a. At h « (a>\/2)/a the transition 
occurs from the superconducting to the normal 
paramagnetic state, even though the gap has not 
vanished. One can thus expect that at low enough 
temperatures, the situation will te similar, the 
transition occurring at a point where the free 
energy curves intersect, the energy gap being 
different from zero. 


The energy of solution (III) is readily seen to be 

£ 3 = 2<*- 2 *- 2 V(«S+aJ) 

fc icaKv^-A?) l6jtl>V(^-AS) 


One can easily construct the B.c.s. type wave 
function corresponding to this solution. The re¬ 
sult is that in the region |cfc| < \/(h 2 — A 2 ) 
around the Fermi surface, there are only electrons 
with spin down. The region \/(h 2 — A 2 ) < |e#| < <0 
is occupied by “Cooper” pairs. So this solution 
appears as a mixture of Pauli paramagnetism and 
b.c.s. type solution, with an ^-dependent gap. 

In Ref. 2 the half width of the first region was 


FINITE TEMPERATURE CALCULATIONS 

Numerical calculations have been performed by 
solving equation (4) and computing the free 
energy^ with the aid of (5). 

The variation of A vs. A as given by (4) is shown 
for different temperatures in Fig. 1. The free 
energy of the normal paramagnetic state is prac¬ 
tically independent of T and equal to Ei = 
E 0 ~Nh 2 . 

At each temperature is plotted in Fig. 2 Eq—JF 
where 3E is the free energy of the superconducting 
state. At low enough temperatures, this curve is 
seen to consist of two branches which join to¬ 
gether at a singular point. The upper branch 
corresponds to solution IT and the lower branch 
corresponds to the unstable solution III. The 
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Flo, 2, The free energy curves vs. A/Aa for different 
values of kTj Aj indicated on the curves. The parabola 
(I) is the free energy curve for the temperature inde¬ 
pendent Pauli paramagnetism. 

lower branch is tangent to the curve Eq — E\ at a 
point where A vanishes. It should he noticed that 
when the temperature increases the curve £o—^ 
undergoes a continuous deformation with the 
result that the lower branch which corresponds to 
solution III becomes smaller and smaller, until it 
vanishes. The deformation appears clearly if one 
compares the curves labelled 0-125 and 0-25. 

One can now see that for the transition tem¬ 
perature there are two different cases. Below a 
certain temperature To, the curve Eo—IF inter¬ 
sects the curve JEo— E\ for a non zero value of A, 
and the transition occurs at this point (the point 
where A vanishes is the point where these curves 
are tangent and belongs to the branch of free 
energy curve which corresponds to the unstable 
solution III). When the temperature is higher 
Tq> the two curves have no other inter¬ 
jection point than die point of tangency where 


A «■ 0. For T < To the transition is a first order 
one, and for T > To it is a second order one. So 
the branch of the curve of Fig. 3 which corres¬ 
ponds to T > To is to be conserved, whereas for 
T < To it has to be replaced by the curve of the 
intersection points. The result is shown in Fig. 3. 



Fig. 3. The two T e vs. h curves. Curve (I) is given by 
equation (6). (II) is the corrected curve. The tempera¬ 
ture To below which the transition is of the first order 
is indicated. 
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Abstract —Isochronal and isothermal annealing above room temperature has been studied in 
antimony and arsenic doped y-irradiated germanium. Three annealing stages are found at 370, 430 
and 530°K with activation energies of 0-7-0*8 eV, 1*2-1-3 eV and 2*2 (As-doped)-2-5 (Sb-doped) 
eV, respectively. Impurity dependence of annealing behavior is found in all these stages. The results 
are discussed in terms of electronic and elastic interactions of defect centers with impurity atoms. 


I. INTRODUCTION 

Although radiation damage in germanium has 
been studied by a number of workers, many 
problems have been left unsolved about the 
nature and properties of lattice defects introduced 
by irradiation. The annealing process of radiation 
damage is one of such unsolved problems. 

Brown and others* 2 * 3 > investigated the anneal¬ 
ing of electron bombarded germanium and found 
a remarkable effect of doping impurities upon the 
annealing process above room temperature. For 
all their close investigation, the mechanism of the 
annealing process has not yet been understood 
satisfactorily. Isothermal annealing around room 
temperature after y-ray irradiation has been 
studied by Asad A et alM > They obtained activa¬ 
tion energies for the annealing processes but did 
not make any detailed interpretation. 

The present authors have carried out experi¬ 
ments on annealing of radiation damage, con¬ 
sidering how electronic states affect atomic be¬ 
havior of lattice defects. In the present research 
annealing of radiation damage in n-type germanium 
above room temperature is investigated after Co 60 
y-ray irradiation at about 20°C. Dependence of the 
annealing behavior on impurities is investigated. 


* Part of a thesis submitted in June, 1961 to the Uni¬ 
versity of Tokyo, by one of the authors (S.I.) in partial 
fulfilment of the requirement for the degree of doctor, 
t Graduate Course in Physics, 


The study on impurity dependence proves to 
be useful for studying radiation damage, 

II. EXPERIMENTAL PROCEDURE 

Resistivity of all samples used was about 
20 £2-cm at room temperature. The samples, 
doped with antimony or arsenic were offered by 
Tokyo Shibaura Electric Co. and by Fuji Com¬ 
munication Apparatus Mfg. Co. They were in the 
form of rod, 12x2x1 mm and were fixed on a 
mica plate by gold wire leads of 0*2 mm in 
diameter. Gold wire leads were welded to the 
samples by applying a.c. current directly, under 
blowing argon gas. 

Hall coefficient and conductivity were measured 
by standard d.c. technique with a Leeds and 
Northrup K-3 potentiometer. Magnetic field 
used was about 700 G. 

The samples were exposed to Co 60 y-rays at 
about 20°C at Japan Atomic Energy Research 
Institute (10 kc), at Institute of Physical and 
Chemical Research (1 kc) or at University of 
Tokyo (1 kc). 

The samples were annealed by immersing 
directly in an oil bath. Shin’etsu KF-54 silicone 
oil was used for the bath. To avoid diffusion of 
impurities, especially of copper, into the samples, 
an oil container was made of stainless steel and the 
sample mount which was dipped in oil, was made 
of mica plate, gold and aluminum leads, and 
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aluminum screws and nuts. No copper parts nor 
brass parts were used. 

Annealing was carried out in a temperature 
range between 310 and 560°K. Annealing tem¬ 
peratures were controlled to an accuracy of 

± ore. 

Measurements before irradiation and at various 
stages of annealing were made at three tempera¬ 
tures between 85°K and 93°K to obtain the values 
at 90°K by interpolating these three data 
graphically. 

The sample mount was put into a dark box 
during measurement, while annealing was per¬ 
formed in ambient light. 

m. EXPERIMENTAL RESULTS 
(a) Isochronal Studies 

Figure 1 shows the fraction not annealed, 
*o—ft 

f ®-, after isochronal annealing obtained 

from measurements of Hall coefficients of anti¬ 
mony doped germanium, where no, and n are 
the carrier concentrations before irradiation, after 
irradiation and after each annealing, respectively. 
The sample T20-7 was left 13 days at room tem¬ 
perature and T20-9 was annealed immediately 
after irradiation. The initial carrier concentration 
of 8*3 x lO^/cm 3 was reduced to 4-2xl0 13 /cm 8 



Flo. 1. Isochronal anneal of carrier concentration in 
antimony doped w-type germanium crystals. (O); T20-7, 
tigr 4 at room temperature for 13 days after irradiation 
aftel annealed. (#); T20-9, annealed immediately after 
ksadiation. Annealed for 15 min at each temperature. 

Measured at around 90 C K (see text). 


in T20-7 and to S-SxHP/cm® in T20-9 by 
irradiation. The curves were derived from the 
values at 90°K after annealing 15 min at each 
temperature. 

Three recovery stages are observed in both 
samples. The first is centered at 370, the second at 
430 and the third at 530°K. No remarkable 
difference in two curves was observed in the 
antimony doped samples. 

Fairly similar curves were obtained from con¬ 
ductivity measurements. The Hall mobility at 
90°K decreases by irradiation. After a sequence of 
isochronal annealing up to 533°K, it completely 
recovers or rather overshoots as compared with 
the mobility before irradiation. 



Fig. 2. Isochronal anneal of carrier concentration in 
arsenic doped n-type germanium crystals. (O); F22-3, 
aged at room temperature for 40 days after irradiation 
and annealed. (#); F22-5, annealed immediately after 
irradiation. Annealed for 15 min at each temperature. 

Measured at around 90 e K (see text). 

Figure 2 shows the similar curves in arsenic 
doped germanium. Both the samples, F22-3 and 
F22-5, were cut from the same ingot and initial 
carrier concentration was 6'2xl0 13 /cm 3 at 90°K. 
Irradiation reduced the carrier concentration to 
about one third of its initial value. After irradiation 
the sample F22-5 was annealed immediately 
while F22-3 was left 40 days at room temperature. 

There are remarkable differences in isochronal 
annealing curves between antimony and arsenic 
doped germanium as follows: 

(1) Aging at room temperature has a pro¬ 
nounced effect on annealing curves in arsenic 
doped samples. 
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(2) The recovery stage centered at 430°K in 
arsenic doped germanium is broader than 
that in antimony doped germanium. This 
point will also be shown in Fig. 7. 

(3) The Hall mobility in arsenic doped ger¬ 
manium does not recover completely. 

Figure 3 shows temperature dependence of Hall 
coefficients in an arsenic doped sample after each 
isochronal annealing.* Annealing intervals are 
also 15 min. A distinct electronic energy level, 
which makes a step centered at 200°K in Hall 
coefficient curves, largely anneals out in the tem¬ 
perature range from 394 to 433°K but remains 
slightly up to 533°K. This energy level is evalu¬ 
ated to be located 0*24 ± 0*03 eV below the con¬ 
duction band from curves of seven samples. This 
level position is slightly lower than that reported 
by other workers. < 6 * fl > 

It seems that there is another shallower energy 


* Similar curves are obtained with an antimony 
doped sample. 
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level evidenced by 4 slight slope of the curves in 
Fig. 3 below 100°K which becomes steeper by 
further annealing until about 370°K annealing 
and then gradually disappears as the annealing 
temperature goes higher. 

In both 370 and 530°K recovery stages, changes 
in carrier concentration and in conductivity were 
small, so that isothermal annealing was not in¬ 
vestigated for these stages. Analyses of the iso¬ 
chronal curves show that the kinetics is nearly 
first order and that the activation energy is 
0-7-0-8 eV for the 370°K stage in antimony doped 
samples. As for the stage at 530°K, the kinetics is 
nearly second order and the activation energy is 
found to be 2*20 ± 0*02 eV and 2*5 ± 0*3 eV in 
arsenic and antimony doped samples, respectively. 
The method of the analysis is given in the 
Appendix I. 

(b) Isothermal studies 

To study the kinetics of the annealing process 
of the stage centered at 430°K, a number of 
samples were annealed isothermally. 



and after successive isochronal anneals in an arsenic doped germanium crystal. 
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FiO. 4. Isothermal annealing of carrier concentration in antimony doped tt-type german¬ 
ium crystals. Activation energy is 1-20 ± 0-15 eV. 


Figure 4 show® the results in antimony eloped 
samples derived from Hall coefficient measure¬ 
ments at 90°K. Annealing temperatures are 433, 
453, 458 and 473 °K. The recovery curves seem to 
have asymptotic values, which depend on the 
annealing temperatures. The recovery process of 
fractional carrier concentration, (% — n)/(n a — «f), 
where n a is the asymptotic carrier concentration, 
is fairly well represented by first order kinetics, if 
wc assume the asymptotic values of 0*395, 0*28, 
0-215 and 0*19 corresponding to the anneals at 
433, 453, 458 and 473°K, respectively. The 
activation energy for this recovery process is 
found to be 1*2 ± 0*15 eV. 

Figures 5 and 6 show the results in arsenic 
doped samples. The curves are plotted in such a 
way as to normalize the recovered carrier con¬ 
centration to unity. The samples shown in 

Fig. 5 do not have the same history, that is, after 
irradiation the sample F22-6 was left at room 
temperature for 4 days, F22-4 for 43 days, F22-1 
for 50 days and F22-8 for 4 days. The annealing 
temperature* are 443, 453, 463 and 473°K, re¬ 
spectively. In this case, all the curves do not 
coincide with each other, even if the time scale is 
adjusted. The time necessary for the same frac¬ 
tional annealing to occur is plotted in Fig. 7 for 


several different fractions as a function of recipro¬ 
cal annealing temperature. It seems that some 
process with low activation energy may be mixed 
in at the beginning of the annealing. This agrees 
with the results that the isochronal annealing 
curves for this stage are broader in arsenic doped 
samples than in antimony doped samples. 

All the samples shown in Fig. 6 were irradiated 
together and were left at room temperature for 
about one month intentionally, so that they have 



Fig. 5. Isothermal anneal of carrier concentration in 
arsenic doped w-type germanium crystals. Their histories 
are not identical. Total annealable amount, n«-n, is 
normalized to unity. 
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the woe history* Figure 8 shows the curves for 
these samples which are similar to those of Fig* 7. 
In this case, the process has a single activation 
energy of 1*31 ± 0*04 eV but its kinetics can be 
represented neither by first nor by second order* 



Fig. 6. Isothermal anneal of carrier concentration in 
arsenic doped n-type germanium crystals. The samples 
were intentionally aged for one month at room tempera¬ 
ture after irradiation. Fraction not annealed is given in 
ordinate, total annealable amount being normalized 
to unity. 




Fic. 7. Determination of activation energy from Fig. 5. 
A process, which has low activation energy, is mixed 
in the initial part of anneal. 


IV. DISCUSSION 

A general trend of the annealing behavior of 
irradiated germanium is schematically shown in 
Fig. 9, which is constructed from data in (the 
literature/ 3,7 * 8 ) and from the present results. 
For convenience, the annealing stages will be 
named hereafter as shown in the figure; stages 
I, II, IIIp, III n , IV P , VI n and V». In this paper, 
we are chiefly concerned with the three stages 
(III®, IV n and V n ) above room temperature. 

(a) Stage lll n 

The characteristics of this stage are summarized 
as follows: 

(1) The activation energy is about 0*7 ~ 0*8 eV. 

(2) The kinetics of the process seems to be 
nearly first order. 

(3) The recovery process is strongly dependent 
on doping impurities. 

(4) The recovery of mobility is impurity-de- 
pendent.W 

This stage may be divided into two parts: 
impurity-independent (UI£), and impurity-de¬ 
pendent (HI£) parts. Since it is Almost certain 
that interstitials are more mobile than vacancies 
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Fig. 9. Schematic representation of annealing stages of irradiated germanium. 
The figure it constructed from various published results and from the present 

experimental results. 


in most metals, we assume that the same argument 
can be applied to germanium. It should be re¬ 
minded that no annealing stage has been found 
between 67 and 330°K in «-type germanium. 
Since stage II (67°K) is interpreted as annihilation 
of dose vacancy-interstitial pairs,<*> the next stage, 
stage III n , may be related to migration of inter¬ 
stitials- We tentatively assign that the impurity 
independent part IIIJJ may be due to migration 
of neutral or negatively charged interstitials. 
BaAuch’b experiment* 11 * seems to support the 
neutral state. The observed activation energy of 
stage III£ in antimony-doped samples may be 
assigned to migration energy of an interstitial. 

Since the samples were irradiated at room tem¬ 
perature where interstitials are mobile, most of 
them have migrated throughout the crystal. The 
isochronal curves obtained in arsenic doped 
samples show that interstitials are already trapped 
in most of our experimental conditions, except in 
the esse in which annealing was done immediately 
after irradiation. Thus in Fig. 2, the step at 370°K 
(III*) is found only in the case of F22-5 which 
was annealed immediately after irradiation. Dis- 
•odifion and annihilation of interstitial-donor atom 
which is our assignment of stage III}}, seems 
to odour around 400°K in arsenic doped samples, 


causing a broadening in the appearance of stage 
IV n . On the other hand, aging of the sample at 
room temperature produces no remarkable effect 
on annealing behavior in the case of antimony 
doped samples. This only reduces the fraction of 
stage III;}. These experimental facts lead to the 
conclusion that an arsenic atom may provide a 
deep trap for a neutral interstitial while an anti¬ 
mony atom may provide a shallow one or none. 
The binding force for trapping seems to have an 
elastic rather than a Coulombic nature in ^this 
case, so that an undersized impurity (such as 
arsenic or phosphorus) may give rise to a stronger 
trapping force for interstitials than an oversized 
one (antimony). 

If we assume the charge state of the interstitial - 
arsenic pair as (I“ As + )° at liquid nitrogen tem¬ 
perature, it seems fairly easy to explain the 
difference in the recovery of mobility between 
arsenic and antimony doped germanium obtained 
by Brown et «/.<*>* 


* In an antimony doped sample, “the mobility and 
carrier concentration recover together”, whereas in an 
arsenic doped sample, “the mobility almost recovers 
its preirradiation value while die carrier concentration 
has returned only a third of die way.” (See Figs 8 
and 9 in Ref. (3).) 
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One of the difficulties in our interpretation is 
that a level which 0*24 eV below the conduction 
band, disappears in stage III* and IV* as Fig. 3 
shows. According to theoretical predictions/ 9 * 10 ) 
this level may arise from an interstitial. It might 
be possible that this level is due to other defects 
than an interstitial or alternatively that inter¬ 
stitial-donor pairs would be stable up to stage IV* 
even in the case of antimony doped Bamples. This 
point should be investigated in more detail in 
future. 

Another problem unsolved is the number of 
jumps made by an interstitial atom prior to 
annihilation. In the Appendix II, an attempt is 
made to work out this difficulty. 

(b) The stage IV n 

A rdsum£ of the present experimental results 
of this stage is listed below: 

(1) The stage appears at about 430°K regardless 
of the kind of doping impurity. 

(2) More than 50 per cent of the total change 
induced by y-irradiation at room tempera¬ 
ture recovers in this stage. 

(3) The activation energy is about T2-T3 eV. 

(4) In antimony doped samples, kinetics of the 
process is nearly first order, while in arsenic 
doped samples, it is complex. 

(5) Hall mobility recovers markedly in anti¬ 
mony doped samples. It becomes even 
larger than the preirradiation value in some 
cases. The recovery is less striking in 
arsenic doped samples. 

This stage may be interpreted by vacancy 
migration. It is presumed from fact (1) listed 
above that this stage may be related to some 
“intrinsic” defect. As Baruch's experiment* 11 * 
shows, the migrating species responsible for this 
stage is negatively charged.* On the other hand, 
the fact (5) shows that the species seems to form 
more stable pairs with antimony than with arsenic. 
This fact is consistent with the elastic interaction 
model between a vacancy and an impurity atom. 

The activation energy of about 1 *2-1 *3 eV is in 
accord with that of vacancy migration as estimated 
from self-diffusion and quenching experiments. 

* Baruch’s results obtained in a temperature range 
from 40 to 70°C turn out to correspond to our stage 
IV#, if his annealing time, which is 200-400 times longer 
compared with ours, is considered. 


It is generally accepted that aelf^diSusioa lA 
germanium proceeds by a vacancy mechanism. 
Since there is evidence that thermally induced 
acceptors are vacancies* 1 *) or at least vacancies 
plus copper atoms, W, the observed energy for 
introducing an acceptor should be dose to that for 
the formation of a vacancy. These experiments 
have given the activation energy of 3-0 eV for 
self-diffusion,* 14 ) and of 1 *7-2*0 eV for formation 
of a vacancy (£y)(i2.i3.i5>. Therefore, the migra¬ 
tion energy of a vacancy is given by Em Esd^E/* 
which yields 1*0-1 *3 eV in agreement with 
the activation energy of the stage IV*. 

In the course of annealing in this stage, some 
vacancies may happen to form pairs with chemical 
donors. This pairing process is considered to be 
written as V“ + Sb + -> (\M3b+)° in the case of 
antimony doped samples. Thus neutral pain* will 
result. The Hall mobility increases as the inherent 
charged scattering center of Sb + decreases by 
forming pairs, which explains the overshooting of 
mobility recovery. The dependence of the asymp¬ 
totic values of the fraction not annealed on the 
annealing temperature as shown in Fig. 4 is pre¬ 
sumably related to the pairing process. 

Again in this stage, the number of jumps calcu¬ 
lated simply from equation (A8) in Appendix II 
is too small for vacancies to interact with donors. 
The situation in this stage would be better than 
that in the previous stage since capture radius of 
the Sb + atom would be much larger for V“ than 
for 1° because of the presence of long range 
Coulombic attraction.* 16 ) 

(c) The stage V n 

This stage may be interpreted as annihilation 
of vacancy-donor pairs formed in the stage IV*. 
The reaction may be written as 

(V~Sb’ t ')° ;?=* V~ -f Sb* 

V“ annihilation 

in the case of antimony doped samples. Rate 
equations corresponding to these reactions cannot 
be solved analytically except in a few special cases. 
In the general case, machine calculations are re¬ 
quired.* 17 ) We can solve them approximately 
assuming that the concentration of vacancies is 
small as compared with that of donors and that 
dC v /d* ~ 0 is satisfied where C v denotes the con¬ 
centration of negatively charged vacancies. The 
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letter condition h valid when strong binding 
exists between a vacancy and a donor atom. If V- 
annihilatea at constant sinks, for example at dis¬ 
locations or crystal surfaces, kinetics becomes 
nearly first order. If V~ recombines with an inter¬ 
stitial, nearly second order process will result. In 
both esses, the activation energy can be expressed 
approximately by Em +B, where B is the binding 
energy. In the present research, binding energies 
of the vacancy-antimony and the vacancy-arsenic 
pairs are evaluated to be about 1 '3 and 2 *0 eV, 
respectively. They seem to be in reasonable 
magnitude since Coulombic energy plays a major 
part in the binding energy. That the binding 
energy of the V-Sb pair is slightly higher than 
that of the V-As pair is accounted for by the 
difference of elastic interactions which should be 
added to the Coulombic interactions. 

Second order kinetics remains still unsolved. 
However, it seems to be instructive to note that a 
slight step at 200°K in curves of temperature de¬ 
pendence of Hall coefficient continues to exist up 
to 533°K annealing as seen in Fig. 3. It follows 
that a part of the interstitials would exist in some 
form up to this stage to serve as sinks for vacancies. 
Formation of di vacancies might also be considered. 
In this case, however, Coulombic repulsion be¬ 
tween vacancies would be unfavorable to form 
pairs. L&taw’b analysis* L8) on the kinetics of the 
formation of divacancics does not agree with the 
results of the present stage. This stage should be 
examined in more detail. 

In the course of the above discussion, one of 
the most troublesome problems we have en¬ 
countered in almost all the stages is a problem of 
the number of jumpB. Probably the complication 
arises from the charge of defects and from im¬ 
purities. In this regard there is a limitation on 
information, which is derived from measurements 
of Hall coefficients and conductivities. It is hoped 
that experimental techniques other than electrical 
measurements as have been fruitfully applied to 
some lattice defects in silicon< 18 > will become 
applicable to germanium as well. 

V. CONCLUSION 

(1) There arc three annealing stages above 
room temperature in y-ray irradiated «-type 
germanium. They are named stages III*, IV* 
and V*. 


(2) Stage III* is composed of stage IIIjJ and 
stage III*. Stage III^ is interpreted as migration 
and annihilation of neutral interstitials and the 
stage II1£ as dissociation and annihilation of 
interstitial-donor pairs. The activation energy of 
stage Illi is found to be 0*7-4)*8 eV. 

(3) Stage IV* is associated with migration and 
annihilation of single-negatively charged vacancies. 
The activation energy is found to be 1*2-1 *3 eV. 

(4) Stage V n is related to decomposition and 
annihilation of vacancy-donor pairs. The binding 
energy of a vacancy with an antimony atom is 
about 1 *3 eV and with arsenic 1 *0 eV. 

(5) An arsenic atom seems to form a more stable 
pair with a neutral interstitial than an antimony 
atom does. The situation is reversed with a vacancy. 
This fact is in agreement with the prediction from 
the atomic size. Data on mobility can be explained 
by this model. 
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APPENDIX I 

The activation energy and the reaction order are 
obtained from isochronal studies as follows. 

We shall assume a process with a single activation 
energy. Let C be the concentration of defect species 
which disappear at the stage under consideration. The 
rate equation will be as follows: 

dC 

di = ~ K{T) • /(C) ( A1 > 

where K(T) is a rate constant and/(C) is an appropriate 
function of the concentration of the defect. Let us 
assume that the i-th isochronal anneal is made at tem¬ 
perature T{ for the time duration A t, and that the re¬ 
sultant concentration becomes Ct. During this anneal 
the process is controlled by the equation 

dC 

— = -K(Ti) . /(C). (A2) 

Defining 
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one obtain* ■ 

K{T<) « (A4) 

If the right hand side of the equation (A4) can be 
calculated, the activation energy is obtained from the 
plot of log K(Tt) vs. l/7\. 

Let us consider a y-th order reaction as a simple 
example, that is 

/(C) = C y . (A5) 

From the equations (A3), (A4) and (A5), we obtain 

K(Ti) = -i log (C,_i/C,) for y = 1 (A6) 

At 

and 

K(T ( ) = (CJ7-Cj-0 for y * 1. (A7) 

/\t 1 —y 

If the CV« sre obtained from experiments, y is the only 
unknown. Making suitable choice of y so that log K(Tt) 
vs. l/7\ curve may give a straight line, one may estimate 
the order of the reaction. 

APPENDIX II 

One can evaluate the number of jumps nj, which is 
simply given by 

tij = Az v$t exp (-E/kT), (A8) 

to be 10 4 —lO 6 ^ using experimental values of the activation 
energy £(0*8 eV) and of the annealing time f (lC^sec 
at 330°K) and appropriate values of the entropy factor 
A (unity), of the coordination number z (four) and of 
the atomic vibrational frequency ^o(10 ia /sec.). This 
value of 10 4 —10 6 is smaller by a factor of the order of 
10 s —10 8 for an interstitial to interact with chemical 
donors. Such a discrepancy will also be met in the 
stages iVn and V R . If a barrier to recombination with a 
barrier height R exists, the discrepancy could be 
explained. In this case, the true number of jumps nu is 
given by 

ri f = Azvot exp(— EM/kT) (A9) 

where Em is the true migration energy expressed as 


Eu "* E-R. Therefore, 

m n$ txp(RfkT). <A10) 

To remove the discrepancy of a factor of 10*^10* 4t 
T ** 330°K, R should be about 0*15 eV, which «• not 
onteasonable. 
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Abstract —Absolute thermoelectric power in the alloy Cu»Au was investigated in various states of 
order and domain structure. At temperature kinetic measurement clearly distinguished between 
ordering proper and boundary wall movement. Ordering proper is brought about by ah atomic 
mechanism, different from that responsible for wall movement. The activation energy for atomic 
ordering was found to be about 1-8 eV. 


INTRODUCTION points 1 and 2 was determined both from A Fa* 

In former communications* 1 ' 2 ) we have investi- and AF**. The leads a were of platinum, while 
gated the kinetics of ordering in CuaAu by those marked b were made from the standard 
electrical resistance and Hall-constant measure- platinum-rhodium alloy, 
inents. In the present paper we report on a similar 
study using measurements of absolute thermo¬ 
electric power. It was hoped that the sensitive 
dependence of this quantity on Fermi-surface 
changes during ordering and the already estab¬ 
lished dependence on lattice imperfections would 
render it a suitable tool for kinetic studies. The 
absolute thermoelectric power of the alloy CujAu 
has been treated theoretically by Petrova/ 8 ) The 
experimental material is somewhat scanty; we 
know only of Sato’s work< 4 > and that of Jaumot 
and Sawatzkv/ 5 ) A preliminary communication annealing temperature, except for the short time 
on our work was included in the proceedings of of the actual act of measurement, when one end 
the Balatonfiired Solid State Congress/ 6 ) of the sample was heated by the small furnace 

about 2° above the annealing temperature. This 
SAMPLE AND EXPERIMENTAL ARRANGEMENT temperature difference, while sufficient to provide 
The sample was taken from the same batch as easily measurable thermoelectric voltages, is «rill 
used for our previous studies/ 1 ' a > A piece of wire small enough to allow the assignment of a definite 
was mounted in an evacuated glass bulb with a temperature to the process of ordering investi* 
small furnace producing a temperature difference gated by this means. The cold points Of the 
directly on the potential leads. The entire bulb thermocouples were kept in a thermostat at 30°C. 
was placed into an electric furnace of small ther- A low resistance compensator of type PPTN-1 
mal inertia, where the temperature could be was used for the voltage measurements. A de~ 
maintained within ± 0*2°C for more than a day tailed description of the apparatus and the assess- 
by means of an electronic proportional regulator, ment of the various errors has been published 
Now, as is seer) from Fig. 1, V a b measures the elsewhere/ 7 ) 

temperature at which the kinetic study is The arrangement has the advantage that it does 
conducted, The temperature difference between away easily with parasitic thermoelectric voltages* 
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The entire specimen was kept at constant 
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Ai we hive learned from our own experience the 
Ilot of £kVxa or AF*&v«. AT aeidom passes 
through the coordinate origin. What is needed is 
the elope of the straight line AF M S*AT f 
which can be determined only if more than one 
temperature difference is set up and the corres¬ 
ponding thermoelectric voltages measured. 

The slope of this line is independent of any 
disturbing potentials only if these do not change 
during the time of an actual measurement, taking 
about 2 min, This hope was fulfilled, all our AF 
vi. AT plots were accurate straight lines. This 
circumstance had not been fully realized at the 
time of our earlier publication/ 4 * which somewhat 
impaired those results. 

In our new arrangement the error in Sxa is less 
than 1 per cent. The absolute thermoelectric 
power was determined by means of an interpola¬ 
tion formula derived from Cusack’s data/ 8 * The 
Whole aeries of measurements was performed on a 
single sample, but the results were checked on 
two other similar samples. The difference in 
absolute thermoelectric power was in all the cases 
well below 0*ljiF/°C, which could be explained 
by some difference in the precarious triple weld¬ 
ings 1 and 2. 

RESULTS 

The previous work of Sato/ 4 * Jaumot and 
SawatzxyW has already indicated that the abso¬ 
lute thermoelectric power of the alloy CuaAu 
decreases in the course of ordering. While this 
statement holds almost generally there are some 
differences in the detailed results. Jaumot and 
dawatlky obtained -T2 fiV/°C at 50°C after a 
24 hr heat treatment at 375°C, while our measure¬ 
ment gave in a similar case a value around 
-3*2A similar discrepancy was found in 
the values for the disordered state. Jaumot and 
fjiwgfczky found +0*4/aF/°C at 50°C after a 
quench from 600°C, while we found -0*5/l4F/°C 
at $0°C after a quench from a lower temperature, 
420 < *C We checked our results by the traditional 
method of integral thermoelectric power measure¬ 
ment, obtaining complete agreement with our 
previous determinations. The absolute thermo¬ 
electric power in the disordered state is seen in 
Fig, Z It appears that the absolute thermoelectric 
r gftwer depends Iihearly on the temperature. Figures 
4^ Show the change in the absolute thermoelectric 
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power during the establishment of order. The 
samples were kept at 415~420°C for 1 hr before 
each measurement then brought as fast as possible 
to the required ordering temperature. The cooling 
was accomplished in 2-5 min. The first data could 
be obtained at the temperature of ordering im¬ 
mediately thereafter. The data show dearly that 
the variation of absolute thermoelectric power is 



Fig. 2. The temperature dependence of the absolute 
thermopower of disordered Cu 3 Au. 

substantially different from the variation either of 
the electrical resistivity or the Hall-constant. 
Both of these latter properties, as found in our 
previous studies/ 1,2 ! show a monotonic change 
at all temperatures, while the thermoelectric 
power seems to show, at least above 335°C, a dis¬ 
tinct minimum. This fact lends added support to 
our previous contention* 1 * 2 > that the structural 
changes occuring after cooling below the Curie- 
temperature are at least twofold; the establish¬ 
ment of equilibrium long range order within the 
domains and the establishment of an equilibrium - 
domain pattern. These data of course cannot be 
subjected to so thorough an analysis as the pre¬ 
vious conductivity data, for the accuracy of the 
present measurements clearly does not warrant it. 
All that can be done is to show that the late stages 
of the kinetics are not in disagreement with 
exponential kinetics, with the time constants taken 
from Refs 1 and 2. This was checked and no dis¬ 
agreement found. Inspection of Figs 3-4 shows 
that the exponential behavior is less in evidence 
for lower temperatures. For the lowest temperature 
288 C, there is no indication of a minimum even 
after 25 hr. 

For the study of the behaviour at low ordering 
temperatures we had recourse to the two-step 





Fig. 3. The variation of the absolute thermopower of Cu a Au during ordering at 

372, 365 and 346°C. 


treatments used with advantage in our previous 
studies. 

Our experimental arrangement allowed a tem¬ 
perature reduction of about 100° in 3 min. These 
measurements brought about a more complete 
picture. First we found that if the higher tem¬ 
perature anneal, below the Curie-temperature, 
was long enough to lead to a substantial advance¬ 
ment of domain growth then the long-range order 



Fig. 4. The variation of the absolute thermopower of 
CusAu daring ordering at 335, 311 and 288°C. 


corresponding to a lower temperature was estab¬ 
lished quite rapidly. The thermoelectric power 
did not show any change after the first 10 min. A 
reheat to the higher temperature led to the same 
thermoelectric power as was observed there before 
cooling, irrespective of the duration of the low 
temperature anneal. The kinetics at the high 
temperature was followed again and was exactly 
the same as when no intermediate cooling had 
taken place. 

Figure 5 shows the thermoelectric power 
measured at 280 and 330°C as a function of the 
duration of the 346°C anneal, Fig. 6, the thermo¬ 
electric power at 280, 310 and 330°C for a higher 
annealing temperature of 365°C. Evidence for 
domain growth at the higher annealing tempera¬ 
ture is suggested by the greater and more rapid 



200 1000 aooo 


Min 

Fio. 5. The change of the absolute thermopower of 
CiigAu measured at 330 and 280*0 plotted against the 
duration of a 346°C anneal. 
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iefamge of the t hermo e l e c tric power with a nn eal in g 
time, especially for the measurement «t 280'C. 
The data shown, which are merely representative 
of a much larger set of measurements, also indicate 
that domain growth causes an increase in thermo¬ 
electric power above 300°C and a decrease below 
3G0X. 



FlO. 6. The change of the absolute thermopower of 
CUfAu measured at 330, 310 and 280°C plotted against 
the duration of a 365°C anneal. 


It is felt that otir data cannot be explained in 
terms of simplified free electron-like models. An 
attempt to explain the data on the basis of a 
spherical Fermi surface with a parabolic E vs. k 
dependence and a relaxation time dependent on 
* power of energy only led nowhere. Nevertheless, 
we feel the data do throw interesting light on the 
mechanisms of domain growth and the atomic 
ordering process. 

On Fig, 7 we plot the deviation of the absolute 
thermoelectric power from its minimum as a 
function of the time of ordering for various tem¬ 
peratures, The similarity of these curves is clear, 
they can be brought into coincidence by a hori¬ 
zontal shift The time constants for 0*2, 0*9 and 
l*35pF/°C deviations are plotted as functions of 
the reciprocal absolute temperature on Fig. 8. All 
thd three curves ate parallel straight lines indi¬ 
cating an activation energy of about 1 *8 eV. One 
tfndd question the validity of this method of 
plotting, considering that the exponential process 
Occurring in the later stages of annealing (to the 
of the minimum in Fig. 3) has not been 
ta k en into account However, even if the expo¬ 
nential process of the later stages is extrapolated 
^ach to sem time and subtracted from the curves 


for the early stages, the correction shifts the points 
of Fig, 7 slightly upwards, with a greater shift for 
the higher temperature curves. This result in some 
diminution of the slopes in Fig. 8, but even this 
most extreme correction does not decrease the 
activation energy below 1 -45 eV. 

That is the point we want to emphasize now. 
The later stage process, which we have previously 
ascribed to domain wall movement, proceeds with 
an activation energy of 0*80-0*84eV while the 
first process has an activation energy of about 



Fic. 7, The deviations from the minimum; S-Smin, 
plotted against Logic t for different ordering tem¬ 
peratures. 


°C 



!/*Kxl0‘5 

Fio. 8. Logiot corresponding to a given S-Smia, plotted 
against the reciprocal of die absolute temperature. 
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l<SeV, This suggests that different types of 
atomic movement axe responsible for the ordering 
within the domains and for the domain wall move* 
meat. Hie activation energy found here for the 
ordering proper is in substantial agreement with 
that found for lattice constant changes. (*> 

We propose that the domain wall movement is 
effected by vacancies retained on the surface of 
ordered nuclei during cooling from the disordered 
state. These surfaces then eventually coalesce into 
domain walls. The ordering proper is brought 
about by vacancies in thermal equilibrium. We 
hope that further corroboratory evidence for this 
suggestion can be presented shortly. 
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Abstract—The calculations of the energy of the antiferromagnetic ground state by Fisher are cor¬ 
rected. The revised results are in good agreement with other theories for spin J. The apparent 
contradictions as to the average z component of spin on one sublattice, and the perpendicular 
susceptibility in several theories are clearly resolved. 


I. IMPROVEMENT ON FISHER’S CALCULATIONS 

In a very interesting paper, Fisher ( 1 > investigated 
the antiferromagnetic ground state by a variational 
method. His result for the energy of the ground 
state is 

A °--[ 1+ 53rr] yz ' v ^ 2 - (1) 

Here we use the same notations as those used in 
Fisher’s paper. If we consider a linear chain of 
spins with S = J, the above result gives 
Ao = — JNj 2, which is lower than the rigorous 
result — (jW/2)x 0*8863 obtained by Hulth£n.< 2 > 
Therefore the above result is obviously doubtful. 
We wish to show that a more careful application 
of Fisher’s method leads to a reasonable result in 
the case of S = At the same time, we shall 
point out limitations on the application of this 
method for S ^ 1. 

Let us denote the spin function on the plus 

sublattice whose z component is S z by and 

the spin function on the nearest neighboring site 
whose z component is — S z by Qj Sz . Then we 
have 

i (s}s;+s;sl)efe; s = sef^ej^ 1 , ( 2 ) 

i(S+Sj+ S^S+)0f‘ 1 ©7 s+1 = 5{0f0 7 s 

+2(2S-l)0f-*07 s+2 }, (3) 

KS+St+SJSDQpjs* 1 = {5(25—l)} 1 / 2 

x QS-10J-S+*, (4) 

* On leave of absence from Department of Physics, 
Tokyo University of Education, Tokyo, Japan. 


l(s;s;+s;s+)®?-iej s 

= {S(2S— l)}i/2©^-2 ©~ 5+1 . (5) 

The number of such pairs as given in (2), (3), (4), 
and (5) are (ZJV/2)-(2Z— l)m, m, (Z—1)«, and 
(Z—l)m, respectively. We assume that @ ± * s ~ a > 
can be neglected. This is an exact statement when 
S = Therefore the case of S « J will be most 
accurate. If we use the above assumption, we can 
get (a), (b), and (c) in p. 45 in Fisher** paper, 
except in (b), the number of pairs, ZiV/2, which 
he gave, must be replaced by (ZAT/2) —(2Z—l)m. 
Of course m is smaller than AT, but the second 
term cannot be neglected. Thus the result is 
modified as follows, 

ZJNS* 

X m -—+ J(2ZS-l)m- JS(2ZNm)M 

+ JS(2Z— l)m{2m/ZN) lf2 . (6) 

If we consider more precisely the ratios of 
n m ±l and n m> we get 

n m +1 ^ ZN / 2m \ n m _i ^ 2m / 2m \ 

However, (7) does not change the result if we 
neglect the terms of order more than («/iV)®/*. 

The solution of dX^dnt = 0 is 
/m\ 1/2 

\NI 

- (2ZS-1)+{(2 ZS- 1) 2 +6S*(2Z- 1)}1* 

" 35(2Z-l)(2/Z)i/« 
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includes the spin-wave method* 7 * and the Green 
function method/*) <S*> is zero for the linear 
chain and not zero for the two and three dimen¬ 
sional lattices. 

Marshall proved**) that if the variational 
function of the ground state is erf a certain form, 
the ground state is a singlet. Furthermore, PRArr<*> 
proved that if the ground state is a singlet, <S*> 
must be zero. Therefore it is very probable that 
(S*) is zero for the exact ground state. This 


Table 1. The values of -Ao/(/iV/2) and <£*> JorS=\ 



Takbta- 

Marshall< 8) Nakamura* 4 ) 

KuboW 

Davis**) 

Present 

Result 

Spin Wave* 7 * 

Linear chain 

0*816 

0*816 

0*698 

0*868 

0-846 

0*863 


0 

0 

finite 

0*241 

0*325 

0 

Quadratic layer 

1-312 

1-282 

1*294 

1*328 

1*286 

1*316 


0 

0 

finite 

0*382 

0*427 

0*303 

Simple cubic 

1*805 

1*772 

— 

1-800 

1-774 

1*791 


0 

0 

— 

0*436 

0-455 

0*492 

Body centered 

2*314 

2*266 

2*276 

2*296 

2*268 

2*292 

cubic 

0 

0 

finite 

0*453 

0*467 

0*493 


The upper lines show*- ^ol(JN/2) t while the lower line* show < S. 


Inserting (8) into (6), we get the energy of die 

ground vtatc V 

The average a component of »pin on the plus 
aublattice <$*> is given by 

( 2m \ 2m 

,„) +(5 _ 1) -_. (9 ) 

The numerical values of —hoftJNjl) and <S*> 
for the case of S » $ are shown in the following 
Table 1. 


Fisher has thought that his method can be 
applied to the case of arbitrary 5. However, this is 
not true for the cases of S > 1 unless we add the 
rggue assumption mentioned above that @±( 5 ~ 2 ) 
can be neglected. Therefore we need further con¬ 
siderations for the cases of S ^ 1 in his method 
M well as in the Marshall* 3 ) and Taketa- 
Nakamura* 4 ’ methods. 

n. DISCUSSION 

If we look at Table 1, we note that the energies 
of the ground state obtained by the various 
methods are in fairly good agreement with each 
other, while there are dear disagreements in the 
average * component of spin on the sublattice. 
We can divide the theories into three groups. In 
the first group, which includes Marshall's and 
T«ketft~Nakamura*s papers, <£*} is zero for all 
lattices. In the second group, which includes 
Kubo*s and Davis’ and the present papers, <S*> 
is not aero for all lattices. In the third group, whi^L 


means that the wave function of the exact ground 
state is impartial between the up and down 
orientations of the sublattice. 

On the other hand, the theories in the second 
and third groups are based on the assumption 
that the N^el state is a fairly good approximation 
of the ground state, i.e., that another Ndel state 
in which all spins are reversed from the original 
Ndel state is excluded. It was pointed out by 
Andkrson< 10 > that the system will take more than 
a year to switch from one N£el state to the other 
Neel state. In fact, O'Sullivan et a/.UD found 
experimentally that in CuCla2H 2 0 there was no 
sublattice switching within a day. Therefore from 
the standpoint of experimental fact, either the 
second or third group is appropriate. 

The fact that the switching time is very long 
means that the resonance energy between two 
N6el states is negligibly small. This conclusion is 
the reason why the energies of the ground state in 
three groups are in good agreement with each 
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other in spite of there being the apparent contra¬ 
diction in <5*>. 

Similar considerations can be applied to the 
perpendicular susceptibility, ^x* S the ground 
state is a singlet, x±. must be zero at 0°K. This can 
be actually shown m the antiferromagnetic system 
vrith a small number of spins.< ia > On the other 
hand, non-vanishing x± has been obtained by the 
theories in the second and third groups. In order 
to explain the observed #x we must use the 
theories in the second or third groups. 

Acknowledgement —The author wishes to thank Pro¬ 
fessor S. A. Friedbero for reading the manuscript. 
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Abstract—The theoretical model of Callaway for lattice thermal conductivity at low temperatures 
has been used for MnFa to calculate the l^aiT) term in the reciprocal mean free path equation 
/7 l »■ £ l +CJ. The lgm(T) part has also been calculated to get lg{T). The K^T) value calcu¬ 
lated from these l 9 (T) are compared with Slack’s results. For satisfactory agreement it is necessary 
to conclude that, at low temperatures the boundary scattering term in the relaxation time formula 
of Callaway is temperature dependent and diverges from Casimir’s model by a factor which changes 
from 6 to 1*2 in the temperature range 3-10°K. 


INTRODUCTION 

Callaway* 1 * in 1958 gave a phenomenological 
model to explain lattice thermal conductivity at 
low temperatures. Recently Agarawal and 
Verma* 2 * made use of the theoretical model of 
Callaway to evaluate the lattice conductivities at 
low temperatures of the diamagnetic crystals 
ZnF 2 and CaF 2 and compared them with the 
experimental data of Slack.* 3 * 

In the present paper the Callaway model has 
been used to evaluate the phonon-phonon mean 
free path in antiferromagnetic MnF 2 below its 
N6el temperature. The phonon-magnon scattering 
mean free path has been evaluated and the re- 
ciprocal of the two combined to calculate the re¬ 
ciprocal total mean free path. The thermal con¬ 
ductivity calculated from this is compared 
with the experimental values of Slack. 

THEORY 

As pointed out by Slack, the total thermal con¬ 
ductivity of MnF 2 is the sum of the phonon term 
K g and the magnon term K m 

_ foot = K m + K g _(1) 

* This work supported by U.S. Air Force Office of 
Scientific Research. 

t On study leave from Gorakhpur University, 
Gorakhpur (U.P.) India. 


Now K m term is given by 

Km = VmCn% ( 2 ) 

where l m is the magnon mean free path. Slack 
further pointed out that, as a consequence of the 
strong magnon-magnon scattering, l m is quite 
small and therefore K m can be neglected and 
foot — Kg itself. The K g term is given by 

Kg = \lgCgVg (3) 

where l g is the phonon mean free path determined 
by the following scattering mechanisms: (a) the 
processes which do not conserve the total crystal 
momentum and (b) the phonon-magnon scatter¬ 
ing. The former processes include (i) Umklapp 
processes, (ii) impurity scattering and (iii) 
boundary scattering. Denoting the mean free path 
corresponding to the mechanisms (a) by Iga and 
that corresponding to (b) by l gm the value of lg 
is determined by adding the reciprocal mean free 
paths.* 4 * 

1 1 1 

— * —+- (4) 

lg l g a lgm 

Use of the Callaway model to evaluate l ga 
The elements Mn and F have a single naturally 
occuring isotope and so there will be no isotope 


1053 



B. N. MEHROTRA 


1054 


»c*ttering. The following two formulae given by 
Caixawat< 1 > aw used: 

At very low temperatures: equation (36) with 
Am 0 



2hfl L 

1 T~& 




(5) 


At temperatures where Umklapp scatterings are 
important 




A® 


x 


bh(Bi+B 2 )cT* 

/ 0 * 20 
(—+~+2 
\P T 


[- 


7T 3 

3A 


“ 11/2 


2ir*rM |l(£i+£ 2 )J 


25 £iJ 


( 6 ) 


Calculation of l gm ( T ) 

Since l gm is inversely proportional to the fraction 
of disordered spins it is given by< 6 > 


Ipm 


1° 

gm 


[1 — (M/Mq)] 


(7) 


where is the temperature independent value 
of phonon-magnon scattering length above the 
Niel temperature. (M/Mq) can be determined 
from the wort of Erickson/®) 

The constants used in the calculation of Kg* 
from the equations (5) and (6) are given in Table 1. 


PROCEDURE 

The phonon-phonon scattering length was 
calculated using equations (5) and (6). The basic 
parameters in these equations are evaluated from 


the exper i mental data of Slack. (£i4-£s) was de¬ 
termined from Slack's experimental results for the 
conductivity at T - 75°K by using equation (6) 
and neglecting the term proportional to & 2 IB 1 . £2 
itself is determined to a good approximation by 
using equation (6) and the experimental result at 
T * 300° K, where Umklapp scattering term £1 
can be assumed to be absent. It has been pointed 
out by Dekker< 7 > that Umklapp scattering is 
dominant only in the temperature range 0/10 
to 0/20. 

Using the calculated value of Kg* ( T ), lg*(T) was 
computed from Kg* = i IgaVgCg. Taking « 
4000 A (as estimated by Slack) lgm(T) was com¬ 
puted from equation (7). These two mean free 
paths when substituted in equation (4) gave l g (T) 
which in turn gave Kg(T). There was found to be 
good agreement between the computed Kg{T) and 
experimental data of Fig. 6 Slack's paper, except 
at very low temperatures. In the temperature 
range 3-10°K the calculated thermal conductivity 
changes from approx. 6 times the experimental 
result to approx. 2 times. 


DISCUSSION 

At very low temperatures, the present calcula¬ 
tions imply a temperature dependent nature for 
the boundary scattering term cL" 1 in the relaxation 
time formula (equation (17) Callaway’s paper) 

r; 1 = CL-H(£i+£ a )a*T*+if«4 (8) 

For the good fit of the experimental and calcu¬ 
lated conductivity, the ratio of eL~ l required by 
the experimental data and that calculated from 
the dimensions on Casimir’s model/ 8 ) changes 
from approximately 6 to 1-2 in the temperature 
range 3-10°K. The deviation, which is due to the 


Table 1 


Substance 

Debye 
Temp. (°K) 

«v 

(cm/sec) 

L 

(cm) 

(£x+£e) 
(10" 2 * sec deg -8 ) 

£a 

(10 -28 sec deg -3 ) 

WA)«p 

(c/L) c »i 

MnF* 

450<*> 

3 x 10* 

0-25< a > 

2-61 

4-27 

Approx. 6 to 

1 r 2 in the 
temperature 
range 3-10°K. 


(a) The*© constants *» from Slack's data.< 3 > 
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pretence of fluctuations in the composition of the 
solid on microscopic scale, decreases with increas¬ 
ing temperature, as expected* 
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Abstract—Crystal structure of LiNbOa has been determined using powder neutron diffraction data. 
Refinements of the two structure models proposed by Bailey have resulted in a unique model, which 
suggests a disordered distribution of lithium ions in the crystal. A discussion is given of the ferro¬ 
electric effect in LiNbOa. 


I, INTRODUCTION 

In 1949 Matthias and Remeika found a ferro¬ 
electric effect in LiNbOs and LiTaOa.* 1 * The 
hysteresis loop observed at 200°C was a perfect 
rectangle.* 2 * The saturation polarization was as 
large as 25 x 10 -6 C/cm 2 , but it decreased with 
decreasing temperature* 1 * probably due to a large 
coercive field. These crystals were described as 
belonging to the ilmenite (FeTiOa) structure in 
old literatures.* 3 * In 1952 Schweinler* 4 * assumed 
that LiTaC >3 has the so-called ideal ilmenite 
structure, and discussed its ferroelectricity using 
the method which Slater* 5 * introduced in his 
theory of BaTiC> 3 . 

In the same year Bailey* 6,7 * carried out X-ray 
studies of LiNbOs and found that its crystal 
structure is significantly different from that of 
ilmenite; the space group of LiNbOs is R3c 
while tiiat of ilmenite is and the sequence of 
cations along the triad axis (representing an empty 
site by X) is Nb, Li, X , Nb, Li, X , Nb, ... in 
LiNbOs whereas it is Fe, Ti, X , Ti, Fe, X t Fe, ... 
in FeTiOs. LiTaOa was found isomorphous 
with LiNbOs. Bailey, however, could not 
determine uniquely the position of Nb relative 
to those of Li and O, and proposed two possible 
structure models which will be illustrated later in 
Fig. 1. A difficulty of the X-ray study of LiNbOs 
seems to consist in the fact that Nb ion has a much 
larger atomic scattering factor than Li and O ions; 
the scattering factors for the forward X-ray 
scatterings are 36, 2, and 10 in the electron unit 
for Nb 5 +, Li + and O 2- , respectively. The neutron 
diffraction study has the advantage in this respect 


because the scattering lengths for slow neutrons 
are 0*69, —0*18, and 0*58 in unit of 10~ 12 cm for 
Nb, Li and O nuclei, respectively.* 8 * 


Boiley's 1 Bailey's fl Ours 



Fig. 1. Cation positions along the c axis of the hexagonal 
unit cell, for the three structure models. 


n. STRUCTURE ANALYSIS 
Neutron diffraction data have been fufniahed 
to us by courtesy of Dr. R. Nathans of Brookhaven 
National Laboratory, U.S.A. The neutron beam 
used had the wavelength of 1*11 A. Powder 
LiNbOs was put in a parallel-sided container, 
and the transmission method employed. The 
scanning was made from 12° to 53° in twice the 
Bragg angle, at room temperature. The absorption 
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ttcffickot of the specimen was determined by 
the transmisaion measurement of the direct 

neutron beam. 

On the diffraction pattern the extinction rule 
characteristic to the space group was 

recognized. There were eleven well-resolved 
Bragg peaks along with four peaks each of which 
was a superposition of two Bragg reflections. The 
observed structure factor (Pol was derived for the 
eleven reflections through the usual procedures 
including the absorption and Lorentz corrections. 
The scattering lengths mentioned above were 
used to obtain the calculated structure factor F c 
for each structure model. The scale factor to 
express |Fo| in unit of 10~ 12 cm was so determined 
that the relation 

\Fc\ - I |Fo| 

hkl 

held. 

The discrepancy factor 




Table 1. Atomic coordinates in fraction of the 
rhombohedral cell edges 



Bailey’s 
model I 

Bailey’s 
model II 

Our 

model 

Li « 

0-43 

0*43 

0-5008 

Nb v 

0*23 

0*27 

0-2788 

r x 

0*378 

0*378 

0*3849 

O 1 v 

-0-378 

-0*378 

-0*3557 

1 * 

0 

0 

-0*0292 

R 

0-19 

0*23 

0*034 


computors NEAC 2203G and HIP AC 103 were 
used for the calculations. The temperature factor 
was put equal to zero during the machine cal¬ 
culations. First the diagonal approximation* 10 ) 
was used in the least square calculation, but this 
approximation turned out to be so bad that it 
even raised the factor to about 0-3. This rather 


Z|I*H*I | l2\ p o\ 

was found as high as 0*8 for the ideal iimenite 
model assumed by Schweinler/ 4 ) and therefore 
this model was discarded. 

According to Bailey/®) the rhombohedral unit 
cell of LiNbOa has the lattice parameters of 
a 5*4920 A and a = 55° 53', and contains two 
formula units. The space group is R3c } and 
therefore positional parameters are given by <# > 
Li at (uuu) and (J + u i + « J+u); Nb at (vvv) 
and ($ + v $ + i> J + iO; O at (xyz) t (zxy) t ( yzx), 
(I +y i+x & + *)■ (i+a h+y i + x) and (|+* 

The first and the second columns of Table 1 
give numerical values of these parameters for the 
two models proposed by Bailey. The structure of 
LiNbOa is most easily pictured by use of the 
hexagonal unit cell, of which the dimensions are 
as m 5*147 A, Cff * 13*856 A and the contents 
ate six formula-units. The space group symmetry 
requires six equi-distant oxygen layers in the 
hexagonal unit cell. In Fig. 1 cation positions are 
illustrated referring to these oxygen layers. 

The discrepancy factor R was fairly low for the 
two models of Bailey as indicated in Table 1. These 
two models have been refined by series of least 
square calculations for the five positional para¬ 
meters and the scale factor. The electronic 


surprising result seems to be caused by the facts 
that the number of data was too few for such an 
approximation and that the rhombohedral cell 
axes are not orthogonal to each other/ 10 ) Full 
matrix refinements* 10 ) produced good results. 
Bailey’s model II shown in Table 1 has been 
refined by ten cycles of least square calculations 
with a final R factor of 0*034. The obtained 
positional parameters are given on the last column 
of Table 1. The atomic positions are illustrated in 
Fig. 1 in comparison with Bailey’s models. Ten 
cycles of refinements of Bailey’s model I gave 
crystallographically the same structure as in the 
case of the model II, with the same R faefor 
of 6-034. In the structure derived from the model 
I, however, the polarity of unit cell was opposite 
to that in the structure derived from the model II. 
In other words, refinements of Bailey’s two models 
resulted in the two twin components (or domains) 
of LiNbOa. It was tried to estimate the overall 
temperature factor B by plotting* 11 ) log|F c ]/|Fo| 
against (sin 0/A) 2 , but a well defined curve could 
not be drawn due to scattered data points. A few 
trial B values did not reduce the R factor, 
suggesting that B is close to zero. The scanning 
angle seems to be too small to determine the 
temperature factor more exactly. In Table 2, 
comparison is made between the observed and 
calculated structure factors for B = 0. 
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TaUe 2 . Observed and calculated structure factors 
in writ of cm. Miller indices (hkl) are referred 
to the rhombohedral unit cell 


hkl 

1*1 

1*1 

hkl 

1*1 

1*1 

110 

2*10 

2*10 

220 

2*21 

211 

211 

0*61 

0*60 

312 

2*90 

2-88 

101 

0*38 

0-58 

210 

1-20 

1*37 

222 

2-73 

2*77 

302 

1*49 

1*37 

210 

2*86 

2-78 

422 

Ml 

1 *19 

200 

1-12 

1*17 





As mentioned above, on the diffraction pattern 
there were four peaks each of which was a super¬ 
position of two Bragg reflections. |Fo|'s of these 
eight reflections were estimated on the assumption 
that contribution of each reflection to the observed 
peak was proportional to the multiplicity factor 
times |F c | a , which were calculated with our atomic 
coordinates given in Table 1. The R factor became 
0*046 when these {hkl)* s were taken into account 
in addition to the eleven (AW)’s. This low value 
of R seems to suggest that our structure model is 
close to reality. 

ra. DISCUSSION 

As seen in Fig. 1, lithium ion lies on nearly 
the same plane as oxygens. Figure 2 shows this O 
and Li plane on the hexagonal (001) plane. The 
figure was drawn with 0 2 “ radius of 1 *35 A and 



Fzo. 2, O and Li layer on the (001) plane of the hexagonal 
lattice. 


Li+ radius of 0<6Q A,W and demoostratca doae 
contact among ions. There are only three different 
oxygen-oxygen distances on the (001) plan* since 
the triad axes are at (000), (1/3 2/3 0) and (2/31/3 0)* 
Table 3 gives these distances numerically. The 
oxygen ions are approximately in hexagonal dose 
packing as shown in Fig. 3, where ion arrangement 
is seen along the c axis of the hexagonal unit cell. 
The oxygen ions at sr » 3/6,4/6 and 5/6 are related 
to those at z s= 0,1/6 and 2/6 by the c glide plane 
shown in the figure. Figure 3 was drawn by using 
the above-mentioned ionic radii and Nb 5 * radius 
of 0*70A.< ia > The cations are all on the (110) 
plane of the hexagonal unit cell as shown in Fig. 4. 
The shift of Nb ion from the middle point between 
oxygen layers (0*399 A) and the slight deviation of 
Li ion from the oxygen layer (0*011 A) are the 
polar deviation in LiNbOg, The spontaneous 
polarization of 60-7 x 10' 5 C/cm 2 was obtained 
from these shifts assuming that the ionic charges 
of Nb and Li ions were +5 and —1, respectively. 
It is larger than the value of 25xlO~ 6 C/cm a 
observed at high temperatures. W It seems doubtful 
that the interatomic bondings are purely ionic in 
LiNbOs, and a part of this discrepancy may 
come from an over-estimation of the charge of the 
Nb ion. It is interesting to observe the effects of 
these cation shifts on the oxygen-oxygen distances 
in Fig. 3. Along the hexagonal c axis, as seen in 
Fig, 4, the Nb ion lies apart from the oxygen 
layer at z = 1/6 and dose to the oxygen layer at 
z = 2/6, resulting in the larger inter-oxygen 
distances at z = 2/6 than at 1 /6 as shown in Fig. 3. 
The bond lengths are given numerically in Table 3. 

Table 3. Bond lengths in LiNbOs. Oo, Oi, Og and 
Os are as indicated in Fig . 2. Oi/e and 0$/* are the 
oxygens at z = 1/6 and 2/6 in Fig . 3 


O 0 -Oi 3-028 A 
Oo—O. 2-618 A 
Oo—Os 3 -309 A 


Oo-Li 1-911A 
Oi/e-Nb 2*168 A 
Ob/*—N b 1-904 A 


As mentioned above, the Li ion lies approxi¬ 
mately on the same plane as oxygen. However, 
it is doubtful that this position really corresponds 
to its stable position; there is ample space for Li 
ion between oxygen layers to where it may be 
easily squeezed out. Remembering that the 
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Fig. 3. Packing of oxygens (large circles). The fraction indicates the 
x-parameter in the hexagonal unit cell. 



■h-*h 

Ftc. 4, Cstion positions on the (110) plane of the 
hexagonal unit cell. 


structure analysis such as the present one gives 
only a mean position of each ion, the real crystal 
structure could be a disordered one as demon¬ 
strated in Fig. 5(b), where the fraction of lithium 
ion means that the ion can be found at that 
position with the probability of about 50 per <!ent. 
Then the paraelectric structure, if it exists, could 
be as shown in Fig. 5(c). This speculation implies 
that LiNbOs has disordered structures in both 
paraelectric and ferroelectric phases, ai»d that 
the phase transition is caused by the shifts of Nb 
ions. 

Megaw( ? ) discussed the relation of LiNbOs to 
BaTiOj structure on the basis of Bailey’s models. 
She demonstrated that the LiNbOs structure can 
be derived geometrically from the perovakite 
structure by a continuous displacement of atoms. 
Somewhat similar argument can be made also for 
our structure model. It is, however, not known 
whether the large atomic displacement associated 
with the transition is physically possible. A 
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Fio. 5. Plausible disordered structures seen along the c 
axis of the hexagonal unit cell, (a) Mean cation positions 
in the ferroelectric phase; (b) Plausible disordered 
structure of the ferroelectric phase; (c) Plausible 
disordered structure of a paraelectric phase (if it 
exists). 

disordered structure such as shown in Fig. 5(c) 
seems to be more realistic as a paraelectric LiNbOa 
than the perovskite structure. 
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Transition processes in semiconductor lasers 

(Received 22 March 1963) 

There has been considerable interest in the 
nature of the electron transitions which occur in 
gallium arsenide lasers/ 1 * 2 ' 3 ) The three possible 
types of optical transitions are band-to-band, 
band-to-acceptor, and donor-to-acceptor. These 
transitions are illustrated schematically in Fig. 1. 
Nathan and Burns< 4 > have shown that the re¬ 
combination process involves an acceptor. 



Fig. 1. Energy band structure of GaAs showing impor¬ 
tant optical transitions (not to scale) 


Although the original theoretical studies which 
suggested the feasibility of semiconductor lasers 
considered only band-to-band transitions/ 5 ) these 
are not likely to be important. Under normal 
operating conditions (77°K, Na « 3 x 10 18 cm* 3 , 
N& « 10 17 cm* 8 ), the Fermi level which at abso¬ 
lute zero would be located midway between the 
valence band and the acceptor levels is only 


slightly displaced toward the band, so that 
€ F /KT > 2. Hence the valence band states are 
occupied with high probability whereas the 
acceptor states are nearly empty. 

In this note we report a calculation of the 
transition probabilities and absorption constants 
for the band-to-acceptor and donor-to-acceptor 
transitions. It is possible, fortunately, to use 
experimental information concerning the absorp¬ 
tion associated with band-to-band transitions*** 7 > 
in order to determine an important matrix element 
involved in these calculations. Band-acceptor 
transitions have also been studied by DuMKE/®> 

The calculation follows the procedures of 
standard first order time dependent perturbation 
theory. The wave functions for donor and acceptor 
states arc determined in principle from the theory 
of Luttinger and Kohn/ 3 > The formal theory of 
transitions involving impurity states has been 
given by Bowlden/ 10 ) Since no calculations of 
the acceptor wave functions in GaAs have been 
reported, it is necessary to assume that these are 
hydrogenic with an effective Bohr-radiue, a Vt 
determined from the observed binding energy 
E a = 0*04 eV. 

We obtain the following absorption coefficient 
for acceptor-band transitions: 

nva\N a (2m*)MK 

a °~ C ~ [1 + 2m* jh 1 a*{Ea + hm-Eg)]* 

V(hat+E a -E,) 

x --- (1) 

noj 

in which Eg is the band gap and nt* is the effective 
mass of electrons in the conduction band. Tlie 
quantity K is given by 

(2, 

Trhn 2 h*n€QC 

where * is the polarization vector of the electro¬ 
magnetic field, Pev is the momentum matrix 
element for band-to-band transitions and n is the 
index of refraction. K can be determined from 
optical absorption in the direct transition, since 
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thn hw «n absorption constant. 




Eg) 

hw 


( 3 ) 


in which p\ and are reduced effective masses of 
the conduction band and the heavy and light hole 
bands* Broadening of the acceptor levels has not 
boon included in ( 1 ). 

In the case of donor-acceptor transitions, the 
finite width of the donor and acceptor levels must 
be explicitly included. This is caused by differ¬ 
ences in the local environment of each donor and 
acceptor. We will assume that this distribution is 
Gaussian, characterized by a width 17. There ib an 
additional parameter in this case: the average 
overlap integral between donor and acceptor wave 
functions, which we denote by Sad • In the case 
JVd < Na f we find 


2*r»'W Nd 

- 

7] CO 


exp 


r (Hco+E a -E d )2 
L V 2 . 


( 4 ) 

The overlap integral has been computed for 
hydrogenic wave functions and its square averaged 
over a Poisson distribution of donor-acceptor 
distances. For Na between 1 x 10 18 cm -3 and 
5 x 10 18 cm- 3 , 5^ « 0 - 2 . 

We use the experimental value for the band to 
band transitions* 6 * 


with 


%CV m a 0 \/(h<o—E g ) 


ao - 3 x 104 cm -eV- 1 / 2 . (5) 

The level width 17 can be inferred from the 
experiment of Nathan and Burns* 4 * to be 
17 W 0'017 eV. We then find for the band-acceptor 
transitions 


V(A« +Ea- E") (6) 

where fk *■ 7 x 10® cm-i/eV 1 / 2 
and for the donor transitions 


U0 a.-I(—) [- - -j 

The absorption coefficients calculated here 


seem to be adequately large to permit the opera¬ 
tion of a laser.* Direct test of the calculated 
absorptions would be possible in part through the 
study of the optical properties of heavily compen¬ 
sated n-type GaAs (although in that case N a would 
appear in equation 7 instead of Na)* The acceptor- 
band transitions discussed here would produce an 
absorption edge lying approximately 0-04 eV 
below the principal edge at 1 *51 eV at low tem¬ 
peratures. The acceptor-donor transitions would 
appear as a moderately broad background. 

Aeronutronic Division of Joseph Callaway| 
Ford Motor Co 
Newport Beach , Calif. 


* No account has been taken of the degeneracies of 
the donor and acceptor states. This should be correct for 
transitions in which the initial state is a localized 
acceptor state. When the initial state is in the conduction 
band, or associated with a donor, the relevant formulae 
should be multiplied by factors of four and two, re¬ 
spectively. 

t Permanent address, Dept, of Physics, University of 
California, Riverside, California. 
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The distribution of zinc between solid 
GaSb and Ga-Sb melts 

(Received 17 April 1963) 

In a recent paper,* 1 * the distribution coefficient 
for zinc in the indium-antimony system was 
shown to depend rather sharply on zinc concen¬ 
tration. The present work was carried out to 
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determine whether similar behavior would be 
found in the very closely related gallium-antimony 
system. 

The experimental technique used was much 
the same as that described in the earlier paper* 
Ingots of GaSb were pulled from Ga-Sb-Zn 
melts held in silica crucibles under a hydrogen 
atmosphere. Seed crystals oriented in the <111) 
direction were used, and single crystals were 
obtained except at the highest zinc concentrations 
and for the melts in which the gallium content 
was less than ~40 at. % or more than ~60 at. %. 
The pull rate for all samples was 1 *3 to 1*5 cm/hr 
and the rotation speed was 30 to 35 r.p.m. The 
distribution coefficients were determined using 
Zn 36 as a tracer. 

A previous determination of the distribution co¬ 
efficient for zinc in gallium antimonide was re¬ 
ported by Hall and Racette/ 2 > who obtained a 
value of 0*3. 

The results obtained in the present work for a 
series of crystals containing < 1 x 10 19 atoms 
Zn/cm 3 and grown from melts of varying Ga:Sb 
ratio are shown in Fig. 1. It is apparent that there 
is a marked effect of gross melt composition on 
the distribution coefficient. It is known that zinc 



Fxc. 1. Distribution coefficients for Zn in Ga-Sb alloys. 



V.*w !■ f-> Ofv-i i>*'*'vHrti 



acts as an acceptor in GaSh and it is generally 
assumed that the zinc atoms occupy gallhnn shea. 
Thus, we might expect the chemhai equation 


Zni+GaSb*» ZoSb^+Oau, (!) 

where the subscripts / and $ refer to the liquid 
and solid solutions, respectively, to describe the 
distribution. The equilibrium constant is, then, 


{ZnSb,KGai> 
{Zn,} ’ 


where the braces denote activities and the activity 
of GaSb, has been assumed to be unchanged by 
the small ZnSb* additions of interest here. 

The activity coefficient of ZnSb 4 is presumably 
independent of zinc concentration below 1 x 10® 
atoms Zn/cm 3 as evidenced by the measurements 
described below, and if we assume that the ratio 
of the activity coefficients for gallium and zinc in 
the liquid is independent of concentration, then 
the activities in equation (2) may be replaced by 
concentrations (denoted by brackets), and we 
obtain for the distribution coefficient, K, 

[ZnSb,] K' 

K « i-- =-. (3) 

[Zn,] [Gar] 

The solid line of Fig. 1 has been drawn to agree 
with equation (3) and shows that a reasonable 
representation of the data is obtained by choosing 
K' = 0*55, for [Ga,] expressed as an atom fraction, 
The earlier data on zinc in the In-Sb system do 
not fit this relationship well, which probably iudi* 
cates that the necessary assumptions concerning 
activity coefficients were less well satisfied there 
than in the present case. 

The results of measurements at varying zinc 
concentration are shown in Fig. 2. They are very 
similar to those reported and discussed earlier 
for the indium antimonide case. From the data 
of Liefer and Dunlaf< 8 > we can estimate an 
intrinsic electron concentration of about 
1 x 10 18 /cm 3 in gallium antimonide at its melting 
point. Thus here, as in indium antimonide, the 
decline in distribution coefficient txxurs at a 
much higher value of zinc concentration than 
would be expected on the basis of the known 
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FlO. 2, Dependence of distribution coefficient on Zn 
concentration. 

□ 40 at. % Ga. 

O SO at. % Ga. 

A 60 at. % Ga. 

properties of the pure compound, if the concen¬ 
tration dependence is to be attributed to a donor- 
elcctron equilibrium in the bulk solid. 


(J, i, i); Type 2, Li at (*, i) and Li and Mg 
at (i, i, i) (t, }. j); or Type 3, f Li and i Mg at 
(i, i i) and f Li and f Mg at (i, *, J) (}, f, *). in 
order to determine which of the arrangements is 
most probable, we carried out neutron diffraction 
on powdered samples of the compound in a pre¬ 
viously described apparatus. 

For hk l of 111, 200, 220, and 311 of the three 
arrangements we compare calculated and observed 
diffracted intensities: 


Calculated Observed 

h k l Relative intensities intensities 



Type 1 

Type 2 

Type 3 


Ill 

74 

529 

393 

521 

200 

784 

39 

215 

72 

220 

262 

257 

306 

251 

311 

47 

342 

254 

323 


General Atomic Division of U. Merten 

General Dynamics A. P. Hatcher 

Corporation , 

John Jay Hopkins Laboratory 
for Pure and Applied Science , 

San Diego, 

California 
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Neutron diffraction by UaMgPb* 

{Received 22 April 1963) 

WlB PREVIOUSLY reported,* 1 ) on the basis of X-ray 
diffraction data, that LiaMgPb had a face centered 
cubic structure (oo =* 6*78i A) with one of three 
pomibieatomic arrangements. Assuming lead atoms 
to occupy the position ( 0 , 0 , 0 ), these arrangements 
«ie: Type 1, Mg at (J, j, i) and 2 Li at (J, i, J) 


+ This work was performed under the auspices of the 
United States Atomic Energy Commission. 


The formula and coherent scattering amplitudes 
given by Shull and Wollan< 3 > were used in 
calculating the intensities. No temperature factors 
or absorption were included. 

These data show that the most probable struc¬ 
ture for Li 2 MgPb is Type 2. We have not looked 
for disordering which might lead to the Type 3 
structure at higher temperatures. 

University of California , William J. Ramsey 

Latvrence Radiation Donald E. Sands| 

Laboratory , S, Warren Mead 

Livermore , California 


t Present address: Chemistry Department, Univftte!# 
of Kentucky, Lexington, Kentucky. 
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A oomnrtrt M (he Born model treatment of 
dm polymorphic trauMmu of die alkali 
halides* 

{Received 27 March 1963) 

In a recent Bom-model treatment of the pressure 
transition of the potassium and rubidium halides 
from die NaCl to the CsCl structure* 1 ) it was 
shown that it is possible to obtain a fit of the 
pressure-volume relationship of the two phases of 
each salt around the transition point and to account 
for the observed values of the mechanical work 
accompanying the transition, only by allowing for 
a difference in the parameters entering the Bom 
repulsive energy of the two phases. A subsequent 
paper of Schumachbr* 2 ) seems to contradict this 
conclusion, insofar as it reports values of the 
transition pressure, and of the volume change of 
the NaCl phase up to the transition, in potassium 
chloride and rubidium iodide which are computed 
by assuming equal hardness of the Born repulsive 
energy in the two crystal structures, and are in 
good agreement with experiment. We should like 
to point out that, while we were unable to repro¬ 
duce the Schumacher values for these quantities, 
the Schumacher choice of repulsive parameters 
for the CsCl structure implies a disagreement with 
experiment in the pressure-volume relationship 
of this phase, and does not account consistently 
for the observed values of the mechanical work 
involved in the transition. 

Schumacher follows the early work of L6 wdin* 3 ) 
in writing the lattice energy of an alkali halide 
crystal in the form 

W L {r) =-f-MB exp(-r/p) (1) 

t 

The parameter B is then eliminated by means of 
the equilibrium equation of the static crystal at 
zero pressure, to obtain the following expressions 
for the pressure and the Gibbs free energy of the 
static crystal as functions of the interionic distance: 

a ePr (1 1 ) 

A f > = 17(7i- «PK'. - r)M -^j (2) 

oce 2 ouPp 

G(*) •- +—f cx P[( f 0 ~ r)!p\ +P{r)*> (3) 

_ r n _ 

* Based on work performed under the auspices of the 
U.S. Atomic Energy Commission. 


Equations (2) and (3), which apply separately to 
the two crystal structures, contain as unknown 
parameters the interiordc distance at aeto pressure 
no for the CsCl structure, and the parameter pfor 
both structures. A {hotce of values for these three 
parameters allows one also to determine the transi¬ 
tion pressure, by finding the inte rsection of foe 
Gibbs free energy curves of the two structures as 
functions of the pressure. <*) 

L5wt>mW assumed a common value of p for 
the two structures, and determined this value for 
each salt from the compressibility of the NaCl 
phase at atmospheric pressure. This determina¬ 
tion implies a rather good agreement with the 
experimental pressure-volume relationship of this 
phase up to fairly high pressures. He then evalu¬ 
ated ro for the CsCl structure from the value of 
ro for the NaCl phase by assuming that the pre¬ 
exponential parameter B in equation (1) be also 
common to the two structures. As shown in Table 
1 , for the salts in question this choice of repulsive 
parameters for the CsCl structure yields fair 
agreement with the experimental pressure-volume 
relationship of this phase, but leads to a gross 
overestimate of the mechanical work PtAv$ in¬ 
volved in the transition. In fact, an approximation 
in which this work is simply taken equal to the 
difference in lattice energy of the two structures at 
zero pressure* 4 ) yields values of p*Att which are 
only about 10 per cent larger. 

Schumacher ( 2 > assumes also a common value 
of p for the two structures, taking for it the some¬ 
what arbitrary value 0*345 A. However, he chooses 
to determine ro for the CsCl structure by simply 
adding the amount 0*08 A to the value of ro for foe 
NaCl phase.* 5 ) This choice yields values of ro for 
the CsCl structure which are too low: in the 
potassium and rubidium salts, they are respectively 
only slightly larger than, and practically equal to, 
the experimental values of the interionic distance 
of this phase at the transition point.* 6 ' 7) This 
assumption is equivalent to an underestimate of 
the parameter B in the CsCl structure, and in¬ 
volves then an overestimate of the absolute value 
of its Gibbs free energy. This in turn causes a 
considerable decrease of the computed transition 
pressure, accompanied by an overestimate of the 
volume change involved in the transition. The 
theoretical results for p% An* are fortuitously some¬ 
what improved, but the pressure-volume relation- 
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TMe L Parameters of the pressure transition of the potassium and rubidium haUdes * 



KC1 

KBr 

Ki 

RbCl 

RbBr 

Rbl 


2*0 

1-9 

1*9 

0*7 

0*7 

0*7 

pt&v* (Kcal/mole) 

3*3 

3*1 

2*9 

3*7 

3*1 

2*7 


21 

1*9 

1*8 

1*9 

1*7 

1-4 

vfNaCl) 

0*085 

0*088 

0*105 

0*030 

0*033 

0-035 

1—- 

0*085 

0*092 

0*108 

0*029 

0*033 


tio(NtCl) 

0*085 

0*092 

0*108 

0*029 

0*033 

0*035 

t>(C»C)) 

0*197 

0*193 

0-190 

0*170 

0*166 

0*161 

1- 

0*207 

0*213 

0*228 

0*166 

0*167 

0*177 

ro(NaCI) 

0*230 

0*238 

0*253 

0*193 

0*198 

0*202 


* For each quantity, the first row reports the experimental values, taken from Bridgman/*) and 
the second and third row report the values computed using respectively the choice of Lowdin and 
of Schumacher for ro in the CsCl structure. The volume changes refer to the experimental transition 
pressure. The theoretical results have been obtained using the values of p reported by Lowdin, 
which are 0*324,0*335,0*350,0*338,0*352 and 0*351 A for the six salts. These agree rather closely with 
more recent data. 


ship of the CsCl phase is misrepresented, as shown 
in Table 1. The results reported here have been 
obtained with the LOwdin values for the parameter 
but this does not affect the preceding discussion. 
Finally, the comparison of the theoretical results 
reported in Table 1 with the corresponding experi¬ 
mental values displays clearly the opposite shifts 
of the computed pt&vt and of the computed 
pressure-volume relationship in the CsCl phase, 
which accompany a change in the pre-exponential 
parameter B when the hardness p of the Born 
repulsive energy is maintained common to the 
two crystal phases. These results provide then an 
independent proof of the fact that a proper Born- 
model treatment of polymorphic transitions in 
ionic crystals requires the use of different re¬ 
pulsive parameters for the two crystal structures, 
to be determined from data on both phases. 
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BOOK REVIEW 

attempts this* Them are, for example, table* 


Landolt-Bdmstem. Zahlenwerte und Fuak- 
tionen sum Physik, Chemie, Astronomic, 
Geophyaik und Technik. 6 th edition. Volume 
II: J. Bartels, H. Borchbrs, H. Hausen, K.-H. 
Hellwbge, K. Schafer and E. Schmidt (Editors): 
Eigenschaftcn der Materie in ihren Aggregatxuttdnden 
Part 9: Magnetische Eigenschaftcn I—Magnetic 
Properties L 35 contributors, edited by K.-H. 
Hellwbge and A. M. Hellwbge. Springer, Berlin- 
Gottingen-Heidelberg (1962) 2256 figures, 935 pp. 
DM496. 

With the ever increasing research activity in 
science, and especially such potentially useful 
fields as the solid state, there can be no doubt 
that comprehensive assemblies of experimental 
results are nowadays more important than ever. 
Some impression of the amount of information 
now available may be gained from the fact that 
the present volume, covering almost a thousand 
pages, constitutes only one of ten parts dealing 
with the bulk properties of matter. It is the first 
of two volumes on magnetic properties, the second 
still being in preparation. 

The material covered in this volume is grouped 
into seven sections: (1) The properties of mag¬ 
netic elements and alloys. (2) Magnetic compounds 
with definite structures (spinels, garnets, perov- 
skites and hexagonal ferrites). (3) Inorganic com¬ 
pounds with one or Beveral ions with partly filled 
shells (J-shells, 4/ ions, actinides). (4) Crystals 
and glasses with defects (centers and impurities). 
Semiconductors. (6) Paramagnetic relaxation 
(spin-lattice and spin-spin). (7) Nuclear magnetic 
relaxation (gases, liquids, metals, inorganic and 
organic solids). In each of these fields the coverage 
includes, where appropriate, both static and 
resonance magnetic measurements, thermal pro¬ 
perties, phase diagrams, and structural details. 
There are also some very welcome details of 
chemical purity. 

In such a huge compilation of facts several 
important matters of principle arise, concerning 
the form of presentation and the detail of coverage 
which should be attempted. It may be argued 
that a volume such as this should constitute a 
completely self contained body of information 
containing all the available data within a given 
field, and in some ways the present volume 
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showing all known anrifcrromagnets with their 
Hid temperature, Curie-Weiss temperature, 
magnetic structure and direction of spin axis. A 
table such as this can be very concise, this par¬ 
ticular one listing over 100 compounds in 6 pages 
plus four for explanatory diagrams and references. 
Other kinds of information, on the other hand, 
are very much more difficult to summarize so 
concisely. There are, for example, many cases in 
which susceptibility measurements have been 
reported in the literature simply as empirical re¬ 
sults with little or no comment, and the only way 
this information can be reproduced in a reference 
volume is by means of a graph or a table of experi¬ 
mental values. 

The question now arises whether this is worth¬ 
while. The editors of the present series clearly 
think it is, and they are not deterred by the fact 
that this necessarily implies a very large and costly 
book (over $100 for this one volume). In the re¬ 
viewer’s opinion much of this trouble and expense 
is wasted. In any serious investigation based on 
earlier work it is almost always necessary to go 
back to the original reference for further details 
of the measurements and results, and the principal 
value of a reference volume such as this is to draw 
attention to the simple fact that some work has 
already been performed in the particular system. 
Compilations in the form of tables with full cross 
referencing are often quite adequate for this 
purpose. 

It may now be argued that such abbreviated 
references already exist and that there is neverthe¬ 
less a need for a really complete and detailed 
summary. This may be so, but for this purpose 
the present volume, in spite of its great length, is 
probably too short . If it really is the intention to 
provide the reader with all the essential infor¬ 
mation contained in the original papers, the con¬ 
siderably more text and comment are required 
than given in several sections of the present volume. 

It is clear that the choice between conciseness 
and completeness is a difficult one to reach and it 
is one which the editors have here not imposed 
on their writers. In some cases, such as for example 
Dillon's excellent article on “Manganese iron 
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mode* with the tpiad structure” enough text u 
provided in the figure captions and short explana¬ 
tory paragraph* to enable the enquiring reader to 
form a really dear picture of the present status of 
knowledge to this field. In contrast to this, several 
other sections consist mainly of a series of briefly 
labded diagrams, which are left to speak entirely 
for themselves. 

The answer to these contrasts probably lies in 
the fact that certain topics (such as Dillon's) have 
been defined with enough precision to make a 
coherent discussion possible, while others have to 
cover more motley and inconclusive sets of results. 
Some of these sections might have condensed 
without serious loss. 

One vital feature of a volume such as this is the 
lists of references which it provides. These should 
be complete, accurate and easy to find. On the 
first two of these counts the present volume is quite 
satisfactory, though it is as always possible to find 
erron and omissions. The presentation of the 
references on the other hand is, in the reviewer's 
opinion, far from satisfactory. One annoying, 
though not very serious feature, is the fact that a 
number of different styles of abbreviations are 
used in different parts of the book. Thus in various 
sections a paper by Smith 1961 might appear in a 
table or caption as 61Sm, Sm61, Sm61(2), S61, 
Sm, or [27], Much more seriously confusing, 
however, is the fact that the keys to these abbrevi¬ 
ations, i.e., the full references, are grouped 
according to an equally irregular, and apparently 
random system. In some sections the references 
ate all grouped into a long list at the end of the 
section, many pages away from the abbreviations 
to the text but all on one page. In other sections 
the references are collected in little groups inter¬ 


spersed into the text, though still not necessarily 
on the same page as the abbreviation to which they 
refer. Sometimes single references are scattered 
into the text. AH this makes the finding of refer¬ 
ences unnecessarily hard. It is clearly a very 
difficult matter to organize the vast number of 
references which occur in a book of this kind, but 
a more unified and convenient system could 
surely be devised. Collecting larger groups of 
references on specially marked or colored pages 
might, for example, be one solution. 

It is clearly inevitable that there should be a 
certain amount of overlap of subject matter (com¬ 
pare for example the figures on pages 3-60 and 
3-66 with those on pages 3-261 and 3-266), but a 
more efficient cross-referencing system in the 
text might have helped to reduce this. The com¬ 
plete index of substances which forms the last 
section is extremely useful. 

If we have criticized some of the layout of this 
volume rather severely, it is because this is a 
unique and very expensive kind of book which 
cannot afford to be less than perfect if it is to be 
bought by the individual scientist. One way of 
making it more attractive to the individual might 
be to make the different sections available separ¬ 
ately. There must be quite a few who are inter¬ 
ested in ferrites and not nuclear magnetic relaxa¬ 
tion and vice-versa. In its present form it is a must 
mainly for libraries and institutions. 

All in all this is a very workmanlike and ex¬ 
tremely useful assembly of a vast number of facts, 
and we must be grateful to the many contributors 
who helped to collect them. The printing and 
reproduction of the figures is uniformly excellent, 

Werner P. Wolf 
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G. Simkovich: The nature of point defects in solid lead chloride. 
/. Pkys. Chem. Solids 24, 213-216 (1963). 


p. 213 equation (8) should read: 

#pt>n 


'Pbn 


-sr 

\ x clQ , / 


p, 214, the 2nd line below equation (11) should read: 


(11) VB. A y = j'KCi-J'LaCl,. one ... 
p. 214, the first line above equation (15) should read: 
letting *° 1Q . = x°' a . for... 
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MEETING ANNOUNCEMENT 


A Review of recent work on “Alloying Behavior in Concentrated Solid 
Solution* 0 will he held on Monday morning and afternoon, October 
21, 1963, at the Sutler Hilton Hotel, Cleveland, Ohio, during the fall 
meeting the AIME. The speakers and their subjects will be M. H. 
Cohen, University of Chicago: “Electronic Theories of Solid Solu¬ 
tions ; ,p J* A, Rayne, Westinghouse Research Laboratories: “Some 
Electronic Properties of Extensive Solid Solutions;" A. Blandin, 
University of Paris: “Quantum Mechanical Calculations of Size Effects 
and Interaction Energies in Solid Solutions;" H. W. King, University 
of London I “Atomic Volume and Size Correlations in Solid Solutions 
J. W. Christian and P. Swann, Oxford University and U.S. Steel 
Laboratories: “Stacking Faults in Solid Solutions;" P. Haasen, 
University °f Gdttingen: “Structural Defects in Solid Solutions;" 
H. Sato, Ford Motor Company: “Long Period Superlattices in Solid 
Solutions! 0 and P. Duwez, California Institute of Technology: “Non- 
Equilibrivun Structures in Solid Solutions." The program is sponsored 
by the Committees on Alloy Phases and Chemistry and Physics of 
Metals, institute of Metals Division, AIME., and is open for attend¬ 
ance by ah* Ten minute abstracts of current alloy research may be sub¬ 
mitted to D. A. Parks, Secretary , I.M.D., The Metallurgical Society of 
AIME i 345 East Mth Street , Nezv York , U.S.A., before June 28, 
1963. For other questions concerning this meeting write Dr. T. B. 
Massals#!* Mellon Institute , 4400 Fifth Avenue , Pittsburgh 13, Penn¬ 
sylvania. U.S. A. 
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SILICON HEAVILY DOPED BY ENERGETIC CESIUM IONS 

f . 

J. O. McCALDIN and A. E. WIDMEH 

North American Aviation Science Center, Canoga Park, California 
{Received 25 April 1963) 

Abstract —Cesium ions of a few kilovolts energy were driven in <110> direction into p-type silicon 
held at 500°C. This treatment introduced donor centers at concentrations > 4 x 10 u /cm 8 , even 
though the solubility of cesium is estimated to be £ 10 18 /cm*, This supersaturation was observed 
to relax very slowly at 500°C, though the damage introduced by the bombardment annealed. Con¬ 
sequently, the difiusivity Dc» at 500°C is estimated to be £ 10 -18 cm 8 /sec (compared to Du *s 10~ 7 
cm a /sec). Field-effect transistors were fabricated with Cs-bombarded material constituting the 
“channel**. A field-effect carrier mobility about half that of a comparable, phosphorus-diffused 
channel was observed. A minimum sheet donor concentration of 2 xl0 18 /cm 8 was indicated in the 
field-effect measurements, with the likelihood that the actual concentration is appreciably larger. 

Tracer measurements showed the cesium sheet concentration to be ~ 6*8 x 10 14 /cm 8 . Various 
evidence suggests that the concentration profile for the donor centers consists of a layer of relatively 
slowly changing concentration near the surface followed by an exponentially decreasing “tail” at 
greater depths. 

INTRODUCTION effect of bombardment... is the disruption of the 

It has been known for many years* 1 * that a surface surface layers of the germanium lattice to produce 
exposed to energetic ions not only will lose some defects which can act as acceptors .. /*. These de- 
of its own atoms by sputtering but will also retain fects could be removed by a 500 D C anneal in 
some of the incident ions. Under commonly en- vacuum, but apparently no significant effects due 
countered conditions the retained ions amount to to the chemical nature of the bombarding species 
the equivalent of one or more atom layers* 2 * in the were detected. 

host substance and are distributed* 3 * 4 * over More recently, several investigators have shown 
depths of hundreds of atom layers. Thus the that, under suitable experimental conditions, 
chemical concentration of the incident species chemical effects could dominate over damage 
commonly is of the order of 1 per cent, in a thin effects. Bredov et a/.* 8 * deduced from point con- 
surface layer of the host. tact diode measurements that the effects of ener- 

The doping effect produced by the interjected getic oxygen and nitrogen ions on germanium and 
specie in the case of a semiconductor host crystal silicon substrates differed due to “microchemical 
has been considered by several investigators, effects*\ Rourkb et a/.* 9 * introduced group III 
The early studies* 6 * 6 * of Ohl showed that bom- and V dopants into silicon with an ion beam, 
barded silicon surfaces behaved very differently obtaining doping concentrations estimated at 
in point contact diodes than did conventionally 10 18 /cm 3 . Alvager and Hansen* 10 * applied this 
prepared surfaces. The bombarding species used technique to form shallow junctions for use as 
were helium, argon, hydrogen, and nitrogen and, nuclear particle detectors; their practice of anneal- 
in view of present knowledge, the crystal damage ing after irradiation caused “appreciable diffusion 
effects attending the bombardment evidently of the phosphorus . . . thus producing a deeper 
predominated over the chemical effects of the junction than would have been expected**. Junction 
interjected specie. depths of about 1 p were obtained in silicon by 

In 1955 Cussins* 7 * studied a wider variety of King and Solomon,* 11 * using one MeV boron 
bombarding species, directed against germanium ions. Bredov and Nuromskii* 12 *, again using point 
substrates. His results suggested “that the only contact diode effefcts for evaluation, demonstrated 
a 1073 
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that p-type silicon with 2 x JO^/cm 3 acceptors 
could be overdoped by 5 or 10 keV lithium ions 
to form an «-type surface layer. 

The doping obtained in the investigations cited 
appears consistent with known solubilities* 18 * of 
the dopants. Ion beam technology, however, offers 
the additional possibility of producing substantial 
departures from equilibrium. During ion bom¬ 
bardment, the solubility reaction at the surface of 
the host crystal is driven in the forward direction 
by energies many magnitudes greater than the 
thermal energy, kT. In systems where the reverse 
reactions are relatively slow, strong supereaturation 
effects could be expected. This prospect 
was emphasized in the present experiments by the 
deliberate choice of a dopant with low solubility, 

A related interest was reported by Strack,* 14 * 
who studied the enhanced diffusivities of boron and 
phosphorus in silicon undergoing bombardment. 
The observed enhancement was presumably the 
result of greatly increased concentrations of point 
defects near the surface, probably representing a 
supersaturation condition for the defect species. 

PENETRATION DEPTH 

An important consideration for the present 
experiments is the concentration profile of the 
penetrating ions. The recent investigations of 
Davies and associates* 4 * 16 * typically indicate a 
profile that is asymmetric about a most probable 
penetration depth, Most of the asymmetry 
arises from an exponential tail, which has been 
detected by tracer techniques to depths > 5 /?p. 
Current efforts* 16 * to understand the deeply pene¬ 
trating component, or "tail”, are directed to com¬ 
puter calculations of the phenomenon of “channel- 
ling”, whereby an incident particle travelling in 
certain favored crystal directions undergoes only 
glancing collisions. The calculations have estab¬ 
lished that <110 > directions are most favored in 
f.c,c. lattices, and a similar result seems probable 
for the diamond lattice of silicon. 

The best estimate’ 6 that can be made for the 
present case of lOkeV Cs + ions driven into Si 
comes from the data of Davies et <ri.* 4 > Their 
results for the profiles of Cs + ions of various 


• Some early measurements of Bredov et 18 > 

are neglected here, in view of a later comparative 
study.* 18 * 


energies driven into aluminum targets can be 
applied directly to silicon, since the Bohr-Nielsen 
relation f differs by less than 2 per cent for the 
two target materials. Their data indicates a mean 
penetration depth, Rm, of 100 A in the present 
case, and an exponential tail in which the concen¬ 
tration decreases by a factor of two every Xip « 
55 A. The data on which these estimates are based 
come from polycrystalline aluminum targets, 
rather than oriented single crystals, as contem¬ 
plated in channelling calculations.* 1 ^) Since <110 > 
oriented crystals were used as targets in the present 
experiments, channeling was thereby emphasized 
and the resulting "half-thickness” distance, X 1 / 2 , 
was probably greater than the above estimate. 

BOMBARDMENT CONDITIONS 

An experimental ion propulsion engine provided the 
beam of cesium ions for the present experimentB.lt The 
engine, which was originally designed for thrust studies, 
operates conventionally, using a porous tungsten con¬ 
tact ionizer. The beam energy could be maintained 
within ~ 2 per cent of any setting up to 10 keV; the 
beam density, however, was subject to fluctuations of 
the order of 20 per cent probably due to electrons 
travelling the beam. 

The engine operated inside a vacuum chamber main¬ 
tained at ~ 10~ 6 torr. Before commencing a bombard¬ 
ment, cesium was first flowed into the system via the 
hot tungsten ionizer, but with no accelerating potential 
applied, for ~ 30 min. By flushing the system with 
cesium in this way, the partial pressures of other gases 
were probably reduced; thus, for example, it was 
observed that all metal surfaces in the chamber became 
strongly photoemissive to white light. While flushing 
the system, the silicon specimen was brought up to 
temperature; then the bombardment was begun. 

Certain standard experimental conditions were ^em¬ 
ployed in all the bombardments, except where specified 
otherwise. These conditions are listed in Table 1. Where 
a given variable could not be closely controlled or 
accurately measured, an approximate figure is indicated, 
or an estimate given for the uncertainty. 

The surface of the silicon specimen exposed to the 
beam was a (110) face within an uncertainty of ~ 2°. 
Also the specimen was struck by the beam in a perpen¬ 
dicular direction, with an uncertainty of perhaps 2°, 
judging from shadows cast by the beam in the apparatus. 

After bombardment the specimen was stored in a 
desiccator until just before making electrical measure¬ 
ments. The purpose of the standard storage procedure 
was to minimize the influence of the ambient gas on the 
field effect measurements. However, this influence was 


t Page 1543 of Ref. (4). 

t Courtesy of Rocketdyne, a Division of North 
American Aviation, Inc. 
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Table 1. Standard experimental conditions 


Beam energy 

lOkeV 

Beam density 

~ 3 pA/cm* 

Vacuum 

10"* torr 

Duration of preliminary cesium flushing 

~ 30 min 

Duration of bombardment 

30 min 

Direction of bombardment 

<110>, ± 4* 

Specimen temperature 

Specimen; Csochralaki-pulled Si doped with 4 x 10”/cm 8 boron 

- 500*C 


probably negligible, as indicated by the observation that 
soaking a specimen in each of several common reagents 
(nitric acid, hydrogen peroxide, hydrofluoric acid) pro¬ 
duced negligible changes. 

ELECTRICAL MEASUREMENTS 

The bombarded surface was studied principally 
through its electrical properties. Type-testing with 
thermo-electric probes clearly showed the Cs + bom¬ 
barded regions to have converted to n-type; all other 
regions of the 500°C silicon not directly in the beam 
remained p-typc. The conversion to n-type was observed 
regardless of the bulk acceptor doping in the range, 
4 x 10” < Na ^ 4 x 10 19 /cm 8 . 

To measure the number of donor centers introduced 
by the bombardment, field-effect transistor structures 
were fabricated on the specimens. A typical specimen 
geometry is shown in Fig. 1. Using conventional oxide 
masking procedures, phosphorus was diffused to form 
the two contacting “islands'* and the field electrode. 
Using a second oxide masking step, a window was pro¬ 
vided so that the Cs + beam could strike the silicon only 
in the “channel** region of the transistor structure, as 
shown in the figure. Elsewhere the Cs + beam would 
strike the oxide, causing various deleterious effects on 
the electrical measurements; these could be remedied, 
however, by subsequent removal of the oxide. 

A four-point probe was used on this structure to 
measure sheet conductivity. Both the current and the 
voltage probes contacted die specimen on the diffused 
islands. Small potentials, typically less than 50 mV, 
were applied in order to introduce only minimal field 
effects in the conductivity measurement itself. When a 
field effect was desired, a given potential was applied 
to the n + region labelled “field electrode”. In the data 
presented in this paper, this applied potential is re¬ 
ported, rather than the actual potential existing between 
the bulk p-type and the transistor structure. Thus a 
small error, perhaps 0*1-0 *2 V is present, corresponding 
to the forward bias at the junction between field electrode 
and bulk. 

A more serious problem in the field effect measure¬ 
ments was the leakage current that flowed between the 
bulk and the transistor structure when the field voltage 
was applied. A typical leakage current is shown in Fig. 
2, labelled “not guarded 1 *. This current would cause a 


floating potential to exist at one island (for example, 
the transistor “drain*’) when the field voltage waa 
applied to the other island (“source**). Thus the field 
effect measurements had to be limited for each specimen 
to field voltages producing only comparatively email 
leakage currents. 



Fig. 1. Specimen geometry for measuring sheet con¬ 
ductivity with field effect. 


The field effect on sheet conductivity provides 
a measure of the sheet charge density in the de¬ 
pleted region of a p-^n junction. Shockley’s origin¬ 
al paper* 19 * on the field effect transistor treats the 
case of an abrupt junction. With minor modifica¬ 
tion, the same treatment can be applied to the 
present junctions; we need only replace the abrupt 
junction by a doping profile with a heavily-doped 
»+ surface layer and lightly />-doped bulk. In 
such a doping profile, nearly all the junction 
potential, <f> « applied voltage+where Ef is 
the “built-in” potential due to the band gap, 
occurs in the lightly doped bulk. Using simple 
junction theory,W the sheet density of donor 
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ion 

centers in the depletion region is 

*• 

?JiVi)d*, = (2«o?iV^) 08 (1) 

0 

in mJLt, units, where is the bulk acceptor con¬ 
centration, Njo is the concentration of donors 
introduced by Cs + bombardment, x n is the thick¬ 
ness of the depletion layer on the n-side, q is the 



FlO. 2. Typical reverse I/V characteristics between Cs + 
bombarded regions and the />-type bulk. “Not guarded" 
refers to the geometry of Fig. 1; whereas “guarded” 
refers to a C» + bombarded region completely surrounded 
by a phoiphoroua-diffusod ring. 

electronic charge, * is the dielectric constant, and 
«0 *» 8*854 x 10“ ia F/m. If sufficient potential 
could be applied to the junction to "pinch off" the 
channel, t.e., reduce its sheet conductivity to zero, 
all donor centers introduced by the bombardment 
would be accounted for by relation (1). Although 
leakage and breakdown effects prevent us from 
applying the full pinch-off voltage, the field effect 
measurements can be extrapolated to estimate the 
total donor concentration. 

In a few instances the breakdown of these p-n 
junctions wafl studied. A guard ring structure was 


required to obtain the reduced leakage currents 
indicated in Fig, 2. This structure was fabricated 
using oxide mask techniques so that a circular 
region, typically 10 -2 cm in diameter, of Cs + bom¬ 
barded silicon was surrounded by phosphorus 
diffused regions. Rather long heat treatment was 
necessary to reduce the grading of the phosphorus 
diffusion front and raise the breakdown voltage 
there above its value in the region of interest. 

RESULTS 

Using standard experimental conditions, the 
sheet conductivities shown in Fig. 3 were observed. 
The abscissa in this figure indicates the applied 
field voltage and its equivalent in charge density 
according to relation (1). Using the latter coordin¬ 
ate, the slope in the plots is the so-called field 
effect mobility. Since the slope is approximately 
constant, except for very small field voltage, the 
mobility appears to be constant and amounts to 
~ 80 cm 2 /V sec; this value corresponds to the 
bulk mobility observed* 21 ) in n-type silicon doped 
to a few times 10 19 /cm 3 . 
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Fig. 3. Sheet conductivity vs. field voltage under 
standard conditions. Silicon wafer A was processed 
through the experiment twice; wafer B, once. For com¬ 
parison, the effect of a 500°C anneal is shown. 

The considerable discrepancy between the 
various bombardments shown in Fig. 3 is instruc¬ 
tive. Each silicon wafer contained two complete 
transistor structures, the results for which are 
plotted as filled and open symbols in the figure. 
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Tlie discrepancy between these structures is 
relatively small. On the other hand, the discrep¬ 
ancy from one bombardment to the next is large, 
even when the same wafer was reprocessed. Thus 
the bombardment conditions appear to be the 
least reproducible feature of the experiments. 
Some of the bombardment parameters were 
varied to explore this point. Increasing the time 
of bombardment to 2 hr made little difference; 
however, decreasing the time to 6 min reduced the 
agreement between the two structures on a given 
wafer and resulted in lower sheet conductivity. 
Raising the specimen temperature to 700°C had 
little effect. Lowering the temperature to 300°C, 
however, caused the sheet conductivity to fall by 
two to three magnitudes, whereas room tempera¬ 
ture bombardment resulted in an apparently in¬ 
trinsic surface layer. These results at low tem¬ 
peratures correspond to damage effects predomin¬ 
ating over the chemical character of the bombard¬ 
ing ion, in agreement with Cussins.* 7 ) 

Possible annealing effects were also investigated. 
A 2 hr anneal at 500°C had no effect within the 
uncertainties just described. A 45 hr anneal, how¬ 
ever, caused a fourfold decrease in sheet conduc¬ 
tivity, as shown in Fig. 3. 

The reverse bias which could be applied was 
limited by leakage currents and junction break¬ 
down. If the present results are linearly extra¬ 
polated to pinch off (o = 0), however, a total sheet 
donor concentration of — 3/u, C/cm 2 , or 2 x 10 13 
charges/cm 2 is indicated. Linear extrapolation 
assumes that the carrier mobility (i.e., the slope 
in Fig. 3) remains constant up to pinch-off. One 
could expect lower mobility carriers to be en¬ 
countered when larger biases are applied, how¬ 
ever, due to the effects on the mobility of surface 
scattering and of the increased Coulomb scattering 
in the more heavily doped layers near the surface. 
The presence of lower mobility carriers would 
cause the curves in Fig. 3 to approach the abscissa 
more gently, at large bias, and thus to indicate 
a total sheet donor concentration larger than 
2 x 10 18 /cm 2 . 

Neutron activation analysis* was used to 
measure the chemical concentration of cesium. 
A 3 hr irradiation in a thermal neutron flux of 


* Performed by Union Carbide Nuclear Co., Tuxedo, 
New York. 
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9 x 10 1 * neutrons/an* sec was followed by various 
wet chemical procedures. The gamma activity 
induced in a bombarded wafer was approximately 
100 times greater than in a control (unbombarded) 
wafer. A cesium concentration of6-8 x lG* 4 /cm* 
was indicated. This amounts to nearly one Atom 
layer of the silicon host lattice, and is about 
30 times the donor concentration estimated by 
linear extrapolation in the field effect measure¬ 
ments. 

The influence of the bulk doping, Na, was also 
investigated, all other conditions remaining un¬ 
changed. The results are presented in two ways in 
Fig. 4. First a field effect plot, as in Fig. 3, pro¬ 
vides some information about mobilities and 
charge densities. The simple analysis of relation 
(1), which assumes No > Na> becomes increas¬ 
ingly less applicable as the bulk doping is raised. 
Nevertheless Fig. 4(a) does show clearly, if 
qualitatively, that less mobile carriers are involved 
for large values of Na . Furthermore, extrapolation 
to estimate the total concentration of donor centers 
suggests that the latter decreases relatively slowly 
as Na is increased. 

The zero-bias plot of Fig. 4(b) allows some 
estimate of asymptotic values for o and No* The 
maximum value of cr obtainable by decreasing the 
bulk doping appears to be well under 1000 /i 
mho/D. On the other hand, the maximum 
obtainable concentration No appears to be of the 
order of 10 20 /cm 3 . Experimental verification of 
this point by using larger values of Na than re¬ 
ported here may be difficult, however, due to the 
thinness of the n-type layers. 

Attempts were made to uniformly remove thin 
surface layers from the wafers, so that only cesium 
which had penetrated deeply into the wafer would 
remain. A boiling water/etch cycle! 22 ) was tried, 
as were several etchants alone. The results were 
erratic, a frequent difficulty being that the wafer, 
or part of it, would become passivated. Occasion¬ 
ally, however, a structure was obtained which 
came close (e.g., within 10 per cent) to pinch off 
before large leakage currents were encountered. 

A more reproducible way to obtain thinner 
n-type layers is to reduce the energy of the bom¬ 
barding ions. Figure 5 shows the result of reducing 
the ion energy to 3 keV (with beam density x 
bombardment time held constant). The observed 
~ threefold reduction in ion energy corresponds 
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to - fivefold mMod in sheet conductivity and 
twofold reduction in total donor concentration, 
aa judged by linear extrapolation to pinch off. 
The effective mobility is lower than under standard 
conditions, but follows the same trends with bias. 

For comparison purposes, a few structures were 
p r epared by phosphorus diffusion instead of Cs + 
bombardment. The specimens were held at 
800°C in PaOs vapor for 5 min and typically be¬ 
came more conducting than the bombarded 
specimens. However, one phosphorus diffused 
specimen happened to fall in the same conduc¬ 
tivity range as the 3keV results just described; 
the two specimens are compared in Fig. 5. Evi¬ 
dently the effective mobility in the phosphorus- 
diffused specimen is about twice that in the bom¬ 
barded specimen. An interesting feature of the 
phosphorus diffusion is the way in which the effec¬ 
tive mobility continues to decrease with increasing 



Fio. 4(a) 



Fig. 4(b). The effect of changing the bulk doping, Na- 
(a) The field-effect sheet conductivity at four values of 
Na * (b) The zero-bias sheet conductivity vs. Na* 
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SHEET CHARGE DENSITY (I0' 6 COUL/CM 2 ) 
Fig. 5. The effect of lowered ion energy. For comparison 
the sheet conductivity of a phosphorous diffused layer 
is shown. 

bias* over the full range of measurement. 

Avalanche breakdown was studied in guard ring 
structures prepared under standard conditions. 

* Thia may be the result of diffuse scattering at the 
surface.***) 
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The breakdown voltage estimated by extrapolating 
to zero breakdown current was in the range of 
13-14 V as can be seen in Fig. 2. This value can 
be compared to the ~ 7 V breakdown reported* 24 * 
for abrupt silicon junctions between 4 x 10 17 /cm 3 
bulk doping and heavy surface doping. Thus the 
present breakdown voltage suggests a doping 
gradient more gentle than the abrupt case, at 
least in the vicinity of the junction. 

DISCUSSION 

The present experiments show that an alkali 
atom other than the much-studied lithium* 26 * can 
heavily dope silicon. This heavy doping very 
likely reflects not an equilibrium solubility, but 
a strong supersaturation. Even lithium, the 
smallest of the alkali atoms, has a maximum 
solubility* 18 * at this temperature of only 2 x 10 18 
(c.f. to lO^/cm 3 reported here). Cesium, being 
the largest of the stable alkali atoms, is expected to 
have a much smaller solubility.* 28 - 27 > Probably the 
best analog to cesium in terms of atom size and 
valency, among the elements for which solu¬ 
bilities are reported,* 13 * is gold, with a solubility 
less than 10 16 /cm 3 at 500°C. Thus, a best estimate 
for the degree of supersaturation in the present 
experiments is a factor of 10 6 or possibly more. 

Such a strongly supersaturated material could 
be expected to nucleate precipitates. Lithium- 
supersaturated germanium, for example, under¬ 
goes precipitation at room temperature.* 28 * 29 > In 
the present case, however, relaxation processes 
appear to take place only at elevated temperatures, 
and then rather slowly. This fact suggests that the 
injected cesium atoms diffuse very slowly. For 
example, if the effects of the 45 hr anneal corre¬ 
sponded to diffusion of cesium atoms to the free 
surface, typically less than 500 A away, the 
diffusivity at 500°C would be less than 10“ 15 
cm 2 /sec. Other precipitation processes may be 
important, e.g., clustering of cesium atoms inside 
the crystal, but these would also imply a short 
diffusion length. On the other hand, defect centers 
created by the bombardment are evidently able to 
anneal out more easily, as shown by the influence 
of specimen temperature on sheet conductivity. 

Possible structures for the donor center pro¬ 
duced by cesium injection can be partly delineated 
by the present experiments. We do know, for 
example, that a minimum of one donor is present 


for ~ 30 cesium atoms injected. Abo additional 
scattering centers are present, compared td con* 
ventionally doped silicon, as indicated by reduced 
carrier mobility. These foots can be fitted by 
several possible models ranging from that of an 
isolated cesium interstitial to that of a large com¬ 
plex containing many cesium atoms. The cesium 
may well be distributed over a variety of such 
structures, not all of which introduce donor 
centers under the present experimental conditions. 
One argument for a simple structure such as the 
isolated cesium interstitial, however, is the ob¬ 
served small diffusivity. Evidently the location of 
a cesium atom in the lattice is governed primarily 
by the original energetic events during injection, 
and subsequent movements due to thermal 
energies are rare. 

Let us consider now the distribution of donor 
centers with depth. As a first approximation, the 
present results indicate an abrupt junction be¬ 
tween a heavily doped surface layer and, under 
standard conditions, a more lightly doped bulk. 
This situation was assumed in obtaining relation 
(1) and, to the extent that the plots of Fig. 3 are 
linear, was confirmed. However, a region of 
steeper slope is discernible for small bias in Fig. 3, 
and may correspond to an exponential tail in the 
doping profile as it approaches the bulk doping. 
Similarly the breakdown voltage measurements 
imply that the junction is not strictly an abrupt 
one. Furthermore the variation in sheet con¬ 
ductivity with bulk doping cannot be explained 
simply due to compensation but rather indicates 
grading in the doping profile. These facts suggest 
a concentration profile for the donor centers like 
that of Davies et a/.* 4 * for the cesium itself. 
Efforts to obtain a quantitative comparison be¬ 
tween these profiles are deferred to later experi¬ 
ments, however. 

A variety of further experiments are suggested 
by the present results. The supemturation 
observed for cesium injected into silicon may occur 
in other systems as well. An interesting feature to 
determine in such systems is the principal mechan¬ 
ism tending to restore equilibrium, whether it be 
dissolution at the free surface, internal precipita¬ 
tion at impurity sites, defect sites, etc. If the 
restoring mechanisms are sufficiently weak, it may 
be possible to obtain supersaturation to macro¬ 
scopic depths in the host crystal. Aside from this 
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prntfMty* the iurfacc pippertiw of a «iper- 
wturated crystal are thenuelvea of conridcrable 
interest* For example* when supersaturated sur¬ 
faces are admitted to consideration, it should be 
possible to vary the work function over a wider 
range. The surface conductivity resulting from 
supemturation also can be expected in some 
systems to cover a wider range than in the equi¬ 
librium case* allowing conduction processes to be 
Studied in these systems. 

CONCLUSIONS 

Electrical measurements were used to charac¬ 
terize the surface layers of silicon suitably exposed 
to energetic cesium ions. Donor centers at con¬ 
centrations as high as lO^/cm 8 were found to 
be present. The donor concentration evidently 
decreases with depth in the crystal, possibly in the 
same way as the cesium concentration is reported 
to do. A field-effect mobility about half that of 
phosphorus diffused material of comparable 
doping is observed. 

The heavy doping obtained by ion injection 
represents what is probably a very strong super- 
saturation. Yet the metastable material produced 
relaxes only very slowly at temperatures as high 
as 500°C. Evidently cesium has a diffusivity, D t 
estimated to be less than 1(H 6 cm 2 /sec, at 500°C 
in silicon. 
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Abstract—A system of coupled diffusion equations can describe oxide film growth. Ideal treat¬ 
ment of surface processes leads to linear-type growth for surface controlled rate, and provides 
boundary values for the coupled equations for diffusion controlled rate. A comparison of the space 
charge relaxation time with the monolayer formation time, as well as direct numerical computation * 
justifies steady-state equations for 100 A films with defect concentrations less than 1 per cent of the 
lattice sites. Fourier analysis of the fixed boundary problem provides an iterative solution for Stefan's 
problem. Numerical solutions for time-dependent interfacial charge densities show a parabolic-type 
growth for charged particles with an enhanced rate constant £A, where k is the parabolic rate con¬ 
stant for the diffusion of uncharged particles. The enhancement factor £ is determined by an elec¬ 
trical potential difference 4* independent of L(t) developed across the film. The parameters £ and ^ 
depend on relative values of the products of concentration C and mobility g., increasing with in¬ 
creasing fj>C for the electronic species and decreasing with increasing fiC for the ionic species. 
Typical values of 4 * and £ are 0*3 V and 3. For equal values of juC, 4 > i* nearly zero and £ is approxi¬ 
mately one in the small space charge limit. Non-negligible space charge relative to interfacial charge 
density decreases £. In certain cases, 4> an d £ depend on L(t) , so departures from parabolic growth 
occur, especially in the transient stages ogrowth. Numerical solutions for constant external or 
surface charge fields yield Nth root and logarithmic growth laws. Space charge can aid or hinder 
growth; this is determined by the contribution of the space charge field to transport and the change 
in ion distribution for this field. Experimental data for growth of CuaO on Cu crystals at 50 and 
130°C were fit assuming small space charge. 


1. INTRODUCTION 

Two categories of protective film growth com¬ 
monly are observed: parabolic growth at high 
temperature and a limiting thickness (Nth root 
or logarithmic-type) growth at low temperature. 
Although bulk diffusion is recognized as a primary 
transport mechanism for growth, it is considered 
to be rate limiting only for parabolic growth, 
since a parabolic law is obtained from Fick’s law 
for steady-state diffusion of either uncharged 
particles or neutral pairs. Consequently, attempts 
have been made to explain logarithmic growth by 
a number of other mechanisms (e.g., electron 
tunnelling, nucleation, adsorption kinetics, space 


* This work performed under the auspices of the 
U.S. Atomic Energy Commission. 


charge, and variation of boundary concentrations 
with film thickness), although none of the pro¬ 
posed mechanisms have been quantitatively suc¬ 
cessful for large classes of experimental data. The 
current question seems to be whether oxide film 
growth is actually rate limited by so many different 
processes that a different one is applicable for 
almost any change in metal or environment, or 
whether most experimental data can be related to 
several limiting cases of some general phenomena. 

Wagner* 1 ** recognized that growth in the thick 
film region at high temperatures occurs by the 
transport of charged species through the film. 
Fick’s law is therefore inapplicable, since the 
electric field due to the charged species modifies 
the transport process considerably from diffusion 
of uncharged species. Unfortunately, the thermo- 


1081 



1052 


A. T. FROMHOLD, J*. 


dynamic approach used by Wagner* 1 *) to explain 
bsa experimental data also neglects the large effect 
on transport of the internal electric field, since 
each element of volume of the film is considered 
to be electrically neutral. An alternative derivation 
of the parabolic law by Hoar and Price* 8 *) and 
JwW is based on Ohm’s law and the assumption 
that the free energy release due to chemical reac¬ 
tion at the film interface creates an electrical 
driving force for mass transport of the charged 
particles. This approach does not distinguish 
between a small free energy difference due to a 
difference in concentration along the concentration 
gradient and a large free energy release due to 
chemical reaction at the interface. Thus, a satis¬ 
factory explanation for parabolic growth has not 
yet been given for growth by diffusion of charged 
particles. 

Mott* 8 ) offered two interesting hypotheses to 
explain logarithmic growth. These seem to be the 
only ones proposed which had any possibility of 
providing a general explanation of logarithmic 
growth. The first* 3 *** 1 ) considers growth rate to be 
limited only by ion diffusion so long as electrons 
penetrate the film easily by the tunnel effect, but 
then growth rate decreases rapidly for film thick¬ 
nesses large enough to limit the tunnel current. 
This mechanism limits the ultimate film thickness 
to about 50 A and causes it to be independent of 
temperature, contrary to low temperature experi¬ 
mental data.* 4 ) The second hypothesis* 80 ^) (some¬ 
times referred to as the Mott-Cabrera theory) 
assumes ion transport can occur only by nonlinear 
diffusion through the film under a very large 
electric field created by electrons. The electrons 
are considered to penetrate the film by thermionic 
emission or the tunnel effect and set up a steady- 
state thickness-dependent electric field by ionizing 
adsorbed oxygen. At the present time this approach 
has not been quantitatively successful in explain¬ 
ing commonly observed kinetics, such as the 
oxidation of copper* 8 ) at intermediate temperatures. 

The present work, based on the macroscopic 
approach, is an attempt to explain the kinetics of 
oxidation phenomena in terms of rate being con¬ 
trolled by limiting cases of the interfacial processes 
and bulk diffusion of several charged species 
through a homogeneous oxide film in the electric 
field of these species. The kinetics of growth in 
this approach are determined somewhat by the 


variation of the electric field through the film, 
but especially by the variation of this field with 
film thickness. Some processes not inherent in the 
macroscopic approach (e.g., electron tunnelling) 
are included implicitly since such processes 
determine to a great extent the variation of the 
field with film thickness. 

Section 2 provides a statement of the film 
growth problem in terms of mass and charge 
gradients by using a system of macroscopic 
diffusion equations coupled through the electric 
field. Limiting cases of the interfacial reactions 
are considered to determine rate in certain in¬ 
stances, but in general serve to determine the 
boundary conditions for the system of coupled 
equations. The complexity of the problem is re¬ 
duced greatly by considering the diffusion of only 
two species and by justifying the steady-state 
approximation. In Section 3 numerical solutions 
to this simplified problem are given. The compu¬ 
tations for diffusion of charged particles show that a 
fixed electrical potential difference dependent on 
the system parameters is established across the 
oxide film. This results in parabolic growth with 
a different rate constant £k from the rate constant 
k corresponding to diffusion of uncharged par¬ 
ticles. Whenever transport of one of the two 
species cannot occur by diffusion (e.g., at low 
temperatures), the diffusion current redistributes 
charge to create an electric field which is modified 
by the transport mechanism of the other species 
(e.g., field emission or electron tunnelling). Com¬ 
putations for the simple case of a fixed surface 
charge field illustrate logarithmic and Mh root 
behavior of growth for both large and small space 
charge. This approach is shown to provide a good 
fit to the intermediate temperature data of 
Rhodin* 4 ) and of Young, Cathcart and 
GWATHMEY**) for the oxidation of Cu crystals. 
Conclusions are presented in Section 4. 

Z DEVELOPMENT OF THE PROBLEM 
A. Coupled equations 

Application of the usual macroscopic diffusion 
equation to each species diffusing through a 
planar oxide film together with Poisson’s equation 
and the equation of continuity yields a system 
of coupled nonlinear partial differential equations. 
Provided the current in the x-direction of a 
given species i is independent of the concentration 
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gradient dCjl&c of other species Cj (j & i), the 
system, of equations applicable to each species 
can be written as follows: 


dCi 

Ji = mCtE-Di —— 
d± 

(i) 

dJi dCi 

-1-=* 0 

dx dt 

(2) 


' r 

E(x,t ) = (1/e) J 2 S<C<(*,0 d* 
o «■ 

+(i/«)2® ff *(°**) ( 3 ) 

(-1 

t 

o<(0,t) = o<(0,0)— J J t (0,t) dt (4) 
0 

2 ?«r<(0,<)4- 2 ?<o<(L(t),t) 

<-l in 1 

1.(0 r 

+ f 2 9 <Ci(x,t) d* = 0 (5) 

o w 

= mobility in the oxide film in the re¬ 
direction, which is the direction normal 
to the crystal face. 

Di = diffusion coefficient of the ith species in 
the direction. 

E =r total electric field at any point in the film. 
t — time. 

gt = charge per particle of the ith species. 
r = total number of species. 

€ = dielectric constant of the film. 

<^(0,f) = surface density of the ith species at 
x -* 0. 

Any externally applied field can be included in 
one of the terms The Einstein relation holds 
between the ^ and Z><. The Di depend on direction 
through the oxide and in general can be nonlinear 
functions of the concentrations of all species in 
the film. 


B. Boundary conditions 

Boundary conditions appropriate to this sy s t e m 
of equations are the bulk concentrations of a 11 
species at the film interfaces for all time, the con¬ 
centrations through the film at t m 0, and the 
interfacial surface charge densities o*{0,0). 
Kinetic relations exist between the instantaneous 
interfacial surface densities and the instantaneous 
bulk concentrations in the film at the interfaces. 
The relations are specific to each system and are 
functions of all the <tj and Cj at the interface in 
question as well as temperature, pressure, energies 
of formation of bulk defects from surface defects, 
and the number of bulk defects in the film at the 
interface. Thus, the set of boundary conditions 
for the equations for transport through the film 
can be formally replaced by relations involving 
surface interfacial concentrations. 

Ideally, the surface interfacial concentrations 
can be considered to change with time as a result 
of four processes: 

1. Currents Ji(y,t) of all species to and away 
from each interface y, to be determined from 
the bulk transport equations. 

2. Chemical reactions jn<(y,f) of the surface 
species with each other to increase the film 
thickness. 

3. Decomposition J<(y»t) of one surface species 
to form another, such as decomposition of 
adsorbed molecules into adsorbed atoms, or 
ionization of adsorbed atoms to form ions. 

4. Deposition pi(y,t) of matter on the surface 
from the solution (or gas) phase or onto the 
metal-film interface from the metal. The 
rate is a function of the flux of incident par¬ 
ticles, the energy of adsorption of the par¬ 
ticles, the interfacial concentrations, the 
equilibrium interfacial concentrations, t , 
pressure and temperature. 

The growth rate dL(f)/df of the film is thus 
established by a combination of bulk diffusion and 
interfacial reaction rates. In the following sub¬ 
sections this formal treatment is reduced to the 
cases usually treated, in which rate is determined 
either by interfacial or steady-state diffusion pro¬ 
cesses. This illustrates the assumptions and 
limitations inherent in macroscopic theory, in 
addition to providing a system of equations 
amenable to numerical solution. 
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C* Surface reaction controlled rate 

Consider the formation of a volatile oxide, or a 
nonvolatile wride containing macroscopic pores 
and cracks. Oxygen is readily accessible to the 
metal surface, so bulk diffusion can be neglected. 
For low oxygen pressures, the arrival rate pi can 
be small compared to the decomposition and 
reaction rates, and the surface concentration of 
oxygen ions approaches some small steady-state 
value. The oxidation rate is then proportional to 
pi and the metal oxidizes linearly with time at a 
rate determined by the temperature and pressure 
of the system. For higher pressures but a slow 
decomposition rate compared to the reaction 
rate, the surface concentration of oxygen ions 
approaches a steady-state value. Oxidation is 
then linear in time and proportional to the de¬ 
composition rate at the given temperature and 
pressure. Likewise for high pressures and a rapid 
decomposition rate compared to the chemical 
reaction rate, oxidation occurs linearly with time 
and is proportional to the chemical reaction rate 
on the interface. 

If all surface reactions occur at about the same 
rate, the sum of the above processes should cause 
oxidation to be approximately linear in time. 
Some departures from linearity are expected in 
the transient stages until the steady-state is reached. 
Qualitatively, the result of a decrease in concen¬ 
tration or a depletion of one of the species during 
the oxidation process is obvious. The above dis- 
cuBsion applies equally well to the growth of pro¬ 
tective oxide films for a bulk diffusion rate much 
greater than the slowest surface reaction rate. For 
example, systems in which the oxygen pressure 
is as low as lO~ 10 mm Hg can be rate limited by 
the rate of arrival of oxygen molecules at the 
surface. In general, then, surface controlled 
oxidation can be expressed 

m = k>t (6) 

where k ' can depend markedly on the temperature 
and oxygen pressure of the system. 

D. Bulk Diffusion controlled rate 

In most instances the interfacial reactions are 
rapid compared to bulk diffusion through the 
film. Then the interfaciai concentrations are con¬ 
stant in time and can be obtained from surface 
equilibrium isotherms such as the one of Langmuir 


and dL(t)ldt depends on the Ji(y,t) produced by 
the concentration gradients and field in the film. 
Even for the case where surface reactions are not 
rapid enough compared with bulk diffusion to be 
in true equilibrium, it is often a good assumption 
to consider them to be in some dynamc steady- 
state (independent of time) determined by the 
magnitude of the current to the interface and the 
ambient conditions. For these limiting cases the 
C{(y t t) can be assumed to be constant in time 
(though not necessarily independent) at each 
interface and therefore provide the boundary 
conditions for the bulk transport equations. 

Since the activation energy for diffusion in a 
given direction in a nonmetallic film varies with 
the species, the diffusion of one ionic species 
usually accounts for almost the entire growth at a 
given temperature. It should be remembered, 
however, that a change in temperature can shift 
the mechanism of growth from diffusion of one 
ionic species to the diffusion of a different ionic 
species as symbolized by the exponential depend¬ 
ence of diffusion rate on the ratio of activation 
energy to temperature and different values of the 
pre-exponential factor. 

The simplest situation for diffusion controlled 
growth, then, consists in the diffusion of one ionic 
species with a corresponding electronic current. 
Only two Di and two ^ are then of interest, one 
relating to the diffusion of the ionic species and 
one relating to diffusion of the electronic species. 
These two defects are quite different both physi¬ 
cally and chemically, so that the Di and fti depend 
primarily on Ci(x,*), and D 2 and /x 2 depend 
primarily on C 2 (-V). To a first approximation this 
dependence on concentration can be neglected, as 
is usually done in order to obtain results not 
specifically limited to any one system. 

Thus, the problem of diffusion controlled 
oxidation is reduced to solution of the set of 
coupled equation (1) through (5) for i = 1,2, 
with Di and constant parameters of the system. 
The film growth rate is given by 


dL(/) 

~dT 


*My\t) 


( 7 ) 


where y represents the reaction interface, Ji is 
the ionic current and 2* is the volume of oxide 
formed per ion which diffuses through the film. 
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The initial;; and boundary conditions to be 
specified are <^(0*0) and Ci(xfi) [including C<(0,0) 
and Crf£(&),0>] with • « 1,2. 

The solution of this system of equations con¬ 
taining one fixed and one free boundary yields the 
position of the free boundary in time. This prob¬ 
lem differs from the one of Stefan* 6 * since it con¬ 
tains the nonlinear term involving the electric 
field which couples the equations. The problem, 
however, is simplified by the steady-state approxi¬ 
mation which is discussed below. 

E. Steady-state approximation 

The total number of defects in an oxide film 
less than 100 A thick is fewer than the number re¬ 
quired to form a monolayer of the oxide, unless 
the defect concentration rises to within an order of 
magnitude or so of the atomic concentration. 
Essentially all particles for growth must diffuse 
from one boundary to the other through the entire 
film. Any departure from steady-state defect con¬ 
centration in the film can be eliminated by this 
flux of particles. For the purpose of computing 
growth rates, then, the steady-state approxima¬ 
tion 


dJi(x f t) 

dx 


- 0 , 


( 8 ) 


variables can be extended to di&uioa ia the 
presence of a constant field by a simple transfor¬ 
mation. The field has the effect of decreasing the 
ratio t/T, so the steady-state approximation is 
better in the presence of a field -(see Appendix !). 
This approximation gives 

r C(L(0,t)-C(0,t) exp mum \ 

L 1-exp (EMm JJ t0) 


which is the current expected if the field due to 
surface charge (or an external applied field) 
dominates the contribution to the field made by 
the inhomogeneous space charge. 

A straightforward iterative scheme (sec Appen¬ 
dix 2) based on a Fourier series solution for the 
fixed boundary problem can be used to compute 
growth rates for the diffusion of uncharged par¬ 
ticles in the limit of non-steady-state growth.* 7 ) 
To illustrate the effect of non-steady-state growth, 
the equation for diffusion in zero field was pro¬ 
grammed directly for computer computation. 
Figure 1 illustrates that the relative amount of 

X/L 


should be valid. 

A mathematical justification of the steady-state 
approximation for growth by diffusion of un¬ 
charged particles can be obtained in the following 
manner. Solve the diffusion equation for fixed 
boundaries by separation of variables. The time 
dependent portion of the solution is composed of 
exponential terms, with the longest relaxation 
time contained in the first term of the series. The 
ratio of this relaxation time r to the time T needed 
for the film to increase in thickness by 1/10 of a 
monolayer is given by 

t/T ^ 10-15 L{t) [C(0,0- C(L,f)] (9) 

(see Appendix 1), This ratio is small for thin films 
except for the unlikely possibility of a concen¬ 
tration within an order of magnitude or so of the 
atomic concentration. The concentration, there¬ 
fore, is expected to be nearly steady-state during 
growth. 

The above solution obtained by separation of 



Fig. 1. Comparison of film growth and defect distribu¬ 
tion for non-steady-state growth with steady-state 
(parabolic) values. 

retardation from parabolic growth resulting from 
a defect concentration equal to 1/10 the number 
of lattice sites is about 1*5 to 2 per cent, inde¬ 
pendent of film thickness. This shows that the 
actual amount of deviation is proportional to film 
thickness, in agreement with equation (9). The 
rate constant 

cm 2 

k =* RD [C(L(0),0)-C(0,0)] = 1*20 x Iff-® — 

“(U) 
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b tfce wne far the two curves and approximates a 
CutO film growing at 900°C. Figure 1 shows a 
plot of dC{x)jdx vs* x (normalized for him thick¬ 
ness) far both the steady-state And non-steady- 
state conditions. Note the departure from linearity 
of the concentration vs, x curve for non-steady- 
state growth* which is the reason that non-steady- 
atate growth ia retarded slightly from the parabolic. 
The normalization shows this departure to be 
independent of film thickness. 

These computer computations confirm the 
results of the mathematical analysis for conditions 
of validity of the steady-state approximation given 
in Appendix 1. Although deviations from para¬ 
bolic growth have been observed for films as thick 
as 100,000 A on copper, the reason is probably 
local oxygen depletion or some other perturbing 
effect rather than departure from the steady-state 
since such effects were observed primarily for the 
lower oxygen pressures. Defect concentrations as 
large as one defect per 10 lattice sites are not 
expected under ordinary circumstances, so the 
ateady-atate approximation (although not the 
equilibrium approximation)*®) should be quite 
generally valid for film growth computations. At 
this point the problem of film growth has been re¬ 
duced to the simplest form for the case of signifi¬ 
cant apace charge. The primary difference between 
the present formulation and other diffusion treat¬ 
ments ia the use of two coupled steady-state 
diffusion equations rather than a single steady- 
state diffusion equation to describe growth. The 
coupling through the electric field term precludes 
reducing the problem to diffusion of one species 
only. 

3. NUMERICAL SOLUTIONS 
A. Time dependent interfacial charge densities 

Equations (1), (3), (4), (5) and (7) were used in 
the first series of computations.* Two diffusing 
species were considered with zero external field. 
The time-dependent interfacial charge densities 
were determined from an integral of the boundary 
values of the diffusion currents according to 
equation (4). The electric field (units; V/cm) is 

* Computation* were performed on the Sandia 
Laboratory CDC Model 1604 Digital Computer. Both 
explicit mod implicit methods of solution for the coupled 
equations were used; the agreement in the results gives 
us confidence in die accuracy of the solutions. 


thus characteristic of the system parameters and 
results from the tendency of the system to approach 
equilibrium. Since the field can aid transport of 
one species and hinder transport of the other, it 
is self-limiting in magnitude and affects growth 
rate. Values used for concentrations (units: num¬ 
ber/cm 8 ), mobilities (units: number/cm a V sec), 
and diffusion coefficients (units: number/cm 2 sec) 
approximate those of the CU 2 O system at 900°C 
with e chosen to be 18*1 «o- The bulk con¬ 
centrations at x ** 0 and x = L are denoted re¬ 
spectively by C(0) and C(L). 



FiO. 2. Oxide film growth and potential developed across 
film by interfacial charge densities vs. time for different 
values of the system parameters. 

Figure 2 shows the square of the film thickness 
and the potential ^ as a function of normalized 
time for different values of the parameters. It is 
especially interesting to note that the growth 
curves are nearly parabolic and the potential <f> 
across the film nearly independent of time (and 
therefore independent of film thickness). The 
differences in rate can be expressed in terms of an 
enhancement factor ( equal to the ratio of L(t ) 2 
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computedusingthe coupled equations to the 
corresponding square of the film thickness 
{iRDi [Cf(0)— Ci(L)] } applicable for diffusion 
of uncharged particles. Since the time is normal¬ 
ized for Fig. 2, £ for a particular curve is propor¬ 
tional to the slope. For all curves shown in Fig. 2, 
the ratio of the ionic concentrations at the boun¬ 
daries C{(0)jCi{L) is 1000 and the product of 
diffusion coefficient and concentration at * =* 0 
for electrons Z>«C«(0) is 3*75 x 10 18 . 

Curves 1, 2, and 3 of Fig. 2 were obtained by 
using the same values of Du £>** and C<(0), but 
different values of the ratio C^OJ/C^L). The 
values used are D% = 5*55 x lCh 6 , D e =* 6*47, 
D<C|(0) = 8*77x 1013, and C*<0)/C«(L) = 10, 100, 
and 1000, respectively. The increase in 
Ce(0)ICe(L) thus enhances the growth rate, and 
the values of £ corresponding to the three curves 
are 2*40, 3*35 and 3*55. The corresponding 
values of the electrical potential difference de¬ 
veloped across the film also increase, and these are 
given also in Fig. 2. The maximum values are 
0*222, 0*357, and 0*386 V, respectively. Further 
increases in C^0)/C^L) to values of 10 4 and 10 6 
with the other parameters fixed does not cause 
£ and </> to deviate from the values corresponding 
to Curve 3. 

Next, a study was made of the effect on growth 
rate of varying the parameters Du D e , C*(0), and 
Ce(0) while keeping the values of AQ(0), D e C^ 0), 
C<(0)/C<(L), and C^OJ/C^L) fixed at the values 
used for Curve 3. Three computations were per¬ 
formed, and for each successive computation the 
values of D< and D e were decreased by an order 
of magnitude and the values of C*(0) and C*(0) 
were increased by an order of magnitude. In all 
three cases, identical growth and potential curves 
were obtained which were the same as Curve 3 in 
Fig. 2. Therefore £ and <f> are independent of the 
values of D and C(0) for the two species provided 
the respective values of DC( 0) and C(0)/C(L) do 
not change. 

Curve 4 of Fig. 2 was obtained by further de¬ 
creasing the values of Z)< and D e by two orders of 
magnitude and further increasing C<(0) and C«(0) 
by two orders of magnitude. The values of A and 
D e are then 5*55 xlO** 10 and 6*47 xlCh 4 , re¬ 
spectively. Again the other parameters remain 
fixed at the values used for Curve 3. For the first 
time in the computations the space charge 


becomes appreciable with respect to the surface 
charge: the apace charge field (due almost entirely 
to ions) is about 1 per cent of the surface charge 
field. Note that both the growth rate and potential 
have decreased; £ has the value 1*28. To aee 
whether this effect was due to space charge field, 
another computation was performed with 
further decreased by an order of magnitude and 
C«(0) increased by an order of magnitude, with all 
other parameters fixed. The space charge field, 
still due primarily to ions, was thus unaffected. 
The computation gave growth and potential 
curves identical to Curve 4, thereby indicating 
that the effect of an appreciable apace charge field 
due to ion concentration is to decrease the en¬ 
hancement factor. 

Several computations were performed to study 
the effect on growth rate of increasing Du keeping 
the values of all other parameters fixed at the values 
used for Curve 4 in Fig. 2. Curve 5 in Fig, 2 is the 
one for which A was increased by a factor of 500, 
to the value 2*33 x 10“ 7 . This curve is representa- 
tive and shows that an increase in A decreases 
the growth rate and potential across the film. 

A computation (not shown) for D|C<(0) « 
D e Ce{ 0) and C<(0)/C<(L) - C^CJ^L) in the 
small space charge limit yielded an almost zero 
potential (0*978 x 10~ 8 V) and a value of 1*04 for 
£. Therefore, in the absence of an applied field, 
growth by charged particle diffusion under these 
particular circumstances is indistinguishable from 
the case for growth by uncharged particle diffu¬ 
sion. 

The most important conclusion obtained from 
these computations is that experimental data con¬ 
forming to the parabolic law observed so fre¬ 
quently at high temperatures (e.g., data of Bsnard 
and Talbot* 9 * for Cu crystals) is compatible with 
a growth mechanism based on diffusion of charged 
particles for both the small and large space charge 
limits. The potential and enhancement factor are 
interesting parameters resulting from this analysis; 
these parameters thus increase with increasing 
ratio C«(0)/Ce(L), decrease with increasing Du 
and are independent of the values Du D e , C<(0), 
and Ci{L) for fixed values of AA(0), D 0 cjfi), 
C<(0)/C|(L), and Ce(0)/Q(L) in the small space 
charge limit. In the large space charge limit, the 
space charge field decreases £. Zero potential and 
a unity enhancement factor result for DtCt( 0) 
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equal to DjCjfS) and C<(0)/C|(L) equal to 
Gfy)lGJJL) in the small space charge limit* 

In some instances, especially in the early stages 
erf growth, 4 tends to vary with L(t), A steadily in¬ 
creasing 4 was observed to produce growth rates 
(not shown) which tended to be linear in time, 
since the increasing potential for increasing film 
thickness is equivalent to a continuously increasing 
enhancement of the diffusion process. This tends 
to offset the normal decrease in diffusion current 
with increasing film thickness. It is not believed 
that this is pertinent to linear-type behavior of 
oxidation observed for some metals (e.g., alu¬ 
minum)/ 10 * Probably oxide films corresponding to 
such behavior contain macroscopic cracks, and 
the discussion leading to equation (1) is therefore 
more appropriate. 

A potential independent of film thickness is 
expected to yield parabolic growth in the small 
space charge limit, as can be seen readily from 
equation (10), since the relation <f> ® EL is there¬ 
fore valid. A change in rate constant is evident, 
which is taken into consideration above by the 
factor £. Also, the general behavior of increasing 
potential and growth rate with increasing ratios of 
the boundary values of the electron concentration 
and with decreasing ionic mobility can be under¬ 
stood easily in a qualitative manner. A larger con¬ 
centration gradient of electrons implies that more 
electrons flow to the oxide-oxygen interface, 
thereby creating a larger electric field to enhance 
ionic transport* Similarly, a relatively larger ionic 
mobility or concentration gradient causes more 
ions to flow to the oxide^oxygen interface, which 
tends to keep the electric field due to electrons to 
lower values so that enhancement of the ionic 
transport is less. The decrease in £ with ionic 
space charge field is also due in part to the fact 
that the positive field aiding ionic transport at 
* « 0 is decreased by the equivalent of the total ionic 
space charge due to neutrality of the total system. 

dearly, then, the factor £ should depend on a 
combination of values of concentrations and 
mobilities of both the ionic and electronic species. 
This effect results from the coupling between the 
electron and ion diffusion equations. The corre¬ 
lation between £ and 0 is as expected, since the 
potential (if positive) can aid the transport of ions 
through the film and thereby enhance the diffusion 
process. 


Perhaps the most feasible way to verify this 
analysis experimentally is to measure £, since a 
good measurement of 4 across a growing oxide 
film would be difficult. A comparison of oxidation 
rate variations of copper as a function of tempera¬ 
ture with the experimental self-diffusion co¬ 
efficients of the copper species in cuprous oxide< u > 
indicates a £ of approximately 3, which is com¬ 
parable with the values computed above* A more 
accurate value of £ could be obtained from such 
a comparison by measuring the oxidation rate on 
single crystals in the parabolic region and then 
measuring the bulk diffusivity of the oxide 
obtained from further oxidation of the same 
crystals at the same temperatures. This would 
eliminate some difficulties in the comparison due 
to impurities, defect structure, and defect con¬ 
centration. 

B. Time independent inter facial charge densities 

The second series of computations is based on 
equations (1), (3) and (7), and this is applicable to 
oxidation in either an applied field^ 12 * 1S * 14 * or a 
surface charge field maintained at a constant value 
by some process (e.g., field emission or electron 
tunnelling). The computations are discussed in 
terms of an applied field, although the results are 
equally valid for a field created by the surface 
charge. 

Figure 3 illustrates film growth vs. time for 
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Fig. 3. Oxide growth in the thin film region as a function 
of defect concentration and external field. 

(0(0) « 1-6x10“: 2, 6-8, 10; 

C<(0) « 1-6x10“: 1,3-5, 9; 

E » 7 x10 s : 1, 2; E = -7x 10 s : 9, 10; 

E = $xtO*:3,6;E ** -5x10 s : 5,8: 

E =* 0*.4,7) 
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several values of the applied field E for values of 
the concentration differing by an order of magni¬ 
tude. For these conditions, ions and electrons 
diffuse from the metal-oxide interface to the 
oxide-oxygen interface. The net space charge is 
positive, and Z(0) is 20 A. It can be seen that 
growth in the largest field (7 x 10 5 ) is not affected 
appreciably by the magnitude of the space charge. 
This positive field yields a very large growth rate, 
and the corresponding negative field yields a very 
small growth rate. For fields of zero and ± 5 x 10 4 , 
however, the field due to the space charge be¬ 
comes more important than the external field for 
growth rate. The three curves illustrating growth 
rates in these fields for ionic concentrations of 
1 *6 x 10 18 lie below the corresponding three 
curves for ionic concentrations of l-6x 10 19 . For 
both concentrations, the growth rate increases in 
the order — 5 x 10 4 , 0, and *f 5 x 10 4 , as expected. 
Even in the largest fields the growth rate is some¬ 
what greater for the larger concentration for both 
positive and negative fields. For films less than 
several hundred angstroms in thickness under these 
conditions, then, growth rate increases with in¬ 
creasing field and with increasing concentration, 
with concentration being the more important 
factor for fields less than 5 x 10 4 . Increasing con¬ 
centration would decrease the growth rate in a 
corresponding manner for a net space charge that 
is negative instead of positive. Note, however, 
that the form of the growth curves does not depend 
as much on space charge as on surface charge. 

A set of curves (not shown) for the thick film 
region (greater than several hundred angstroms) 
corresponding to the above curves shows a different 
ordering in growth rates due to the increased 
effect of space charge. In addition, a redistribution 
of the ionic space charge in the large space charge 
field affects growth rate. The growth rate becomes 
zero for the two curves with largest opposing 
field and for the curve with C<(0) = 1*6 x 10 18 in 
the opposing field — 5X10 4 . The limiting film 
thickness for these curves are 93,96 and 560 A. 

An attempt was made to fit the above computed 
curves with various types of simple growth 
equations. For the logarithmic-type curves pro¬ 
duced by the opposing fields, L{t) vs. log t and 
Ujt) vs. {I —exp( —a/)} were tried unsuccessfully. 
The iVth root law L(t) ~ tUN proved to be a 
moderately good fit, provided N could vary some- 

B 


what with film thickness. The parameter N h** 
values between 1*2 and 1$ for the different film 
thick n esses, concentrations, and electric fields in 
the above results. In general, the growth falls be* 
, tween parabolic and linear under these conditions 
for most film thicknesses and fields* with the 
notable exception of logarithmic-type growth 
under the opposing field, for which N is quite 
Large. These logarithmic-type curves are qualita¬ 
tively the same as much published experimental 
data< 4 »f or j ow and intermediate tem¬ 
peratures. 

For low temperatures, the space charge is not 
expected to be large. Figure 4 shows that the 
system of equations provides a good fit to inter¬ 
mediate temperature experimental data for growth 


TIME, min 



Fig. 4. Comparison of curves obtained for growth in a 
constant external field with experimental curves for 
oxidation of copper crystals. 


of CuaO on Cu crystals in the small space charge 
limit. Also shown in the figure is the deviation of 
the growth curve for cases in which the space 
charge of ions becomes appreciable. The lower 
solid curve represents one of the experimental 
curves of Young, Cathcart and Gwathmby.W 
The external field needed to fit the data is 7*84 x 
10 4 . Note that for this field and this film thickness 
range, small space charge denotes a value of 10 le 
or less. The curve for 10 17 ions/cm 8 deviates 
slightly from the small space charge curve* and 
the curve for 10 18 deviates completely from the 
small space charge curve starting at about 200 A. 
The upper solid curve represents one of the 
experimental curves of Rhodin. (4) The external 





A. T. FROMHOLD, Js. 


*W0 

field needed to fit this auvc is 1*11 x 10 8 , and the 
film thicknees range is about 30 A* For this 
higher field and smaller film thickness, no devi¬ 
ation from the small space charge curve can be 
observed even for l© 18 ions/cm 8 . Therefore, it is 
concluded that an acceptable fit can be made to 
e xp e rim ental data in the small space charge limit, 
assuming constant interfacial charge densities 
during growth. 

The assumption of constant interfacial charge 
densities during growth at intermediate tempera¬ 
tures is reasonable for cases in which the transport 
of the electronic aperies occurs by tunnelling. 
This is discussed thoroughly in a subsequent 
treatment,< 12 > and so will not be repeated here. 
Note that in the small space charge limit, equation 
(10) is applicable to the diffusing species with E 
controlled by the nondiffusing species. This pro¬ 
vides the basis of approximate solutions to the 
film growth problem, which constitute most of the 
subsequent paper.* 12 * Further correlation with 
low and intermediate temperature experimental 
data is deferred until then. 

Equation (10) shows that for negligible space 
charge, the external or surface charge field mag¬ 
nitude must be greater than kT/qL for it to be 
effective for ionic transport with respect to the 
concentration gradient. For a film thickness of 
1000 A at 180°C, the field can be effective for 
values of the order of 4000 V/cm. For a film of 
100 A at 1000°C, the field must be of the order of 
10® V/cm before it can be effective. An effect of 
electrical field on film growth has been observed* 18 * 
for the formation of Si0 2 on Si at 850°C with 
fields of the order of 10 4 V/cm. It would prove 
interesting to use this experimental technique to 
observe the effect of field on the growth of Cu 2 0, 
•ince negative results* 14 * were obtained for growth 
of Cu^O at 150°C in fields as large as 
1 *55 x 10 4 V/cm using a different technique. The 
effect of the growth rate approaching zero under 
constant opposing fields noted in the above 
tttanerical computations was observed also in the 
experimental work* 1 ** for the growth of Si0 2 on Si. 
Such growth curves are not strictly logarithmic, 
]b«t can be called logarithmic-type since the 
gitowth rate becomes negligible in a time less than 
« few hours, It is interesting to note that growth 
toVm aiefitag field always deviates from parabolic 
tow ards linear growth, so that only opposing fields 


yield growth curves which approximate low tem¬ 
perature experimental data. 

4. CONCLUSIONS 

1. A system of coupled diffusion equations 
rather than a single diffusion equation should be 
used to describe transport of charged species 
through homogeneous oxide films in the growth 
process. 

2. The boundary conditions for the system of 
equations are related to the intcrfacial densities of 
the several species, which in turn are determined 
by interfacial reactions. 

3. The steady-state approximation is valid for 
oxide film growth. 

4. For time-dependent interfacial charge den¬ 
sities determined by the dynamic approach of the 
system to equilibrium, film growth tends to be 
parabolic in time and a potential nearly independ¬ 
ent of film thickness is developed across the film 
which causes the rate constant to differ from its 
value for uncharged particles. The values of <j> and 
f are determined by the parameters of the system. 

5. For fixed interfacial charge densities or con¬ 
stant external fields, film growth shows Nth root 
and logarithmic-type behavior with limiting film 
thicknesses for large opposing fields. 

6. Appreciable space charge with respect to 
interfacial charge results in a moderate change in 
growth rate, but has little effect on the type of 
growth law. The growth law is determined 
primarily by the variation of the surface charge 
density with film thickness. 

7. High temperature experimental data- of 
Benard and Talbot for oxidation of Cu mono¬ 
crystals is in agreement with this analysis assuming 
time-independent bulk concentrations at the 
boundaries and time-depen dent interfacial charge 
densities determined from the system parameters. 

8. Intermediate temperature experimental data 
of Rhodin and of Young, Cathcart, and Gwathmey 
for growth of Cu 2 0 on Cu monocrystals can be 
reproduced with this analysis by assuming small 
space charge, time-independent bulk concen¬ 
trations at the boundaries, and time-independent 
interfacial charge densities. 
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APPENDIX 1 

Conditions for validity of steady-state solution 
Choose a period of time T approximately 10 per cent 
of the time necessary for a monolayer of atoms to diffuse 
to the surface. For practical purposes the free boundary 
can be considered to be stationary during T, so that a 
separation of variables gives a solution valid during T. 
An iteration using a time increment At < T would yield 
an arbitrarily close approximation to the true solution. 
The solution for charged species in the presence of a 
constant external field E neglecting space charge can be 


obtained from (be aero field caae using a transformation 
due to JOST*** 0 ) The result can be shown to be : 

C(*»fy+l) * C(0,fj+i) 

, . (C(L.f, +1 ) - - cxp(Evac/D)) 


exp 


1-exp 


lY 


J 'fiEx 



4Z> J 


MU) 


ft-1 

/ nWA< w \ . tmx 

X exp (-1 sin-, (12) 

\ ut& J utfi K } 


where 

Mu) 


m* 


m 


Uft- i) 


Ut,) 

h(S) 


^ C(x f tf)—C(0,tj) 

(C(L,tj) — C(0/;))(1 — txp(EfxxfD)) ] 


1-exp (JW,)/Z>) 

mrx 


x sm- 


■ dx, 


Hh-i) 

and the/ th time increment is At) defined by 
A*/ — tj+i-tj. 

The current is given by 


'J 

(13) 

(14) 


8C(x,t) 

J(x,t) = -Z)——^ +^EC(x 1 t), (15) 

dx 


and film growth by 

t 

L(t)-L( 0) = /(/,*) dt. 


(16) 


The above equations also hold for E « 0, which is a 
reduction to Stefan's problem. In this case (1?) can be 
cleared of integrals to yield a straightforward iterative 
scheme for the solution of Stefan’s problem. (See 
Appendix 2.) 

It can be seen from (12) that at any given point in the 
film the concentration will decay to its steady-state value 
in a time of the order of 
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Note that the Approach to the steady-state is more rapid 
the greeter the field, so that the steady-state it approached 
with a time constant at small or smaller than to. 


to 


m* 

rr*D 


£ r. 


(18) 


The quantity (T/r) gives a measure of the deviation 
from the steady-state of the defect concentration intro¬ 
duced by the moving boundary. 

Consider two steady-state situations, one in which 
L » If/), the second in which L — L(t + 7*), so that the 
difference in thickness is approximately 1/10 of a mono- 
layer. Equations (12), (15), and (16) give the growth 
rate as 


J(t) =* fiE 


rc(L(t),t)-C(0,t) ocp {EnHm 
L 1-exp {EpL(t)/D) 



at L(t), and the same at L(t + 7 1 ) with L(t) replaced by 
L(t + T). For a monolayer composed of 10 15 atoms/cm 2 , 


T 10 14 [1 — exp (EnL(t)ID)} 

* nE[C(L(t),t)-C(0,t) exp (E^L(t)ID)]' 


( 20 ) 


Taking a ratio. 


Tirz 


>2£2 irW\ 10« 

7w + lJ{f\~^E 

1 - exp (EfiL(t)/D) 

< C(L,t) - C(0,<) exp (EpUfylD) 


For aero field this reduces to 


( 21 ) 


T 10is 

7 * L(C(0,t)-C(L,t)j 


( 22 ) 


so that the steady-state approximation is valid for defect 
concentrations less than 10 81 /cm 8 for a 10 A film and 
10 M /cm 8 for a 100 A film. Therefore, unless the defect 
concentration rises to within an order of magnitude or 
bo of the number of atoms/cm 8 , no departure from the 
steady-state is expected for thin films. Note from (21) 
that in the high field limit, i.e., 


then 

T 10 &E 10is D lOi? 

— a ^~ -. 

r C fiLC LC 


(23) 


( 24 ) 


A companion with (22) shows that the field increases 
the tendency towards steady-state growth. 


APPENDIX 2 

Iterative tcheme for solution of Stefan’s problem 
Equations (15) and (16) give, 

/8C(x,tj) \ 

A L(t )+1 ) = DR A t, +1 (25) 

(E = 0 throughout this discussion.) 

Substituting tj = 0 into equation (13) and integrating 
gives A»(0). Substituting equation (12) with f/+i re¬ 
placed by tj into equation (13) and performing the 
integration yields An(tj). Both ^4«(0) and An(tj) thereby 
become free of integrals. Replacing tj+i by ti in equation 
(12), differentiating with respect to x t and substituting 
into equation (25) gives 


AL(/j+i) = DR A^+i £ 

oo 

+ ^ A n (t]-i) exp 


fl-1 


C(L(0),0)-C(0,0) 

m -0 

« 2 7T 2 Z)A/^ 

~ ms?) 


Mr 

X- 

L{t]~ l) 


COS 


Mry 

%). ' 


(h > 0) (26) 


(The A L is assumed to have at the time of its formation 
a defect concentration equal to the bulk defect concen¬ 
tration at the y interface.) The iterative procedure is as 
follows: 

(a) Substitute input parameters to = 0, L(0), C(*,0), 
C(0,f), and C(L(f),r), (plus the constants R and D) 
into equation (25) with j — 0 and into the inte¬ 
grated expression for A n ( 0) to obtain AL(ti) and 
A n (0). (Choose At < T f where T is defined in 
Appendix 1.) Then L(ti) = L(0) + AL(ti). 

(b) Compute A n (ti) using the integrated expression 
for A n (tj). Compute AL(ta) using equation (26). 
Then L(tt) = L{ti) + AL(t 2 ). 

(c) Repeat (b) with j replaced by j+1 for each suc¬ 
cessive step. 

It can be seen from these equations that if the steady- 
state is a good approximation, then 

L(t) ~ <1/2. (27) 

Thus the parabolic growth law is justified for the 
diffusion of uncharged defects in this limiting case. 
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Abstract—Several new superconductors were discovered among compounds between Pt-metala 
and elements of the IV A, V A and VI A group of the periodic system. The position of the elements 
in the periodic system, the valence electron concentration and the crystallographic structure exhibit 
a strong influence on the superconducting behavior. 


1. INTRODUCTION 

An interesting way of investigating supercon¬ 
ductivity is to observe how the superconducting 
properties of a given compound are changed when 
one element of the compound is replaced by a 
vertical or horizontal neighboring element in the 
periodic system. It is sometimes difficult to find 
extensive systems where this can be done because 
not too often do elements of one group show the 
same alloying behavior as their neighbors. A good 
series of alloys for this purpose are those of the 
Pt-metals with most of the elements of the IV A, 
V A and VI A groups of the periodic system. 
While the differences between the Pt-metals in 
their alloying behavior towards those elements are 
not too different, and many intermediate phases 
exist, the low temperature behavior of the Pt- 
metals themselves differs very much among 
themselves, e.g. Ru, Os, Ir are up to now the only 
superconductors. Pt and Pd are normal, and show 
a tendency to become ferromagnetic as indicated 
by the properties of dilute solutions of Co and Fe 
in them. This raises the question as to whether 
these differences in the low temperature behavior 
of the Pt-metals will also show up in their alloys 
and compounds. 


* Research supported in part by the Air Force Office 
of Scientific Research and the National Science Foun¬ 
dation. 

t University of Chicago, Chicago, Illinois. 
t Bell Telephone Laboratories, Inc., Murray Hill, 
New Jersey. 


The work done on the phase diagrams of the 
Pt-metals with the above-mentioned elements is 
either rather incomplete* 1 * or according to our 
experience, often not too reliable. Since most of 
the alloying elements are by themselves not super¬ 
conducting above 0*1 °K, occurrence of super¬ 
conductivity in these alloys can be caused only 
by a superconducting intermediate phase. The 
procedure adopted was first to establish the 
occurrence of any superconducting phases by 
making three to four test samples whose stoichio¬ 
metric concentrations were evenly spaced over 
the interesting concentration range. If any sign of 
superconductivity was detected, the problem of 
isolating the compound was attacked further by 
X-ray, metallographic and more detailed super¬ 
conductivity investigations. 

2. EXPERIMENTAL 

Most of the compounds were prepared by heat¬ 
ing weighed amounts of both elements up to 
1200°C in heavy wall evacuated quartz tubes. 
This temperature was high enough to melt most 
of the samples, except some Rh-As and Rh-P 
alloys. By annealing for 3-4 days at temperatures 
between 1000 and 1200°C we were also able to 
get good equilibrium. Pd-Ge alloys were pre¬ 
pared by arc-melting in an argon atmosphere. 

The elements used were from the following 
sources: 

Ru— Varlacoid Chem. Co. 99-8% 

Rh — Johnson Matthey and Co. 99*8 % 
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Pd — Johnson Matthey and Co* 99*8% 
Ot — Varltcotd Chem. Co. 99*8% 

Ir — Variacoid Chcm. Co. 99*8% 

Pt — Johnson Matthey and Co. 99*999% 
P — United Mineral and Chem. 

Co. 99*999% 

As — A8AR Co. 99*999% 

Sb — ASAR Co. 99*999% 

Bi — ASAR Co. 99*999% 

8 — ASAR Co. 99*999% 


Samples prepared were either cooled down 
slowly, or quenched in water. Sometimes it was 
necessary to anneal the alloys once more in the 
powdered form in order to obtain samples which 
gave sharp X-ray patterns. 

The superconductivity measurements were done 
either with a ballistic method/ 2 ) or by the 
Schawlow-Devlin resonance frequency shift 
technique/*) The latter worked for temperatures 
above 1*TK as well as below. 

The X-ray Debye-Scherrer patterns were 
obtained on a General Electric X-ray set XRD5. 
The powders used had a grain size of 40 p. In all 
cases they were obtained by careful smashing and 
grinding of the samples in a steel smasher or 
ceramic mortar, since all of the samples were 
brittle. 

Table 1. Superconducting compounds of the I 
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The covered 28 range differed from sample to 
sample, it was normally between 28 = 10 and 
100°. This was found enough to allow a structure 
identification and/or determination. 

RESULTS OF SUPERCONDUCTIVITY MEASURE¬ 
MENTS (Table* 1, 2, 3) 

The samples were checked down to 0*35°K, 
and by stating not superconducting we mean only 
to above 0*35°K. 

Ru: 

We checked Ru alloys with P, As, Sb, Bi at the 
concentrations RuaAT and RuX. Since none 
showed superconductivity no phase evaluation 
was attempted. According to the available data<U 
only RuS 2 and RuTe 2 are known. They are 
probably semiconductors. 

Rh: 

RhaGea is known to be superconducting at 
2*l°K/ 4 > and RhGe was found to become so at 
0'96°K.< 18 ) 

In the Rh-As system we found two supercon¬ 
ducting phases around the concentration 1 : 1 . 

RhAs T c = 0*58°K 

Rh 1 . 4 _ 1 . 0 As T c = 0*56 to below 0*3°K 

Earlier an alloy of the concentration RhsP 4 was 
found to be superconducting. 0 ®) According to our 

>metals with the elements of theW K group 


Compound Transition 

temperature (°K) 


Reference 


Crystal structure 

Type or 

crystal Lattice constants (A) Reference" 

system 


RhsGcs 

2-12 

(4) 

orthorhombic 

a 

— 

5*42 

b = 10-32 

c = 3-96 

(28) 

RhGe 

0*96 

(18) 

2331 

a 

rs 

5*70 

b = 6-48 

c = 3-25 

(28) 

RhPbs 

2*66 

(25) 

Cl 6 






(25) 

PdSi 

0*93 

(18) 

2331 

a 

SS 

6*133 

b = 5-599 

c = 3-381 

(18) 

PdiSn 

0*41 

(40) 

C37 

a 

= 

8*12 

b = 5-65 

c = 4-31 

(44) 

PdsSfts 

0*47-0*64 

(40) 

filled NiAs 

a 

=* 

4*399 


c = 5*666 

(43) 

PdSn 

0*41 

(40) 

2331 

a 

= 

3*87 

b = 6-13 

c = 6-32 

(43) 

PdPbt 

2*95 

(25) 

C16 






(25) 

HCt 

4*7 

(4) 

B31 






14) 

lr$Gt7 

0*87 

(40) 









PtSi 

PtGc 

FtPbs 


a m 5*932 b = 5-595 c = 3-603 
a « 6*088 b = 5-733 c = 3-701 


(18) 


(34) 


(25) 


0*88 

0*40 

2*80 


(18) 

(18) 

(25) 


2331 

2331 

DU 
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Table 2. Superconducting compounds of the Pt -metals with the elements of the V A group 


Compound 

Transition 
temperature (°K) 

Reference 


Crystal structure 


Type or 
crystal 
system 

Lattice constant (A) 

Reference 

RhaP 

1-3 


Cl 

a * 5516 


(41) 

RKi*4-i*sAs 

0-56-<0*3 

(40) 

hexagonal 

a - 9*15 

£ m 3*53 


RhAs 

0*58 

(40) 

£31 

a = 5*62 

6 = 3*58 cm 6*00 

(ID 

RhBi 

2*06 

(26) 

£8i 

a « 4*094 

c = 5*663 

(26) 

jSRhBis 

3-2 

(35) 

orthorhombic 

o « 9*027 

6 = 4*24 c = 11*522 

(36) 

yRhBi4 

2-7 

(15) 





Pd 8 P 

0-75 

(40) 

DOu 

a = 5*18 

6 = 6*00 c = 7*46 

(7) 

Pds sP h.t. 

1-00 

(40) 

rhombohedral 

a =* 7*28 

a = 110*12° 

(40) 

Pda aP l.t. 

0-70 

(40) 





PdsAsa 

0*46 

(5) 





PdftAs h.t. 

1*70 

(5) 

C22 

a = 6*65 

c m 3*58 

(5) 

PdaAs l.t. 

0-6 

(5) 

hexagonal 

a = 9*79 

c = 6*62 

(5) 

PdSb 

1*5 

(4,17) 

£8i 



(4) 

PdBi 

3*7 

(29) 

orthorhombic 

a - 7*203 

6 = 8*707 c m 10*662 

(30) 

etPdBia 

1-7 

(19,29) 

monoclinic 

a = 12*74 

6 = 4*25 c = 5*665 

(19,29) 






P m 102° 35' 


0PdBi 2 

4-2 

119, 29) 

tetragonal 

a = 3*362 

c = 12*983 

(19,29) 

PtSb 

2*1 

(17) 

£8i 



(17) 

PtBi 

1*2/2*4 

(17,27) 

£8i 

a m 4*31 

c m 5*49 

(27) 

jSPtBi 2 

0*155 

(42) 

hexagonal 

a = 6*44 

c = 6*25 

(27) 

* Ross and Hume-Rothery ( 12) could not find this phase. 


Table 3. Superconducting compounds of the Pt -metals with the elements of they 1A group 





Crystal structure 


Compound 

Transition 

r» _r__ „ 









temperature (°K) 


Type or crystal 

Lattice constant (A) Reference 




system 



Rhi7Si6 

5*8 

(13) 

cubic 

a = 9*911 

(37) 

RhSei.?fi 

6*0 

(31) 

C2 

a - 6*015 

(38) 

a-RhTes 

1*51 

(13, 31) 

C2 

a = 6*441 

(39) 

Pda aS 

1*63 

(40) 

cubic 

a m 8*93 

(32) 

Pda-soSe 

2*3 

(33) 




PdTe 

2*3 

(4) 

B8i 


(4) 

PdTea 

1*53 

(20) 

C6 


(20) 
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investigations the concentration of the supercon¬ 
ducting phm it more likely Rh*P (T e m 1 *3°K). 

None of the many Rh-Si, Rh-Sn and Rh-Pb 
compounds were investigated. 

Pd: 

Samples of the concentrations PdaGe and 
PdeGes are not superconducting. We found a 
trace of a superconducting phase near PdGei. 5 , 
which up to now we have not been able to isolate. 

The superconducting phases in the system 
Pd- 8 n are 

Pd 2 Sn T c - 0-41°K 

PdjSna T e » 0*47-0*64°K 

PdSn T e m 0*41°K 

The previously reported structure data* 43 * 44 * of 
these phases were confirmed. Since no reliable 
information about the phase diagram is available, 
the presence of superconducting filaments in one 
or the other of these compounds, which them¬ 
selves might be non-superconducting, cannot be 
excluded. 

In the Pd~P system three superconducting 
phases were found, Pd 3 P, and Pd 7 P 3 in two tem¬ 
perature modifications, which were obtained by 
either a rapid quench from 750°C in a high- 
temperature modification or by annealing at 
400°C in the low-temperature form. 

PdaP shows a homogeneity range between 
Pda.oP and Pda sP. The transition temperature 
has a maximum of 0*75°K at the P-rich side of the 
homogeneity range, and drops down below 
0*35°K at the Pd-side. PdaP is highly sensitive to 
impurities and, for instance, addition of 0*5 wt% 
Fe destroys superconductivity completely. More 
detailed investigations about the properties of 
PdgP are under way and will be published later. 

Pd?Pa exists in a high and low temperature 
modification, both are superconducting: 
Pd 7 Psh.t T e = 1 *00°K 

Pd 7 Ps IX. T c « 0*70°K 

While PdsAs is not superconducting, PdsAs 2 
and the two forms of PdsAs become so at: 

T c {* K) 

PdfrAsg 0-46 

PdaAs h.t. 1*70 

PdsAs Lt 0-60 

An alloy of the composition Pd$Sbs (quenched 

ftian 600®C) has been foxmd to be not supercon¬ 

ducting, so that the only superconducting 


compound in this system is PdSb.M PdSb* has been 
reported to be superconducting.< ifi > We rechecked 
alloys around this concentration and did not 
detect superconductivity. It is likely, that the 
erroneous superconductivity of PdSb* was caused 
by filaments of PdSb. 

The compound Pd 2 2 S (quenched from 750°C) 
becomes superconducting at 1*63°K. Pda^gS and 
PdS are not superconducting. 

0s: 

Besides the existence of OsP 2 no information 
about any other compounds was found. Judging 
from Ru it is rather unlikely that many phases are 
superconducting. 

Ir: 

Only IrGe ( T c « 4*7°K)< 17 > is known to be 
superconducting. An alloy of the nominal com¬ 
position Ir 3 Ge 7 (T c = 0*87°K) shows some super¬ 
conductivity. None of the alloys Ir 2 .Y and IrX 
(S = P, As, Sb, Bi) is superconducting. 

Pt: 

Neither Pt 2 oP 7 nor Pt 2 Ass and PtAs 2 are super¬ 
conductors above 0*35°K. A trace of a supercon¬ 
ducting phase was found in an alloy of the com¬ 
position Pdp 2 , but we could not isolate it. 

STRUCTURE DETERMINATIONS (Table 2) 

In the following we are dealing only with 
phases whose structures were up to the present 
unknown, or which are interesting in connection 
with superconductivity. 

Rh-As: 

Rhi-4-1-6As This phase shows a homogeneity 
range as found by Quesnel and 
Heyding.( 10 > Its structure is hex¬ 
agonal of an unknown type. We 
determined: 

a (A) c (A) 
Rhi.sAs 9-32 3-67 

Rhj^As 9-15 3-53 

At Rhi 4 A 8 there are weak lines 
corresponding also to a va rian t 
with a = 9-15 A c = 5-19 A, in¬ 
dicating stacking disorder in the 
structure. Ideal composition of 
the phase may be RhjjjAs?, with 
vacancies in the metal sides. On 
the other hand, we found that the 
diffraction pattern of an alloy 
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Rhi. 7 As—quenched from 750°C 
—showed two phases: The 
orthorhombic Rh^As compound 
and the Rhi-eAs phase. 

RhAs Orthorhombic Type B31 (MnP) 

a = 5*65 b = 3*58 c - 6*00A 
Heyding and Calvert founds 11 ) 
a = 5*62 b = 3*58 c » 6*00 A 

Pd-P: 

Pd$P Orthorhombic Type FeaC (DGu) 

Values at Pda-oP 

a = 5-18 6 = 6*00 c = 7*46 A 

(these values may be 0*3 per cent 
too high) 

Rundqvist and Gullinan re¬ 
ported for Pda.oP (7) 
a = 5*16 4 b = 5*98 0 c = 7*44 0 A 

According to our investigations 
the limit of homogeneity is 
Pd 3 . 0 P. It extends to the Pd rich 
end. 

PdyPs (high temperature form) 

This is the compound designated 
Pd&P 2 by Wiehage et 
Rhombohedral unknown type 
Hexagonal axes 

a = 11*94 A c = 7*04 A 
Rhombohedral 

a = 7*28 A a = 110-12® 
The composition is probably 
Pd 7 Pg with two molecules in the 
rhombohedral unit cell. Density 
measurements confirmed the 
formula Pd 7 pa. 

The diffraction pattern of the low 
temperature modification of 
Pd 7 P 3 (transformation tempera¬ 
ture between 400 and 700° C) 
has not yet been identified. 

Pdp 2 According to powder and single 

crystal investigations we found 
PdPa to crystallize monoclinic, 
space group 

a = 6*207 A b - 5*857 A 
c = 5*874A p = 111*80° 

4 molecules per unit cell 


Rundqvist found 

a - 6-777 A b m 5-856 A 
c = 6*206 A p m 126-42 
and a possible space group C2fc 
or Cc. t 

Pd-As: 

PdjAs The data of Schubbrt<®> were 

confirmed: 

It crystallizes tetragonal with the 
Fe*P (DO«) structure. 

a = 9*986 c - 4-83oA 

PdjAs 2 The pattern was not evaluated. 

PdgAs (above 480°C) 

Hexagonal Type FC 2 P (C 22) 
a = 6*65 c = 3*58 A 

Pd 2 As (below 480 Q C) 

Hexagonal unknown type " 1 
a =» 9*79 c » 6*62 A 

DISCUSSION 

One of the interesting phenomena of finding 
superconductivity among compounds of the Pt- 
metak with the elements of the IV, V and VI 
group of the periodic system lies in the fact that 
it occurs nearly exclusively at concentrations of 
about A%B or AB , without regard to the electronic 
structure of the platinum metal (Fig. 1). 



Fig. 1. Superconducting Rh- and Pd-phases. 


Few superconducting Ru- or Os-compounds 
are known, and none were found recently. This 
may be explained by two facts: ( 1 ) the knowledge 
about the relevant phase diagrams is very uncer¬ 
tain, ( 2 ) little tendency of both metals exists tp 
form compounds especially with elements of the 
VA group. Ross and Hume-Rothery< 12 > explain 

* Note added in proof. Schubert et found for 
Pd s As (h.t.) a - 6*62, c - 3*60 A. 
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this by the higher proportion of the d-type 
functions in the bonding orbitals of the VIII A 
group elements. 

In contrast to this, Rh which like Pd and Pt in 
its present state of purity is not superconducting 
above 0*1°K forms a much larger number of 
superconducting compounds than Ru or Os. 

For the group IV A compounds of Rh the only 
known superconductors are RhaGej (T? = 
2-l°K),«> RhGe(To * 0-96°K),* 18 * and RhPba 
(Tc - 2-66°K).<26) 

Compounds of Rh with P, As, Sb and Bi show 
the trend that going from P to Bi the concentration 
of superconducting phases shifts to the side of the 
non-metal, e.g,, RhaP* 13 * vs. RhBi* 14 - ^ and 
RhBu.* 16 * In terms of electronic concentration n 
this means that with a decreasing number of 
valence electrons* superconductivity becomes 
more likely with increasing atomic number 
(RhaP n 7'2—RhBu n « 5-8). This once 
more confirms the observation that the super¬ 
conducting critical temperature tends to drop if 
one approaches electron concentrations near 
eight. The superconducting compound with the 
highest electron concentration, thus far, is Pd 2 P 
(n » 8’75). 

The RJX 1 . 4 AS phase is superconducting at 
0-56TC With small additions of Rh the transition 
temperature drops below 0*3°K. The same con¬ 
centration effect was observed later for PdgP. 

It is surprising that RhSb remains normal to 
0*35°K while the analogous compounds RhAs 
and RhBi that bracket RhSb are superconducting 
with temperatures of 0*58°K and 2*06°K respec¬ 
tively. In addition, the MnP structure of RhSb 
appears, in other cases, to be favorable for the 
occurrence of superconductivity.* 18 * We are then 
left with no explanation for the lack of supercon¬ 
ductivity in RhSb. 

The same trend, as mentioned for the VA-alloys 
is found for the VIA group compounds: the con¬ 
centration of the superconducting phases shifts 
With increasing metallic nature of the B element 
(tom S to Te, to the more chalcogenide rich side. 
The only known superconducting Rh-S compound 
i* Rhi?Sis{2i * 5*8°K),* 1 ** whUeRhTe 2 ^ 31 >but 
pot IjlhTeft*) is superconducting. 

* VbImkk electrons: electrons outside a filled shell 
•nd for these compounds no connection with the chem¬ 
ical valence should be made. 
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In the IV A group, Pd alloys PdSi ( T c » 
0-93°K), Pd 2 Sn (T e « 0*41°K), PdaSna (T 0 » 
0*47-0-64 °K), PdSn (T c « 0-41 °K) and PdPba 
(T e « Z^K).* 25 * are superconductors. PdGe 
does not seem to be superconducting, and the few 
existing compounds do not yet permit any definite 
statements. 

The phases between Pd and the VA group 
elements are an excellent example of the influence 
of the different alloying elements. 

Let us consider first the properties of PdaP. 
Its superconductivity drops in a very small con¬ 
centration range, as had been observed earlier only 
for nitrides and carbides.* 18 * No other phase 
crystallizing in the same type (PdaB, PdgSi) or 
forming at the same electronic concentration 
(Pd^As, PdsSb) is superconducting, and the 
same trend as shown for the Rh-compounds can 
be seen for the Pd-phases: PdaP (T e — 0*75°K) 
PdSb (T c — T5°K),* 4 ' 17 * £-PdBi 2 (T c « 
4-2°K).* 19 » 29 * Again superconducting P-phases 
have a much higher Pt-metal concentration than 
the Bi-compounds. 

This principle is valid, too, for the VI A group 
compounds. Pds-sS becomes superconducting at 
T63°K, the only superconducting Te-phases 
are PdTe (T c = 2-3°K)W and PdTe 2 
(T c = T53°K).* 20 * 

The superconducting Ir and Pt-phases are 
IrGe (T c = 4-7°K),< 4 > Ir 3 Ge 7 ( T c = 087°K), 
PtSi (T c = 0-88°K),d8) PtGe (T c = 0-40),U8> 
PtSb (T e = 2-l°K)<W) and PtBi (T c = 2-4, 

Various conclusions may be drawn from all 
this. The fact that compositions upon going from 
the less to the more metallic elements change 
always in the same characteristic way indicates 
a similar variation of the corresponding number of 
valence electrons. To assign the identical number 
of valence electrons to all elements in one column 
of the periodic system is, of course, the crudest 
approximation possible and it is interesting to 
see from our data in which way the refinement 
will have to go; namely, the more metallic the 
0 -element the smaller its actual number of valence 
electrons that are essential for the occurrence of 
superconductivity. 

On the other hand, the crystallographic struc¬ 
ture, at a constant electronic concentration, is not 
without influence. It is known that f.c.c. phages 
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are often more favorable to superconductivity 
than hx*p, structures/ 21 * but the effect of 
structure changes is normally less pronounced in 
more complicated structures, e.g., a-Hg rhombo- 
hedral T e «4 , 153°K, and /?-Hg tetragonal 
T e « 3-949°K.<2®) 

We found two phases with high and low tem¬ 
perature modifications PdgAs and PdyPa which 
showed a remarkable difference in the transition 
temperatures of both forms. The modifications of 
PdaAs crystallize in a hexagonal lattice, but their 
transition temperatures differ nearly by a factor 
of three, which now and then shows that even a 
small structure change may have a great effect on 
superconductivity. 

The difference in the superconductivity and 
magnetic behavior of the noble metals also shows 
up in their alloys. Pd is the most magnetic element 
(a high temperature-dependent susceptibility) and 
it, just like Pt, shows dilute ferromagnetism for 
solid solutions of Cr, Mn, Fe, Co and Ni.< 24 > With 
the possible exception of Ge, palladium forms 
superconducting alloys with all elements from Si 
to Pb, from P to Bi and from S to Te. This may 
be taken as an indication that even a small dis¬ 
turbance in the electron configuration of Pd will 
change the magnetic interaction into a supercon¬ 
ducting one, while the elements Ru, Os, Ir, which 
do not show any of these peculiar magnetic 
properties, but are superconductors themselves 
form only a few superconducting phases with the 
elements of the IV A, V A and VI A group. 
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Abstract—Diodes consisting of cuprous sulphide (CuaS) in contact with cadmium sulphide have 
been prepared by the evaporation of CuaS onto thin CdS plate crystals and current-voltage and 
electroluminescence measurements have been made on them. The forward characteristics are in¬ 
terpreted on the basis that up to a threshold voltage the electron current is primarily spaoe^charge 
limited and the hole current is recombination limited in the CdS bulk; at the threshold voltage, the 
hole transit time becomes of the order of the hole lifetime and double injection currents occur, as 
predicted by Lampert; the CuaS-CdS barrier then mainly controls the current. On the basis of 
this theory, hole lifetimes lying between 1 *0 and 2*0 x 10~ 8 sec have been deduced for six specimens. 
Long wavelength electroluminescence under forward bias has been observed which is linear in 
current, in agreement with theory for transitions taking place via a deep state. 


INTRODUCTION 

The electrical properties of C112S in contact with 
materials such as CdS and ZnS have become of 
increasing interest recently. Bleil has shown d) 
that copper is precipitated from the CdS lattice 
as cuprous sulphide even at concentrations as low 
as tens of parts per million; in view of the similar¬ 
ity between CdS and ZnS one might expect 
similar precipitation from the latter compound. 
Indeed, a number of workers* 2 * 3 > have ascribed 
electroluminescence in ZnS to the possible 
presence of copper sulphide. There is a strong 
possibility that d.c. electroluminescence in ZnS 
is due either to hole injection or impact ionization 
at barriers between small C112S precipitates and 
the bulk. 

With this possibility in mind, it was decided to 
simulate such a system in a simple, planar form. 
Cadmium sulphide rather than the zinc compound, 
was chosen for the preliminary investigation which 
is reported here because more suitable crystals 
were available and because ohmic contacts to it 
are more easily prepared. 

EXPERIMENTAL 

The CdS used'was in the form of thin plate crystals, 
about 20 mm 2 in area and 10-50*4 thick, grown by the 
method of Fochs and Lunn< 4 > from “pure” material. 
Cuprjc sulphide (CuS) was prepared by homogeneous 
precipitation from Cu(S 04 )a solution by thioacetamide. 
The CuaS was prepared by the thermal decomposition 
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of the CuS followed by the melting of the CusS sintered 
residue at 1160°C, in argon, to form ingots. Electro- 
gravimetric analysis of one of the CuaS ingots indicated 
that it had the theoretical composition and the material 
was shown to be p-type by a thermal probe measure¬ 
ment. Ohmic contacts could be made to the CuaS by 
means of evaporated gold, after a slight forming process. 

The specimens were prepared for measurement by 
the evaporation of (i) a CuaS dot, about 2 mm dia., 
onto one face of the CdS crystals, and (ii) a gold elec¬ 
trode of somewhat smaller area onto the CuaS. The 
specimen was then mounted on gallium supported by a 
copper plate, the gallium forming the ohmic electrode 
to the other face of the CdS crystal. 

Preliminary measurements showed that irreversible 
changes were occurring at the higher current densities; 
therefore specimens were heated in air to about 250°C for 
5 min. Apart from stabilizing the specimens, this treat¬ 
ment is likely to ensure that the gallium contacts are 
ohmic at the current densities used. Pressure contact 
to the gold electrode was made by a 0*006 in. dia. gold 
whisker. 

The current-voltage characteristics of the specimens 
were measured at room temperature by means of a 
constant current source between 1Q“® and IQ -8 A, the 
upper limit being imposed by heat dissipation, and up 
to 100 V. The electroluminescence was measured by an 
EMI 9514 photomultiplier. The crystal thicknesses 
were measured by the observation of Edser-Butler 
fringes, with an error of less than 5 per cent, 

SIMPLE SEMI-QUANTITATIVE 
CONSIDERATIONS 

The combination of CugS and CdS, with an 
ohmic contact to each, is effectively a diode with 
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* p-n “junction”, complicated by the presence of 
Surface states in the junction and by the difference 
in energy gaps and work functions, etc,, between 
the two materials. Thus at small voltages, currents 
through the diode will be largely diffusion currents 
limited by the barriers at the interface and, in this 
limit, the work of Anderson* 6 ) is applicable to a 
large extent. However, the impedance of the CdS 
is not negligible and higher forward currents may 
be largely controlled by its bulk properties. If, 
in this region, the hole current is recombination 
limited in the bulk, the increasing voltage across 
the CdS bulk will result in a decreasing hole 
transit time until this time becomes of the order 
of the hole lifetime, when large double injection 
currents will occur. < fl > The resulting large increase 
in bulk conductivity will allow most of any 
additional applied voltage to be developed across 
the junction so that the currents are again diffusion 
controlled. 

The forward junction-controlled current density 
is of the form 

J « a exp(fifa) 

provided ffy j > 1 where a is only slightly voltage 
dependent, W /? is a constant < 1, fa is the dimen¬ 
sionless variable eVifkT and V\ is the voltage 
across the junction. In the low current limit all 
the applied voltage Vo will be developed across 
the junction and V\ * Vo ; the current is wholly 
diffusion controlled. In this region, a semi- 
logarithmic plot of J and Vo will yield a straight 
line (region (a) in Fig. 1). 

At somewhat higher currents, an increasing 
fraction of Vo will be developed across the CdS 
bulk and the current will become increasingly 
bulk controlled. If space charge effects can be 
ignored, then 

V 0 -Vi « JR - F b 

where R is the CdS resistance/unit area. If 
fa — eVo/kT and fa - eV^/kT, then fa and fa 
are proportional to Vo and jT, respectively, and 

djlnfan fi 

6fa 

Region (a) of Fig. 1 is characterized by ftfa 1 
and ring is followed by region (b) where this is not 
ygfid and where fifa may become much larger than 



Fio. 1. Theoretical forward current-voltage character¬ 
istics. The dashed lines represent the case when a 
negative resistance region occurs. 


unity. In general, however, the electron current 
through the CdS will be space charge controlled 
to some extent and the current J will be a super- 
linear function of V%. Provided that J varies more 
slowly than exp(/3F2), however, the region (b), 
characterized by a decreasing slope, will alv^ays 
exist. Only the detailed behavior will be different. 

As Vz increases in this region, the hole transit 
time decreases. Lampert showed* 6 ) that a steep 
increase in current will occur when the hole 
transit time is about twice the hole recombination 
lifetime, t^, due to the onset of double injection 
currents. Lampert’s remarks on assumptions (1), 
(* v )> ( v )> ( v i) i n his paper apply equally well here 
but the assumptions of volume controlled currents 
and negligible diffusion currents obviously need 
re-examination for this case. Lampert points out 
that these assumptions are reasonable providing 
the crystal thickness, d y is large compared with the 
ambipolar high lifetime diffusion length, L a , in 
his notation. In the experiments described here, 
this requirement is not met since it is probable 
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that La ** 100/*. However, the treatment of the 
voltage threshold involves the less stringent re¬ 
quirement that d is large compared with the low 
lifetime ambipdar diffusion length, which is of 
the order of a micron; this is satisfied in the 
experiments repotted here. Thus, if we take V 2 
to be the voltage used in Lamperts treatment, his 
results for the voltage threshold may be applied 
to the present case. Thus a sharp increase in cur¬ 
rent is to be expected when 

V 2 - i 2 /- Fth (1) 

where jjl p is the hole mobility. This is shown in 
Fig. 1 (point c). Lampert also showed that a 
negative resistance region may occur above this 
threshold under certain conditions. The require¬ 
ment that d$> L a is not, however, satisfied in the 
present experiments and, although, of course, 
the existence or the negative resistance region is 
not precluded, his treatment cannot be directly 
applied. 

Above the threshold, the dynamic conductance 
of the CdS is relatively large as a result of the 
double injection and a large fraction of the 
additional applied voltage will be developed 
across the junction provided Fth is not too large 
compared with V\ in the region of (c) i.e. pro¬ 
vided d is not too large. Thus, in this case, the 
currents are again mainly diffusion controlled 
and a nearly exponential rise of current with 
additional applied voltage is to be expected 
(region d). If, however, Fth is large compared 
with Fi, then the fraction of the additional applied 
voltage which is developed across the junction 
may be small and the current will rise appreciably 
slower than exponentially. This will apply to the 
case of large d and is shown as region (d') in 

Fig. 1. 

On the basis of Lampert's model, which in¬ 
volves a deep recombination centre, the hole life¬ 
time increases in this region, tending to become 
constant and approximately equal to the electron 
lifetime at high injection levels. In this case, the 
recombination radiation, or electroluminescence, 
will be proportional to the number of carriers and 
thus to the current. However, if the recombina¬ 
tion is via shallow states only or between bands, 
the lifetimes will tend to become equal but will 
continuously decrease with increasing current. 
The recombination rate will tend to become 


proportional to the square of the carrier density (i.e, 
to the square of the current) at high injection 
levels. 

The reverse characteristic is somewhat complex 
to treat, especially when avalanche breakdown 
and the possibility of hole injection from the 
gallium anode are included, and will not be con¬ 
sidered in detail. However, as well as the possi¬ 
bility of avalanche breakdown electroluminescence 
the possibility of electroluminescence due to 
double injection cannot be discounted. This would 
have to occur at higher voltages since, in the re¬ 
verse direction, large voltages are developed 
across the junction. 

RESULTS AND DISCUSSIONS 

The forward current-voltage characteristics of 
two of the six diodes measured are shown in Fig. 
2 as semilogarithmic plots; the characteristics of 
the other specimens are very similar to one or the 
other of these. The qualitative agreement between 
these results and the simple theory above is good, 
although the quantitative agreement between these 
curves and the theoretical in region (b) is poor. 
The current rises more rapidly in this region than 
expected on the basis of negligible space charge 
effects, implying that the electron current in this 
region is largely space charge controlled. The 
negative resistance region, as suggested by 
Lampert, was seen in three of the six specimens, 
one of them being shown in Fig. 2. 

According to the semiquantitative consider¬ 
ations above, the low-level hole lifetime can be 
deduced if the hole mobility, crystal thickness and 
threshold voltage are known. The absence of 
region (a) at the currents used prevents determin¬ 
ation of Fi and thus Fth but a lower limit is 
obtained for r v if Fth i® taken as the applied 
voltage at which the kink (c) occurs. This should 
lead to a maximum error of less than 30 per cent 
since V\ is unlikely to be as much as a volt The 
hole mobility was not measured but a value of 15 
cm 2 V™ 1 sec” 1 was assumed, as a result of the work 
of Mort and Spear.< 7 > Values of r Pf using equation 
(1), have been obtained for all six specimens and 
are presented in Table 1, together with the 
crystal thicknesses and values of Fth* 

The values thus obtained all lie within the 
range r P * 1*0—2*0x 10“ 8 see for values of d* 
ranging over more than an order of magnitude. 
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V-CI Z 



V-C9 

Fio. 2, Experimental current-voltage characteristics. 
0 Spedman C9 
• Specimen C12 


Electroluminescence could be detected in ell 
specimens for forward currents greater than about 
lOOftA (at about 4*4 V in C9) and in some speci¬ 
mens at reverse currents greater than about 
0-5 mA. Quantitative measurements of relative 
output were carried out for specimen C9 under 
forward bias and the results are shown in Fig, 3. 
The light output is seen to be linear in current, 



io*< 

Current, A 


Fio. 3. Luminescence emission under forward bias. 


Table 1, Summary of experimental results 


Specimen 

Thickness 

r, h (V) 

t p (sec) 

no. 

M 



C7 

54 

49 

2x10-' 

C9 

13 

4-0 

1 -4 x 10- 8 

CIO 

15 

4-3 

1-8X10- 8 

Oil 

19 

5-75 

2 x 10- 8 

C12 

28 

19 

1 -4 x 10-» 

Cl 3 

14 

6-25 

1'lxlO-* 


They are about an order of magnitude lower than 
those obtained by Mort and Spear (7 > but the 
lifetime observed here is that prevailing in the 
presence of negative space charge whilst the 
experiments of Mort and Spear were carried out 
under neutral conditions. However, to explain 
this change in lifetime (assuming the injected 
negative charge is given by CV and that it all 
enters the dominant recombination centre), one 
require# a hole capture cross-section of about 
which fe very large and not very 

credible. 


as expected at a high injection level in the presence 
of recombination centres. This is consistent with 
the colour of the electroluminescence which was 
red. The emission was too weak for spectro- 
graphic measurement but measurements with 
filters indicated that all the emission visible to the 
photomultiplier was at wavelengths greater'-than 
6000 A and at least 90 per cent was above 6500 A. 
Due to the geometry and refractive index of the 
CdS, it is probable that only a small fraction of 
the emitted light was actually measured by the 
photomultiplier but the quantum efficiency 
10-8) was within an order of magnitude ef 
those observed in GaP p-n junctions at rdom 
temperature and at the same light level. 

It might be argued that the abrupt current in¬ 
crease was due to impact ionization. However, 
this argument requires that the "breakdown” 
voltage is either, (a), independent of d if the 
voltage is developed across a depletion layer or 
(b), linear in d (i.e. the field is constant) if it is 
developed across the bulk. (8) The & dependence 
°f Fth predicted by double injection theory is 




HOLE INJECTION INTO CdS FROM €u*S 


has 


plainly shown in Fig. 4 although some scatter is 
present due to differences in lifetime. It might also 
be argued that the sharp increase in current corre¬ 
sponds to the trap filled limit discussed by 
Lampert* 9 > for one carrier injection since the trap 
filled limit voltage also varies as d 3 .* 9 ) However, 
a trap density of only ~ 10 14 cm* 3 is necessary 
to explain the magnitude of the voltage, which is 
at least two orders of magnitude less than one 
expects. Furthermore, the negative resistance 
region cannot be explained on the basis of one- 
carrier injection and, in view of the large reservoir 
of holes in the Q 12 S anode and the relatively 
efficient electroluminescence, the absence of holes 
in the CdS is unlikely. 



Thickness, /I 

Fig. 4. The variation of threshold voltage with thickness. 


The diodes all exhibited extensive rectification 
e.g. for C9 at ^ 4*5 V the rectification ratio was 
> 10 6 . Reverse characteristics were obtained for 
the four thinner specimens and all showed “soft 
breakdown”. Two typical curves are shown in 
Fig. 5. In the case of the two thickest specimens, 
C7 and C12, the reverse voltages at 10” 9 A were 
greater than 100 V. The reverse voltages increased 
with increasing thickness; this is consistent with 
both bulk impact ionization and double injection 
mechanisms of breakdown although the former is 
somewhat unlikely in view of the fact that most of 
the voltage is developed across the junction. The 
diodes gave an open circuit photovoltage of about 


0*5 V when irradiated with high intensity tung¬ 
sten light 



Fig. 5. Reverse current-voltage characteristics. 
O Specimen C9 

+ Specimen Cl 1 


Previous observations* 10 ” 12 ) of electrolumin¬ 
escence in CdS, using a variety of electrode 
materials, are open to a similar double injection 
interpretation, as has been pointed out to some 
extent by Smith* 11 ) and Lampert.*®) For example, 
Diemer* 10 ) obtained a similar kink in the current 
voltage characteristics at about 10 3 V for a 200 p 
gap and a value of r P ~ l*5xl0" 8 «ec can be 
computed from equation (1), with ftp = 15 cm 2 
V -1 sec -1 . This is in remarkably good agreement 
with the results obtained here. This agreement 
may be fortuitous although it is possible that hole 
lifetimes in relatively pure CdS crystals vary only 
over a small range and that special treatment is 
necessary to change this lifetime appreciably. The 
values Mort and Spear obtained* 7 ) for specimens 
from various sources under neutral conditions 
vary only over a small range as do those obtained 
here. The values obtained by Smith* 11 ) are 
appreciably larger but the crystals he used were 
specially selected and somewhat rare. Smith* 11 ) 
observed green electroluminescence in selected 
CdS crystals with a hole lifetime of r p ~ lO --6 sec, 
as measured by an independent method and esti¬ 
mated from his measurements. By applying 
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equation (1) to his data, a low level lifetime of 
about 5 x t(h 7 sec is obtained. He observed an 
abrupt decrease in voltage after about 900 V was 
applied across a 1 mm gap, probably due to the 
existence of a negative resistance region. 

Smith also observed a linear relationship be¬ 
tween current and electroluminescence, which is 
not expected since the radiating transition was 
either between bands or via only shallow states. No 
explanation is offered here. The quantum efficiency 
of Smith’s luminescence was over an order of 
magnitude less than that observed in the present 
experiments. 

The results obtained for CdS are not directly 
applicable to ZnS but it is of some value to 
speculate on the behaviour of this material in the 
light of these results. If a ZnS crystal of constant 
thickness, t, is divided into n equal parts by planes 
of a material which is a good source of holes and 
electrons, the voltage across the crystal necessary 
to allow Tth to be developed across each part is 

P 

-. Thus the larger ft, the lower the voltage 

ZltTpfij, 

necessary for double injection currents. Small 
precipitates of cuprous (or argentous) sulphide 
will yield a similar result and may explain the 
beneficial effect of these materials on electro¬ 
luminescence in ZnS and CdSA 4 - 13 > Presland 
and Marshall^ 14 * have reported that ZnS:Cu:Cl 
phosphors exhibit unusual properties when 
quenched rapidly from about 1000°C to room tem¬ 
perature. For example, the electroluminescence 
disappears but can be made to return by the pre¬ 
cipitation of copper onto them from solution, 

CONCLUSIONS 

Abrupt increases in current, accompanied by 
electroluminescence, have been observed in for¬ 
ward biassed CuzS-CdS combinations. The 
following evidence has been observed to support 
the hypothesis that the sharp increases in current, 
and thus the low voltage d.c. electroluminescence, 
is a direct result of double injection; 


(a) Good qualitative agreement has been ob¬ 
tained between measured forward characteristics 
and those indicated by a simple theory largely 
baaed on the double injection theory of Lampert. 
Measurements on specimens ranging in thickness 
from 13 to 54 \i have produced consistent and 
credible values of the hole lifetime in CdS, de¬ 
rived on the basis of this theory. The threshold 
voltage shows a d 2 dependence, consistent with 
the double injection mechanism but inconsistent 
with impact ionization. 

(b) Forward bias electroluminescence at high 
currrents was linear in current, as expected from 
the theory when the radiating transition involves 
a deep centre, which is consistent with the 
emission colour. 

It is hoped to extend this work to thin ZnS 
crystals in the near future. 
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Abstract — Single crystals of tungsten diselenide and molybdenum ditelluride about 200-1000 A 
thick have been prepared by cleavage. ^Vith such crystals, it is possible to make optical transmission 
measurements in wavelength regions where the absorption coefficient reaches 10®-10 6 cm" 1 . For 
tungsten diselenide, a strong absorption edge is observed at 7800 A at room temperature, where the 
absorption coefficient rises to about 10® cm -1 , and a second edge is observed at 6000 A. Strong 
absorption bands are observed on both edges. With molybdenum ditelluride, the first absorption 
edge is observed at 6600 A at 77°K, and a second edge occurs at shorter wavelengths. Strong 
absorption bands have been observed on the first edge. The area of the crystal that gives rise to the 
absorption bands has been examined in the electron microscope, and dense dislocation networks are 
observed. For both compounds, the first absorption edge is attributed to direct transitions from a 
split valence band to the conduction band, and the second absorption edge to transitions from a 
lower valence band or at another value of the wave vector. The valence band splitting probably 
results from a spin-orbit interaction. The strong absorption bands are attributed to the formation 
of exciton states. 


INTRODUCTION 

A study of the optical absorption spectrum can 
give information about the energy bands and 
excited states in a crystal. In the wavelength 
regions that are of interest for crystal band struc¬ 
ture, the absorption coefficient can reach values 
of 10 6 cm" 1 , so that crystals Ip thick or less are 
required for transmission measurements. The 
absorption coefficient can be obtained from re¬ 
flection measurements made on thicker crystals, 
however the analysis of the data obtained is more 
complex, and the properties of the crystal surface 
may influence the results in an unknown way. 

Very thin crystals of solids having layer struc¬ 
tures can be prepared by cleavage, so that the 
absorption coefficient can be determined by 
transmission measurements in wavelength regions 
where the absorption coefficient reaches 10 6 cm” 1 . 

Crystals of M 0 S 2 , MoSee, MoTe 2 and WS 2 , 
WSe 2 , WTe a have the hexagonal layer structure 
of molybdenum disulphide (except perhaps 
WTe 2 ).W These crystals have remarkable cleaving 
properties, and absorb light strongly in the visible 

1107 


part of the spectrum. They also have an interesting 
trigonal coordination. With molybdenum di¬ 
sulphide, for example, the crystal is composed of 
sheets of molybdenum atoms, each atom sur¬ 
rounded by six sulphur atoms in the form of a 
trigonal prism.The sheets are held together by 
weak bonds between the sulphur atoms, and these 
bonds are broken when the crystal is cleaved. The 
thickness of the sheet is 6*15 A for molybdenum 
disulphide, 6*97 A for molybdenum ditelluride 
and 6-48 A for tungsten diselenide.<D It has been 
shown that trigonal bonds can be formed from the 
d 4 sp hybridization of atomic wave functions, 
and the indications are that the bonding in the 
sheets is covalent. If the sulphur atoms in molyb¬ 
denum disulphide are considered, it seems likely 
that there is sp z hybridization of the sulphur 
orbitals, resulting in a distorted tetrahedral con¬ 
figuration. The cleaving properties of the crystal 
and the relatively high electrical conductivity 
along the layers may be associated with the over¬ 
lap of the sulphur orbitals that are directed away 
from the molybdenum atoms. 
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A detailed study of the optical properties and 
photoconductivity of single crystals of molyb¬ 
denum disulphide has already been made.W The 
main absorption edge occurs at about 7000 A at 
room temperature, and there is a second absorption 
edge at about 5000 A, Structure is observed on 
both edges. This paper gives an account of an 
experimental investigation into the optical pro¬ 
perties of tungsten diselenide and molybdenum 
diteHuride. 

The absorption coefficient to the long wave¬ 
length side of the absorption edge can be increased 
by the presence of dislocations in a crystal.< 4 > 
Crystal strain can widen absorption bands.W 
Layer structures have a very high density of dis¬ 
locations, probably introduced during the cleaving 
process. The defect structure and the optical 
properties of the same crystal are being studied 
in an attempt to establish a correlation between the 
two. 

EXPERIMENTAL AND RESULTS 

Small transparent crystals of layer structures of 
the molybdenum disulphide type suitable for 
optical studies or electron microscopy can be 
obtained by carefully cleaving a thick crystal, or 
by using a stripping technique with sticky tape. 

The spectra of tungsten diselenide and molyb¬ 
denum diteHuride were observed with the electric 
vector of the light perpendicular to the c-axis of the 
crystal Percentage transmission measure¬ 

ments were made at room temperature using a 
Unicam SP500 spectrophotometer, modified for 
measurements on small crystals. The crystals were 
cooled to 77°K by direct immersion into liquid 
nitrogen, and the spectra were photographed using 
a Hilger E478 spectrograph with glass optics. A 
microscope objective was used to produce an 
image of the crystal on the slit of the spectro¬ 
graph, giving a crystal magnification of x 100. 

The Crystal thicknesses and the absorption co¬ 
efficients stated below are estimates based on 
measurements made on molybdenum disulphide 
crystals. W It seems reasonable to assume that the 
absorption coefficients for related trigonal solids 
are of the same order of magnitude. 

(a) The optical absorption of single crystals of 
tungsten diselenide 

When viewed with light from a tungsten lamp, 
crystals of tungsten diselenide a few tenths of a 


micron thick arc a deep red colour in transmission. 
Crystals about 500 A thick are orange, and crystals 
about 200 A thick are grey. 

The room temperature optical absorption of a 
crystal about A mm 2 in area and about 0*1 p 
thick is shown in Fig. 1. In Fig. 1, /<>// — 100/T, 
where T is the percentage transmission. Two 
strong absorption edges are observed, at about 
7800 and 6000 A, with a strong peak (A) on the 
first absorption edge. The absorption coefficient 
reaches a value of about 10 s cm -1 at the first edge. 
A photograph of the absorption spectrum of this 
crystal at 77°K is shown in Fig. 2. The band A 
shown in Figure 2(a) is seen to be very strong. 
The microdensitometer trace in Fig. 3 shows 
band A at 7265 ± 10 A, and another small 
absorption band ( A %) at 7100 ± 10 A. 



Wavelength A 

Fig. 1 . Plot of absorption against wavelength for a~ 
WSea crystal about 0-1 p thick at room temperature. 
The ratio Jo// = 100/t, where T is percentage trans¬ 
mission. The absorption coefficient (in cirr 1 ) is based 
on measurements on MoS 2 . (3 > 

The room temperature absorption of a thinner 
crystal, about 0*05 /x thick, is shown in Fig. 4. 
It is seen that structure has been resolved on the 
second absorption edge (peaks B and C), and a 
broad peak D is observed at about 4000 A. The 
absorption coefficient at peak C is about 
7 x10 s cm -1 . The peak locations are: A at 
7640 ± 20 A, B at 5650 ± 20 A and C at 4800 A. 
There were some cracks in the crystal, ao that the 
peaks C and D do not show up as strongly as they 
would if the cracks were absent. When the crystal 
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Fig. 2. Photograph of the absorption spectrum at 77°K for the same WSea crystal as in Fig, t. Figure 2(a) 
shows the hand A , and Fig. 2(b) shows the second absorption edge. 
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(b) 


FlO. 7, Electron micrographs of the area of the MoTea crystal that gave the 
spectrum in Fig. 6. (a) Hexagonal networks. Mag. x 100,000. (b) Moird 
patterns. .Mag. x 200,000. 
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that the crystals may be strained* particularly at 
low temperatures. The crystals were prepared by 
means of a transport reaction with chemicals of 
purity better than 99*9%, and were kindly given 
to us by L. H. BmNBtf.M 

(b) The optical absorption and defect structure of a 
single crystal of molybdenum ditelhride 
The absorption spectrum of a molybdenum 
ditelluride crystal mounted on an electron micro¬ 
scope grid has been photographed at room tem¬ 
perature and 77°K. The crystal area selected by 
the spectrograph slit was about 1 /x long and 20 
wide, and Fig. 6 shows the microdensitometer 
trace of the spectrum observed at 77°K. The peak 
positions in Fig. 6 are: A at 6465 ± 10 A, A& at 
6330 ± 10 A and B at 5830 ± 20 A. At room 
temperature, A is at 6720 ± 20 A, Az is not re¬ 
solved, and B is at 6030 ± 20 A. The uncertainty 
in the peak location is caused by the width of the 
bands. A second absorption edge is observed at 
shorter wavelengths. 

Without disturbing the crystal, the area that 
gave the spectrum in Fig. 6 was then studied in 
the electron microscope. Areas of parallel or 
hexagonal networks and moir£ patterns were 
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Wovelenglh, A 

Fig. 4. Plot of absorption against wavelength for a WSe* crystal about 0 05 p. thick 
at room temperature. The absorption coefficients (in cm" 1 ) are based on 
measurements on MoSa. (8) 


D 




Wavelength, A 

Fig. 3, Microdensitometer trace of Fig. 2(a), showing 
peaks A and A 2 for the \VSe 2 crystal at 77°K. 

is cooled to 77°K, peak B shifts to 5510 ± 10 A, 
as shown by the microdensitometer trace in Fig. 5. 

The absorption spectra were studied with the 
crystals stuck onto transparent sticky tape, so 
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observed, and representative electron micrographs 
of the area are shown in Fig. 7. The moixi patterns 
extended over an area of several square microns. 
The dislocation density is very high, varying from 
about 10*/cm® to 10 u /cm 2 . It is of interest that the 



Wove length, A 

Fio. 5, Microdenaitometer trace of absorption band B 
at 77°K, for the same WSea crystal as in Fig, 4. 

length of Fig, 7(a) is about 1 p, which is the width 
of the area that gave the absorption spectrum in 
Fig. 6. 

Parallel and hexagonal patterns and moire 
fringes are also observed with tungsten diselenide 
crystals, and molybdenum disulphide crystals 
exhibit a very similar defect structure in the 
electron microscope. Pashley and Presland< 6 > 
have shown that the hexagonal networks observed 
with molybdenum disulphide are caused by sets 
of dislocations on different slip planes in the 
crystal, and the same is probably true for molyb¬ 
denum ditelluride and tungsten diselenide crystals. 
The moiri patterns probably result from shearing 
between successive crystal layers (see Kamiya et 
al.W). 

DISCUSSION 

The properties of the layer structures M 0 S 2 , 
MoTe 2 and \VSe 2 are very similar, and the inter¬ 
pretation of the results presented here is based 



Wavelength, A 

Fig. 6. Microdensitometer trace of the absorption 
spectrum for a MoTe 2 crystal about 0*05 fi thick at 77°K. 

on the detailed quantitative measurements made 
on the absorption coefficient, oscillator strengths, 
refractive index and photoconductivity of single 
crystals of molybdenum disulphide.^ The main 
absorption edge for tungsten diselenide crystals 
at room temperature occurs in the near infra-red 
wavelength region, at about 7800 A, where the 
absorption coefficient reaches a value of about 
10 6 cm -1 . At 6000 A, a second absorption edge 
raises the absorption coefficient to about 10 6 cm -1 , 
and with very thin crystals, more structure is re¬ 
solved to shorter wavelengths (Fig. 4). The 
absorption edges are attributed to direct transitions 
from the valence band to the conduction band,' 
and the peaks A , B } and C are attributed to the 
formation of exciton levels below the conduction 
band.< 3 > At 77°K, the n = 1 and n = 2 exciton 
states are observed on the first absorption edge 
(peaks A and A% in Fig. 3). 

Similarly, exciton peaks A and A 2 are observed 
on the first absorption edge of the molybdenum 
ditelluride crystal (Fig. 6), and the exciton peak B 
is also observed. The absorption coefficient at 
peaks A and B is expected to be about 10 6 cm -1 
or greater. 

It is suggested that the separation of peaks A 
and B in tungsten diselenide and molybdenum 
ditelluride is caused by a spin-orbit splitting of 
the valence band, and that peak C observed with 



THE OPTICAL PROPERTIES OF SINGLE CRYSTALS OF WS«t AND MoT«* till 


tungsten diselenide is a transition from a deeper 
level in the valence band, or a transition at another 
value of the wave vector. The corresponding 
structure in the molybdenum disulphide spectrum 
has been interpreted in a similar way.< 3 > 

Some support for a spin-orbit interpretation of 
the A-B splitting can be obtained by considering 
the spin-orbit splittings for electron configurations 
of the free atoms. The splitting of atomic con¬ 
figurations can sometimes give the magnitude of 
the effect to be expected in solids (for example, 
see Saum and Hensley< 8 > for a discussion of 
2a-6b compounds, and BraunsteinW for 3-5 
compounds). Table 1 gives the room temperature 
spin-orbit splittings for some relevant atomic p 
configurations (from Bacher and Goudsmit,* 10 ) 
and Saum and HensleyW). 


orbit splitting is determined mainly by the molyb¬ 
denum or tungsten atoms. By using simple ratios 
between the 5 p and bp atomic splittings and the 
MoSe$ splitting, th<j spin-orbit separation for 
*WSe 2 can be predicted^ be 0*70 eV. Thus, the 
results show that the spin-orbit splittings of the 
molybdenum or tungsten atoms can give the 
magnitude of the valence band splitting to be 
expected in solids with the trigonal configuration. 

In the case of WSe 2 , the magnitude of the spin- 
orbit splitting is such that peak B lies on the 
second absorption edge leading to peak C (Fig. 4). 
This results in a spectrum which is somewhat 
different from the spectra for M 0 S 2 and MoTeg. 

Two factors which could affect the absorption 
spectra are crystal tension and the presence of 
impurities. Crystal tension would cause the bands 


Table 1. Atomic spin-orbit splittings for some p configurations 


Electron configuration 

Energy (eV) 

Electron configuration 

Energy (eV) 

4i 10 5j 2 5/> 1 (In) 

0-273 

3s 2 3p 6 (S') 

0-065 

Sd^s^p 1 (Tl) 

0-966 

4j 2 4 p* (Se~) 

0*29 



5i 2 5p» (Te-) 

0-65 


The splitting for the molybdenum atom would 
be expected to be somewhat less than the 0-273 eV 
for In, because of its lower atomic number, and 
the splitting of the tungsten atom would be less 
than 0*966 eV. 

The room temperature splittings that have been 
observed in solids with trigonal configurations are 
given in Table 2. The splitting for MoSe 2 is 
expected to be about 0*198 eV. 

Table 2. Valence band splittings in trigonal solids 


Compound Energy (eV) Compound Energy (eV) 

0*185 WSa — 

MoSea — WSea 0-570 

MoTea 0-210 WTe f (?) — 

(The structure pf WTea is not certain.* l >) 


Assuming that we are concerned with the p 
wave functions in the solid, it is seen that the spin- 


A and B for tungsten diselenide to shift to longer 
wavelengths, but the change in the energy of the 
A-B splitting would not be large enough to affect 
the above discussion.It has been shown that 
crystal impurities do not significantly affect the 
absorption spectra of natural crystals of molyb¬ 
denum disulphide at high values of the absorption 
coefficient.< 8 > Therefore it is reasonable to assume 
that impurities in the tungsten diselenide and 
molybdenum ditelluride crystals will not appreci¬ 
ably affect the spectra tfiat have been observed. 

The width of band A in molybdenum ditelluride 
at 77°K is about 125 A, or 0*04 eV, This width 
may be associated with the high density of dis¬ 
locations in the crystal. Efforts are being made to 
obtain crystals that are relatively free from dis¬ 
locations, in order to determine whether the band 
width changes significantly. It may be that wide 
absorption bands are a characteristic feature of 
exciton bands in layer structures, and further 
work on this is necessary. It seems that it may be 
possible to detect exciton diffusion in single 
crystals that ate about 1000 A thick. Another 
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m&jor problem in this field is the theoretical de¬ 
termination of the band structure for systems with 
the trigonal prism configuration. 

Acknowledgements —The author would like to thank Dr. 
* F. P. Bowden, F.R.S. for hit interest in this work, Dr. 
A. D. Yoffe for many helpful discussions and Dr. L. H. 
Bsuxnhi for some tungsten diselenide crystals. Acknow¬ 
ledgement is also extended to the National Research 
Council of Canada for a Special Scholarship. 

REFERENCES 

f. Brixner L. H.,/. inorg. nucl. Chem. 24, 257 (1962). 

2. Paulino L,, The Nature of the Chemical Bond , 3rd 

ed. p. 175, Cornell University Press (1960). 

3. Fjundt R. F. and Yoffe A. D., Proc. Roy. Soc. 273, 

69 (1963). 


4. Blaxney R, M. and Dexter D. L., Conference on 

Defects in Crystalline Solids, Bristol 1955, p. 108* 
Physical Society, London (1955). 

5. Chaddertgn L. T., Parsons R. B., Wardzynski 

W. and Yoffe A. D., J. Phys. Chem. Solids 23, 
416 (1961). 

6. P AflHLEY D. W. and Presland A. E. B., Proc, Eur. 

Reg . Corf, on Electron Microscopy , Deft 1960, 
Vol. 1, p. 417. 

7. Kamtya Y., Ando K,, Nonoyama M., and Uybda 

R., J . phys. Soc. Japan 15, (11), 2025 (1960). 

8. Saum G. A. and Hensley E. B., Phys. Rev. 113, 

1019 (1959). 

9. Braunstein R., /. Phys. Chem. Solids 23, 1423 

(1962). 

10. Bacher R. F. and Goudsmit S., Atomic Energy 
States , McGraw-Hill, New York (1932). 



/. Pbys, Chm « Solids Pergamon Press 1963. Vol. 24, pp. 1113-1119. Printed in Great Britain, 


SECOND HARMONIC GENERATION IN SOLIDS 


P. L. KELLEY 

Lincoln Laboratory,* Massachusetts Institute of Technology, Lexington 73, Massachusetts 
(Received 18 December 1962; revised 12 April 1963) 


Abstract —This paper is concerned with the relation in solids between second harmonic generation 
and electronic band structure. The second order response function is evaluated in the dipole approxi¬ 
mation for two- and three-band transition schemes in a system with an idealized band structure. In 
addition, an estimate is made of the multipole terms which are of one order higher than the dipolar. 


1. INTRODUCTION 

A number of fruitful investigations* 1 " 6 * of the 
harmonic generation of light due to the inter¬ 
action of solids with optical maser beams have 
been made recently. Early theories of harmonic 
generation dealt with: (1) a phenomenological 
description of electrons interacting with radia¬ 
tion, < 6 > and (2) localized electrons interacting with 
radiation using semiclassical radiation theory.* 6 * 

In a previous paper by the author,* 7 * that part 
of the electronic response of a solid which is pro¬ 
portional to the square of the classical electro¬ 
magnetic field was derived using operator per¬ 
turbation theory. The results were obtained in a 
form which was applicable to non-localized elec¬ 
trons such as Bloch electrons. The spatial de¬ 
pendence of the second harmonic wave within 
the solid was found. In addition, a three-band 
transition scheme was used to estimate the output 
of second harmonic power in the limit where both 
the first and second harmonic energies are near 
band gaps. This limit would most likely imply 
that the medium is absorbing to the second 
harmonic. 

The present work is concerned primarily with 
describing the effect of electronic band structure 
on second harmonic generation. Direct transitions 
(those not involving phonons) which are allowed 
in the dipole approximation are described. It is 
found that two- and three-band schemes are 


* Operated with support from the U.S. Army, Navy 
and Air Force. 


allowed, with the two-band scheme including an 
intraband transition. The response function is 
then calculated for the two- and three-band 
transition schemes. In order to facilitate the cal¬ 
culations, a band structure is assumed in which 
the bands are parabolic and widely separated. In 
this idealized calculation, the two-band scheme 
does not exhibit any singular behavior near the 
band gap, while the three-band scheme may show 
for certain choices of the band parameters singu¬ 
lar behavior but not necessarily at the band gap. 
Finally, an estimate is made of the term in the 
response function one order higher than the 
dipolar. 


2. THE NONLINEAR RESPONSE FUNCTION 
The quantity of interest in this paper is that 
part of the current induced in a solid which is 
proportional to the square of the external field. 
The second order nonlinear response function, a, 
relates the space and time Fourier transform of 
the current J 6 {qo)) to the product of the trans¬ 
formed vector potentials A P and A v (q' t m*) 

in the following way: 

Jiq, ")=//// da>'du>* dq'dq* 

x ot'+w", to') 

x AHq’> *>') A'(q', at*) Siw'+cj"- to). (1) 
The response function, obtained in an earlier 
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paper,ft la given by 


*v»(g, q ’, q", o»'+w", «') 

“{^r2 expW9+9 ' +9 ')'H 

X r»^ (q, q\ q o>' + o>', a.'). (2) 

where u e u the volume of a unit cell, is a lattice 

vector, and 

r ^(q,q',q\o,'+w\u,') 

- Wo) {[( 1 ^ 0 +«'+ 

2m 3 c z Vh- 

+2*[(^ 0 +«')%+«')). (*')]*„ 

1 

+-[W^o+o.') K^ 0 +«' + »*)/* (9)). 

7T 

*c.-4^(9')]). »,.*"#'(«*)]}. (3) 

In the above equation, p(*o) is the equilibrium one 
electron distribution operator, p(q) is the cellular 
transform of the momentum density operator 

p»{q) = N j dr exp(iq • r) pi‘(r), (4) 

cell 

and (Pq) is the transform of the mass density 
operator* iy(eu) is given by l/a> +u where c 0+ 
The Liouville operator, j?o, has been introduced 
and is defined by 

&oA*ztfh[jr 0 ,A]; (5) 

in addition, its analog *r, for the wave vector 

operator, is defined by 

tcA s [k,A], (6) 

Here, k is the wave vector operator defined in 
terms of Bloch states {n'k'} by 

• (7) 

The response function may now be evaluated by 
writing the trace as a sum over the Bloch states 
ofthe solid. 


The problem to be considered in the following 
calculations is that of frequency doubling* In this 
case, u> = of *= w\ and a/ + = “ 2coi. 

Here, m is the first harmonic frequency and on 
is the second harmonic frequency. 


3. THE DIPOLE APPROXIMATION 

In the preceding Section, the second order non¬ 
linear response function has been given as a trace 
over the one-electron states of the solid. In this 
Section, the dipole approximation will be made 
and the response function will be evaluated for a 
simple model band structure. The aim here is to 
obtain a picture of the dipole transition schemes 
and give an order of magnitude estimate of the 
response function for the various processes. 

The dipole approximation consists of making 
the approximation exp(*<7 • r) ~ 1 within the cellu¬ 
lar integrals, under the assumption that \q * a\ 1 
(where a is a lattice spacing). Furthermore, the 
q’s in the Kronecker deltas in equation (3) are set 
equal to zero. The last approximation constrains 
the interband transitions to be vertical. Although 
the transitions are not quite vertical, the error 
made in the vertical approximation is also of the 
order of |g*a|. With these approximations in 
mind, equation (3) can be written explicitly in 
terms of matrix elements between Bloch states 
{nk}, {rik f } and {ri'k"} as 

e3(27r)2 ^ 

r*fi»(2m,o>i) =———- y /(«»(*)) 

x (-1 r 

[o>nn'(k) + 2Qji + l€ o) nii ”{k) + o>x + 

* Pnn'Pn'n’pn w n(k) 


1 


'»*(£) + 2wi + u 


i —i 

\ w nn *(k) 


{k)+u>i+ic 


o> n 


x Pnn'pn'n*pn*n(k) 
■■(*)+«!+* 

1 


1 


‘*>n'»(A) + 2(ui + Je ai„'n(^) + coi + i< 

x Pnn- Pn’n’pl‘n(k) j, (8) 
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where *«.»'(*)<- <«Apf 0 |«A>- (n'k\Jf 0 \n f k}. 
Note that the solid considered for the dipole proc¬ 
ess cannot have inversion symmetry, since the 
states of such a system can be chosen to have 
definite parity (these are not the Bloch states) and 
the product of three dipole operators cannot con¬ 
nect states of the same parity. (See Appendix.) 

The results can now be discussed in terms of 
transitions between energy bands. The three 
states {«A}, {rik '}, and {n"k"} may correspond to 
states in one, two, or three bands. If only one 
band were involved, expression (8) would vanish, 
since the four terms in (8) would cancel. Thus, 
the states must involve either two or three bands. 
The two-band scheme consists of two interband 
transitions and one intraband transition; the three- 
band scheme consists of three interband transi¬ 
tions. 

The magnitude of T will be calculated for the 
two and three band schemes. The energy bands 
will be taken to be parabolic about k — 0 in wave 
vector space. Figure 1 represents the band struc¬ 
ture of the idealized solid. The valence band 
(band 1) has energy versus wave vector dependence 

h 2 k 2 

<l*|jfo|l*> = E 1 (k)= ——, (9) 

2mi 

while the conduction bands (bands 2 and 3) have 
the dependence 

h 2 k 2 

<2A|Jf 0 |2A> = E 2 (k) = £ ff +-, (10) 

2«2 

and 

, MP 

<3*|Jfo|3 *>-£«(*)-*;+—. (11) 

2 

Band 1 will be considered completely filled, while 
bands 2 and 3 are empty. 

The transitions will be taken to be virtual 
(E ffi Eg > 2Han)\ in other words, none of the 
denominators in (8) are allowed to vanish. This 
implies that the energy of the radiation field is 
conserved but that there is mixing of the modes of 
the electromagnetic field by the solid. 

The two-band calculation 

First, the two-band scheme is considered. The 
interband transitions are taken between bands 1 
and 2. The intraband momentum matrix element 


for a Bloch state {n, A} is given by 

mdEn(k) 

= j~~, <U) 

H 

and is, therefore, an odd function of A. On con¬ 
verting the sum over A in equation (8) into an 
integral, it is evident that only those terms in the 
remainder of the integrand (i.e. apart from the 



Fig. 1. Three-band model. 


intraband matrix element) which are odd in A will 
contribute. Therefore, if the product of the two 
interband momentum matrix elements is expanded 
as a series in A, only the odd powers in A give a 
nonvanishing contribution. This expansion will 
be accomplished by means of a k*p perturbation 
calculation, where, for the sake of simplicity, only 
the term linear in k will be kept. This approxima¬ 
tion is valid in the limit where the bands are far 
apart in energy. A • p perturbation theory contains 
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energy denominators and interband momentum 
matrix element*. The assumption made here is 
that the bands are far enough apart so that the 
denominators are large enough to make the series 
convergent. The linear part of the product of the 
intetband matrix elements is found to be 

(13) 

B 

where 

m \ ho>j% na)ij / 


+ Pl2 


v » 

fPvPn 

\ hwji 


6 v 

pzjpn \\ 

hu>2j /1 


(14) 


In the last expression, the matrix elements of p 
refer to the center of the zone. The sum over j is 
taken so that the w</s do not vanish. Note that if 
we were to include only bands 1 and 2 in the sum, 
then A would vanish. Other bands must be in¬ 
volved in the calculation of A. Substituting (9), 
(10), (12) and (13) into (8), the following is obtained 
in the spherical zone approximation: 


r .,^„„ ) .!(^_)_L (4l?+4r) 


X 



PM 


-(6-)3/2 tan-i 


pM 

(6")l/2 


+ (a + ) 8 / 2 tan* 4 


Pm 

(a+) 1/a 


~(b+)W tan" 1 


PM | 

(b+yi*y 


The behavior of (15), as a function of is not 
too transparent. However, it can be pointed out 
that (15) does not exhibit any strong singularities. 
If one goes to the limit of narrow bands, with 2Au>i 
near enough to the band gap so that E ff —2hati is 
small compared to the band width (in other words, 
a~ <§ p\i a+, &*), the inverse tangent functions 
can be expanded to obtain 

2 / *3 \ 1 

r-< 2 —)- 3 tw)iC 

x( 4 iS’+ 4 S') A (19) 

It should be mentioned that the two-band model 
places a restriction on the response tensor. Phice^) 
has shown that the third rank response tensor for 
a two-band process must be antisymmetric under 
the interchange of the two indices corresponding 
to the interband dipole matrix elements. This 
result may be obtained by applying Kramer*s 
theorem to the interband elements. However, 
those crystals which have a nonvanishing third 
rank tensor are not necessarily constrained to be 
symmetric under the interchange of two arbitrary 
indices. Therefore, the two-band scheme will not 
be forbidden by crystal symmetry. 

The three-band calculation 
Next, the three-band calculation where all the 
momentum matrix elements are interband is 
treated. Since these matrix elements are compli¬ 
cated functions of k, it is advisable to make a 
simplifying assumption and replace the matrix 
by the band edge matrix element; in other words, 


(15) 


where pM » hkjur and Am is the wave vector at the 
spherical Brillouin zone boundary. The tf’s and 
b** are defined by 

9S 2fJLX2(Eg + 2hwi)y (16) 


and 


b i 55 2/U12 {Eg ± Au>l). (17) 


The interband mass p, introduced above, is de¬ 
fined by 


m * 


m+wt} 


(18) 


<jik\p^\nh} ~ <«0(/»*jn'0> = p£„.. (20) 

Here, it is assumed that symmetry will afiow 
transitions between the band edges. For a ^Ar¬ 
ticular symmetry type, this assumption must be 
tested by studying the transformation properties 
of the wave functions at the band edge. Substi¬ 
tuting (9), (10), (11) and (16) into (8), the leading 
term in the three-band process gives: 

(2oji, an) = 2 (2pi,) (2 m ) 

x pizp&pzi 
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x —L_ ((«-),i/a tan -1 —-(<r)i /2 tan ' 1 

tr-e-r («~) 1/a v ' 


x (o i/2 r 

where 


( 21 ) 


c~ = 2 /L 4 ia(£'-A<oi). ( 22 ) 

Again assuming narrow bands, however, with 
2hwi near Eg (i.e. cr <r), the inverse 

tangent functions can be expanded to obtain 

Y^ v (2o>i t w{) = (2^12) (2/xi 3 ) 

W 3 C 2 /! 3 


« /l v 
x />12 ^>23 />31 


PM 


IXXs{E' — - }L\2{Eg — Ihcoi) 


(23) 


Whether T has a singularity, and the position of 
this singularity, is determined by the gaps Eg and 
Eg and by the interband masses ^,12 and /X 13 . 
The limit taken above constrains the second har¬ 
monic to be below both band gaps. This is in 
contrast to the previous* 7 * three-band model 
where E g > 2hwi > E g> in which case the 
medium will probably be absorbing to second 
harmonic radiation. 

The ratio of the two-band to the three-band 
process can now be estimated as 


second harmonic frequency* The increased diffi¬ 
culty in phase matching will pity an i m porta n t 
role also, as the second harmonic approaches the 
band edge. 

ii 1 

4, HIGHER ORDER EFF EC TS 
In solids with inversion symmetry the dipolar 
process vanishes and higher order processes must 
be considered. An order of magnitude estimate will 
be made of the term in T which is one order higher 
than the dipolar; this is that part of V which is 
linear in g. The linear term will then be compared 
with the dipolar term. Because of the complicated 
nature of the higher order processes only the first 
commutator in (3) will be evaluated here. The aim 
is to explicitly show for the simplified model used 
here that a typical term linear in g is of order qa 
or smaller than the dipolar. The other terms 
in (3) should also be of order qjJtM smaller. 


{T^ (2a>i, tui)} (1Inear i“ e> ^ 


—e®(2i7-) 8 
2 mW h 


x 9i I /("»(*)) V 

n,n' 

X TIa\ Pnn'Pn'nify 

1 

n{k) + 2wi 


o>nn'{k) \<Onn'(k) + 2a)i 

“1 - TZTTo — f&n'pn'n(k) j, (25) 

<*»'»(«) + 2a>i J 



r*2 Band 2/Z12 

■ -< -P-PM—I 

fa Band Eg 


(24) 


Thus, it is seen that, under the assumption of 
bands narrow compared to the gap, the three 
band process will be dominant. It should be re¬ 
membered, in considering the above results, that 
the amplitude of the second harmonic is propor¬ 
tional to T and local field corrections. These local 
field corrections are dependent on the dielectric 
tensor which usually shows a strong singularity 
near the band gap. Thus, it may well be that any 
dependence of the second harmonic on the 
difference between the band edge and the second 
harmonic frequency is due, in large measure, to 
the linear polarizability of the medium at the 


where qi is the wave vector of the first harmonic. 
The matrix elements of the momentum operators 
will be taken between band 1 and band 2. As in 
( 20 ), these matrix elements will be replaced by 
those at the band edge. Converting the sum in (25) 
to an integral, and carrying out the integration, the 
following is obtained 


{T € ^ ( 2 coi, oii)} aineftr ln <?> 


s 9 

x qi bpy P 12 pn 



2 it * 3 - 

mWk* 


X — f(« + ) 1/2 tan t. n -i | 


ka>i 


(*+)*/ 2 


Pm 


—2(a) 1/2 tan -1 


Pm | 
(a) 1 '*) 


(26) 



P. L. KELLEY 


t m 

Here, a* is defined by (16), and a * Again 

going to the limit of narrow bands, but with 2k<t >i 
ctoae to E g (i-e, pM < <*, *+), equation (26) 
becomes 

2 2ir^ 
—— 

wfic*n* 

a 

x — Pn&ipM- (27) 

Aon 

Comparing this result with the dipolar term, it is 
found that the ratio is approximately 

riinoariiif 

—-« qi/kM ** 10“ 4 . (28) 

TdiDaliir 

Thus, the second harmonic intensity, which is 
proportional to the square of T, is sy 10“ 8 smaller 
in crystals with inversion symmetry than in 
crystals without inversion symmetry. 

5. CONCLUSIONS 

The preceding has given an evaluation of the 
second harmonic response function for two- and 
three-band transition schemes in the dipole 
approximation, as well as an estimate of the 
response function for a two-band scheme for 
electromagnetic processes which are of higher 
order than the dipolar. The calculation has been 
carried out for a solid with highly idealized bands. 
This idealized model may be recognized as a first 
step toward the methods to be used in the calcu¬ 
lation of the nonlinear response of an actual solid. 
The details of the calculation for a real solid 
would necessarily involve its symmetry properties 
and actual energy surfaces. 
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APPENDIX 

It will now be shown that (3) vanishes for systems 
with inversion symmetry in the dipole approximation. 
This is most readily shown by introducing a complete 
orthonormal set of states defined in the following way: 


\nk + > = —{| n, +fe> ± |n, -fe>}, k x < 0 
•v/2 

k*0,K 

InO + > = |w,0> k = 0 
1 1 (29) 

\nK + > = |«,.K> k = K K ’ 

{n, 0) and { n,K}, respectively, indicate states at k = 0 
and symmetry points on the zone face. As is well known, 
these are energy eigenstates 

J^o\n^k ± y = $n(k)\n t k + }>. (30) 

It iB easily shown for k =£ 0 that these are states of 
definite parity. If 

0* (*> r ) = ex P('^ 1 r ) u nk{r) = <r\nk ± >, (31) 

and the choice of phase u n k{ — r) = u* k (r ) is made, 
then it can be shown that 

**(-') = (32) 

The states at k = 0 t K, namely {*,0} and {n,iC}, can 
also be chosen to have definite parity in systems with 
inversion symmetry; however, the + at k = 0,K does 
not necessarily indicate parity +. In taking the trace in 
(3) if the sum is carried out over the states defined by 
(29), the following is obtained in the dipole approxi¬ 
mation 

r € ^(2wi, m) =-- / 

n,n",n' f ± 

- Jc x 0 

.f 1 1 


xf(u n (k)) ------ 

1 <*>»»'(£) + 2o>i -f tc cu MW '(A)-|- o>i + ie 

x <rik ± \p c \nk ± > < [n'k ± \pP\n*k ± > 

x < n"k ± \p e \nk ± > 




- 7Ts -7“ <«* ± \P^Wk ± > 

x (n'k ± \p*\n'k ± > (n*k ± \p v \nk ± > 
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<itk ± \P y \rik ± > 


x <n'k + + ) (n"k ± j/^| nk ± )'j 

1 1 

u>n'n(k) + 2wi + i€ a>„'„(k)+<ui + ie 


x <nk± itfirt ± > <»'fc ± |p|#'Jk ± > 

x <»'* ± ± >J. (33) 

The operator p is nonvanishing only for states of opposite 
parity; hence an odd product of p *s is nonvanishing 
only for states of opposite parity. Since the products 
of the p matrix elements have the same final as initial 
state, the product must vanish. 
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and Brookhaven National Laboratory, Upton, New York 

(Received 1 March 1963) 


Abstract. —The contribution to electrical resistivity of impurity atoms adjacent to vacancies in 
metals is calculated. The calculation is based on the Bom approximation, which allows separation 
of the effects of the individual imperfections from interference effects. Lattice relaxation is neglected. 
The resistivity due to Ag or Zn impurities adjacent to a vacancy in Au is related to the resistivity of 
the separate imperfections as />A*+vac ** pAg + pvac — 0-11 (pa* x pv*c) lft ; pzo+vac *■ pzn + pv«c4* 
0*10 (pzn X pvac) I/2 . Effects of anisotropy of the scattering are found to be almost completely re¬ 
moved if the vacancy-impurity pairs are randomly oriented along the several <110> directions. 


INTRODUCTION 

It is widely believed (U that vacancies in a 
(non-transition) metal tend to associate with sub¬ 
stitutional charged impurities. The present in¬ 
vestigation seeks to determine the effect of such 
combined defects on electrical resistivity if the 
impurity and vacancy are on adjacent lattice sites. 

Since past experience* 2 - 3 > has shown that only 
in the case of interstitial atoms is the effect of 
lattice relaxation on electrical resistivity of major 
importance, we have ignored lattice relaxations in 
the present calculations. Cross sections for 
scattering by a vacancy-impurity pair have been 
calculated in Bom approximation, which enables 
scattering by a pair to be resolved into scattering 
by the separate vacancy and impurity atom plus 
an interference. We believe that the familiar in¬ 
adequacies of the Born approximation are satis¬ 
factorily compensated by adjusting the amplitudes 
of the separate scattering potentials to give the 
correct resistivities of the uncoupled defects. The 
problem then reduces to a treatment of the inter¬ 
ference. 

Each vacancy-impurity pair is an anisotropic 
scatterer, giving rise to a scattering potential that 
has only axial symmetry. The pairs are assumed 
to be oriented at random along the twelve <110) 
directions. In carrying out the calculations it will 

* This work was supported by the U.S. Atomic 
Energy Commission. 


be necessary to average over these different 
directions, and the result will be largely to wash 
out the effects of anisotropy of the individual 
(pair) scatterers. In order to examine any remain¬ 
ing effect of anisotropy, we have used a more 
complicated Anzatz than is customary for the 
angular dependence of the solution to the Boltz¬ 
mann equation. This correction turns out to be 
very small indeed. 

METHOD OF CALCULATION 
If f(k) is the probability that a onc-electron 
state of wave vector k is occupied, it is customary 
to write 


m =/„(*)-o(*)0/o/0« 


= /o(*)+4>(*)/o(*)[l-/o(*)]/Kr (1) 

where O(Jfc) is a measure of the departure of f(k) 
from the equilibrium Fermi distribution /o(i). 
Here e is energy, K the Boltzmann constant, and 
T the temperature. Then the electric current 
density J is given by 

Ji = - (47T 3 ) -1 e f &*kvif{k) 



( 2 ) 


D 
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where e ia the magnitude of the fundamental 
charge and v ia the electron velocity. 

The current is produced by an external electric 
field E, which accelerates the electrons and altera 
their distribution. The change in distribution is 
opposed by tome relaxation mechanism that pro¬ 
duces the electrical resistivity—in the present 
case the concentration of s scatterers per unit 
volume, each with a partial scattering cross- 
section /(A,A') dai*' from state A to any state k' 
within an infinitesimal solid angle da>*'. The steady 
state distribution function /(A), or <I>(A), is deter¬ 
mined by a (linearized) Boltzmann equation of 
the form 

-(*/*)(« -grad*)/^) 

- i f *)/(*') [i -/(*)] 

- v{k)I(k,k')f{k) [l -/(*')]> 

= (t/VLT) j'cW v(k') I(k',k)f 0 (k') [1 -f 0 (k)] 

x m *)-«(*)]. (3) 

To simplify the calculations, we are going to 
assume spherical energy contours in A-space. In 
fact, both this assumption and the elastic nature 
of scattering by fixed scattering centers have 
already been used in writing the Boltzmann 
equation in the form of equation (3). 

From equation (3) it follows that 

(e/h) j d W(k) (E • grad*)/o(*) 

- (i/KT) Jd3W>(fe) | do*- v(k') 

X l(k',k)fo(k) [1-Mk)]j <t>(k)-<K(k')]. (3a) 

N&w the expression for current density in equation 
(2) may be multiplied and divided by the two 
members of equation (3a), and the result somewhat 
amplified by use of the delta function nature of 
In this way one obtains the expression 

j* 2 a ** E t 

i 

where 

0^ *» {) J J daj k k]<b(k) ( 4 ) 


and 

Pa /do*/ <W<1>(*) I{k,k')[d>(k)- «(*)]. (5) 

All quantities in equations (4) and (5) are to be 
evaluated at the Fermi energy. 

Expression (4) for the electrical conductivity 
has a valuable extremal property. W If the con¬ 
ductivity is calculated from equation (4), but 
using a function <1> that satisfies equation (3) only 
approximately, the resulting value for a is smaller 
than the correct value by an amount of only 
second order in the error of O. 

In f.c.c. crystals we may assume that impurity- 
vacancy pairs are oriented at random along the 
twelve <110) directions. Since in a cubic crystal 
the conductivity tensor reduces to a scalar, the 
direction of the applied electric field is of no sig¬ 
nificance, and we choose it along a cubic axis de¬ 
signated as the 2 -axis. Because of the anisotropic 
nature of the scattering from an impurity-vacancy 
pair, one would expect O to be a somewhat com¬ 
plicated function of direction. But d> must have 
4-fold rotational symmetry about the 2 -axis, and 
must be odd to reflection in an xy plane. We 
shall approximate <t> as 

= CiPi(cOS0) + C3P3(cOS0) 

= Ci cos 0 + C3(5 cos 3 0— 3 cos 0)/2 (6) 

where 0 is the angle between k and the 2 -axis. 
Then 

j da,** z <D(ft) = 4t rkCi/3. (7) 

If cz is neglected, equation (4) is independent of 
the value of Otherwise the ratio c^jci may be 
determined to maximize the calculated value for o. 

The cross-section for scattering by a vacancy- 
impurity pair must be a complicated function of 
initial and final directions, the calculation of which 
would be surely difficult and probably unreward¬ 
ing. Isolated vacancies and impurities each give 
rise to approximately spherically symmetric 
scattering potentials. The binding of imptfrities 
to vacancies must distort these separate poten¬ 
tials, and in fact the binding must be due to a 
combination of electron and lattice rearrange¬ 
ments. Nevertheless the effect of these distortions 
on scattering is probably small, and we shall here 
neglect it. We shall assume that a vacancy at 
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produces a scattering potential V\ spherically 
symmetric about fi, and that an impurity atom 
at Ti produces its own scattering potential V% 
spherically symmetric about rz t independent of the 
p resence of the vacancy. We are primarily con- t 
cerned with the effects of interference produced 
by these two adjacent scattering centers on the 
scattering, and hence on electrical resistivity. 

In first order perturbation theory (Bom approxi¬ 
mation), the scattering amplitude A(kjk') for 
scattering free electrons from an initial direction 
k to a final direction k' is given by< 6 > 

A(k,k') * -(m/2n&)j dVexp [i(k-k’) • r]V(r). 


by equation (5). From the isotropic part* of the 
scattering croes-socrion I{k,k') one obtains 

J dwk J dwvtyA) 

x[«(*)-W]. 

= 8n 2 j d x sin -Pi(cos jf)]/3 

+c*[l-P 8 (co8 x)]/7} x [/i(x)+/*0t)J W 

where x represents the scattering angle. 

The technique used to evaluate the interference 
terms is to introduce new vectors 


For a sum of scattering potentials of the type we 
are assuming, 


K= 

L = i(k'+k) 


( 10 ) 


— (2irh 2 /m) A(k,k') 

= Jd 3 r exp[i(fe-*'). r][V 1 (r-r 1 )+ V z {r-r 2 )) 
= exp[»(*-*') • r\ ]J d*r exp[*(fe —k') • r]Ki(r) 

4- exp[i(*-*') • r 2 ]Jd3r exp[*(fc-fe'). r) V 2 (r) 

= -(2 nh 2 /m) [exp^-VJ-nl^iCM')] 
+exp[»Xft-*') • r 2 ][^ 2 (fc,*')]] 

For spherically symmetric potentials, these last 
integrals are real, and we obtain 

W) = \A{KkT 

= /i(M0+^(M / )+2cos[(*-fc / ) 

^r 1 ^r 2 )]A 1 (k } k')A 2 (k y ky (8) 

I\ and Iz are the partial cross-sections correspond¬ 
ing to the individual potentials V\ and Vz> and are 
isotropic—i.e., they depend on the angle between 
k and fc' but not on the separate directions of k 
and k\ Anisotropy of /(A,A') appears explicitly 
only in the cosine term. The simple form of 
equation (8) is not a general result but a conse¬ 
quence of the use of the Bom approximation. 
For it is only in this approximation that scattering 
amplitude is a linear functional of potential. 

The essential calculation is the evaluation of P, 
the integral over all directions of k and k ' defined 


The magnitudes of k and k! are each equal to 
the magnitude k at the Fermi surface, given by 

*2= L* + {Kf2)*. (11) 

Vectors K and L are perpendicular. We choose as 
independent variables of integration the magni¬ 
tude, polar angle 0* and azimuth of K , and an 
angle <f>i that measures the position of L as it 
rotates about K . The angle <f>i is the angle be¬ 
tween the K-L plane and the plane containing K 
and the pole. Expressed in terms of these variables, 
the “volume element** is 

daedal*' = KdKdajjc&fiijk ®. 

The amplitudes A\ and Az depend only on K\ 
integration over the remaining variables is at 
worst tedious. 

A random orientation of vacancy-impurity 
pairs implies that two thirds of them have their 
axes at an angle of 45 Q from the chosen electric 
field direction, and one third are orthogonal to 
the field direction. In evaluating the integrals, it 
is convenient in each case to measure the polar 
angle 0* from the axis of the vacancy-impurity 
pair. Further details concerning the integrals 
over directions of K and L are relegated to the 
Appendix. The final results are contained in 
equations (A3) and (A17) through (A20). It is 
perhaps of interest to note that equation (A18) 
would have been obtained if one simply averaged 
the orientation of impurity-vacancy axes over all 
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directions in space, instead of restricting the axes 
to the twelve <110> directions. 

SCATTERING POTENTIALS AND AMPLITUDES 
The scattering by a vacancy will be represented 
by a repulsive screened Coulomb potential of the 
form 

Vnc~Z'<*aLp(-gr)lr f ( 12 ) 

where q is a reciprocal screening length given by 
q 2 * (4/fl*)A/ao 

in terms of the wave number k at the Fermi level 
and the Bohr radius oq. Equation (12) is the poten¬ 
tial obtained by a linearized Thomas-Fermi 
approximation.*®* (In a theory including an 
effective mass, q 2 becomes multiplied by m*lm.) 
The screened Coulomb potential was originally 
suggested by Mott* 7 ) to approximate the scatter¬ 
ing by an impurity of valence different from that 
of the host metal. Subsequently, Dextkr* 2 > 
treated a vacancy as an impurity of valence zero. 

The Born approximation to the scattering 
amplitude arising from the potential of equation 
( 12 ) is given by 

' Ay ac= -(2Z'/a 0 )W+K*yi 

- (13) 

where 

B ~Z72a<>* 2 , 

P* = q*/ W 

» aja^ for an f.c.c. crystal, 

* = Kjlk, (14) 

The quantity z is equal to the sine of half the 
scattering angle; a is the cubic lattice spacing. 

Equation (13) is admittedly only approximate. 
One reason why it is not entirely satisfactory is 
that the linearization of the Thomas-Fermi 
aquation is not justified close to the center of the 
impurity (or vacancy). <®> Another limitation is 
that the potential obtained from the Thomas- 
Fermi approach lacks the long range tail obtained 
by partial wave analyses.* 9 ) Finally, the Born 
approximation grossly exaggerates the scattering 
of any partial wave with a large phase shift. As 
mentioned earlier, we believe that these limitations 
ttfe at least partially compensated by allowing the 
magnitude of B to be adjusted. 
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Similar criticisms are possible regarding our 
treatment of impurity scattering. For an impurity 
of valence different from that of the host metal 
(for example, Zn in Au) we shall again use equa¬ 
tions (12) and (13). For an impurity whose valence 
equals that of the host (for example, Ag in Au), 
Mott* 7 ) suggested that the scattering is very 
closely that produced by a square well potential. 

In spite of doubts as to the validity of Mott’s 
argument,* 19 ) the success of his calculations leads 
us to make a similar treatment. For a square 
potential barrier of energy Vq over a sphere of 
radius ro, the scattering amplitude in Born approxi¬ 
mation is given by 

Aimp = -{2mVolh 2 K^)[sm(Kro)-Krocos{Kro)] 

= —JDsr 3 [sin(ots) —xc cos(ac)] (IS) 

where D and a are constants with the values 

D « mVo/WK*, 

* = 2 kr 0 . (16) 

If the volume occupied by the potential well is 
equated to an atomic volume, a takes on the value 
(I 87 r ) 1 / 9 = 3-83832. 

RESISTIVITIES 

For the evaluation of the quantity P, integra¬ 
tions over all variables except scattering angle 
have been performed and the results exhibited in 
the Appendix. The calculation must now be 
completed by inserting the scattering amplitudes 
into the relevant expressions, and carrying out 
the remaining integrations over ar, the sine of 
half the scattering angle. With the notation used' 
in the appendix, 

<F,G;> = J d<u* f dw k .F(k)I(k,k')[G(k) - G(V)]. 

( 17 ) 

and with 0 as chosen in equation (6), P has the 
form 

p = <ciPi(cos 6) + C3p 3 (cos 0), CiP^COS 0) r 
4- C 3 P 3 (cos 0)> 

= c t <Pi(coa 6), P,(cos 0)> + 2cic 3 <P X (cos 6), 
x P 3 (cos 0)> 

+ (|<P 3 (co 8 8), P 3 (cos 0 )>. (18) 
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We have further decomposed these bracket ex¬ 
pressions into the parts contributed by the indi¬ 
vidual impurity and vacancy scattering centers 
and parts due to interference between the paired 
scatterers. Contributions from individual scatter¬ 
ing centers are obtained from equation (9) or 
from equations (A8) and (A16). The integrals re¬ 
quired for individual screened Coulomb potential 
scatterers are elementary; those arising from 
individual square potential barriers can be ex¬ 
pressed in terms of elementary functions and 
cosine integrals. The former depend on the value 
of and for vacancies or impurities in Au, 
£2 = 0*498. The interference contributions based 
on equations (A17)-(A20) were all integrated 
numerically. The product KY that appears in 


terms in Table 1 indicate that if the, scattering 
amplitudes of the two single scattering centra 
have the same sign (so that if the aoitteabg 
centers were directly superimposed the amplitudes 
rwould add) the interference is actually de st ru ctive. 

Results neglecting anisotropy 

To the extent that a collection of anisotropic 
scatterers oriented more or less at random is 
equivalent to a collection of isotropic scatterers^ 
we may neglect the coefficient cz in equation (6) 
for In this approximation, we obtain the follow¬ 
ing results with the help of Table 1. 

Consider a Silver impurity associated with a 
vacancy in gold. A silver ion in gold should repel 
electrons. < 7 > Likewise a vacancy, which is the 
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Table 1. Values of (+ir) -2 <(Pj(cos 5), fV(cos 0)> 


l 

V 

Individual 

screened 

Coulomb 

potential 

Individual 

square 

barrier 

potential 

Screened 

Coulomb- 

square 

barrier 

interference 

Coulomb- 

Coulomb 

interference 

1 

1 

0*289 B 2 

16*9 D 2 

-0*236 BD 

-0*0292 BiBi 

1 

3 

— 

— 

0*0144 BD 

-8*57 xlO" 4 BiBz 

3 

3 

0185 £2 

14*3 D 2 

0*192 BD 

0*0196 BiBn 


these expressions was written in terms of z as 


where 


KY « z v 


v = 2kY= V2 (1277*2)1/3 = 6-94505. (19) 

Values of the several brackets are listed in Table 1. 

From equations (4), (5) and (7) and Table 1, 
we see that the resistivity due to screened Coulomb 
scatterers alone is given by 

p 9 c = (36773fo/e2fe2) 0*289 B z f (20) 

and that due to square barrier scatterers alone is 
given by 

Psb = (367^^/^) 16-9 1 ) 2 . (21) 

As mentioned earlier, we make no attempt to 
evaluate B and D theoretically, but shall use 
equations (20) and (21) to express them in terms 
of resistivities of the individual scatterers. 

The negative values of some of the interference 


lack of a positive ion, should also repel electrons. 
We find 

0*236 

_ ■ [(0.2f»Xlfr9)]M 

X (pAg X pvao ) 1 / 2 

= PAS + p vac — 0 * 107 (p A g X Pvac ) 1 ( 22 ) 


The resistivity due to a gold impurity associated 
with a vacancy in silver would differ from the 
above expression only in having a positive inter¬ 
ference term. 

For a divalent impurity such as zinc associated 
with a vacancy in gold (or silver) the impurity ion 
would attract electrons, and so give rise to a 
scattering amplitude of opposite sign to that of a 
vacancy. The result is 

pzn+vac « pZn + Pvac + (0*0292/0*289)(pZnX/>vac) 1 / 2 
= pZn + Pvac + 0*101 (pin X pvac) 1 /®. (23) 
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" it is % direct consequence of equation (8) that 
our results appear in the form of equation (22) 
and (23), and that the coefficient of the inter¬ 
ference term lies between —2 and 2. The small 
value actually obtained for these coefficients is 
probably a rather general result that calls for some 
comment. Both the small values of the <Pi(cos 0), 
/\(cos 0)) interference terms and their negative 
signs arise from the oscillating factor 
cot[JT •(fi — r®)] in the expression (8) for scatter¬ 
ing cross-section. Averaging the vector ri—f *2 
over the several directions of a vacancy-impurity 
pair results in the factor $in(KY)IKY = sin {r]z)jyjz 
in equation (A18). The separation Y of two nearest 
neighbor ion sites is somewhat greater than the 
electron wave length at the Fermi surface (t) > 2ir)> 
The resulting alternation in sign of the function 
sin(»;x)/7}X, in averaging the scattering amplitudes 
over the scattering angle, is the factor responsible 
for the small size found for the interference. And 
combined with the relative importance of large 
angle scattering, this oscillation also accounts for 
the reversals in sign observed in Table 1. 


Effect of anisotropy 

If we do not throw away ra of equation (6), then 
we should determine it in accordance with the 
variation principle to maximize expression (4), or 
to minimize Pjc\ as given by equation (18). This 
quantity has for its minimum value 


<Pi(cog 0), Pi(cos 0)) — 


<Pi(cos 0 ),P S (CO 8 0)> 2 
<Pa(cos 0), P 3 (cos 0)) 


If we evaluate the correction for the case of a silver 
impurity associated with a vacancy in gold, we 
find from Table 1 a correction 


-(0-0144 BDf [0-185 P2+0-192PD+14-3 &]-K 

By using the values of resistivities produced by 
the isolated imperfections to eliminate B and D> 
as before, the correction turns out to be 

*Pvmc)*^[l’51 X 10* (pvae/pAg^^ + ^OS X 10 3 

+2-00 x 104 (pjrfpnpiq-i. (24) 

This correction is less than 10~® times the mean 
of the separated resistivities, and 100 times 
smaller dhaa the isotropic interference correction. 
The anisotropic correction for a Zn impurity 


adjacent to a vacancy in An appears to be still 
smaller by about a factor 3, 

The extreme smallness of the quantity 
<P x (cos 0), Ps(cos 0)> suggests that the actual value 
of this quantity is quite susceptible to details of 
the scattering. But it is highly improbable that 
a more careful treatment would increase the 
magnitude of the anisotropic correction to the 
point where it could be significant. 
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APPENDIX 

We give here details of the integrals over directions 
of K and L necessary for evaluation of the quantity P 
defined by equation (5). All wave vectors will be ex¬ 
pressed in units of k at the Fermi surface, and factors of 
k will be suppressed. 

For each orientation of the vacancy-impurity axis we 
introduce primed coordinate axes rotated so that the 
z f axis is along the vacancy-impurity pair axis. For a 
pair oriented in the [101] direction we use 


* = (*'+*')/V2. 
y = y\ 


z = (z' — x')l\/2. 

Then 



3 kg* “zA'c') 
2 \/2 ) 


= (‘i/V2){ki'-k*')+(cal 16V2) [—2(5*1—3A*-) 
- 9(5*?. - 1)A*. +30* z .(*2. - *2.) - 5(*a. - 3*r **.)]. 

Likewise, fox a pair oriented along [110] weuae 


* = (*'+/)/V 2, 

y = ( 2 '-/)/ v ' 2 . 

and 

® = ci**'+cs(f*^'-t**.) 

■ *iA*'+ica[-3(5Af.-1)*,.+5(J&-3**J&)]. 

(A2) 
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The d iffe r e n t term* within each of the square brackets of equations (Al) and (A2) are ort ho gonal tn aximuth. 

With the bracket notation <P,G> 9 J da»* J da* F(k) I(k,k') [G{k)-G(k’)] 

= ij dm t jdm*[F{k)-F(k'))I(k#)[G(k)-G(k')l " ■ (A3) 

we find that 

<Pi(cos #), Pi(cos #)> • | <*«., **-> + $A f -> 

= + + (kr> )> (A4) 


<Pi(cos 6), P 3 (C08 #)> = -1/24<**S 5fy—3k t ’} 

+ 1/16 <**-, (5A| —1) A*-). 


(AS) 


<P 3 (cos #), P 3 (cos #)> = 1/192 <5^'—3£ t ', 5*|- — 3A* > 

+ 39/256 <5A 8 <-1) A*-, (5A 8 .-1) A z <> 

+ 75/64 <A*' (A|-A 2 .), *r (*|'-A*.)> 

+ 125/768 <A£-3A*- A 8 ', A®<-3A*< A®-). (A6) 


In equations (A4)-(A6) the results obtained separately from equations (Al) and (A2) were combined with 
weights of 2/3 and 1/3 respectively, and use was made of the axial symmetry of I. 

According to equations (10) 

k = L-£K, 
k = L+pT. 


We express the integrals in terms of another bracket notation; 


{ff} s | K d K do* d<f> L H(K,L) I{K,6 k ). 

All remaining calculations are carried out in primed coordinates, so we now drop the primes. Then 

<Px (cos #), Pi (cos #)> = K* 8 }, 

where 

s = K/2k. 

(kz, 5A*-3A Z > = 2{(15I 8 +5(iA z )2-3] (* K t )*} 

= {(3* 2 — 5*4) (3 cos 2 #*—5 cos 4 #*)}. 


(AS) 


(A9) 


<k x , (5A 8 -1)A*> = i<A + +A_, (5A 8 -1)(A + +A_)> 

= i<* + > (5A§-1) A_> 

= if(3ar 2 -5^) (1 -6 cos 2 #*+5 cos 4 #*)}. (A10) 

The symbols k ± stand for k x ± iky . 

<5A®—3A Z , 5Af-3A z > = 

(i*2(387 cos 2 #* - 990 cos 4 #*+675 cos«#*) 

+|a 4 (—495 co«?#*+1350 cos 4 #*—975 cos 8 #*) 

+*a«(675 cos 2 #*-1950cos 4 #*+1475 cos 8 #*)}. (All) 
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A*, (5**-1) A*> » 

{1*8(43 —273 cot^ic+905 cos 4 #*-675 cos 6 #*) 

+i*4(-55+405 cos 2 #*-1325 cos4#*+975 cos 6 #*) 

+|* 6 (75—625 cos 2 #*+2025 cos 4 #*- 1475 cos 6 #*)}. (A12) 

<**(*S-*5).M*I-*J)>* 

{**3(4+3 cos 2 #* -26 cos 4 #* +27 cos 6 #*) 

+ia4( - 4 -15 cos 2 #*+50 cos 4 #*—39 cos 6 #*) 

+J* 6 (4+35cos 2 #*-90cos 4 #*+59cos 6 #*)}. (A13) 

<A*-3A«A* A*-3**A*> = 

{**2(27-9 cos 2 #*+9 cos 4 #*—27 cos 6 #*) 

+ ** 4 (-39+45 cos?#*-45 cos 4 #*+39 cos 6 #*) 

+**6(59-105 cos 2 #* +105 cos 4 #* — 59 cos 6 #*)). (A14) 

From equations (AS), (A9) and (A10) 

<Pl (cos #), P 3 (cos #) > = 

l/96{(3* 2 - 5*») (3 - 30 cos 2 #*+ 35 cos 4 #*)}. (A15) 

And from equations (A6) and (A11MA14) 


<p 3 (coa 0), Pa (cos 0)> = 

{1/2048 ^(4002-9090 cos 2 0* + 2523O cos+?*- 17550 cos%) 

+ 5/512 a+(-497+1185 co S 20*-3495 cos 4 0*+2535 cos 6 0*) 

+ 5/3072 **(1975-4935 co&6 k + 15345 cos 4 0*-115O5 cos«0*)}. (A16) 


For isotropic scattering, equations (A8) and (A16) 
reduce to equation (9), and the right hand member of 
equation (A15) becomes zero. For the interference 
t e r ms* the integrations over o>k and yield results of 
the form 

2 

< > * 16«*dKAi{K)A 2 (K)M{K,Y) (A17) 

where Y is the distance between the impurity atom and 
the center of the vacancy. The function M takes the 


following forms: 

for <Pi(cos #), Pi(cos #) ) 

M = $* 2 Hsin(XT); (A18) 

for (Pi(cos #), P 3 (cos #)) ~ 

M = 1 /12(3* 2 — 5a 4 ) [sin(.K Y)(u—45 m 3 +1 05k 8 ) 

+ cos(ATY) (10m 2 - 105m 4 )]: (A19) 


for (P 3 (coa #), P 3 (cos #))■ 

M = 3/64** [sin(/i:K)(27M+2520M 3 -59505M 8 + 131625m 2 ) " " 

+ oo*{KY) (—235m 2 +15630m 4 —131625m 6 )] 

+ 5/32 a 4 [sin (KY) (-17m-2280m®+ 51795m 8 - 114075m 2 ) 

+ cos (KY) (225m 2 - 13770m 4 +1 14075m 6 )] 

+ 25/192 *« [8in(ATy)(llK+2136K 3 -47169K 8 + 103545m 2 ) 

+ cos (KY) (-219m 2 +12654m 4 —103545m 6 )]. (A20) 

Li these equations u stands for (KY)' 1 . — 
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Equations (A3MA16) are exact for any axially sym¬ 
metric gcatterera oriented at random along the 12 f.c.c. 
nearest-neighbor directions. Equations (A17)~(A20) de¬ 
pend on the Bom approximation for treating inter¬ 
ference between two spherically symmetric gcatteren. 
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Abstract —Direct measurements of the dissociation pressures of GaAs, GaP and InP have been 
made as a function of temperature by the quartz Bourdon gauge technique. The pressures at the 
stoichiometric melting points were found to be: for GaAs, 1-00 ± 0*02 atm. at 1238°C; for GaP, 
35 ± 10 atm. at 1467°C ± 3°C; and for InP, 21 ± 5 atm. at 1058°C ± 3°C. These data together 
with the phase diagram data for the III-V compounds indicate that the melts of these compounds 
are neither ideal nor regular solutions but show negative excess free energies which are dependent 
on composition and/or temperature. This result is interpreted as indicative of association of the 
group V species in these melts. 


1. INTRODUCTION 

Reports of the temperature dependence of the 
dissociation pressure of III-V compounds have 
been extant in the literature for several years. 
However, for the compounds, GaAs<L 6 > and 
InP* 1 * 5) where more than one study has been 
carried out, large discrepancies in the reported 
values are found at temperatures below the melting 
points of these compounds. To clear up these dis¬ 
crepancies, it appeared appropriate to employ a 
direct measurement of the pressure, which had 
not been done previously. In addition, more 
accurate measurements over an extended tem¬ 
perature range are especially useful in testing 
thermodynamic theories of III-V systems. 

Mass spectroscopic studies* 2 * 8 ) of the III-V 
compounds have established that these materials 
thermally dissociate at temperatures below their 
melting points, giving a vapor phase consisting 
almost completely of the more volatile Group V 
element. This fact makes the use of a quartz 
Bourdon gauge ideally suited for studying the 
dissociation pressures of GaAs, GaP and InP. 
By maintaining the gauge at a constant and 


* This research has been sponsored by the Electronic 
Research Directorate, Air Force Cambridge Research 
Laboratories, Office of Aerospace Research, under 
Contract No. AF 19(604)-6152. 


sufficiently high temperature to prevent any con¬ 
densation of the group V element and by varying 
the temperature of the sample, the dissociation 
pressure of the sample may be studied over an 
extended temperature range. In this paper the 
results of such a study on the compounds GaAs, 
GaP and InP are reported. These results are then 
combined with other experimental data and used 
to evaluate the applicability of regular solution 
theory to these systems. Conclusions concerning 
the nature of III-V melts are also presented. 

2. EXPERIMENTAL 

Standard Bourdon gauges of the spoon type 
were used for all measurements. Gauges of various 
sensitivity were obtained by varying the size and 
thickness of the spoon. A 10-in. quartz rod pointer 
was attached to the top of each spoon, and de¬ 
flections of the spoon were detected by observing 
displacements of the pointer from a fixed reference 
with a low power telescope. 

Calibration of the spoons was carried out in the 
temperature range, 2S-800°C. In the range of 
pressures between 0 and 1 atm. the displacement 
of the pointer was a linear function of the pressure 
difference across the spoon for small pressure 
differences and, for all but the most sensitive 
gauge, independent of temperature. 
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During operation counterpreaaure was applied 
to tfee otrtride of the gauge through a aide arm by 
dry air in the case of GaAs, or dry nitrogen for 
GaP and WP* For the GaAs study the balancing 
pressure was read with either an oil manometer, 
a mercury manometer or a universal vacuum 
(McLeod) gauge. A dial pressure gauge was used 
for the high pressures involved in the GaP and 
InP experiments. To take readings in all cases 
after equilibrium had been reached, the balancing 
pressure was brought to a value where the pointer 
deflection was in the linear range, but not neces¬ 
sarily completely to the null point. The balancing 
pressure was then changed, so that a second 
pointer deflection was obtained. Calibration 
curves were then used to correct the readings to 
aero pressure difference across the spoon, and 
the results of two or more such readings were 
averaged to obtain the dissociation pressure at 
each sample temperature. 

As pointed out previously, two temperature 
zones were necessary for these experiments. This 
requirement was met by having two vertically 
mounted furnaces. The lower furnace which 
surrounded the sample had a 6-in. platinum 
wound core which was operable to 1500°C. A 
mullite sleeve inside the core was used to increase 
the thermal mass of the furnace. The upper 
furnace enclosed the gauge and pointer, and was 
kept at constant temperature in the range, 725- 
80©°C range. Temperature control was obtained 
with aatuxable core reactor controllers operating 
from a regulated voltage, and with Pt-PtRh 13% 
thermocouples as the sensing elements. Tem¬ 
perature stability of at least ± 1°C over extended 
periods of time was obtained in this manner. 

Since the temperature and pressure ranges to 
be covered were different for each of the three 
matorkle examined, different procedures were 
followed in handling each of them. These are 
described individually below. 

A. GaAs 

Previous work* 1 * 4 ' 6 > has established that the 
dissociation pressure of GaAs at its melting point 
is in tiie neighborhood of one atmosphere. For 
measurements on this material three different 
gauges were used. The most sensitive gauge could 
r cpr o c fa s ei bly detect pressure differences of OT 
torn The other two gauges had sensitivities of 


2 and 8 torr. With the most sensitive gauge, 
resonant oscillations were encountered at pressures 
above 420 torr, so that it was not possible to reach 
the melting point of GaAs with this gauge. How¬ 
ever with the other two gauges it was possible to 
observe pressures at and above the melting point 
of the sample. 

The samples used were high purity, polycrystal¬ 
line GaAs prepared in these laboratories. These 
were cleaned prior to use by etching in aqua regia. 
After washing and drying, the pieces were placed 
in the quartz sample tube which was connected to 
the gauge by 6 in. of 10 mm bore quartz tubing. 
The entire system was then vacuum baked at 
600°C before sealing off the sample and gauge. 
A typical charge of GaAs was 14 g. The volume 
of the cell and sample tube was estimated to be 
approximately 15 cm 3 . Therefore, less than 1 per 
cent decomposition of the GaAs was required to 
give a pressure of 1 atm. 

The temperature of the sample was determined 
by four thermocouples placed in dimples along 
the sample tube in contact with the solid GaAs. 
Readings of the dissociation pressure were taken 
during both heating and cooling. In addition to 
taking readings during the cooling cycle, after 
reaching the maximum temperature of each run 
a second procedure was U9ed: This consisted of 
taking readings while heating the sample to a given 
temperature, cooling some 40°C, then taking 
readings from this point while heating to a new 
temperature higher than the first, and so proceed¬ 
ing to the highest temperature. 

Equilibration times varied with the particular 
temperature. Near the melting point where equili¬ 
bration was very rapid, a £ to 1 hr interval in 
which there was no observable pressure change 
was taken as indicative of equilibrium. At lower 
temperatures times up to 16 hr on heating and 
30 hr on cooling were used. 

B. GaP 

The melting point of GaP is greater than 
1400°C. At these temperatures quartz is soft, and 
special care must be taken to enclose it to prevent 
its blowing out. The method of Fischer* 7 ) was 
most suitable for this work. A carbon block was 
machined to contain the quartz sample tube. This 
can be seen in the diagram of the apparatus in 
Fig. 1. The screw cap of the block was fitted over 
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Fig. 1. Apparatus for the measurement of the dissoci¬ 
ation pressure of GaP. 


the capillary tube before sealing on the sample 
tube. The top of the screw cap extended into the 
cooler Region of the furnace to provide mechanical 
support for the capillary to a point where the 
quartz was below its softening temperature. A 
quartz jacket surrounded the carbon block and 
gauge to prevent oxidation of the carbon at ele¬ 
vated temperature. A 2 mm capillary tube was 
used to connect the sample portion of the assembly 
to the spoon in order to minimize the volume of 
the sample space and to provide the greatest 
mechanical strength. The furnaces were arranged 
so that the thermal gradient between the iso¬ 
thermal sample region and the constant tempera¬ 
ture spoon gauge was located along the capillary. 

As seen in Fig. 1, five thermocouples surrounded 
the sample space while a sixth located nearer the 
furnace windings was used as the sensory element 
for the controller. Two of the five sample thermo¬ 


couples were located in the mullite core of the 
furnace; two were enclosed in quartz tubes and 
placed in wells drilled in the walls of the carbon 
block, and the fifth was touching the outside wall 
of the quartz jacket in a well in the bottom center 
of the carbon block. These last three couples were 
arranged to cover the region of the block which 
contained the sample of GaP. The two couples 
in the mullite block being closer to the furnace 
windings gave readings higher than the three 
couples surrounded by the carbon block. As 
expected from the geometry, the top thermo¬ 
couple in the mullite gave readings slightly lower 
than the bottom mullite couple. The three couples 
in more intimate contact with the carbon, gave 
readings which agreed with each other to ± 2°C. 
The bottom center couple was taken as the stand¬ 
ard, since the two couples in the wells failed at 
temperatures above 1420°C, apparently due to 
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attack by caibon. After the experiments were 
completed, the bottom thermocouple was cali¬ 
brated against the melting point of nickel (1455 a C). 

Readings of pressure were taken only on heating 
since it was feared the quartz would rupture on 
slow cooling and destroy the gauge. The quartz 
spoon used in these experiments was sufficiently 
sensitive to allow pressures to be determined to 
±0*15 atm. The calibrated dial gauge used to 
read the pressures had a full scale deflection of 
300 p.s.i., and was graduated in divisions of 2 p.s.i. 
Readings below 1 atm. were taken from the spoon 
deflection without waiting to assure that equi¬ 
librium had been established in order to prevent 
the sample tube from collapsing when held at 
these temperatures and pressures for extended 
periods of time. Once above 1 atm,, readings were 
taken at a given sample temperature until no 
pressure change was observed for a period of 
3CM5 min. 

The total volume of the sample chamber, spoon 
and connecting tube was estimated to be 6 cm 3 . 
Two grams of GaP were used for each run. There 
was a very slight increase in volume of the system 
during a run due to expansion of the quartz in the 
carbon block, This was minimized by having the 
block machined to fit tightly over the sample tube 
and filling the bottom and top of the block with 
powdered carbon. At the highest temperatures 
and pressures reached in these experiments the 
sample decomposition was less than 10 per cent. 
However, below the liquidus the pressure is not 
affected by such decomposition. 

Two successful runs were carried out to tem¬ 
peratures within 10°C of the melting point of 
GaP. 

C. InP 

The lower melting point of InP (1058°C) 
allows the use of less elaborate sample contain¬ 
ment than for GaP. In this case, a thick-walled 
quartz tube was used as the sample holder and 
two thermocouples were placed in contact with 
the sample tube 1 in. above and 1 in. below the 
•ample, The sample temperature was taken as the 
average for the two couples. Up to 1055°C the 
thermocouples showed only a 3°C difference in 
their readings. 

For InP, pomts were determined upon both heat¬ 
ing and cooling. Equilibrium was assumed to have 


been reached when there was no observed pressure 
change on standing at constant temperature for 
2 hr on heating and 6 hr on cooling. 

Only one run was made. For this work, 26 g of 
high purity InP were sealed in a volume of 12cm*. 
The maximum degree of decomposition of the 
melt was calculated to be less than 1 per cent at 
the highest pressure reached. Pressure measure¬ 
ments were made to within 2°C of the InP melting 
point. 

3. RESULTS 

A. GaAs 

The results for the three runs on GaAs are 
shown in Fig. 2. As seen in the figure, the results 
are extremely consistent at pressures above 4 mm 
Hg. Below this point there is some scatter in the 
results. This can be ascribed to non-equilibrium 
at the low temperature, perhaps coupled with 
some slight decomposition of the GaAs sample 



Fig. 2, Temperature dependence of the dissociation 
pressure of GaAs. 
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during trading "of the sample dumber. Such de¬ 
composition would lead to small residual arsenic 
pressures at low temperatures. 

One of the three runs was carried well above 
the melting point of the sample. This is seen in 
the abrupt change in slope of the temperature- 
pressure curve. Further evidence of melting was 
obtained on examining the sample after the run. 
The sample, which was initially four pieces of 
polycrystalline GaAs, was recovered as a single 
monocrystal of GaAs. From the intersections of 
the curves above and below the melting point of 
GaAs, the melting point was found to be 1238°C 
and the dissociation pressure 740 torr. This repre¬ 
sents a lower limit to the dissociation pressure, 
since the sample decomposition amounted to 
1 per cent. At stoichiometry, the dissociation 
pressure would probably be 1 atm. This value is 
10 per cent higher than that reported by van pen 
Boomgaard and Schol.W whose work also show 
marked deviations from the present data at lower 
temperatures. 

The reason for this deviation is not apparent; 
however, at low temperatures, melts of the III-V 
compounds are slow to equilibrate, and this may 
be the cause of the deviation. The present data 
are in reasonable agreement with the work of 
Lyons and Silvestri.< 6 > However, their points 
do not show the curvature predicted by theory 
and seen in these direct pressure measurements. 
This is probably due to the low sensitivity of the 
dew point technique at high temperatures. For 
purposes of comparison, the results of these two 
previous investigations are also included in Fig. 
2. Extrapolation of the results of this investigation 
to low temperature shows them to be in excellent 
agreement with the data of Drowart and Gold- 
finger, < 2 > as seen in Fig. 5. 

B. GaP 

The data for two runs on GaP are shown in 
Fig. 3, and these show agreement within experi¬ 
mental error. It should be noted that the readings 
were taken only to 11 atm. (1455°C). To get the 
dissociation pressure at the stoichiometric melting 
point an extrapolation must be made. This extra¬ 
polation is discussed in the Appendix. The result 
shown in Fig. 4, 35 atm., is the value obtained for 
a melting point of 1467°C. If the melting point is 
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varied by ± 3°C, the correapondiijg dissociation 
pressure will be varied by ± 10 atm. 



Fig. 3. Temperature dependence of the dissociation 
pressure of GaP. 


Marina et alS 8) have recently reported the 
dissociation pressure of GaP to be 13 atm. at a 
melting temperature of 1525°C. Their value of 
the melting point is high by about 60°C and their 
dissociation pressure too low. The value of 35 atm. 
obtained from the present work is in the range of 
earlier estimated values. 

C. InP 

Figure 5 shows the results for the single run on 
InP. The highest temperature reached (1056°C) 
is below the stoichiometric melting point, and 
again an extrapolation is required to obtain the 
dissociation pressure at the melting point. The 
value obtained is 21 atm. at a melting point of 
1058°C. 
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Fig. 4. Temperature dependence of the dissociation 
pressure of InP. 


Here also the data of van den Boomgaard and 
Schoil< 1 > is in marked disagreement with that of 
the present study both at low temperatures and 
near the melting point. Their value of 60 atm. for 
the dissociation pressure at the melting point is 
higher than the 21 atm. found in this work, as can 
he seen in Fig. 4 . As in the case of GaAs, the re¬ 
sults of the present study extrapolate smoothly 
into those reported by Drowart and Gold- 
FINGER/*! The present results are also in reasonable 
agreement with the measurements of WeiserW in 
the intermediate temperature range, although a 
slight difference in the slope is evident. These 
results we shown in Fig, 5. 

4, THE NATURE OF fH-V MELTS 
Schottkt and in their work on InSb 

and GaSb considered the melts of these com* 


pounds to be regular solutions. The entropy of 
the liquid is just that given by the ideal entropy 
of mixing, and the excess free energy erf the melt 
over that of an ideal solution is given by 

W = (l) 

where IF is an interaction parameter independent 
of composition and x is the atom fraction of the 
Group V element in the melt. Using this assump¬ 
tion in an analysis of T-x diagrams given by 
Wagner/ 11 ! they concluded that GaSb melted to 
give a nearly ideal solution of the two com¬ 
ponents. On the other hand, InSb melted to give 
a solution which showed negative deviations from 
ideality. 

More recently Vieland( 12 > has presented a 
regular solution treatment covering the P-T as 
well a a T-x diagrams for III-V compounds. In 



Fig. 5. Dissociation pressure of GaAs, GaP, and InP 
over an extended temperature range. 
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addition, Hall* 1 *) has extended the T-x diagrams 
of these compounds to very low temperatures for 
compositions rich in the Group III element. 
Using these results together with the pressure 
data, it is now possible to consider the applies f 
bihty of regular solution theory to the III-V 
systems. 

From ViELAND,< 1?) neglecting terms in the 
difference in the heat capacities of solid and liquid 
phases, the relationship between W and the phase 
diagram is given by, 

FF= ——— [in---— 

2 (jc — 0-5) 2 L 4(*)(1-*) R \T /J 

( 2 ) 

where x is the atom fraction of group V element 
in the liquid, A S is the entropy of fusion of the 
III-V compound, and T m is the melting point of 
the stoichiometric compound. Applying this to 
the phase diagram data of Hall and others,* 14 ' 15 > W 
was calculated for InSb, GaSb, InAs, GaAs, InP, 
and GaP over the composition range 2 x 10 -3 
< * ^ 5 x 10” 1 . Values of the entropy of fusion 
used in this calculation were taken from the litera- 
ture< 10 > for the first two of the compounds above, 
and from measurements* 16 ) made by a differential 
thermal analysis technique for all the others 
except GaP for which a value of 6*5 cal/g at. deg. 
was assumed. In the case of InSb, W was essenti¬ 
ally independent of composition for x ^ 0*1, in 
agreement with the results of Schottky and 
Bever.< 10 > However, at lower concentrations W 
was a function of composition of the melt. This 
latter behavior was characteristic of all the com¬ 
pounds investigated even to more concentrated 
solutions than in the case of InSb. For all com¬ 
pounds W approached zero with decreasing con¬ 
centration of Group V element in the melt, and in 
some cases was observed to change sign from 
negative to positive. 

A second method for determining W, using 
both the composition vs. temperature and the 
pressure vs. temperature data, makes use of the 
relationship 

py 4 - py 4 x txp[W(\ - xflRTl (3) 

where P 4 is the pressure of tetratomic Group V 
series over a liquid containing x atom fraction of 
the Group V element, and Po,4 is the pressure of 


the same species over pure Equid Group Y 
element. In making this calculation, the data of 
Horiba* 17 ) were used to obtain values for the 
pressure of A** ove^i liquid arsenic. Values for the 
A& 4 , A &4 equilibrium constant were taken from 
Drowart and Goldfinger. <2 > Similar data for 
phosphorus were taken from Farr. I 1 ®) Values of 
W calculated for GaAs, InP and GaP from 
equation (3) were in good agreement with those 
obtained from equation (2). 

The behavior at low temperature and low 
composition is contrary to the assumption that W 
is independent of composition as required by 
regular solution theory. Furthermore, the feet 
that W goes to zero at low concentration implies 
that the solutions tend to become more ideal. 
This strongly suggests that regular solution theory 
cannot be applied over the entire composition 
range of these solutions, although it does appear 
to be applicable in the region near stoichiometry. 

It is perhaps more fruitful to .look at these 
solutions as being non-ideal and consider the data 
from the relation, 

j ° 4 i/4 = n[\*v <♦> 

where y is the activity coefficent of the Group V 
species in the melt. The results of such a calcula¬ 
tion for GaAs, InP, and GaP are shown in Fig. 6. 
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Fro. 6. Concentration dependence of the activity 
coefficient of Group V element in melts of GaAs, GaP 
and InP. 
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Since the data are taken along the three phase line, 
the temperature it not cozwtont; however, the 
general shape of the curve is interesting. The pro¬ 
nounced minimum in the activity coefficient at an 
int erme d iate composition is reminiscent of the 
behavior observed in solutions of electrolytes in 
water* Such behavior is attributed to association 
of the electrolyte with increasing concentration, 
and perhaps the same type of behavior is occurring 
in the III—V systems. 

The good agreement between the values of W 
calculated from the phase diagram alone and 
equation ( 2 ), and those calculated from the pres¬ 
sure data and equation (3), permits the calculation 
of y for those compounds for which only the phase 
diagram data are available. This follows from 
equating equations (3) and (4), which yields, 

y » exp[w(\~x)*jRT] (5) 

Such calculations show that y, for the remaining 
IU~V compounds, has the same concentration 
dependence as that shown in Fig. 6 . In particular, 
this procedure has been applied to the phase 
diagram data of GaP to extend the dissociation 
pressure curve below the region in which measure¬ 
ments were taken. Values of y from equation (5) 
were used in equation (4) to calculate the partial 
pressure of P 4 over the melt, along the three-phase 
line. From this the total phosphorus pressure was 
determined. The result is shown in Fig. 5. It is of 
interest to note that below 1200°C the dissociation 
pressure of GaP is apparently higher than that of 
GaAa. 

The low temperature ideal solution behavior is 
most unexpected. This result is consistent with the 
finding of Hall* 1 ®) that at low temperature the 
plots of In 4(#) (1 —x) vs. (T ffl /P)“l for all these 
systems are linear with almost identical slopes 
corresponding to an entropy of fusion of 
9*5 ± 0*5 cal/g at. deg. This would be the entropy 
of fusion of these compounds melting to give a 
tm|y ideal solution. Experimental determina- 
tion( 10 »of the entropies of fusion of these com¬ 
pounds at their melting points gives values in the 
range 5 *5 to 7-5 cal/g at deg (which are comparable 
to the entropies of Ge and Si, 6-4 and 6*6 cal/g at 
deg respectively). The difference between the 
lower measured values of the entropy of fusion 
and that given by the low temperature phase- 


diagram indicates that the melt is not ideal, and i* 
attributed to the amount of ordering in the 
stoichiometric melt. 

The particular type of association occurring in 
the melt probably involves the formation of dimers 
and other species of the Group V dement. This 
type of behavior would show a concentration de¬ 
pendence of the type observed. Clarification of 
this point would require experiments (1) in which 
the partial pressure of the Group V element was 
measured as a function of its concentration in a 
solution of a Group III metal at constant tem¬ 
perature, and (2) in which the temperature is 
varied but the composition held fixed. 

5. CONCLUSIONS 

The dissociation pressures of GaAs, InP, and 
GaP have been measured as a function of tem¬ 
perature. The pressures at the stoichiometric 
melting points were found to be: for GaAs, 
1*00 + 0-02 atm. at 1238°C; for InP, 21+5 atm. 
at 1058 ± 3°C and for GaP, 35 ± 10 atm. at 
1467 ± 3°C. These data, together with the phase 
diagram data for the III—V compounds, indicate 
that the melts of these compounds are neither 
ideal nor regular solutions but show negative 
excess free energies which are dependent on com¬ 
position and/or temperature. The composition and 
temperature dependence of the activity coefficient 
of the Group V element in these solutions suggests 
that associated species of a Group V element are 
present in these melts. 
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APPENDIX 

Extrapolation of the experimental data for InP and GaP. 

At any temperature T the dissociation pressure in 
terms of the tetratomic species of a III-V solid in 
equilibrium with a liquid phase of atom fraction x of a 
Group V element is given by 

P T = p l'\*r (Al) 

where jP 0 \* 4 is the pressure of pure liquid Group V 
element, and y is the activity coefficient of this element 


in the melt Taking logarithms and differentiating vritb 
respect to 1 ]T yields 

1 dlnp 4 1 dlnPo ,4 1 dx d lay 

- - u-J: -{—->+- L (A2) 

4 dl IT 4 dt/T * dl/T dl/r v 1 

It follows from this expression that at the stoichiometric 
melting point the slope of the InP vs. 1/7’curve must 
become infinite, since from the phase diagram 
dxjdlfT -+ — oo at that point when approaching from 
the gallium rich side (the case applicable here). Thus, 
to extrapolate the experimental curves it is only necessary 
to know the melting points of the compounds. The 
melting point of InP was establishedto be 1058®C. 
The melting point of GaP was established by two 
methods. A differential thermal analysis measurement 
gave a value of 1470°C. A second value for the melting 
point was obtained by a slightly different extrapolation 
of the pressure-temperature data. Graphically taking 
the slope of the In P vs. 1/T curve and plotting its re¬ 
ciprocal vs. 1/T, the melting point can be found. At 
the melting point the reciprocal must be xero, and it 
must approach this value with a slope of — . Applying 

this procedure, a value of 1465°C was obtained. These 
two values are in excellent agreement with that recently 
reported by Rubenstein. (15 > For this work the stoichio¬ 
metric melting temperature of GaP was taken to be 
1467°C. 
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CUBIC NICKEL HYDRIDE 
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Abstract —Neutron diffraction observations on the nickel-nickel hydride system show that the 
hydrogen atoms occupy the octahedral sites of the face centered cubic lattice. The hydrogen to nickel 
atom ratio in the hydride phase was found to be 0*6 ± 0*1. In these respects nickel and palladium 
behave similarly. The systems differ, however, in the one important detail that the palladium hydride 
is stable at room temperature whereas the nickel hydride is unstable. 


Recently it was shown that nickel films could be 
electrolytically charged with hydrogen to concen¬ 
trations as high as 0*7 hydrogen atoms per nickel 
atom.* 1 * Even though the resulting hydride is un¬ 
stable a few physical properties have been re¬ 
ported. The X-ray diffraction studies^ 2 * 3 ) showed 
that the face centered cubic structure was retained 
with a lattice spacing about 5*5 per cent larger 
than that of pure nickel. The saturation mag¬ 
netization of the system falls to zero at a hydrogen 
to nickel atom ratio of 0-65 which indicates that 
the hydride is non-magnetic and that the electrons 
from the hydrogen atoms fill the nickel </-band.< 4 > 
This behavior is similar to that of palladium which 
also absorbs about 0*6 H/Pd and loses its magnetic 
moment in the process. Neutron diffraction 
studies by Worsham, Wilkinson and Shull< 5 > 
have shown that the hydrogen atoms in palladium 
occupy the octahedral sites. It was considered of 
interest to determine their location in nickel. 

The sample was prepared by the method re¬ 
ported by Baranowski and Smailowski.W A 
25 thick nickel foil was electrolytically loaded, 
cut into 1 x 5 cm strips, and sealed into a vanadium 
diffraction cell with an attached pressure gauge. 
Neutron diffraction patterns were obtained at 
room temperature as a function of time, and a 
portion of the data is shown in Fig. 1. Those re¬ 
flections inside of the nickel reflections are from 
the hydride phase and correspond to a face 
centered cubic cell with a lattice spacing of 


3*717 A. In such a lattice there are two sites 
available to the hydrogen atoms; the tetrahedral 
sites with positions ± (1/4 1/4 1/4) f.c*c. and the 
octahedral sites at (1/2 0 0) f.c.c. For tetrahedral 
occupation the (200) reflection should be more 
intense than the (111) reflection. Inspection of 
Fig. 1 shows that this is not the case. On the other 
hand if the octahedral sites are occupied just the 
reverse is expected, and this is in accord with the 
observations. The intensity relationships of the 
(220) and (311) reflections also support the octa¬ 
hedral site model as will be shown later. 
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Fig, 1. Neutron diffraction patterns of the nickel- 
nickel hydride system. 
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The hydride is unstable at room temperature, 
decomposing into nickel and hydrogen gas. Con¬ 
sequently those reflections from the hydride phase 
disappear in time while those from pure nickel 
increase in intensity. This is illustrated in Fig. 2 
in which the reduced pressure of the evolved 
hydrogen gas is shown on the left, and the in¬ 
tensities of the (111) reflections from the hydride 




FlO. 2. The time dependence of the reduced hydrogen 
pressure and of the (111) intensities for the nickel-nickel 
hydride system. 


and from nickel are shown on the right, both as 
functions of time after the cell was sealed. In the 
intensity plot the points are the experimental 
observations while the curves are calculated using 
the expressions 


Pin(Ni) 


= K- 




sin 6 sin 26 




content From the intensity of the (111) reflections 
in Fig. 1 an x value of 0*6 ±0*1 was determined 
and this was used in calculating the curves of Fig. 2, 
It was found that the instrumental constant K 
for the (111) reflection could not be applied to the 
other reflections, presumably because of preferred 
orientation effects. It was necessary then to cali¬ 
brate each hydride reflection intensity to that of 
the corresponding reflection from the nickel phase. 
For intercomparison purposes the intensity curves 
of the various reflections were interpolated to a 
common time interval and intensity ratios taken 
to remove the instrumental constant. The results 
for t sb 3 hr are compared with the calculated 
ratios in Table 1. 

Table 1. Comparison of calculated and observed 
intensity ratios for the nickel hydride-nickel system 


Pnih -Pnih 

kkl - (calc)* -(ob 9 )t 

Pm Pm 


til 

0*21 

0-21 

200 

0*08 

0*07 

220 

0-08 

0*05 

311 

0*21 

0*15 


* An x value of 0* 6 was used. The pressure at this 
time indicated a total hydrogen content of 0 066/Ni 
so that t?ni = 0*89. 
f t = 3 hr. 


Fui(NiH) 


sin 6 sin 26 


(1-wO* 


Here, K is an instrumental constant, bm - 1 03 x 
10“ ia cm, 6 h “ — 0*38 x 10“" 12 cm, 6 is the Bragg 
angle, ijni is the fraction of the nickel atoms in the 
nickel phase and x is the H/Ni ratio in the hydride 
phase. For sufficiently long times (r > 6 hr) ^ni 
approaches unity and K may be determined from 
the intensity of the nickel (111) reflection. Then, 
assuming no preferred orientation effects, this 
constant can be used in the intensity expression 
for thfc (111) reflection of the hydride. At any given 
time rim is determined from the total hydrogen 
content of th t sample for various assumed x values. 
Notice that * and enter the intensity expres¬ 
sions to different powers so that they are readily 
determined from the intensity and total hydrogen 


The observed ratios of the higher angle re¬ 
flections fall below the calculated values indicating 
that thermal effects are more pronounced in The - 
hydride than in the metal. Thermal corrections 
have not been applied nor are the data sufficiently 
precise for the determination of individual thermal 
correction factors. Nevertheless the agreement is 
such as to establish the location of the hydrogen 
atoms in the octahedral sites. 

These measurements were undertaken with the 
thought that they might have a significance with 
regard to the magnetic properties of nickel and 
palladium. It has been suggested by one of usW 
that the difference in the magnetic properties of 
these two similar metals is associated with a 
difference in the occupation of the d-orbitals. In 
nickel which is ferromagnetic with a high Curie 
temperature ( T c - 632°K), the holes In the 
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d-shell are assumed to occupy the /-orbitals which 
have strong overlap with near neighbor atoms. 
In palladium which does not appear to order 
magnetically even at very low temperatures it is 
assumed that the holes in the d-shell occupy the 
e-orbitals which have very small u-overlaps with 
second near neighbor atoms. At the time these 
suggestions were made it was not known that 
nickel could be made to take up hydrogen by the 
electrolytic method and in so doing that the holes 
in the d-shell were filled in a fashion similar to 
that which has long been known to be the case for 
palladium. On this basis it was suggested that the 
ease of hydrogen uptake and the fact that the 
hydrogen atoms occupy the octahedral sites was 
some evidence for suggesting that the holes in 
palladium are in the e-orbitals which point to¬ 
wards and surround these sites. 

A similar argument would then suggest that in 
nickel the hydrogen atoms would prefer the tetra¬ 
hedral sites which are surrounded by the /-orbitals 
with which the holes are assumed to be associated. 
As pointed out, however, the octahedral holes are 
considerably larger than the tetrahedral holes, and 
this is undoubtedly the more important factor 
energetically. It is also to be recognized that the 
rather large change in volume (18 per cent) which 
accompanies the formation of the hydride could 


in itself significantly alter the energy relationships 
among the d-dectrons. It would appear then that 
the assumptions relating to the orbital occupations 
in nickel and palladium are neither confirmed nor 
denied as a consequence of the observed structure 
of the hydrides and they must rest on other 
evidence. Pertinent to this, for example, are the 
properties of the hydrogenated and non-hydro- 
genated alloys dilute in various iron group con¬ 
stituents.**) It may also be of significance that 
palladium hydride is stable at room temperature 
whereas nickel hydride is unstable. 

Acknowledgement —The authors are indebted to Mr. 
R. B. Quincy for the preparation of the samples used 
in this investigation. 
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Energy and configuration of atoms in a simple 
model of an edge dislocation— 

2L Morse potential 

{Received 1 March 1963) 

An atomistic model of an edge dislocation has 
been described in the preceding publication* 1 * 
(Part 1). We give here further results obtained 
from it. We recall briefly that we have considered 
a two-dimensional edge dislocation in a plane 
close-packed lattice; such a dislocation has been 
realized and photographed by Bragg and Nye in 
their bubble-raft experiment.* 2 * The atoms were 
allowed to interact with two-body central forces; 
only interactions between first neighbours were 
considered. We have reported previously the 
results obtained with the 6-12 inverse power 
potential. We have carried out similar calculations 
using a Morse potential to represent the metals 
copper, nickel, and silver; the energy of inter¬ 
action between two atoms is given by: 

ey = e^{-2exp[-aA (rij-r A )] 

+ exp[—2« A{rij-r A )]} (1) 

The values of the specific constants e a, Ta> oc a 
have been determined by Girifalco and Weizer* 8 * 
and are given in Table 1. 


TabU 1. Parameters of the Morse potential for 
copper } nickel t and silver.^ 




r^(A) 

^(eV) 

*ATJ 

Cu 

1-3588 

2-866 


3*894 

Ni 

1-4199 

2-780 


3*947 

Ag 

1-3690 

3-115 

0-3323 

4-264 


In our calculation initial positions of the atoms 
have been deduced from elastic theory, consider¬ 
ing an edge dislocation in an infinite lattice* 4 * and 
then the configuration corresponding to the 
minimum of the energy was found. The set was 
chosen large enough so that the positions of the 
atoms on the boundary were already those of 
minimum energy. There were 184 atoms in the 
set, arranged in 7 atomic layers around the dis¬ 
location core. The calculation was carried out 


numerically on an IBM 1620 electronic computer, 
the coordinates were corrected until none of the 
changes exceeded Mb 4 of a, the atomic spacing 
in the perfect lattice. 

The set considered is shown in Fig. 1; the 
atoms are numbered to permit identification. The 
energy of deformation «—«o of the atoms in the 
first and second layer around the centre of the 
dislocation expressed as fraction of the energy «o 
of an atom in a perfect lattice is given in Table 2. 
Let us recall that in a model where only interactions 
between nearest neighbours are considered, we 
have: 

«o = xe A (2) 

z> the number of nearest neighbours, is equal to 
6 in an hexagonal close-packed lattice. The values 
of «o given in Table 2 have been calculated from 
eA as determined by Girifalco.* 8 * 
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79 0 58© 57© 36© < 

80o 69o 4 lo40o3*o 
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Fig. 1. Edge-dislocation in a closed-packed plane. 


The energies in rows parallel to the x-axis are 
plotted against x in Fig. 2. The energy of fusion 
for copper, nickel, and silver is of the order of 
04)4 of the energy of sublimation, or the energy 
per atom in a perfect lattice. There is a small 
region, comprising about 10 atoms, where the 
energy exceeds that of fusion; the energy of de¬ 
formation falls off very rapidly with R } the distance 
from the dislocation core. 
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Table 2. Energy of deformation u~*uo of atoms in the first and second layer around the dislocation core, 
expressed as fraction of the energy in a perfect lattice , «o* 


Number of 
the atom 

Number of 
the layer 

Cu 

(u—uq)Iuo 
uo m 2*057 eV 

Ni 

(«—«o)/uo 

uo m 2*523 cV 

M 

(u—uo)/«o 
uo => 1 *994 eV 

1 

0 

0*229 

0*233 

0*236 

2 

0 

0*052 

0*054 

0*082 

3 

1 

0*015 

0*017 

0018 

4 

1 

0*114 

0118 

0*132 

5 

1 

0*068 

0*069 

0*080 

6 

1 

0*014 

0*023 

0*028 

7 

2 

0*006 

0*007 

0*008 

8 

2 

0*007 

0*008 

0*009 

9 

2 

0*010 

0*011 

0*013 

10 

2 

0*042 

0*045 

0*053 

11 

2 

0*020 

0*021 

0*024 

12 

2 

0*016 

0*015 

0*018 

13 

2 

0*009 

0-008 

0*010 

14 

2 

0*010 

0*010 

0*012 



Fig. 2, Energy of atoms in the first (1) and second (2) 
row above ( + ) and below (—) the slip plane. Morse 
potential representing copper. The points on the curve 
represent the atoms. 

The energies of deformation Er in the array of 
184 atoms as obtained by relaxation of the positions 
of atoms in regions of increasing size are given in 
Table 3 for copper, as well as the change in energy. 
Nearly the whole of the change in energy is due to 
the readjustment of the positions of the atoms in 
the first and second layer, the initial positions 
being those given by the elastic theory. 

To bring about the degree of convergence 
obtained, about 20 iterations were required in the 


smaller regions and 12 in the final array; indeed, 
in the latter case the initial positions are very close 
to the final ones. 

In Fig. 3 the energies of arrays of increasing 
size are plotted against In R , R being the mean 



UR 

Fio. 3. Energy of deformation as a function of In K for 
copper, nickel, and silver. 










LETTER TO THE EDITOR 1$4T 


Table 3. Energy of deformation Er in an array of 184 atoms when 
minmmng the energy in regions of increasing state, Morse potential 

representing copper . 


Number of 
last layer 
added 

En~y - 

i< 

Change on minimisation 
in percent .of the final 
energy (%) 

2 

0-718 

30 

3 

0-713 

1*2 

4 

0-711 

0*5 

5 

0-709 

0-4 

6 

0-708 

0-2 

7 

0*708 

0-0 


radius of the array, expressed in units of a; elastic 
theory gives a linear dependence of Er> the energy 
of deformation, on In R: 

2 

Er= - In R/R d (3) 

4tt(1 — p) 

In the expression (3) \l is the Lam£ constant, 
v the Poisson ratio, R& a parameter, equal to the 
radius of the “bad” region in the core. At a dis¬ 
tance of two atomic spacings from the centre, the 
variation of Er with In R is already linear. For 
copper, R 4 comes out to be 0*37a. Using this 
value of Rd, the value of uq as quoted in Table 2, 
and from the variation of Er with In R t we find 
that the energy of the dislocation, in copper, is 
9*2 eV at R = 1 cm. The energy of ten atoms in 
the centre (first layer), equal to 0*74 eV, is thus 
8 per cent of the energy of deformation of a dis¬ 
location. 

The general conclusions obtained from these 
calculations are similar to those obtained from the 
6-12 inverse power potential-.W in both cases 
there is only a limited number of atoms having 
an energy of the magnitude of that of fusion; the 
total energy of deformation E (tt“«o)/«o of the 
array of 184 atoms is equal to 0-708 for the Morse 
potential representing copper and T441 for the 
6-12 inverse power potential. Indeed, the energy 
of deformation is primarily determined by the 
elastic constant ft and, if interatomic forces are 
central forces between first neighbours, by the 
second derivative of the potential with respect to 
ry at rij =3 r^. For the inverse power potential, if 


etj is given by 

<*> 

/x is proportional to n 2 , for the Morse potential to 
(oLATA^t with the same constant of proportion¬ 
ality. For Cu, Ni, Ag, « a*a is nearly equal to 4 
(Table 1), and thus an inverse power 4-8 potential 
could be used to represent them. We have carried 
out calculations for inverse power n-2n potentials 
with n ranging from 4 to 7. As expected, the results 
for the 4-8 potential are close to those obtained 
from the Morse potential. On increasing n, both 
the energy of deformation and the radius Ra of the 
bad region increase. 

The initial positions of atoms, as obtained from 
elastic theory, do not depend in the model vised 
on the exact form of the potential. The dislocation 
width, as calculated from elastic theory, equals 
T04 a . 

The dislocation width, calculated from the 
final positions of the atoms equals 1 *02 a , 1 -04 a, 
1*07 a for the Morse potentials representing Cu, 
Ni, Ag, respectively. For the inverse power 
potential, the width increases steadily from 1*10 a 
to 1 *38 a when n increases from 4 to 7. 

Acknowledgements —We are indebted to Mr A. Vosse, 
Mme L. Masui and Mme E. Provis for carrying out 
the numerical calculations. 
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BOOK REVIEWS 


C. C. Bond: Catalysis by Metals. Academic Press, 
London and New York (1962). 519 pp. $15.50, 

Much of our chemical technology is based on 
catalytic processes occurring on solids. The high 
degree of development of this technology is a 
tribute to the prowess of the catalytic chemist and 
to the success of the Edisonian approach. In con¬ 
trast to these practical achievements, the basic 
understanding of catalytic processes is not far 
advanced. In this book, Professor Bond has 
addressed himself to the task of relating what is 
known about the physical chemistry of hetero¬ 
geneous catalysis. 

Since heterogeneous catalysis occurs through 
the intermediary of adsorbed entities, the author 
starts with a description of the properties of metals, 
and then considers at greater length the preparation 
and properties of the vacuum-metal interface. 
Next follows an outline of the qualitative behavior 
of adsorbed gases, and of the quantitative kinetics 
and energetics of surface processes. Roughly one 
third of this thick volume is devoted to this survey 
of the physics and chemistry of the adsorbed layer. 
The further chapters, which form the bulk of the 
book, deal with individual chemical processes 
such as, for example, the reactions of hydrogen, 
hydrogenation of olefins, synthesis and decompo¬ 
sition of ammonia, dehydrogenation and oxidation. 
In closing, Prof. Bond discusses the various re¬ 
lationships between the properties of the bulk 
metal and those of the surface layer. 

The presentation throughout is chemical and 
descriptive—deductions from experiment are 
stated without going through the analysis in detail. 
In view of the vast subject matter covered this is 
almost inevitable. For the physicist or chemist 
primarily concerned with solid state phenomena, 
the elementary outline of the fundamentals will 
be superfluous. It should still be useful, however, 
in conveying an accurate impression of the level 
at which the subject matter is approached by 
workers in this field. Although the aim of the 
book is to present the basic facts of catalysis in 
relation to what is known about elemehtary sur¬ 
face processes; the author sometimes does not 
make full use of data on adsorption in the interpre¬ 
tation of more complex phenomena. The dis¬ 
cussion of adsorption itself is not quite up to date; 


appreciable quantitative data have accumulated 
recently on the rates of atomic processes pertioent 
to catalysis. The physicist particularly would 
appreciate greater ernphasis on these simple re¬ 
actions. A more detailed discussion of the experi¬ 
mental methods might also be useful. These are 
relatively minor defects, however. 

To appreciate the difficulty of writing such, a 
book, it should be recalled that even in dealing 
with the simplest catalytic reaction occurring on 
metals, the heterogeneous recombination of 
hydrogen atoms, the experimental data are con¬ 
flicting and the mechanism of the reaction is not 
yet clear, A real understanding of more complex 
processes is therefore not to be expected. Pro¬ 
fessor Bond does succeed in making this limitation 
on our knowledge clear, while presenting a wealth 
of descriptive material on catalytic reactions. He 
is to be particularly commended for putting into 
perspective the simple correlations of surface 
processes with electronic structure that have 
enjoyed a considerable but ill-founded popu¬ 
larity. 

The book is lavishly provided with original 
tabular summaries of both qualitative and quanti¬ 
tative data; diagrams and graphs are similarly 
used to good advantage in presenting the material. 
Extensive references to original papers are care¬ 
fully given in the text and make the transition to 
the current literature in the field of catalysis very 
simple. A complete index provides easy access to 
the material in the work. Throughout there is 
continuing evidence of careful preparation and 
execution. 

The scientific foundations of catalysis may not 
yet be sufficiently developed to permit a definitive 
work on the physical chemistry of heterogeneous 
processes. However, Catalysis by Metals provides 
a very useful review. It will without doubt become 
a widely used reference of special appeal to the 
physical chemist, and by revealing the gaps in our 
knowledge should stimulate further work. 

General Electric Company Gert EhRlich 

Research Laboratory, 

P.O. Box 1088, 

Schenectady , New York 
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D. M, Young and A. D, Crowell: Physical Adaorp- 
doft of OftiM, Buttcrworths, London (1962). 
436 pp. 70s. 

Physical adsorption, the interaction between 
gases and solids through van der Waala forces, is 
a universal phenomenon whose deceptive sim¬ 
plicity has long challenged experimentalist and 
theoretician. At the same time, it is of great 
practical importance for determining the surface 
area of powders and in a variety of purification 
processes. The last book in English devoted 
entirely to this subject, Brunauer’s Physical 
Adsorption , was written just 20 years ago. In the 
meantime, much work based on new techniques 
has been carried out both in experiment and 
theory; the rediscovery of adsorption pumping 
has led to a recent resurgence of practical interest 
in this field as well. This book by Young and 
Crowell, covering the literature from 1930 
through 1960, is therefore very timely. 

The authors devote the first 100 pages to a 
presentation of the forces responsible for physical 
adsorption, coupled with a discussion of the 
thermodynamics of these systems. Isotherms 
(plots of amount adsorbed as a function of pressure 
at constant temperature) in monolayer and multi¬ 
layer adsorption are then analyzed and the pro¬ 
cedures for deducing surface areas from such iso¬ 
therms are explained 140 pages). Experimental 
techniques involved in determining isotherms 
and in adsorption calorimetry are covered in 
separate chapters, totaling 50 pages. Discussions 
of adsorption on non-uniform surfaces, adsorption 
of gas mixtures, and on the electric and magnetic 
properties of adsorbed films round out the book. 

As is clear from thiB sketch, Physical Adsorption 
qf Gases touches only a limited portion of the 
subject—namely that which has been of traditional 
interest to the classical surface chemist, with 
particular emphasis on adsorption isotherms. 
Within this area, however, the presentation is 
complete. The literature is covered thoroughly, 
and derivations for important relations are given 
or at least sketched. Without any background, 
and merely with this book as a guide, it should be 
possible to plunge immediately into the current 
chemical literature. 

This thoroughness is not wholly an advantage, 
however* To do justice to the vast number of 
original papers, the authors have had to adopt a 


style more suitable for a literature survey than a 
book. Although both Young and Crowell are 
active in the study of adsorption phenomena, their 
own scientific personality rarely emerges. The 
subject is largely presented in the form of brief 
summaries of the original papers, without exten- 
sive discussion by the authors, except insofar as 
this discussion is already in the literature. Nowhere 
is it made clear why anyone should be interested 
in physical adsorption; motivation and perspective 
are more apparent in some of the original papers 
than in this survey. 

The arrangement of the book also assumes con¬ 
siderable prior interest in the subject on the part 
of the reader. For example, theories of van der 
Waals forces are presented in detail at the very 
start, before there is any extensive presentation 
of the facts which the theories are to explain.The 
choice of subject matter and emphasis is limited, 
reflecting the preoccupation of workers in physical 
adsorption during the decade 2945-55. Thus there 
is no consideration of the rates of adsorption and 
desorption, nucleation, surface migration, of 
energy exchange or the scattering of molecular 
beams at surfaces. These are subjects of con¬ 
siderable importance to the chemist as well as 
the physicist. 

This criticism is really an expression of dis¬ 
appointment that the authors missed the oppor¬ 
tunity to turn out a well rounded treatise in a field 
not yet overrun with books. Despite limitations 
on subject matter and style. “Physical Adsorption 
of Gases,” even in its present form, constitutes 
an important reference and a reliable guide to an 
important segment of the literature. As such it 
deserves a place in the collection of every chemist 
and physicist working on surface phenomena, 
and should enjoy widespread use. 

General Electric Company , Gert Ehrlich 

Research Laboratory , 

P.O. Box 1088, 

Schenectady , New York 

William T. Simpson: Theories of Electrons in 
Molecules. Prentice-Hall, Englewood Cliffs, New 
Jersey (1962). v+183 pp. 59.00. 

The author of this remarkable and valuable little 
book states that it “is intended to fill in the gap be¬ 
tween what is found in quantum chemistry books 
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and what is found in the journals”. The student 
of chemistry will find it rather more difficult than 
his casual journal-browsing, however, and the 
student of physics will find in it much to tax 
as well as to interest him. The contents are a terse > > 
but not cursory, formal but not non-physical, 
integrated account of the molecular orbital, 
valence bond, and independent systems approaches 
to electronic structure of molecules and molecular 
crystals. Of special interest to readers of the 
Journal of Physics and Chemistry of Solids should 
be the treatment of non-orthogonality in the 
valence bond method and the discussion of 
electrostatic contributions to electronic spectra 
of molecular crystals. 

It is a measure of the significant original con¬ 
tributions Simpson himself has made to theories 
of electrons in molecules (although it detracts 


from the utility of his book) that he can present 
this penetrating discussion without citing many 
references. Current literature in this subject often 
seems preoccupied with attempts to merge alter¬ 
native methods by calculations of higher and higher 
accuracy. That is not at all the emphasis of this 
book, which instead stresses and develops the 
special coherence in each of the different view¬ 
points. 

This book is beautifully bound in carmine and 
black, with typography of high grade; it is the 
most attractive technical volume I have seen 
recently. 


Department of Chemistry , Robert G. Parr 
The Johns Hopkins University , 

Baltimore 18, Maryland 
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N. B. Grover and R. Oren: Majority-carrier mobility on germanium 
surfaces. /. Phys . Chem. Solids 24, 693 (1963). 

p. 696. Caption to Fig. 4 should have symbols, Q t A anc * □ * n the 
right hand column instead of bold symbols printed. 
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STRUCTURAL TRANSFORMATION OR ZIRCONIUM 

PHOSPHIDE* 


K. S. IRANI and K. A. GINGERICH 

The Pennsylvania State University, College of Chemistry and Physics, University Park, Pennsylvania 
(Received 13 November 1962; revised 15 April 1963) 


Abstract —Structural investigations have been made on the phosphides of zirconium, with reference 
to the phosphides of the transition metal family Ti, Zr, and Hf. For the hexagonal form of /J-ZtP, 
the unit cell expansion as a function of temperature has been determined, using high temperature 
Af-ray diffraction. The transformation from the hexagonal £-form to the f.c.c. #-form at elevated 
temperatures has been investigated. The unit cell dimensions of the hexagonal 0-ZrP are found to 
increase linearly with temperature, until at a critical value in vacuum there is a slight decrease in 
phosphorus content and the cell suddenly collapses to the more stable cubic ix-ZrP. The constancy 
of the hexagonal cl a value until its sudden fall to unity, for the cubic form, is indicative of a co¬ 
operative first order type of transformation. Mass spectrometric techniques have also been used to 
study this transformation. A structural model is given to explain this transition which is a function of 
both temperature and pressure, involving a slight stoichiometry change. The relative high tem¬ 
perature stabilities are TiP < ZrP < HfP. 


INTRODUCTION 

The advantage of compound semiconductors over 
elemental semiconductors is that the former can be 
synthesized in a wide range of non-stoichiometric 
compositions, with resulting properties ranging 
from highly insulating refractories, through useful 
semiconductors, all the way to almost metallic 
behavior. In the present investigation of the 
structural and thermodynamic aspects of the Ti, 
Zr and Hf phosphides, the three monophosphides 
are found to be isomorphous, with the stability in¬ 
creasing from TiP to ZrP to HfP. The data for the 
ZrP high temperature structural transformation 
will be reported in detail herewith. 

As early as 1908, Gewecke< x > had reported the 
synthesis of ZrP 2 /In the period 1938-^0, Biltz 
and co-workers have synthesized several metal 
phosphides (ranging from Mn and Fe to Ge, Rh, 
Ti< 2 > Zr,< 3 > U and Th). Their report on the Zr-P 
system showed the possible existence of ZrP 2f ZrP, 
and'Zr^ phases. In 1954, Schonberg< 4 > reporting 
on transition metal phosphides, gave a detailed 
X-ray structural analysis of TiP. The compound 
is hexagonal, having a superstructure of nickel 

* This work was supported under AEC Contract No. 

AT(30-1)-2541. 


arsenide, with the P atoms being at the center of 
Ti atom octahedra. The space group is 
Z>£ A -P 63 /wmc, with four molecules per unit cell. 
The position of the various atoms, layer by layer, 
can be denoted by AxiBpAxtCpBxiApBnCp. The 
compound ZrP was designated by the term 
0 -ZrP. It was isomorphous with TiP. Schdnberg 
also reported briefly a cubic form of ZrPo s which 
he termed as a-ZrP. 

EXPERIMENTAL 

(a) Synthesis 

The Faraday method was used for sample pre¬ 
paration. A weighed quantity of “reactor grade” 
Zr metal was placed in a tungsten boat at one end 
of a quartz tube and at the other end was placed 
the required quantity of 99*99% pure red phos¬ 
phorus, and the whole tube was evacuated and 
sealed. This was heated in a double furnace 
arrangement whereby the P 2 end (“cold end”) 
was maintained at a temperature varying from 300 
to 400°C, and the Zr end (“hot end”) was main¬ 
tained between 700-950°C, depending on the 
composition required. The reaction was done for 
several days, and the product was ground and 
checked by X-ray diffraction to make sure that no 
free Zr metal lines existed. 
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(A) Analysis 

The gain in weight of the Zr metal during 
phosphidation was used to compute the formula 
of the product Chemical analysis was also done 
by dissolving the phosphide in 20 % HN 04 - 5 % 
HF solution* and then using standard gravimetrical 
methods. 

(c) X-ray diffraction 

The room temperature diffraction patterns were 
taken on a 114*6 mm diameter Straumanis type of 
camera using Cu Ka radiation. The low angle 
rings were used only for identification and index¬ 
ing purposes, while the high angle reflections, 
where good and <X 2 splitting was observable, 
were used for the accurate determination of the 
cell parameters. Suitable corrections for film 
shrinkage were applied. 

For cell expansion and high temperature work, 
a Seeman high temperature X-ray camera and 
Cu Ka radiation was used. The sample was seated 
in an evacuated quartz capillary, mounted in an 
evacuated chamber heated by Pt/Rh heater ele¬ 
ments. Two thermocouples were located in close 
proximity to the radiated sample area—one for 
temperature control by an electronic controller 
unit to within 1°C at any set temperature; and 
another calibrated standard thermocouple for 
actual temperature measurement. This couple 
had been standardized in the camera, using 
standard transformations and melting points. The 
film mounting is of the regular symmetrical type, 
with six different exposures being recorded on the 
same strip of film. The first and last patterns were 
always made at room temperature to check that no 
change had taken place in the sample during 
heating. No internal standard was used, but the 
correction factor for each strip was determined 
by comparing the room temperature patterns of 
the same sample in this arrangement and in a 
standard 114-6 mm camera. This correction was 
then applied to the four other patterns taken at 
elevated temperatures on the same strip film. 
The maximum attainable temperature was 1300°C. 

For checking phase transformations at tempera¬ 
tures higher than 1300°C, quenched samples were 
used. The substance was heated in a tungsten 
crucible by r.f. induction, while enclosed in a con¬ 
tinuously evacuated quartz tube. The temperature 
was measured from a black body hole by an 


optical pyrometer. The sample, after quenching 
to room temperature, was analyzed by standard 
X-ray methods. 

(d) Electron diffraction 

Selective area diffraction and micrographs of the 
sample were taken on a Hitachi HU 11 type 
electron microscope. Aluminum evaporated on 
the grid served as the internal standard. 

(e) Mass spectrometry 

A 60° sector, 12 in. radius, first order directional 
focusing mass spectrometer, and a molybdenum 
Knudsen effusion cell, with an orifice diameter of 
0*051 cm and an orifice/sample surface ratio of 
about 1/100 was used. A weighed quantity of the 
substance was placed in a tantalum liner and then 
inserted in the cell. Mass scanning was done by 
varying the magnetic field, keeping the energy of 
ionizing electrons constant at 55 eV. Heating up 
to 1000°C was done by radiation from tungsten 
ribbon filaments suspended around the cell. For 
higher temperatures electron bombardment was 
used. Temperatures were measured by a Pt/ 6 % 
Rhvs. Pt/30% Rh thermocouple, located in the 
bottom of the cell, and previously calibrated vs. 
standards. In addition, an optical pyrometer, 
focused on a black body hole of the cell, was also 
used, after applying necessary emissivity and 
window corrections. 

RESULTS AND DISCUSSIONS 

A synthesized sample of /S-ZrP showed, on 
analysis, a composition ZrPo. 99 . The X-ray pattern 
indicated a hexagonal structure with the space 
group D^ ft -P 63 jmmc. Density determination 
showed that Z = 4. The unit cell dimensions are 
V’ = 3*684 A and V’ « 12-554 A. This com¬ 
pares favorably with the values of “a” = 3-677 A 
and “c” = 12-52 A as reported by Schonberg/ 4 ) 
who had determined the structure of £-ZrP as 
isomorphous with TiP. An indexed pattern is 
given in Table 1. The location of the Zr and P 
atoms in the various layers follows the arrange¬ 
ment AzrBpAzj-CpBzrApBzrCp. The 4 Zr atoms 
are located at 1/3, 2/3, 1/8; 1/3, 2/3, 3/8; 2/3, 1/3, 
5/8; 2/3, 1/3, 7/8; while the phosphorus atoms are 
located at 2P in 2 (a) positions at 0, 0, 0 and 0, 0, 1/2 
and 2 P in 2 (d) positions at 1 / 3 , 2 / 3 , 3/4 and 2 / 3 , 
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1/3, 1/4* The interatomic distances were calcu¬ 
lated on the above model, and are given in Table 2. 
The cell expansion is indicated in Table 3 where 
unit cell dimensions are given at various tempera T , 
tures. All readings except the last one, were made 
with the sample maintained at the respective 
temperature. 


Table 1. X-ray pattern of hexagonal fi-Z rP 


d 

Hh 

hkl 

3*20 

30 

010 

313 

15 

004 

310 

30 

011 

2*85 

15 

012 

2*523 

100 

013 

2*226 

50 

014 

1*963 

40 

015 

1*837 

80 

no 

1*583 

40 

114 

1*558 

40 

008 

1*487 

25 

023 

1*420 

10 

024 

0*9268 

20 

2, 0, 11 

0*9213 

20 

220 

0*8800 

40 

308 

0*8662 

40 

313 

0*8284 

60 

2, 1, 11 

0*7944 

80 

228 


Table 2. Interatomic distances for hexagonal 
jS-ZrP (A) 


P-P along base plane 

3*684 

P-P between layers 

3-791 

Zr-Zr neighboring pairs 

3-139 

Zr-Zr adjacent columns between layers 

3-791 

Zr-P interlayer to base plane 

2-643 

P-Zr interlayer to interlayer 

2*643 


The variation of the unit cell dimensions “a”/V\ 
and volume, as a function of temperature, have 
been plotted in Figs 1 and 2, The “ a ” and V 
values are observed to increase almost linearly, 
until at 1425 °C in vacuum the system transforms 
from hexagonal to f.c.c. structure. 

The cubic or a-ZrP cell dimensions have been 
determined from a quenched sample, with an 


analyzed composition of ZrPo sa» having a cubic 
NaCl type of structure, Fm3m with Z»4. The 
observed cell dimension is 5*242 A, as compared 
to 5 *27 A reported by Sch6nberg,<*) who deter¬ 
mined the structure of «-ZrP as of the NaCl type. 
An indexed pattern for a-ZrP is given in Table 4, 


Table 3. 

Unit cell dimem ions of ZrP at elevated 
temperatures 

Temp. 

°C 

"a” A 

“c” A 

c/a Volume A* 

25 

3*684 

12*554 

3*408 

147*5 

235 

3-697 

12*569 

3*400 

148*8 

437 

3-702 

12*589 

3*401 

149*4 

640 

3-709 

12-609 

3*400 

150*3 

792 

3-714 

12-629 

3*400 

150*9 

955 

3-718 

12*649 

3*402 

151*5 

1145 

3-725 

12*664 

3*400 

152-1 

1245 

3-729 

12*669 

3-397 

152-6 

*1425 

5'242 


1*000 

144*04 

* Cell dimensions for cubic form were determined at 


room temperature, using samples quenched from indi¬ 
cated temperature. 


Table 4. X-ray pattern for cubic a-ZrP 


d 

Iih 

hkl 

2-998 

30 

111 

2-602 

70 

200 

1-847 

100 

220 

1-579 

40 

311 

1-513 

40 

222 

1*311 

30 

400 

1-217 

30 

331 

1*173 

100 

420 

1*069 

100 

422 

1*007 

40 

511,333 

0*9262 

40 

440 

0*8864 

50 

531 

0-8741 

100 

600, 442 

0-8304 

80 

620 

0*8015 

20 

533 

0*7928 

80 

622 

The interatomic distances for the f.c.c. model are 

as follows: P-P 

distance 

equals Zr-Zr distance 

equals 3*708 A; Zr-6P distance equals P-4 Zr 
distance equals 2*622 A. 
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Tf»np. 9 C 


Fig. 1. Lattice parameter expansion as a function of 
temperature for £-ZrP. 



T«np.° C 

Fig. 2. Cell dimension vs. temperature for ZrP. 

The distortion parameter (eja) has been plotted 
aa a function of temperature in Fig. 3. The con¬ 
stancy of eja with temperature until transformation 
when there is a sudden decrease and the system 
reverts to cubic, is indicative of a first order type 
of transformation* The narrow range indicates a 
cooperative type of effect, so that once ordering 


begins, the whole process completes itself quite 
rapidly. 

33 


3.0 


2.5 

Vo 

2.0 


1.5 

1.0 

0 300 600 900 1200 1500 

Temp. *C 

Fig. 3. Cell distortion vs. temperature for ZrP. 

The mass spectrometric investigation reveals an 
increase in phosphorus evolution around 850°C. 
This may be due to the decomposition of the 
traces of di-phosphide to the mono-phosphide 
(ZrP 2 -> ZrP). Later, at 1425°C there is again an 
increase in phosphorus evolution corresponding 
to the ft -* a transformation. The a sample was 
confirmed by X-ray analysis. 

Also, a decomposition run was made in a con¬ 
tinuously evacuated tube by r.f. heating. Here too, 
some phosphorus was evolved around 850°C 
corresponding to the ZrPa -» ZrP decomposition. 
The change in phosphorus content at 1425°C is 
very slight, indicating that the change in compo¬ 
sition from 0-ZrP to a-ZrP was small. The heat 
treated sample on analysis by X-ray showed pre¬ 
dominantly the a form, with traces of the form 
still detectable. It was thought that during decom¬ 
position the stable a form would be formed on the 
outside surface of the grains while the core would 
have trapped some of the form, which could not 
transform since there was no escape for the 
phosphorus. It was hoped that an electron diffrac¬ 
tion pattern would give the surface pattern, 
differentiating it from the bulk pattern obtained 
by X-ray. The result was inconclusive, since the 
electron diffraction patterns indicated both the 
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hexagonal and the cubic forms. However, the 
sample obtained from the mass spectrometer, 
after transformation, gave a pure a-pattem. 

Attempts to determine AH by means of a 
differential thermal analysis run were unsuccess¬ 
ful, because of the immediate attack of Pt/Rh 
thermocouple wires by the phosphorus vapors. 

From the mass spectrometric investigation it 
appears that the hexagonal £-form has a slight 
homogeneity range until it transforms at 1425 °C 
to the a-cubic form. The change in phosphorus 
content during this transition is very slight, of the 
order of 1 at. per cent as estimated from the loss 
in weight of the sample. The a-form is quite stable 
to high temperatures in vacuum. To check that the 
P -> a-form transformation is due to a change in 
stoichiometry and not just a temperature effect, 
some a-ZrP was analyzed by high temperature 
X-ray diffraction. Patterns taken up to 1200°C 
in vacuum still remained cubic and did not revert 
to hexagonal, confirming the compositional trans¬ 
formation. 

The transition can be explained on the basis of 
the following model. The hexagonal £-ZrP can be 
considered as a superstructure of the nickel 
arsenide type. Taking the respective atomic 
radius as rp — 1-10 and rzt = T54 we get a 
P/Zr ratio of 0-71. According to Hagg’s rule/ 5 ) 
a ratio greater than 0*59 indicates a complicated 
structure. In the case of /3-ZrP, the large P atoms 
cause an expansion in the metal-metal distances 
causing a considerably weaker metallic bonding. 
However, between the layers there is strong metal 
to phosphorus bonding, probably ionic in charac¬ 
ter. This results in considerable stability of the 
compound. As the temperature is increased, there 
is a linear expansion of the unit cell, as shown in 
data of *V\ “a”, as well as volume given in Table 
3 and Fig. 1. At a critical temperature, the bond 
expansion and the entropy contribution is of a 
sufficient magnitude to permit migration of the 
atoms, the loss of a few phosphorus atoms, and 
re-arrangement into a more stably packed con¬ 
figuration. In the present case this corresponds to 
the f.c.c. a-ZrP which has the rock salt structure 
with a few missing phosphorus atom vacancies, 
required to make the stoichiometric formula less 
than 1:1. It is evident that once the a-form is 
frozen in, a reversal to the jB-form is impossible, 
except by reintroduction of phosphorus in the 


lattice, under pressure. At transformation A F m 
0, so that A H T* AS, and a measure of AH by 
D.T.A. would have helped in determining the 
change in entropy involved in the present struc¬ 
tural rearrangement. 1 This change from £~ZrP to 
a-ZrP does not affect the cation-anion distance 
appreciably, but the most significant change is the 
big decrease in Zr-Zr separation for the a-form 
as compared to the jS-form, indicating that the 
cubic a-ZrP is more “metallic” in character. 
Strotzer et a/.W in their plot of molecular volume 
vs. composition for the Zr-P system have shown 
a slight kink and change in slope in the region of 
ZrPo 95- Our X-ray results show that a change 
from /3-ZrP to a-ZrP does in effect have a sudden 
volume shrinkage. 

To confirm this compositional change from the 
hexagonal £-ZrP to the cubic a-ZrP, some a-sub- 
stance was heated under an excess pressure of 
phosphorus (~ 6 atm) at 900°C for over 48 hr. 
Under these conditions, some phosphorus atoms 
can be introduced into the expanded cubic lattice, 
re-arrangement takes place, and the equilibrium 
is shifted favouring the hexagonal structure, so 
that /9-ZrP is now obtained. This confirms that the 
p a and the a -► ft transformations are a 
function of both temperature and pressure, in¬ 
volving a change in composition. 

One must realize the limited nature of the 
results of the present investigation. The system is 
sensitive to changes in temperature and pressure, 
involving changes in stoichiometry. Thus there 
are two phases of different composition a and p } 
the a forin being stable in vacuum at temperatures 
above 1425°C, while the ft form is stable at 900°C 
under excess phosphorus pressure. Under vacuum 
too, the p form has been observed to be stable up 
to 1425°C; at lower temperatures, it is possible 
that the rate of phosphorus loss under the experi¬ 
mental conditions employed, may be too slow to 
be observed. However, the co-operative type of 
effect, as well as the sudden evolution of phos¬ 
phorus in the mass spectrometer at 1425°C, when 
the p a transformation occurs, seems to overrule 
the above doubt. A thorough study of the tem¬ 
perature pressure composition diagram for the 
Zr-P system is necessary. 

Similar trends are to be expected for the Ti and 
Hf phosphides, as for Zr phosphides, since their 
similar outer electron configurations would result 
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in bonding and structural properties. The 

re spec ti ve stability as well as the at transfor- 
tnation in each case is dependent on the ionic radii, 
moss etc., and is predicted to increase from Ti to 
Zr to Hf< In the case of hafnium phosphide, it has 
actually been found that the transformation from 
hexagonal to cubic does occur under vacuum at 
t em p e ratures above 1600°C. 

Acknowledgement —Thanks are due to Dr. J. Efimenko 


of the National Bureau of Standards, for help in the 
mass gpectrometric investigation. 
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Abstract —The infrared lattice reflection spectra of LiCl, LiBr, KF, RbF and CsF have been 
measured in the spectral region from 95 to 1500 cm -11 and have been analysed by the Kramers— 
Kronig method. The following fundamental dispersion frequencies have been obtained*. LiCl, 
191 ± 2cm~ l ; LiBr, 159 ± 4 cm* 1 ; KF, 190 ± 2 cm- 1 ; RbF, 156 ± 2 cm- 1 ; CsF, 115(?)cm- 1 . 
The effective charges and compressibilities have been computed with the aid of the Szigeti relations. 


INTRODUCTION 

The appearance of a strong reflection band in the 
far infrared spectrum of the alkali halide9 has been 
known for many years and has been attributed to 
the optical branch of the lattice vibration spec¬ 
trum of these compounds. The region of strong 
reflection is essentially bounded by the transverse 
and longitudinal frequencies for long wavelength 
vibrations/ 1 ) The transmission and reflection 
spectra of many alkali halides were originally 
measured by Barnes/ 2 ) In recent years these com¬ 
pounds and others have been remeasured and 
have been studied as a function of temperature/ 3-7 ) 
However, no measurements have been reported 
of the heavier fluorides and heavier lithium salts. 
The lithium 9alts are of interest in that a small 
positive ion is combined with a large negative ion 
such that next-nearest neighbor interactions will 
be of greater importance than in the other alkali 
halides. Similarly, the fluorides are of interest as 
the positive ion polarizabilities are greater than 
the polarizability of the negative ion in contrast to 
the opposite situation in the other alkali halides. 
In this present investigation the lattice reflection 
spectra of LiCl, LiBr, KF, RbF, and CsF have 
been examined in the spectral region from 95 to 
1500 cm -1 and have been analysed by the 
Kramers-Krdnig method to determine the optical 
constants and fundamental dispersion frequencies. 
A sample of Lil was also examined, but it did not 
appear to give useful results. 


EXPERIMENTAL 

The reflection spectra were obtained using a 
Perkin-Elmer Model 210 grating monochromator 
for wavelengths greater than 35 fx and a CsBr 
prism spectrometer for wavelengths less than 35 fi. 
The experimental arrangement was similar to that 
described elsewhere/ 7 ) The measurements were 
carried out in a room at a temperature of 21 °C. 

The crystals were grown by Semi-elements, Inc. and 
showed a well-defined cleavage plane except for CaF 
and Lil which may have been polycrystalline. The 
surfaces were ground and polished in a drybox and were 
polished again in the spectrometer drybox prior to being 
measured. In all cases this final step led to an increase 
in the observed reflectivity- The production of evapor¬ 
ated thin films was tried, but it was not possible to find 
a suitable protecting layer to prevent fogging of the film 
during transfer from the evaporator to the spectrometer. 

RESULTS 

The observed reflectivity of the lithium salts is 
shown in the top section of Fig. 1 and that of the 
fluorides in Fig. 2. The reflection spectrum of a 
sample of Lil is included in Fig. 1, but is not be¬ 
lieved to be characteristic of the compound. In all 
cases (except Lil) the spectrum is that of a strong 
reflection band having a shoulder resolved on the 
high frequency side. In the case of KF, there 
appears to be a third shoulder present between 
the other two. It will be noted that the maximum 
reflectivities of LiCl and KF are above 80 per 
cent which is the case for many alkali halides. In 
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the rest of the compounds studied here, the 
maximum reflectivity is below 80 per cent. The 
failure to observe a higher reflectivity is probably 
due to some surface effect which is difficult to 
eliminate due to the highly hygroscopic nature of 
these crystals. In the case of Lil, the spectrum 
observed is quite different from what would be 
expected in the sequence: LiF, LiCl, and LiBr. 
For both Lil and CsF some small reflection bands 
can be seen around 600 cm -1 . It is quite probable 
that this is due to the imperfect surface. 

In order to deduce the characteristic vibration fre¬ 
quencies the reflection data was subjected to a Kramers- 
Kronig analysis. 1M) The results of such an analysis are 
shown in the bottom sections of Figs 1 and 2. Here the 
functions 2 nk and n are given where n and k are the real 
and imaginary parts of the complex index of refraction 
N defined by the relation N = n — ik. The function Ink 
is essentially the imaginary part of the complex dielectric 
constant, and the frequency corresponding to its 
maximum value (or more exactly the maximum value 
of 2 nkv) is the dispersion frequency ?o for a single 
classical oscillator. The deduced frequencies are shown 
in Table 1. 

The Kramers-Kronig analysis involves a knowledge 
of the reflectivity over the entire frequency range. In 
practice only that region of the spectrum in which the 
reflectivity is changing need be included. Since the re¬ 
flectivity was not measured at sufficiently low frequen¬ 
cies so that the reflectivity became independent of fre¬ 
quency, it was necessary to estimate the missing region 
using experimental values of the static dielectric con¬ 
stant *o as a first approximation. The resulting frequency 

is not too sensitive to the selected value of «o. An even 
more important source of error lies in the possibility 


that the reflectivity is lowered due to surface effects. 
This type of error would be most serious in determining 
the magnitude of the optical constants. Additional 
calculations have been made which seem to show that the 
t deduced value of v 0 is ndt greatly affected. Consequently, 
where the reflectivity is' less than 80 per cent, the 
numerical values of the optical constants should not be 
relied on, but the characteristic frequencies are probably 
satisfactory. However, in the case of CsF it was not 
possible to deduce a consistent set of optical constants. 
Consequently for CsF, vq was estimated directly from 
the reflection spectra. 

DISCUSSION 

The dispersion frequency can be used in con¬ 
junction with the high and low frequency dielectric 
constants to calculate the following quantities: 
the longitudinal frequency v% using the Ltodane- 
Sachs-Teller relation,< 10 > the effective charge e* 
using a relation given by Szigeti/ 11 * and the com¬ 
pressibility i3 cft ic using another relation derived 
independently by Szigeti< 12 > and Odelevski.< 18 > 
These quantities are shown in Table 1. 

The experimental value of the effective charge 
or distortion parameter e*)e can be compared with 
those estimated from various theories of dielectric 
polarization. This is shown in Table 2 where e*je 
has been estimated in a number of ways. One set 
of estimates has been given by Dick and Over- 
hauser< 14 > in an article introducing the “shell” 
model which attempted to calculate e*je from the 
ionic polarizabilities subject to a number of 
assumptions. Two estimates for each compound 


Table L Characteristic frequencies and derived quantities 


Compound 

i'O 

(cm -1 ) 


CQ< b > 

<o^ 

vi 

(cm -1 ) 

e*le < d > 


LiCl 

191 ± 2 

2-747 

11-95 

11-05 

398 


1*45 

LiBr 

159 ± 4 

3-161 

13-25 

121 

325 


1-75 

KF 

190 ± 2 

1-548 

5-46 

605 

326 

0-88 

0-96 

RbF 

156 ± 2 

1-926 

6-48 

5-91 

286 

0-95 

0-94 

CsF 

115(?)<*> 

2-158 



220(?)<*> 




(a) Indices of refraction (» 2 := t selected by TEssman J. R., Kahn A. H. and Shockley W., Phys. 
Rev . 92, 890 (1953). 

(b) HaussChl S., Z. Naturf. 12a, 445 (1957). 

(c) Errera J., Z, Electrochem . 36, 818 (1930). 

(d) Calculated using eo data of HaussOhl. 

(e) Calculated using relations developed by Szigeti< 12 > and Odrlevski* 12 ) without next-nearest neigh¬ 
bor (overlap) interactions and using «o data of HaussOhl. 

(f) Observed compressibilities from Spancenberg K. and HaussOhl S., Z. Krist . 109, 422 (1957). 

(g) Estimated directly from reflection spectrum without analysis. 
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Table 2. Comparison of effective charges 


Compound 

e*i* 

Obs/*> 

e*te 

Calc/*) 

e*le 

Calc. <c; 

e*le*x treme 

Calc.< c > 

LiCl 

073 

071 

0-92 

0-90 

LiBr 

0*68 

0-66 

0-91 

0-90 

KF 

0*88 

0*92 

0*98 

0-87 

RbF 

0-95 

0-98 

1*05 

0-88 


(a) Using Sziobti { 11 > relation, 

(b) Calculated using distortion polarizabilities of Cochran/ 15 ) 

(c) Calculated by Dick and Overha user/ 24 ) 


have been given by them and these differ in an 
assumption concerning the location of the exchange 
charge. It can be seen from Table 2 that their 
estimates for Li Cl and LiBr are somewhat high 
and this is true of their other estimates for the 
alkali halides. On the other hand their estimates 
for KF and RbF bracket the experimental values. 
It will be noted that one of the estimates for RbF 
predicts that e*/e might be greater than one and 
it was suggested that it would be of interest to 
determine e*je for this reason. Although the 
experimental value of e*je is less than one, it is 
greater than that of any other alkali halide. A con¬ 
venient way of correlating the effective charges 
of the alkali halides has been given by Cochran* 15 ) 
using a simple “shell** model calculation leading 
to an expression for of the form 

**/* - 1 

where and d- are parameters measuring the 
distortion polarizabilities of the positive and nega¬ 
tive ions respectively. It can be readily seen that 
where d+ fe d_, as in the heavy alkali fluorides, 
**/* will be close to unity. Although it is possible 
to estimate d+ and d~ in terms of the model, 
Cochran has preferred to regard these as para¬ 
meters to be determined by experiment. The 
parameters d+ and d~ will vary for the same ion in 
different compounds. However, it has been found 
that (d-. — d+yK for a particular material is an 
additive property of the ions involved, where K 
is the restoring force constant which can be ob¬ 
tained from the compressibility if next-nearest 
neighbor interactions are assumed small. It is of 
interest to see if the same parameters djK given 
by Cochran can be used to predict e*/e for the 


compounds studied in the present investigation. 
It can be seen from Table 2 that e*je can be pre¬ 
dicted fairly well in this way. This is somewhat 
gratifying (and perhaps fortuitous) as it will be seen 
that next-nearest (overlap) neighbor interactions 
are of importance for the lithium halides. Conse¬ 
quently, the evaluation of K from the observed 
compressibility cannot be expected to yield exact 
results. 

It can be readily seen from Table 1 that good 
agreement is obtained between the calculated and 
observed values of the compressibilities of the 
fluorides using the relation given by SziGETI* 1 ^ 
and Odelevski* 13 > (without next-nearest neighbor 
interactions). On the other hand the calculated 
compressibilities for the lithium halides are much 
higher than the observed values with /Wc/ZW 
being 1*45 for LiCl and 175 for LiBr. The 
deviation for the lithium halides is quite striking 
as £caic//?obs for all of the other alkali halides 
range from 0*8 to 1*1.00 Among the reasons which 
have been suggested for the deviation are the 
following: (1) presence of next-nearest neighbor 
interactions; (2) additional polarization mechan¬ 
isms; (3) many-body interactions; (4) covalent 
bonding; and (5) anharmonicity. For most of the 
alkali halides the contributions from the various 
effects can be estimated to be about several per cent. 
The compressibility ratios have been calculated for 
the compounds studied in this investigation using 
various proposed relations and the results are 
shown in Table 3. The various formulae employed 
(except for that given by Cochran) have been 
compiled previously.(?) It can be seen from Table 
3 that the compressibility of LiCl can be com¬ 
puted fairly well using the Odelevski formula 
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Table 3. Comparison of compressibility relations 


Compound 

0c»lc/0obs**) 

£cElo//Job/ b * 

0O*lo/0Ol»* C ) 

/Wc/£ol»W) 

. . t j. - 

0«lo//W« 

UC1 

1*45 

1-02 ' 

1*22 

1-44 

L58 

LiBr 

1-75 

M8 

1-38 

1-73 

1-82 

KF 

0-96 

0-92 

0-94 

0-95 

0-92 

RbF 

0-94 

0-90 

0-92 

0-93 

0-81 


(a) Using Szigeti relation* 12 ) or Odelevski relation* 18 ) without next-nearest neighbor interaction term. 

(b) Using Odelevski relation* 18 ) with next-nearest neighbor evaluation as explained in text. 

(c) Calculated from distortion polarizabilities and force constant expression given by Cochran.* 16 ) 

(d) Using relation of Dick and Overhausbr.* 14 * 

<e) Using Lundqvist relation.* 16 ) 


including interactions with next-nearest neigh¬ 
bors, but the agreement is not as good for LiBr. 
Such interactions are expected to be important for 
the heavier lithium halides which contain a large 
negative ion and a small positive ion. The mag¬ 
nitude of the correction term for this effect has 
been evaluated in a way which will be discussed 
shortly. It can also be seen from Table 3 that use 
of the relation given by Cochran which takes into 
account an additional polarization mechanism 
indicated by the “shell” model also decreases the 
discrepancy between the calculated and observed 
compressibilities of the lithium halides and such 
terms may also be of importance. On the other 
hand the correction terms obtained by Dick and 
Overhauser are negligible and those proposed by 
Lundqvist< 16 > to take into account a three-body 
interaction lead to poorer agreement with experi¬ 
ment. 

Odelevski* 13 ) showed that the inclusion of next- 
nearest neighbor interactions will decrease the calculated 
compressibility by a factor 1/(1 +r) where j is given by 
the ratio 

* = (dWaaldr^KdWcal^ca) 

where U is the short-range interaction potential between 
ions and r aa and r ca refer to the anion-anion and cation- 
anion distances respectively. The major contributions to 
U arise from an overlap interaction and a van der Waals 
interaction which is small compared to the overlap inter¬ 
action at the interionic distances under consideration 
and may be neglected. Odelevski indicated that the 
experimental data was consistent with a correction term 
which was a function of r a J 2r- where r~ is the ionic 
radius of the anion. This correction term will become 
important when the observed anion-anion distance 
differs from that predicted using the ionic radii (as for 
the heavy lithium halides). However, it is possible to 


evaluate s in a more quantitative manner using an 
expression for the potential energy given by Pauling* 17 ) 
which gives excellent agreement for the nearest neighbor 
distances of the NaCl-type alkali halides (including 
the heavy lithium halides). Using this potential the 
ratios U flB /C/ C a (18 ) and U^l are readily found to be 
given by 



which depends only on the radius ratio p = r+/r— The 
treatment includes both anion-anion and cation-cation 
interactions. This result has been used in calculating 
the compressibility by the Odelevski formula given in 
Table 3. 

The values of the dispersion frequencies and 
effective charges are useful in calculations of 
lattice vibration spectra such as those given re¬ 
cently by Karo and Hardy/ 10 ) These calculations 
involve the effective charge as an input parameter. 
In the case of the lithium halides, the data pre¬ 
sented here indicate that next-nearest neighbor 
interactions are of importance and it should be 
possible to estimate the amount of such inter¬ 
actions from the deviation of the Szigeti relation 
for the compressibility/ 20 ) Next-nearest neighbor 
interactions have been included in a calculation 
given by Demidenko and Tolpygo for Nal/ 21 ) 

In conclusion, it may be pointed out that the 
data obtained in this investigation completes the 
list of known dispersion frequencies for the alkali 
halides with the exception of Lil. 
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SUMMARY 

The infrared lattice dispersion frequencies of 
LiCl, UBr, KF, RbF, and CeF have been obtained 
and have been employed to calculate the effective 
charges and compressibilities of these compounds 
with the aid of the Szigeti relations. The effective 
charges are in general agreement with those pre¬ 
dicted from the ionic polarizabilities. The calcu¬ 
lated compressibilities are in fair agreement with 
those observed experimentally provided some 
correction is made for next-nearest neighbor 
(overlap) interactions. 
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Abstract —The part of the spin-orbit interaction due directly to crystalline electric fields or applied 
fields contributes to the g-tensor of a paramagnetic center a shift which, as Kneubiihl has noted, 
may have a skew-symmetric part. We show (1) that in an applied electric field g-shifts from this 
source for centers lacking inversion symmetry are typically A g <; 10 -u cm/kV, and thus negligible; 
(2) that these shifts are usually very much smaller (in cases where such shifts have been studied 
experimentally, by a factor of at least 10 6 ) than those produced by the applied field via an electron's 
electrostatic potential energy in the field, coupled with the unperturbed spin-orbit interaction due 
to the ion. We infer that crystalline fields (neglecting covalent effects) contribute to a skew-symmetric 
part of the g-tensor primarily through changes in the wave functions induced by the electrostatic 
potential energy, rather than through the field's contribution to the spin-orbit interaction. A skew- 
symmetric Ag arising from applied fields or crystalline fields is probably not larger than a few per 
cent of the corresponding symmetric change in g. A proposal due to Ludwig for distinguishing the 
skew-symmetric part of a g-tensor in an applied electric field is described. 


I. INTRODUCTION 

In a recent letter Kneubuhl* 1 * has suggested 
that in calculating ^-tensors and hyperfine inter¬ 
action tensors for paramagnetic centers of low 
symmetry one should take into account the direct 
contribution of crystalline electric fields or applied 
fields to the spin-orbit interaction. In the general 
potential V(r) the spin-orbit interaction of an 
electron takes the form< 2 > 

*?«> = -TTlWVxp)-S, ( 1 ) 

2m 2 c 2 

where p is the electron momentum, S (= £<r) its 
spin (with h factored out), — e its charge, and m 
its mass, while c is the speed of light. Kneubiihl 
has shown that non-spherically symmetric contri¬ 
butions to V{r) in (1) lead in appropriate sym¬ 
metry to ^-tensors and hyperfine interaction 
tensors having a skew-symmetric part. 

An electric field also contributes to the ^-tensor 
and other interaction tensors through the electro¬ 
static potential energy, 

- eS • r (2) 

(e.g. for a uniform field <?), acting together with 
other terms in the Hamiltonian of the paramag¬ 
netic ion. Changes in the ^-tensor arising in this 
way from an applied electric field have been 


studied experimentally for centers lacking inver¬ 
sion symmetry by LOdwig and WoodbOry^ and 
theoretically by Ham< 4 > in the case of transition 
metal impurities in silicon. 

In this paper we shall show that the effects 
arising from applied electric fields or crystalline 
fields*via their direct contribution to the spin-orbit 
interaction (1) are usually very much smaller than 
those arising via the electrostatic potential energy 
(2). In tetrahedral symmetry, for example, the 
ratio of corresponding terms due to an applied 
field is typically no larger than A jmc 2 <, 4x 10" 6 , 
where A is a crystal field splitting. Moreover, in 
any symmetry, the £-shift arising from the contri¬ 
bution of a uniform electric field to (1) will be 
shown to vanish to the accuracy of second-order 
perturbation theory for all states having no 
orbital degeneracy.f 

The small size of the effects arising from 
electric fields via (1) does not, however, imply the 

* In discussing crystalline fields we shall ignore the 
effect of covalent bonding in spreading the electrons of 
a central paramagnetic ion onto neighboring ions. Thus 
by “crystalline field" we mean the electrostatic potential, 
at the central ion, due to the neighboring ions. 

t Note added in proof: This last result has now been 
given also by Kneubiihl. [F. K. KneubOhl, Phys. 
Letters 4,208 (1963).] 
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conclusion that the akew-aymmetric part of the 
various tensors is necessarily negligible. As we 
shall show, there is a second skew-symmetric 
contribution which should be appreciable even 
though V{r) is approximated in (1) as being 
spherically symmetric. A method will be described 
Whereby a skew-symmetric contribution to the 
g-tensor in an applied field might be distinguished 
experimentally by means of transitions induced by 
an alternating electric field. 

In Section II we shall give a calculation which 
establishes under rather general conditions the 
order of magnitude of the shift in the ^-tensor 
arising via (1) from an applied electric field and 
shows why this vanishes for a state with no 


state(s) of the unperturbed system by excited 
states by |«). The ground state has spin degen¬ 
eracy and may have orbital degeneracy as well. 

Inserting VF = - & in (1) for the contribution 
of a uniform field & to the spin-orbit interaction 
of each electron, we sum over N electrons and 
obtain from second order perturbation theory, 
using this and the orbital Zeeman interaction, 

(ejlmc) 2 ((3) 

i 

is the angular momentum operator ti = r<xp<), 
the following contribution to the spin Hamilton¬ 
ian* 6 ) of the ground state 


M v v • 5 ‘l w > < n \ f ) • H te' > + <*](?. • "I” > <” 




4mV 


zz 


a 


Eg —En 


(4) 


orbital degeneracy. In Section III we shall examine 
two situations representative of transition metal 
ions at sites lacking inversion symmetry, to obtain 
the relative size of effects arising via interactions 
(1) and (2) in an applied field. In Section IV we 
show that a skew-symmetric part of the ^-tensor 
can arise from interaction (2) as well as from (1), 
and in Section V we consider the effects of crys¬ 
talline fields. The measurement of a skew- 
symmetric part of the ^-tensor is considered in 
Section VI. Section VII concludes the paper with 
a discussion. 

H. g-SHIFT FROM SPIN-ORBIT INTERACTION 
DUE TO AN APPLIED ELECTRIC FIELD 

We wish to ascertain a typical value for the 
shift in the g-tensor arising from the contribution 
of an applied electric field $ to the spin-orbit 
interaction (1). Consider N electrons in a center of 
arbitrary symmetry. We denote* the ground 


• We label the states here according to their orbital 
part only; the spin is treated as an operator without 
Specifying any particular basis. All spin-orbit inter¬ 
actions, other interactions involving spin, and inter¬ 
actions with applied fields are treated by perturbation 
theory and are assumed weak compared with crystal 
field splittings of electrostatic origin; they are ignored 
in specifying the states of the unperturbed system. 


where the sum over n covers all excited states. 
Matrix elements of p< may be expressed in terms 
of those of u by< 6 > 

<«M*> = (««/ h)(E a — Et) <«|f||6 >, (5) 

which follows from the commutation relation 

Pi = (imjh) [Jf o, n]. (6) 

Here Jf ?o is the full unperturbed Hamiltonian 
(neglecting spin-orbit interaction), 

*0 = 2 Ktf/2»)+ F(r t )]+ 2 «*/|ri-r,|, (7) 

and \a ) and |6> in (5) must be eigenstates ofjfo. 
Substituting from (5) into (4), and carrying out 
the sum over n using the completeness relation 

Zl*> <*l = i-2k> <s|, (8) 

» g 

we find 

■^1 =^la+^16, (9) 

where 

(10) 
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«i*w> “2 2 

t" i) 

X <g"\ (/Xfd‘%) 

-<f|(«fxr,).$!*"> <y'|/,• (11) 

The commutator in (10) can be evaluated, to yield 

= -^<*12 K $ • »)(* • '<) 

2mc 2 < 

-(*.JI)(S|T«)]|*'> i (12) 

where f$ = eh/lmc. 

To estimate the magnitude of these terms in the 
spin Hamiltonian of the ground state, let us write 

= (13) 

ilk 

Matrix elements of the tensor operator Twc are 
from (11) and (12) proportional to those of 

d = er (14) 

the dipole moment, among the ground state wave 
functions. These vanish for centers having inver¬ 
sion symmetry (take the origin for r at the center 
of symmetry). For centers lacking inversion sym¬ 
metry d may have non-vanishing matrix elements, 
but since < di^je is at most the order of atomic 
dimensions for a paramagnetic ion, say 
<,|*|/>/« <> 10 -8 cm, we have for (13) 

0?l <w> 

<f|2W> ~ « 10 -11 cm/kV. (15) 

2 me 1 

The £-shift arising from an applied electric field 
via (1) is accordingly quite small. 

The expression (12) for (g\Jfia\g r ) is not how¬ 
ever invariant to the choice of the coordinate 
origin, to which r< is referred. This difficulty 
arises because our calculation has not been gauge 
invariant. To restore gauge invariance we must 
replacepby(p + (e/c)A) in the spin-orbit interaction 
(1), where A is the vector potential of the applied 
magnetic field 

A « i(Hxr). (16) 


We thus must retain in our original Hamiltonian 
a small term, 

"4^? tvr><(Hxf)1 * <s * (17) 

which can usually be neglected, as it gives rise 
only to part of the small (Ag ~ 10“ 5 -10“ 4 ) Breit- 
Margenau correction to the spin ^-factor.< 2 » 7 > 
Inserting W = — & in (17) and taking matrix 
elements of this operator among the states we 
find that the resulting contribution to the spin 
Hamiltonian of the ground state exactly cancels 
Hence we are left only with.#^ as 
given by (11). But if the ground state has no 
orbital degeneracy, then (g\tjjg) = 0, and 
vanishes. 

Accordingly, we have the result that to the 
accuracy of second-order perturbation theory, 
the contribution to the tensor of an applied 
electric field via the spin-orbit interaction vanishes 
identically for any state with no orbital degeneracy. 
Only states with orbital degeneracy have a non¬ 
vanishing £-shift from this source. This is given 
byJfib in (11) and is small according to (15). 

III. RELATIVE MAGNITUDE OF EFFECTS OF AN 
APPLIED ELECTRIC FIELD 

To exhibit the relative magnitude of effects 
arising from an applied electric field via inter¬ 
actions (1) and (2), we consider two simple cases 
involving a transition metal ion at a site lacking 
inversion symmetry. The relative size of the 
effects in these cases is representative of more 
complicated configurations.* 4 ) 

First consider a single electron in the 3 d shell 
of a transition metal ion at a site of tetrahedral 
symmetry. Assume the three-fold degenerate 1 2 
orbitals are lower by A in energy than the doubly 
degenerate e -orbitals.* The absence of inversion 
symmetry mixes odd parity wave functions into 
the orbitals derived from the free ion 3d func¬ 
tions* 4 ) and thereby leads to the following 


* This is the inverse of the order expected for tetra¬ 
hedral symmetry when the point ion approximation to 
crystal field theory pertains. It agrees with the order 
found experimentally for interstitial transition metal 
ions in silicon. 
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non -vanishing matrix dements* of r 

<hrtrfhy) « <t 2 y\x\tzz) « <*v\y\hfi>-pfa 

(18a) 

« -2<d?|*|**x> = -2<€%|<sy> 

- (2/v'3)<«[xjf2*} 

= (-2/V3)<H^I^> = ^. (18b) 

The parameters p and t hereby defined have the 
dimensions of an electric dipole moment. Matrix 
elements of the electron momentum p may be 
expressed in terms of those of r by means of (5). 

The effect of an applied electric field $ on the 
t 2 states via interaction (1) [and (17)] is given by 
in (11) of Section II. This does not vanish 
in this case, because of the orbital degeneracy of 
the *2 states. Since matrix elements of p vanish 
among degenerate states, according to (5), there 
is no first order effect of S from(l) on the t 2 states. 
We define a parameter g £ by 


Turning to interaction (2), we find that it lifts 
the *2 orbital degeneracy directly according to the 
term< 4 > 


JT* - (23) 

In addition, the spin-orbit interaction due to the 
ion potential (assumed spherically symmetric) 


eh 1 dV 

W/= S), (24) 

2 me 2 r dr 


and the orbital Zeeman interaction contribute, 
via second order perturbation theory from coupling 
to the e orbitals, the terms 

V3A7 

26 — H-^ xSy~\-^ (25) 

r 

jff 2c = + +& V H X ), (26) 

where A' is defined by 


i (t 2 i\f\t 2 j) 

g h <t*my 

which would be equal to unity for pure d states. 
Here JS? is an Hermitean vector operator*®) de¬ 
fined to have matrix elements only among the t 2 
orbitals: 

<tt*\&t\hyy = (ttyl&xlhz) - (hz\3P v \t i x') 

( 20 ) 

SP behaves like an angular momentum for SP — 1, 
satisfying the commutation rules 

[-2? x* ^y] = f-2 7 ?» (21) 

and those obtained from (21) by cyclic permuta¬ 
tion. For a field & z in the z (cubic) direction we 
find from (11) that we can write as 

#IS - m™?Wzgc{l[SyHx{&l-&l) 

- [(H x s x + H v s y ) (SPxSpy+spySP,) ( 22 ) 

-S»H4SPy<iP t +SP t SPy) 

-SyHJLSP^Py+SPJP,))}. 

* Our notation for the individual e and is orbitals is 
adapted from that of Griffith (Ref. 8, p. 226). 


<« ± J|(^so)/|^ ± *> = + »A\ (27) 

and g f by 

<e*\/z\tzz) = -2ig c h. (28) 

In comparing the magnitude of effects produced 
by St via interactions (1) and (2), we should like 
to compare corresponding terms in the spin 
Hamiltonian arising from these sources. n in 
(22) however has no precise counterpart among 
3%* 2 a, Jff 26 , and 3ff 2 c* While it could in principle 
thus be distinguished, it is most like StPyg in that 
these both contribute directly to a term of the 
form 

TWz(JxH v +J v H x ) (29) 

in the spin Hamiltonian of levels into which the 
<2 states are split by the ion’s own spin-orbit 
interaction (24). In writing (29), we have defined 
the total effective angular momentum 

J = SP+S. (30) 

In the present case {SP = 1, S = $) we obtain 
two levels corresponding to / = \ and f. The 
ratio of the coefficient of Jf lb in (22) to that of 
m (26) is of order A/me 2 < 4x 10" 8 , assuming 
thfct gf = gf, p ~ t. Accordingly the effect of the 
applied electric field via (1) on the g-shift is very 
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much smaller than its effect via (2). A similar 
conclusion holds for its effect on other interaction 
tensors, such as the hyperfine interaction. 

The dominant contribution of & z to the £-shift 
in the present case actually arises not from Jf *ac 
but fromJfga, which like the Zeeman interaction 
>3(2 S~g f &) • H has matrix elements between 
J = £ and f. Second order perturbation theory 
accordingly leads with these interactions to shifts 
in the ^-tensors of both / = \ and f with 


{2+gt)p<o z 

my-m" 


(31) 


b of (25) contributes in similar fashion a shift 
smaller than (31) by a factor roughly A'/A. Thus 
in this case the £-shift arising from (1) is in fact 
smaller than that from (2) by the ratio 


i a?i i m)-Em 

- ~- <, iu . 

I 4?2 | me 2 


(32) 


A second case is provided if we lower the tetra- 
hedral symmetry of the site by introducing a 
strong crystalline electric field So along the z cubic 
axis. The degeneracy of the t% states is thereby 
lifted: the resulting states and their energies are 


1 1 

te 1 ?) - —1<**>—-I hy'y 

V 2 V 2 

1 1 

l*rf> = — r) \hx'> + ---\hyy 

l*2*> 


E v = -pS o, 

— +pS o, (33) 
Ez = 0, 


where £ and rj denote the directions [110] and 
[T10], respectively. Takingly) to be the ground 
state, we assume that the energy splitting 
A£ = \pSo\ is larger than the spin-orbit inter¬ 
action. The effect of interaction (1) on the ground 
state now vanishes, according to the result of 
Section II. For interaction (2) we obtain from 
third order perturbation theory 


^2 = 


-2 Xgtfip 


2X S#P »crr 
— - ■ — 0 


(H V S Z +H Z S V ) 


(34) 


In deriving (34) we have used (18) and (19), 
neglecting possible changes in the matrix elements 
because of the lowered symmetry, and we have 
f defined ,r 

A - (35) 

S\t 2 j> 

We have considered a number of other con¬ 
figurations for transition metal ions in which an 
applied electric field leads to appreciable changes 
in the paramagnetic resonance spectrum.* 4 * In 
all of these the changes in the ^-tensors (and in 
other tensors) due to interaction (2) overwhelm¬ 
ingly dominate those arising from the contribution 
of the applied field to the spin-orbit interaction 
(1). It appears to us that this conclusion is probably 
true for all paramagnetic centers in which effects 
of an applied electric field might be studied, and 
that in any case the effect of an applied field via 
(1) is probably too small to be observable. 

IV. SKEW-SYMMETRIC PART OF g-TENSOR 

Kneubuhl (1 > concluded from (4) that his mech¬ 
anism leads to a skew-symmetric part to the 
g-ten9or when this is permitted by symmetry.* 
Our result in Section II that the entire £-shift 
from this source in an applied field vanishes for 
states with no orbital degeneracy weakens 
Kneubuhl’s conclusion as far as an applied field 
is concerned. But his conclusion should hold in 
the case of crystalline electric fields of low sym¬ 
metry (which are not uniform, so that the con¬ 
siderations of Section II are not applicable in 
detail). However, even here his effect should be 
small (see Section V). 

Our considerations for an applied field using 
interaction (2) have so far led only to a symmetric 
contribution to the g-tensor. In particular, we 
obtained (34) in a case in which a skew-symmetric 
part is allowed by symmetry. However, in arriving 
at (34) we have ignored the fact that g ( and A de¬ 
fined by (19) and (35) are not independent of i 
and j when the symmetry is lower than tetrahedral 


* A skew-symmetric part to the g-tensor in an applied 
electric field is forbidden by symmetry (through terms 
linear in £) for a site having tetrahedral symmetry. That 
a skew-symmetric part is allowed in the case of a site 
having symmetry Cst has been noted by Ludwig and 
Ham.< 10 ) 


(E £ ~E„)i 
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Wc should have written the first bracket in (34) as 
(E t -E,)(E ( -EJ (36) 

K(v)sK*y)SzHt]}> 

where 


w ^ 'w)/|*2f> 

A(arf) = -, etc. 

v ; s\t 2 i> 

There is no necessity that the ratio 


(37) 


KtvM*£)' 


(38) 


for example, equal unity. Accordingly the co¬ 
efficients of SyHz and of S z fJ v in (36) may differ, 
as may those of S^H Z and S Z H and the ^-tensor 
defined by (36) then has a skew-symmetric part 
proportional to (i?-l). 

The ratio R in (38) will differ from unity if the 
ratios A(*f)M(6?) and gi(z()lgi{£r)) are not equal, 
that is if the anisotropy of the spin-orbit matrix 
elements is different from that of the orbital re¬ 
duction factor gi. Since the spin-orbit interaction 
(24) heavily weights the region of small r through 
the factor (l/r)(dV/dr) t these anisotropies will be 
different if the wave functions of the states 
\t 2 £}> and \tzri) differ at all in their dependence 
on r. Such differences can arise from an aniso¬ 
tropic environment both through differing admix¬ 
tures of wave functions on the central ion and 
through differences in covalent bonding in the 
various states with the wave functions of neigh¬ 
boring ions. We have not attempted a realistic 
estimate of departures of R from unity, but it 
seems plausible that departures of a few per cent 
can occur.* The skew-symmetric part of (36) is, 
however, then only a few per cent of the symmetric 
part of this contribution to the ^-tensor. 


V. EFFECTS OF CRYSTALLINE FIELDS 
Wc have up to this point directed our attention 
at effects produced by an applied electric field. 


* Kamimura( u > has found that the anisotropy in the 
tiifltrix elements of the spin-orbit interaction for Ni a+ 
and Cu*+ in AlsO* may be as much as 10-15 per certf. 


Since an applied field can be viewed as an incre¬ 
ment in the existing crystalline electric fields at 
the site of the paramagnetic ion, our general con¬ 
clusions hold for crystalline fields as well: that 
the electrostatic potential energy due to the 
crystalline field is ordinarily much the more 
important interaction in producing a change in 
the ^-tensor or other interaction tensors than is 
the contribution of the crystal field to the spin- 
orbit interaction (l)f; that skew-symmetric contri¬ 
butions to the ^-tensor (or other tensors) arise 
from the electrostatic potential energy, whenever 
symmetry permits, as a result of differences in the 
radial dependence of wave functions of the differ¬ 
ent states; and that these skew-symmetric contri¬ 
butions may be expected to be much larger than 
those arising from the crystal field through (1) but 
to be at most probably only a few per cent of the 
symmetric contribution to the change in the g - 
tensor from its value for a free electron. 

Since crystalline fields are not uniform, we can 
not conclude, as we could in the case of a uniform 
applied field and no orbital degeneracy in Section 
II, that there is no^-shift to the accuracy of second 
order perturbation theory from the contribution 
of the crystalline field to (1). But such shifts 
should be much smaller than those arising via the 
electrostatic potential energy. 

The presence of a skew-symmetric part in the 
^-tensor due to the effect of crystalline fields is 
not, of course, limited to sites lacking inversion 
symmetry. For the center of arbitrary symmetry 
considered in Section II (assume for simplicity 
a single electron and no orbital degeneracy), the 
^-shift for the ground state arising in second order 
from the perturbing effect of excited states is 
described by 

■**,_ * y <gK ,H l w ><”l(^so)/|g> 
me £ ( E g -En) 


t If covalent bonding with neighboring ions is im¬ 
portant, the large potential gradient near the nuclei of 
these ions may contribute significantly to the matrix 
elements of the spin-orbit interaction. Our inferences 
from the effect of an applied electric field are then not 
applicable, and the crystalline field may, in this sense, 
contribute significantly to the spin-orbit interaction 
and, thereby, to the ^-tensor. Under such conditions a 
skew-symmetric part of the tensor could perhaps be 
comparable with the symmetric part of the change in g 
from its free electron value. 
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The difference of the coefficients here of H t Sy 
and HyS t , for example, is proportional to 


1 dV 1 dP 

<sYi\n > <n|——A||r > - <gY v \n > <n\-—~S t \g > 

2 r or y or 

—— • 

• V 9 (40) 

This may be non-zero for the same reasons that 
R in (38) may differ from unity, if the center is 
not symmetric to the interchange of the y and 
a-axes, and if other symmetry conditions are 
appropriate. 


VL MEASUREMENT OF A SKEW-SYMMETRIC 
PART TO g-TENSOR 

A skew-symmetric contribution to the g-tensor 
affects the observed paramagnetic resonance 
spectrum, but, as Kneubuhl has observed/ 1 ) one 
cannot separate the symmetric and skew-sym¬ 
metric parts of the ^-tensor by means of the usual 
experiments. If we write the spin Hamiltonian in 
arbitrary symmetry for the interaction of a spin 
system with static applied magnetic and electric 
fields H and & as 

JfT = pS -K (41) 

where the ith component of K is 

Ki = 2*n H t+2 T <* H i**> ( 42 > 

i Ik 

then the energy level spacing measures only \K\, 
which is given by 

&-2,gtgifHjHt 

w 

+ 2 (gijTitk +git Tift)HjHt&ic +0(**). (43) 

ijtk 

The coefficients in (43) being symmetric in in¬ 
dices j and /, there are therefore only six and 
eighteen independent parameters respectively 
which can be measured from the resonance fre¬ 
quency and its linear shift in an applied electric 
field. These would suffice to determine gy and 
Ti)ic if it were true that gy = gji and Tijjg = 7)i* 
(or if we wished to simulate the effects of the g- 
and T-tensore by symmetric tensors), but these 
do not determine uniquely the nine gy and 
twenty-seven T when a skew-symmetric part 
of the tensors is present. 


Intensities of transitions between energy levels 
of (41) induced by an alternating magnetic field 
depend only on the symmetric combinations of the 
f tensor coefficients appearing in (43) and thus pro* 
vide no independent information.* However, using 
an alternating electric field to induce transitions 
between levels in a static magnetic field/ 1 ** w* 
find, as suggested by Ltowio/ 14 * that transition 
intensities determine other combinations of the 
Tijk which now determine the symmetric and 
skew-symmetric parts of Tijk independently. As 
an example, for a site of symmetry Cst>, if c denotes 
the three-fold axis, and a » 5 are mutually perpen¬ 
dicular vectors in the plane perpendicular to Ci 
the spin Hamiltonian describing the linear effect 
of an applied electric field contains, among others, 
the terms* 10 ) 

pb 4 [£a{S c Ha+S a H c ) + ttiSpHk+SkH*)] 

+pb 5 l<? a (S c Ha-SaH c )+<f b (S c H b -S>Hc)] (44) 
Applying an alternating electric field along a, we 
find with static H along a that the transition in¬ 
tensity depends on 64 and 65 through the com¬ 
bination ( 64 +while with H along c the 
intensity is proportional to ( 64 —Thus 
64 and 65 can be determined independently from 
these two intensity measurements. 

VII. DISCUSSION 

The calculations that we have given lead to 
values for the £-shift due to the contribution of an 
applied electric field to the spin-orbit interaction 
( 1 ) which are small. Taking the electric dipole 
moment parameter <d> of (14) or p and t of (18) 
to be the electron’s charge times a length of at 
most an atomic dimension, say ~ 10 ' 8 cm, we 
found from (15) and ( 22 ) that the £-shift resulting 
from (1) is at most ~ <d>/2m^ <, 10“ 11 cm/kV. 
This contrasts with shifts as large as 9 x 10 -4 
cm/kV which have been observed for transition 
metal ions in silicon* 10 * and which arise from the 
applied field via interaction ( 2 ). 

Similar conclusions concerning the relative 
importance of ( 1 ) and ( 2 ) may be drawn for the 

* This is true for linearly polarized alternating mag¬ 
netic fields; independent information can be obtained 
using elliptical polarization. (See note added in proof 
at end of paper.) 
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effect of an applied electric field in changing other 
interaction tensors of interest in paramagnetic 
resonance, such as the hyperfine interaction, the 
nuclear quadrupole interaction, and the splitting 
of spin levels in zero magnetic field. Following 
Bloembergen’s original suggestion* 14 * that such 
changes linear in & should be observable for para¬ 
magnetic centers lacking inversion symmetry, 
there has been particular interest in the last of 
these,* 8,4,10,15 ” 17 * which may be described by 
the terms 

iik 

in the spin Hamiltonian (for S > £). The applied 
electric field makes a contribution via (1) to Rijk* 
as we can see by replacing the orbital Zeeman 
interaction in the derivation of Section II by the 
spin-orbit interaction due to the ion potential 
[equation (24)]. But this contribution is not 
larger than {\j2mc l ) <d), where A measures the 
strength of the ion’s spin-orbit interaction, and 
this is <, 10~ e cm -1 (cm/kV) if A = 100 cm -1 . 
Experimental values of Ri ^ much larger than this 
have been found: Ludwig and his coworkers* 3,10 * 
obtained values of 40, 11, 1-0, and 0*04 

[xKMcm” 1 (cm/kV)] for Mn + , Cr°, Fe°, and 
Cr 1 * respectively in silicon, while Royce and 
Bloembergen* 15 * and Artman and Murphy* 16 * 
found the value J? 333 = 5-9x 10“° cm -1 (cm/kV) 
for Cr 3 * in ruby. These larger values can be 
accounted for easily using interaction (2), as these 
authors have shown,* 4,16 - 16 > so that, just as with 
the^-shift and as is evident from Section III, the 
contribution to R from (2) greatly exceeds that 
from (1). 

The small effect of an applied field via (1) is a 
consequence primarily of the appearance of the 
relativistic energy me 2 in the denominator of (1). 
The Spin-orbit interaction is consequently very 
small except in the presence of a very large 
electric field, such as that inside the core of an ion 
due to the screened Coulomb potential of the 
nucleus. The spin-orbit interaction is accordingly 
a very insensitive probe for detecting relatively 
Weak fields such as those that are applied in the 
l&bpratory or crystalline fields due to neighboring 
atoms. A much more sensitive probe of the en¬ 
vironment is provided by the orbital energy of the 
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electron via the electrostatic potential energy (2) ;* 
anisotropy thus detected is communicated to the 
spin via the ion’s own large spin-orbit interaction. 
The resulting shift in the ^-tensor and in other 
interaction tensors is, as we have seen, usually 
very much larger than that arising via (1). Shifts 
due to the direct effect of the applied field via (1) 
are probably in no case large enough to be ob¬ 
servable. 

To describe this conclusion in different words, 
we note that the shift in the ^-tensor due to the 
perturbing effect of excited states is given by a 
sum of matrix elements like equation (39). A 
change in the electrostatic potential changes this 
sum in two ways, firstly by changing the spin- 
orbit operator itself by changing VF in (1), 
and secondly by changing the wave functions and 
energies of the states used in forming the matrix 
elements. We have shown that the change in the 
^-tensor due to an applied electric field is very 
much greater via the second process (using the 
unperturbed spin-orbit operator) than via the 
first (using unperturbed wave functions). We have 
inferred that a similar conclusion holds for a 
change in the crystalline field, f 

A second reason contributing to make the effect 
of an applied field via (2) so much larger than that 
of (1), particularly for some of the transition metal 
ions in silicon, is the vanishing of matrix elements 
of the electron momentum p among degenerate 
orbital states, according to (5), even when matrix 
elements of r are appreciable. The ions in which 
the largest effects of an applied field have been 
observed* 3 ' 10 * (interstitial Cr°, Mn + , and Fe+ in - 
Si) are those having orbital degeneracy in their 
ground state. This orbital degeneracy is lifted 
directly in an applied field by (2), as given by (23), 
and there is a correspondingly large £-shift. 
Matrix elements of the contribution of the applied 


* The influence of an applied electric field is not 
limited to interactions (1) and (2). In particular the field 
may displace the ion and introduce local strains which, 
in the absence of inversion symmetry, contribute lin¬ 
early in £ to shifts in the interaction tensors.* 4 * 10 * 14 * 
Such shifts are not distinguishable experimentally from 
those produced by £ via interaction (2) and may be of 
similar magnitude. 

t Fields due to ions with which covalent bonding is 
strong may, however, contribute more significantly via 
the first process or, in second order, by the combined 
effect of both. 
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field to ( 1 ) vanish among the degenerate states be¬ 
cause of the vanishing matrix elements of p ; the 
degeneracy is lifted in an applied field only by 
going to second order perturbation theory. 

While it thus appears that we can usually 
ignore the contribution of applied fields or crys¬ 
talline fields to the spin-orbit interaction ( 1 ), so 
that the resulting operator has spherical symmetry 
about the ion, matrix elements of ( 1 ) among states 
of a paramagnetic center may however still be 
appreciably anisotropic because of anisotropy of 
the wave functions of the states. Kamimura* 11 * 
has shown recently, for example, that anisotropy 
in the spin-orbit matrix elements, arising through 
the wave functions as a result principally of 
differences in the covalent bonding of different 
states, is very important for a consistent treatment 
of g-shifts, zero-field splitting, and trigonal crystal 
field splitting of various transition metal impurities 
in AI 2 O 3 . This anisotropy, together with a different 
anisotropy in the matrix elements of the orbital 
angular momentum, is responsible, as we have 
seen, for the skew-symmetric part of the g-tensor 
when symmetry allows this to be finite. 

The skew-symmetric part of the shift in the 
g-tensor in an applied electric field (for a site of 
suitably low symmetry) which arises from ( 1 ) is of 
similar magnitude to the symmetric part of the 
shift from this source and is thereby, by our 
estimate above, negligible. In fact both parts 
vanish, to high accuracy, for a state with no 
orbital degeneracy. The skew-symmetric part 
arising'from ( 2 ) will be a few per cent of the 
symmetric part from this same origin, if the ratio 
R in (38) can depart from unity by a few per cent, 
as seems quite likely. The skew-symmetric part of 
the shift in the g-tensor is thus in any case small, 
so that we should not make much of an error if we 
neglected it altogether in deducing the tensor co¬ 
efficients Tijjc of (42) from the observed shifts in 
resonance frequency (i.e. if we assumed Tyg = 
Tjiic)- Nevertheless, as a result of interaction (2) 
and a non-zero value for (R— 1), this skew- 
symmetric part may be large enough to contribute 
slightly to the observed shift. Unfortunately, the 
skew-symmetric and symmetric parts can not be 
distinguished by observations of the frequency 
shift alone, so that study of the skew-symmetric 
part would require accurate measurements of 
transition intensities in an alternating electric 


field or an alternating elliptically polarized mag¬ 
netic field (see note added in proof below). 

We infer from the results for an applied electric 
t field that crystalline r fields make very much 
greater changes in the g-tensor by changing the 
wave functions of the various states than by con¬ 
tributing to the spin-orbit interaction via VV in 
(1). The two effects may, however, be more 
nearly comparable if covalent bonding is strong. 
A skew-symmetric part of the g-tensor arises from 
crystalline fields of suitable low symmetry via the 
former process, but unless covalent effects are 
strong this part is probably not larger than a few 
per cent of the over-all shift in g from the free 
electron value. 
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Note added in proof 

Kneubiihl (private communication) has pointed out 
that the skew-symmetric part of the ^-tensor may be 
distinguished experimentally by means of measurements 
of transition intensities using an elliptically polarized 
alternating magnetic field. 
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Abstract—Values are reported for the d.c. conductivity and Seebeck voltage of sintered poly crystal¬ 
line specimens, prepared from various samples of alpha ferric oxide, in the temperature range 
20-13 50°C. High-purity samples show a non-linear relationship between the logarithm of the con¬ 
ductivity and the reciprocal of the absolute temperature. This is attributed to the presence of small 
amounts of ferrous iron (arising from oxygen loss by dissociation), whose influence is suppressed in 
impure samples. The latter show a linear relation between the logarithm of the conductivity and the 
reciprocal of the temperature. 

The Seebeck voltage is very sensitive to the presence of foreign cations in amounts of 100-1000 
p.p.m. Manganese and chromium provide trapping sites for negative carriers; magnesium and nickel 
create positive charge carriers. 

It is concluded that conduction in ferric oxide is usually dominated either by the effects of im¬ 
purities or, in highly pure ferric oxide, by deviation from stoichiometry towards metal-excess. An 
intrinsic process is believed to contribute to conduction above about 800°C. 


INTRODUCTION 

It has been reported^ 1 ” 4 ) that alpha ferric oxide 
is a semiconductor in the temperature range 
20-1350°C, with a d.c. conductivity (o) varying 
exponentially with temperature according to the 
equation 

cr = ct 0 exp ( — qjkT). (1) 

Bqth n-type and />-type ferric oxide have been 
observed, as indicated by the sign of the Seebeck 
voltage. Morin< 2 > investigated the Hall effect and 
concluded that his results were spurious. The 
absence of a genuine Hall voltage was attributed 
to low carrier mobility. 

The conductivity and Seebeck voltage of ferric 
oxide made w-type by the induced valency tech¬ 
nique are reasonably well understood/ 2 * 5_7 ) Con¬ 
duction in ^-type ferric oxide and in apparently 
intrinsic material is less well explained/ 2 ) 

In all the above work little attention is paid to 
the effects of trace impurities. Their importance 
is demonstrated in the present work. 

EXPERIMENTAL 

(1) Materials 

Six samples of ferric oxide powder were used to pre¬ 
pare specimens. Sample 1 was precipitated as a gel from 
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a solution of laboratory reagent grade ferric nitrate by 
analytical reagent grade ammonium hydroxide. The gel 
was washed, dried, crushed, and roasted at 400°C for 
15 hr. Sample 2 was prepared by the calcination to 
450°C in the air of thin layers of finely divided ferrous 
oxalate, obtained by precipitation from a solution of 
analytical reagent ferrous sulphate. Sample 3 was a 
portion of steel rolling-mill scale which had been im¬ 
pregnated with potassium carbonate at 1100°C, and 
subsequently milled to a fine powder. Sample 4 was a 
commercial powder of high purity formed by the cal¬ 
cination of ferrous oxalate. A portion of sample 4 was 
milled in a stainless Bteel ball mill for 24 hr to give 
sample 5. Sample 6 was prepared by dissolving high- 
purity iron sponge in analytical reagent nitric acid, the 
nitrate solution being evaporated to dryness and the 
residue calcined overnight in air at 600°C. 

Small amounts of cationic impurities were introduced 
into the high-purity sample 4 by making a paste of the 
powder with a dilute solution of the nitrate of the desired 
impurity. The paste was dried, crushed and fired for 
15 hr. in air at 600°C. Ferric oxide does not sinter 
extensively below 800°C so that these doped samples 
did not require milling; they were gently crushed in an 
agate mortar before compacting. 

The powder samples listed above were compacted at 
26 tons/in 2 as rods (0*5 cm dia., 2 5 cm long) or rec¬ 
tangular pellets (0*5 cm x03 cm x 1 *5 cm) and were 
fired for 3-15 hr at 1250-1300 °C. The specimens were 
allowed to cool in air, the temperature falling to 900°C 
in about 30 min. All firings were in air unless otherwise 
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stated. Considerable shrinkage and extensive grain 
growth occurred during firing. The porosity of the fired 
specimens was < 10 per cent by volume. In no case was 
a second phase observed, either by X-ray diffraction 
analysis or by microscopic inspection of a polished 
section. 

The oxides were analysed by emission spectroscopy, 
with an estimated accuracy of ± 10 per cent. The results 
given in Table 1 refer to the oxide samples; the analytical 
data in Table 2 refer to the fired specimens and were 
obtained after the electrical measurements were com¬ 
pleted. In one case (copper) considerable loss of the 
added cation occurred during the firing. 

(2) Electrical measurements 

Electrical measurements were made on fired specimens 
in both rod and pellet form and showed good agreement. 
Current leads made contact with a rod via platinum 
discs sprung against the end faces. Thermocouples 


(Pt vs. 13% Rh-Pt) were spot-welded to the discs. 
Platinum wires were twisted round the rod as potential 
probes. Contact resistance was sometimes reduced (to 
about 10 fl) by rubbing the end faces with a graphite 
pencil. 

Current leads and thermocouples were embedded in 
the pellets during pressing. This method gave very 
satisfactory results and there was no evidence of con¬ 
tamination of either oxide or thermocouple after firing. 
The platinum leads of the thermocouples also served as 
potential probes. 

Resistances were measured by both two- and four- 
probe techniques, the voltages being observed by means 
of a vibrating reed electrometer. The resistivity was 
calculated from the overall dimensions of the sample and 
the probe separation. Contact resistance showed ohmic 
behaviour; when this resistance was allowed for, or 
eliminated, two- and four-probe resistivities showed 
good agreement. 


Table 1. Analyses of ferric oxide samples used for conductivity studies 


Element 

1 

2 

Sample 

3 4 

parts per million of FeaOa 

5 

6 

Morin (2> 

A1 

800 

100 

700 

3 


— 

190 

Co 

<100 


< 100 

- 


< 30 

_ 

Cr 



500 

< 1 


< 30 

__ 

Cu 


40 

700 

< 1 


20 

3 

Mg 


llllFar wm 

< 100 

< 1 



300 

Mn 

1900 


10,000 

<2 


10 

800 

Ni 

40 


320 

CK 1 


< 10 


Si 

600 


12,000 

Sst 1 



280 

Sn 

<100 



- 


_ 


Ti 

< 100 

100 


- 


_ 

_ 


Table 2. The effects of foreign cations on the electrical properties of ferric oxide 


Cation 


Concentration 
p.p.m. At.% 


O 

150°C 

O' 1 cm -1 


q Seebeck voltage 

eV 150°C 

at 150°C 


Nil (Ssanple 4) 



1-8X10- 4 

0-68 

Mn 

80 

0-018 

2-0xl0-« 

0-92 


280 

0-041 

9-3x10-7 

0-92 


460 

0 067 

4-9x10-7 

0*95 

Cr 

570 

0-088 

4-7x10-5 

0-86 

Cu 

30 

0-004 

l-6xl0-« 

1*33 

Mg 

50 

0-017 

2-5x10-5 

0-71 


500 

0-17 

l-0xl0- £ 

0-45 

Ni* 

140 

0-019 

50xl0-« 

0-81 


n-type 
n-type 
n-type 
n-type 
n-type 
n-type 
n-type 
P- type 
P- type 


• TUs sample was prepared by the oxidation of very pure iron carbonyl; nickel waa the only impurity detected 
sp e ct r os co p ically. 
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For measurement of the Seebeck voltage, the sample 
was placed in a temperature gradient in a furnace. Tem¬ 
perature differences along the sample of 2-20°C were 
used. The thermocouple voltages were measured to the 
nearest micro-volt on a potentiometer and the Seebeck 
voltage developed was measured between the platinum 
thermocouple leads on a vibrating reed electrometer. 
The Seebeck voltage in mV/°C was found by plotting the 
temperature difference against the voltage developed. 
The values are quoted relative to platinum. In a tem¬ 
perature gradient the predominant charge carriers diffuse 
towards the cold end of the sample. The sign of Seebeck 
voltages given in this paper is the sign of the probe which 
was at the lower temperature and is thus the sign of the 
predominant charge carrier. 

All measurements were made in air, and all curves 
were obtained with rising temperature, unless otherwise 
stated. Good reproducibility was generally found on 
cooling; the changes occasionally observed were attri¬ 
buted to the effect of cooling rate on grain boundary 
composition. Measurements were made on several 
specimens of each of the samples. In view of the good 
reproducibility, and because the measurements were 
primarily exploratory, only one specimen of each doped 
sample listed in Table 2 was examined. 

RESULTS AND DISCUSSION 

(1) Conductivity 

All previous workers* 1 " 4 ) have reported linear 
plots of logiocrvs. T~ l for sintered ferric oxide 
compacts. The present results for specimens from 
impure samples (nos. 1, 2, 3 and 5) shown in Fig. 1 
are seen to agree fairly well with the earlier data. 
Apart from the deviation at lower temperatures 
shown by sample 3 the conductivity values of our 
specimens fell about a line of best fit (least squares 
criterion) given by 

a * 2*7 x 10 3 exp(-0-96/*r). • (2) 

The published values of the pre-exponential 
factor, cto x 10 3 ft -1 cm -1 , and the activation energy 
q in eV are as follows: 40*8, TIS^; 21, 1*17< 2 >; 
12*6, 1*17< 3 >; 0*74, 1*06< 4 >. The agreement of past 
and present results is surprisingly good in view of 
the use of sintered compacts and the impurity of 
the materials. The available analytical data are 
summarized in Table 1. 

Specimens of high-purity ferric oxide (from 
samples 4 and 6) fired above 1250°C invariably 
gave a non-linear conductivity plot in which three 
regions can be distinguished (Fig. 2). They are: 

A. q -s 0*7 eV; 7 1 < 450°C; 

B. q~ 0*1 eV; 450° < T < 800°C; 

C . q~ TO eV; T > 800°C. 
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The temperature limits are not precise. In region 
C the conductivity values are very closely similar 
to those for impure samples, as can be seen in 



Fig. 1. The conductivity of impure ferric oxide as a 
function of temperature: 

O, A, A, • Specimens from samples 1, 2, 3 and 5; (i) 
Meyer and Neldel/ 1 ) (ii) Morin, 1 (iii) Lessoff, 
Kersey and Horne/ 3 ) (iv) Bevan, Shelton and 
Anderson. 

Fig. 2. Carriers in this temperature range are 
thought to arise both from oxygen loss and by an 
intrinsic process. In regions A and B the conduc¬ 
tivity is higher than for impure specimens. This is 
attributed to traces of ferrous iron arising from 
oxygen loss during firing. Evidence for this will 
be given in Part 2 of this paper: it will also be 
shown that in region B the conductivity changes 
are probably due to changes in mobility of the 
carriers, and that conduction in region A is domin¬ 
ated by effects at grain boundaries. 
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Sufficient ferrous iron should be formed (by 
oxygen lossW) during any normal firing schedule 
(firing temperature > 1000°C) to make a ferric 
oxide compact appreciably conducting at room 
temperature (Fe 2 * > 10" 4 at% i.e. <t 2 o°c >10“* 
Or 1 cm- 1 ). However, the reported conductivities 
at room temperature are in the region of 10~ 13 
cm -1 . Our results suggest two reasons for this dis¬ 
crepancy: first, the presence of foreign cations in 
amounts > 100 p.p.m., and secondly the re¬ 
oxidation at grain boundaries which occurs during 
cooling of a fired compact. Some evidence for 
grain boundary effects will be presented in Part 2. 

We offer here three pieces of evidence relating 
to the effects of impurities. First, our finding that 
specimens from high-purity samples (nos. 4 and 6) 
gave non-linear conductivity plots (Fig. 2, curves 



FlO. 2. The conductivity of high-purity ferric oxide 
specimens as a function of temperature (i) from sample 
6, (ii) from sample 4, (iii) from sample 5, (iv) line of 
be«t fit for impure specimens. 


i and ii) while specimens from impure samples 
(nos 1, 2, 3 together with Morin’s samples) gave 
linear conductivity plots (Fig. 1), leads one to 
associate the linearity of the conductivity plot of a 
fired specimen with the presence of several cation 
impurities. Secondly, the effect of introducing 
several foreign cations into the high-purity sample 
(4) by milling (to give sample 5) is to alter the con¬ 
ductivity from curve ii, Fig. 2 (specimen of sample 
4) to curve iii, Fig. 2 (specimen of sample S); the 
latter curve is almost linear and is very close to 
curve iv, the line of best fit for specimens from 
impure samples. The impurities introduced by 
milling can be seen from Table 1. Thirdly, we 
examined the effects of introducing several com¬ 
mon cation impurities singly into the high-purity 
oxide, sample 4. The results obtained with fired 
specimens are given in Fig. 3 (curves ii and iii) 
and are summarized in Table 2. Comparison with 
the results for high-purity specimens (Fig. 3, 
curve i, and Table 2) show the effects of foreign 
cations to be profound. Manganese, present in 
more than 80 p.p.m. lowers the conductivity and 
increases the activation energy. The ferrous con¬ 
tent, as estimated from the conductivity values in 
region B of the curve, is little altered. Thus, 
manganese appears to affect the availability of 
carriers at lower temperatures but not the total 
number. This effect was also reported by 
Jonker (10) for 14,000 p.p.m. of manganese. 
Chromium behaves similarly to manganese. 
Copper, magnesium and nickel have a more radical 
effect. In small quantities (<0*02 at. %) they 
reduce the conductivity, presumably by elimina¬ 
tion of the ferrous iron. Magnesium when added 
in larger amounts increases the conductivity by 
introducing p-type carriers. The behaviour of the 
Seebeck voltage suggests that copper and nickel 
can also introduce positive charge carriers. 

These results lead one to suggest that the 
linearity of logger vs. T~ 1 often reported for ferric 
oxide is a consequence of the presence of cation 
impurities and is probably not due to carrier for¬ 
mation by an intrinsic mechanism throughout the 
entire temperature range. 

(2) Seebeck voltage 

Although the published conductivity data for 
ferric oxide are reasonably consistent, the data for 
"the Seebeck voltage show wide variation.^* ®) 
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t°k;’ xio 3 

Fig. 3.The influence of foreign cations on the conductivity 
of high-purity ferric oxide as a function of temperature: 
(i) specimen of sample4, (ii) + 280 p.p.m. Mn, (iii) + 500 
p.p.m. Mg, (iv) line of best fit for impure specimens. 

(Figure 4, curves i-iii.) This has also been found 
in the present work with specimens from impure 
samples (Fig. 4, curves iv-vi). Such variations 
again suggest that conduction is not intrinsic at all 
temperatures in these samples despite the linear 
conductivity plots. The majority of samples is 
w-type at lower temperatures, as would be expected 
for an oxide showing deviations towards metal- 
excess. Conduction can also occur by positive 
carriers since some samples are />-type at all tem¬ 
peratures, and most n-type samples become p-type 
above 1000°K. At higher temperatures the Seebeck 
voltage again becomes negative; this is seen in- 
cipiently in Fig. 4 (curve v) and Fig. 5 (curves i, 
iii, iv and v), and will be more fully described in 
Part 2. 



500 1000 1500 

T°K 


Fig. 4. The Seebeck voltage of impure ferric oxide as a 
function of temperature: (i) Morin/ 2 * specimen fired 
in Oa, (ii) Morin, specimen fired in 74Ni + 20a, (iii) 
Lessoff, Kersey and Horne/ 8 * (iv)-(vi) specimens of 
samples 1, 2, 3. 


The presence of foreign cations is probably 
responsible for the wide variation of Seebeck 
voltage. The effects of foreign cations singly intro¬ 
duced in the high-purity ferric oxide, sample 4, 
can be seen from Fig. 5 and Table 2. Manganese 
increases the Seebeck voltage (Fig. 5, curve ii) 
which is consistent with the introduction of elec¬ 
tron traps. Copper greatly reduces the Seebeck 
voltage (Fig. 5, curve vi), an effect which appears 
to be due to the suppression of negative carriers 
and the formation of positive carriers. A small 
amount of magnesium (50 p.p.m.) has little effect 
(Fig. 5, curve iii) although the conductivity is 
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reduced as can be aeen from Table 2; a larger 
amount of magnesium (500 p.p.m.) introduces 
predominating positive carriers (Fig. 5, curve iv). 
Nickel also introduces positive carriers (Fig. 5, 
curve v), These results lead one to expect that the 
p-type samples reported by Morin and 
Lessoff(*> (Fig. 4, curves i and iii) contained a 
divalent impurity; indeed the analysis of Morin’s 
material (quoted in Table 1 from Ref. 2) showed 
300 p.p.m. of magnesium. 

The Seebeck voltage for the specimen contain- 



0.5. The influence of impurities on the SeebecJc voltage 
of high-purity ferric oxide as a function of temperature: 
(i) specimen of sample 4, (ii) +280 p.p.m. Mn, (iii) +50 
p.p*m. Mg, (iv) +500 p.p.m. Mg, (v) +140 p.p.m. Ni 
(see Table 2), (vi) +30 p.p.m. Cu. 


ing 500 p.p.m. of magnesium (Fig. 5, curve iv) is 
reasonably constant between 400°K and 1000°K, 
which indicates that the carrier concentration is 
constant in this temperature range. The Seebeck 
voltage is then given approximately by the 
equation 

e = - log/— ~ 198 . log 10 — /xFfC (3) 
e p p 

where k is Boltzmann’s constant, e the electronic 
charge, and No and f are the number of available 
states and the number of positive carriers per cm 3 
respectively. Since ^-carriers are identified as holes 
on oxygen ions (O - , see Part II) TVo is taken as the 
number of anions per cm 3 , i.e. 6 x 10 22 cm -3 . By 
substituting the observed value of 6 in equation (3) 
the value of p is calculated to be 6 x 10 19 cm -3 or 
0*15 per cent of the cations; this is in excellent 
agreement with the analytical figure for magnesium 
content, 0*17 at .% (Table 2) and indicates that 
each Mg 2+ introduces one positive carrier. 

Since we can take the carrier concentration in 
this specimen as constant between 400 and 1000°K 
and equal to 6x 10 ie cm" 3 , we can calculate hole 
mobilities from the conductivity values. The 
mobilities thus obtained at 300 and 600°K are 
5*6 x 10“ G and 2*1 x 10“ 2 cm 2 V" 1 sec -3 respec¬ 
tively; the activation energy for hole mobility in 
this sample is 0*46 eV. The mobilities of negative 
carriers at these temperatures in ferric oxide doped 
with T0at.% of titanium are T6 x 10“ 2 and 
5*6 x 10" 2 cm 2 V' 1 sec -1 (calculated from equation 
(5), given below). Thus in these samples below 
about 600 U K the holes are less mobile than the 
electrons. At higher temperatures the holes become 
more mobile than the electrons, as indicated by 
the change of sign of the Seebeck voltage for 
high-purity specimens with increasing temperature 
(Fig. 5, curve i). 

If the hole mobilities in the specimen contain¬ 
ing 500 p.p.m. of magnesium are fitted to an 
equation for carrier movement by thermally- 
activated diffusion (of the type given in Ref. 7) one 
obtains: 

91400 

= —jT ex P(”0*46 cV/kT) (4) 

This can be compared with the electron mobility 
equation for ferric oxide doped with 1 -0 at. % 
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titanium, which is 
232 

= — ex P( “ 0* 1 eV/AT) (5) 

In this equation the pre-exponential factor has 
been calculated from Jonker’s conductivity data< 7 > 
using a value of 0-1 eV for the mobility activation 
energy/ 2 * 8 > 

(3) The origins of the carriers 

We interpret the Seebeck voltage of ferric 
oxide as follows. A positive voltage at all tem¬ 
peratures is due to the presence of cation impuri¬ 
ties, such as magnesium and nickel, which intro¬ 
duce positive carriers. We have been unable to 
prepare completely positive specimens by roasting 
high-purity material in oxygen. This is consistent 
with the thermodynamic data/ 9 > which indicate 
that small amounts of ferrous iron are formed in 
ferric oxide even when it is fired in oxygen at 
atmospheric pressure. Most of the ferrous iron 
formed during firing is “frozen in” on cooling and 
leads to n-type conduction at temperatures low 
enough for the intrinsic carriers to be negligible. 
The Seebeck voltage of n-type specimens is thus 
determined, below about 800°C, by the degree of 
non-stoichiometry introduced during firing, and 
by the nature and amounts of foreign cations; it 
is probably also influenced by the nature of the 
grain boundaries. Above 800°C (i.e. in region C 
of the conductivity plot, Fig. 2) both impure and 
high-purity samples show similar behaviour of con¬ 
ductivity and Seebeck voltage (e.g. compare curve 
v, Fig. 4 with curve i, Fig. 5). It is postulated that 
above this temperature carriers arise by two 
mechanisms: 

(i) intrinsic: Fe 3 + + 0 2- -> Fe 2+ -fO“ (6) 

(ii) by oxygen loss: 

lattice -»*4xFe 2 +-f *02 (gas) (7) 

The electrons are believed to jump to neighbour¬ 
ing cations and the holes to neighbouring anions, 
processes requiring activation energies of ~ 0T and 
^ 0-5 eV respectively. The rapid change of 
Seebeck voltage in pure samples above 800°K 
(c.g. Fig. 5, curve i) from a large negative value to 
a small positive maximum is attributed to the 
more rapid increase with temperature of the hole 
mobility than the electron mobility (as can be 
seen by comparing equations 4 and 5 ). At higher 


temperatures still (>1600°K) the number of 
n-carriers arising from oxygen loss outweighs the 
greater hole mobility and the Seebeck voltage be- 
- comes negative agaiii 

The evidence for these processes will be dis¬ 
cussed more fully in Part II. The question arises 
here, as to why specimens of high-purity show 
evidence of carriers arising from oxygen loss and 
“frozen in” during cooling while impure specimens 
do not. Two explanations can be suggested to 
account for this difference. The first is that con¬ 
ductivity changes of impure specimens below 
~ 1Q00°K are dominated by the influences of 
impurities on carrier mobility. Alternatively it is 
possible that in impure specimens carrier numbers 
rather than mobilities are changing with tem¬ 
perature. The role of cation impurities may then 
be to decrease the degree of non-stoichiometry at 
high temperatures, to provide traps for carriers 
arising from oxygen loss, or to accelerate the rate 
of equilibration (i.e. re-oxidation) during cooling 
of the specimen after firing. Further evidence is 
required to decide between these possibilities but 
the Seebeck voltage curves suggest that numbers 
rather than mobilities are altered by the presence 
of foreign cations. 
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Abstract—Values are reported for the d.c. conductivity and Seebeck voltage of several specimens 
of high-purity poly crystalline alpha ferric oxide between 20°C and 1350°C. It is found that carriers 
arising from deviations in stoichiometry contribute to conduction in fired specimens. Below about 
100(TC the carrier concentration is constant and equal to the concentration of quenched donors; 
above about 1000 y C oxygen loss is equilibrated and the carrier concentration varies with temperature. 
The curve of logio conductivity vs. reciprocal temperature accordingly shows two regions of activa¬ 
tion energies about OT and about 1*0 eV respectively. Below about 450°C oxidation at grain boun¬ 
daries causes the activation energy to increase from about OT to about 0*7 eV. 

The positive Seebeck voltage observed above about 1000°C shows that positive carriers also con¬ 
tribute to conduction, and possible mechanisms for their formation are discussed. The most probable 
mechanism is thought to be the formation of both n- and carriers by transfer of an electron from an 
oxygen ion to a ferric ion. The thermal activation energy for this process of 1 '8 eV (calculated by 
analysis of the activation energy for conduction) is reasonably close to the value of 1 *9-2-5 eV calcu¬ 
lated from spectral data. 

A full conductivity scheme is described. Calculated values of the conductivity and Seebeck voltage 
are in close agreement with the experimental data. The scheme will also explain apparently con¬ 
flicting observations in the literature on the effect of oxygen partial pressure on conductivity. 


1. INTRODUCTION 

Alpha ferric oxide has been variously described 
as an intrinsic, and as a metal-excess oxide semi¬ 
conductor. Conduction has been identified'~ 6 > as 
intrinsic for three reasons. First, Wagner and 
Koch* 1 ! found that the conductivity at 1000°C 
was unaffected by changes in oxygen partial 
pressure between 0-21 atm and 3*6xl0~ 3 atm. 
Secondly, “pure” samples of ferric oxide have been 
founds* 3 > to give a linear plot of logio conductivity 
vs. reciprocal temperature. Thirdly, the con¬ 
ductivity curves for titanium-doped ferric oxide 
approach that for “pure” ferric oxide at high tem¬ 
peratures .* 2 - 3 > 

Although it has been stated* 7 ! with reference to 
conduction in pure ferric oxide that no appreciable 
deviation from stoichiometry occurs, such devi¬ 
ation has been demonstrated/ 8 ! Meyer and 
NeldelW showed that a slight metal excess 
(formed by hydrogen reduction) increased the 


conductivity, and Bevan, Shelton and Ander¬ 
son^ demonstrated that the conductivity be¬ 
tween 400 and 700°C increased as oxygen partial 
pressure decreased from 0*21 atm to 1 -3 x 10" 8 atm. 
It is on the basis of these findings that ferric oxide 
has been classified as a metal-excess oxide semi¬ 
conductor. 

Morin* 2 * 6 > while attributing conduction 
primarily to an intrinsic mechanism, recognized 
that carriers could arise by deviation from stoichio¬ 
metry. He considered ferric oxide to be ampho¬ 
teric, showing either a p- type or an n-type Seebeck 
voltage depending on the sintering atmosphere, 
and suggested that the carriers were Fe 4+ and Fe 2+ 
respectively. Jonker* 11 * 13) also reported a carrier 
contribution arising from oxygen loss during 
firing. 

In Part 1 it was shown< 12 > that the linearity of 
the plot of logio conductivity vs. reciprocal tem¬ 
perature for fired specimens of ferric oxide is 
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probably due to the presence of cation impurities, 
and that ferric oxide shows a positive Seebeck 
voltage below about 1000°K, only when such 
impurities as Mg a+ and Ni 2+ are present. These 
findings call in question earlier conclusions* 2 * fl ) on 
the conduction mechanism. 

In the present work the use of ferric oxide of 
high-purity has led us to conclude that carriers 
arising from deviations in stoichiometry play a 
significant part in the conduction process. Above 
about 1000°C, ferric oxide specimens equilibrate 
with the surrounding atmosphere and the number 
of carriers arising from oxygen-loss varies with 
temperature. Below about 1000°C equilibration 
is slow and donors are frozen into the lattice; 
hence their contribution to the carrier concentra¬ 
tion is independent of temperature. We showed 
earlier* 12 ) that the effects of carriers arising from 
non-stoichiometry are masked by the presence of 
cation impurities. In the present work we have 
found, from variation in the microstructure of the 
specimens, that below about 450°C, grain 
boundary oxidation also masks the effects of non¬ 
stoichiometry. 

Although carriers arising from non-stoichio¬ 
metry account for much of the electrical behaviour 
they do not explain the positive Seebeck voltage 
observed above about 1000°C. It is necessary to 
postulate a further source of carriers, and reasons 
are given for identifying this as the thermally- 
activated transition of an electron from an oxygen 
ion to a ferric ion, to form both n - and p-carriers. 
The negative carriers are thus identified as elec¬ 
trons on ferric ions, i.e. Fe 2 *, as has been demon- 
strated* 8 * 11 * 13 ) for titanium-doped samples; the 
positive carriers are thought to be holes on oxygen 
ions. We have found that when carriers from both 
sources are considered, a full conductivity scheme 
can be derived from earlier models* 2 * 6 * 13 ) which 
explains in detail the observed electrical properties 
of high-purity ferric oxide. 

2. EXPERIMENTAL DETAILS 

Ferric oxide specimens for electrical measurements 
were prepared in one of two wayB: (1) by oxidizing iron 
wire, and (2) by sintering ferric oxide powder compacts. 
For the first method platinum leads were spot-welded 
to short lengths of iron wire (0'25 mm dia.) which were 
subsequently converted to ferric oxide by prolonged 
roasting in air at 1000°C. In the preparation of the com¬ 
pacts current leads and thermocouples were embedded 


in the oxide powder compacts during pressing, and the 
compacts were subsequently fired as described earlier.* iaj 
Resistivity and Seebeck voltage were measured by four- 
probe techniques. 1 * 12) 

Two samples of high-purity ferric oxide were used to 
prepare compacts. Both were made by calcining ferrous 
oxalate in air, and gave X-ray diffraction patterns con¬ 
taining only lines due to alpha ferric oxide. They 
differed in that Sample 1 was prepared from thick layers 
(about 1 cm) of oxalate at about 650°C, and Sample 2 
from thin layers (about 2 mm) at about 450°C; Sample 2 
showed a lower ferrous iron content and smaller crystal¬ 
lite size. The properties of the samples and their spectro- 
graphic analyses are summarized in Table 1. Some four- 
probe resistance measurements were made on a synthetic 
single crystal of ferric oxide. The analysis of the crystal 
is also given in Table 1. 

The ferric oxide samples and some fired specimens 
were analysed for ferrous iron. The oxide was dissolved 
by heating with constant boiling hydrochloric acid in a 
sealed Carius tube at 120-125°C. The acid was freshly 
distilled from ferrous chloride and was passed through 
a silver reductor immediately before use. The tube, 
sample and acid were thoroughly out-gassed, and the 
tube was filled with nitrogen before sealing. The ferrous 
iron was titrated with NJ2S0 potassium dichromate. A 
blank run, in which standardized ferrous chloride 
solution replaced the sample, was made at the same time. 
The amount of ferrous iron consumed in the blank 
(typically 0*02 wt.%) was added to the ferrous content 
found for the sample, which generally ranged from 005 
to 0* 15 wt.%. 


3 RESULTS AND DISCUSSIONS 

In this Section the conductivity and Seebeck 
voltage of high-purity ferric oxide are reported and 
qualitative conclusions are drawn about the con¬ 
duction mechanism. Below about 450°C the effects 
of grain boundaries complicate the behaviour of 
polycrystalline specimens. Behaviour at higher 
temperatures is free from these effects and provides 
more direct evidence for the conduction mech¬ 
anism. Consideration of this behaviour has led to 
the development of the quantitative conduction 
scheme described in Section 4. 

3.1 Conductivity 

The conductivity curves for ferric oxide speci¬ 
mens of high purity, fired in air above 1000°C and 
slowly cooled, show three regions* 12 ) of differing 
activation energy (e.g. curve (i) Fig. 1): 

A. q ~ 07 eV; T < 450°C; 

B ■ q~ 0-1 eV; 450° < T < 800°C; 

C. g ~ 1-0 eV; 800°C < T. 
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Table 1. Properties and analyses of Starting Materials 


Crystallite size (by X-ray diffraction line 
broadening), (microns) 

Ferrous iron content (wt.%) 
present method 

Clark’s method* 14 * 

Oxide Samples 
,» 2 

0 1-1 0 007 

~ 0 08 < 0 02 

— < 0 005 

Iron wire 

\\ 

i 

Single 

Crystal 

Analysis, p.p.m. 

Ag 


< 1 

< 1 


AI 

3 

— 

— 

1400 

B 

— 

— 

— 

< 30 

Cr 

< 1 

— 

— 

1300 

Cu 

< 1 

< 1 

< 1 

<40 

Mg 

< 1 

1 

< 1 

500 

Mn 

<2 

2 

3 

400 

Nb 

<30* 

< 30* 

< 30* 

< 100 

Ni 

~ 1 

2 

2 

400 

Si 

~ 1 

10 

< 1 

1800 

Sn 

< 5* 

< 5* 

<5* 

<400 

Ta 

< 200* 

< 200* 

< 200* 

<800 

Ti 

< 10* 

< 10* 

< 10* 

10 

Zr 

< 50* 

<50* 

< 50* 

<200 


* Lower limit of detection. 


We have concluded first that in region A the value 
of q is greatly affected by oxidation at grain 
boundaries; secondly that the value of q in region 
B is that for n-carrier mobility, the carrier con¬ 
centration remaining constant; and thirdly that in 
region C the activation energy is primarily deter¬ 
mined by changes in carrier concentration. 

3.1J. The effects of grain boundaries: Region A. 
During firing of a ferric oxide specimen a slight 
metal-excess is formed by loss of oxygen. Re¬ 
oxidation occurs on cooling, initially at grain 
boundaries. The extent of re-oxidation will de¬ 
pend on the rate of cooling and on the micro- 
structure (porosity and grain size). We find a high 
value of q under conditions favouring re-oxidation; 
when re-oxidation is minimized, the region of high 
activation energy, A, is absent and region B 
(q ~ 0*1 eV) extends down to room temperature. 
We therefore consider the high q value in region 
A to be attributable to grain boundary oxidation. 

This interpretation is supported by three pieces 
of evidence. First, the value of q is smaller for a 
rapidly cooled than for a slowly cooled poly¬ 
crystalline compact (compare curves (i) and (ii) in 


Fig. 1). Secondly, the value of q is smaller for 
specimens of large grain size* 15 ) than for those of 
small grain size—compare curves (i) and (iii) in 
Fig. 1 and the photomicrographs Figs 2(a) and (b). 
Thirdly, the combination of rapid quenching, 
adequate grain size and low open porosity, results 
in a conductivity curve showing only regions B 
and C (curve (iv), Fig. 1 and photomicrographs 
2(c) and (d)). The reason for believing grain 
boundary effects to be absent from this specimen 
(oxidized iron wire) is that the curvature of curve 
(iv), Fig. 1, below 1000°K can be wholly accounted 
for by mobility changes (cf. Section 3.1.2); this 
is not possible for curves (i) and (ii) in Fig. 1. 

The tendency of «-type oxides to adsorb oxygen 
at grain boundaries is well known and the resultant 
increase in resistance has been demonstrated by 
Morin* 2 ) and by Suchet* 16 ) using a.c. methods. 
Further evidence for an accompanying increase 
in the activation energy for conduction is provided 
by the increase of the temperature coefficient of 
resistivity* 17 ) resulting from the deliberate intro¬ 
duction of porosity (and hence improved access of 
oxygen) into polycrystalline specimens of n-type 
ferric oxide. Since a complete explanation for the 
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effects of grain boundary oxidation cannot be 
given at the present time further discussion will be 
primarily concerned with specimens in which the 
composition of the grain boundaries is believed to 
approximate to that within the grains. 



0*6 1*0 2*0 30 


T^K ', 1 xIO 3 

Fig. 1. The conductivity of ferric oxide specimens of 
high purity as a function of temperature: (i) compact of 
Sample 1 fired at 1300°C in oxygen and cooled to 900 J C 
in about 30 min.; (ii) the same compact after quenching 
from 1300 to 20 W C in about 10 sec; (iii) slowly cooled 
compact of Sample 1 in which large grains had grown; 
(iv) oxidized iron wire, quenched to 20°C in about 1 sec 
after 5 hr at 1300°C: V Single crystal of ferric oxide 
grown from sodium tetraborate; four-probe resistivity 
along the (111) plane of a specimen quenched after 13 hr 
at 1300 J C in air. 

It has been argued that, apart from variation in 
composition, the very presence of grain boundaries 
can invalidate conclusions based on data obtained 
with polycrystalline specimens. In the present 
work, results obtained on polycrystalline speci¬ 
mens above 450°C are believed to be free from 
grain boundary effects. This i9 supported by pre¬ 
liminary measurements on a synthetic single 
crystal (Fig. 1,V) which show that the conduc¬ 
tivity is closely similar to that of polycrystalline 
specimens, both in absolute value and in tem¬ 
perature coefficient. This indicates that neither 
carrier mobility nor the activation energy for 
carrier formation is seriously affected above 450°C 
by the presence of grain boundaries. The analysis 
of the conduction mechanism given below is there¬ 
fore believed to be of general validity. 


3.1.2. Quenched donors arising from oxygen loss: 
Region 5, Ferric oxide becomes oxygen-deficient 
at high temperatures in air.* 8 * 18 > We find that the 
donor centres formed in this way are frozen into 
the lattice on cooling, in a manner analogous to 
that observed in NiO (10) and Cr 2 C> 3 .( 20 ) The 
carrier concentration in a fired specimen below 
about 800°C is thus fixed and equal to the concen¬ 
tration of quenched donors; hence the change in 
conductivity with temperature is due to changes of 
mobility. Region B of the conductivity curve 
corresponds to the temperature range of constant 
carrier concentration. 

These conclusions are supported by the follow¬ 
ing evidence. The presence of excess metal in 
fired specimens was shown by analysis, ferrous 
iron contents of 0-05-0'15 wt.% being obtained; 
the excess metal gives rise to negative carriers, as 
indicated by the negative Seebeck voltage ob¬ 
served for these specimens below 1000°K (Fig. 5). 
There are two reasons for attributing the oxygen 
loss at high temperatures to genuine deviations 
from stoichiometry rather than to impurities such 
as carbon. First, ferric oxide specimens derived 
from different starting materials (ferrous oxalate, 
ferric nitrate, iron wire) gave closely similar con¬ 
ductivity curves (see Part 1, and Fig. 1). Secondly, 
the increase in oxygen deficiency with rising tem¬ 
perature* 8 ) would lead one to predict that the con¬ 
ductivity in region B should increase with in¬ 
creasing firing temperatures; that this is the case 
can be seen from the results shown in Figs 3(B) 
and 4. 

If the conductivity changes in region B are^due 
only to changes of mobility they should obey an 
equation of the form:* 13 ) 

a = Ntfun = N d eA/T exp(-a jkT) (1) 

where N d = quenched donor concentration, e = 
the electronic charge, = n-carrier mobility, 
T - absolute temperature in degrees Kelvin, A 
is a temperature-independent constant, a is the 
activation energy for w-carrier mobility and k 
is Boltzmann's constant. Equation (1) requires 
that logio(crT') should be a linear function of 
T ^ in region B and this was found to be 
the case for the results shown in Fig. 4. Values 
of a were obtained from the gradients of plots of 
logio (oT) vs. T~ l and were used, together with 




2b 

Fig. 2. Photomicrographs of ferric oxide specimens giving the curves 
shown in Fig. 1 ; (a) specimen giving curves (i) and (ii); average grain 
dia. 40/u; porosity, 12 vol.% on grain boundaries, 4% within 
grains; crossed Nicols: (b) specimen giving curve (iii); average grain 
dia. 130 fi) porosity, 16 vol.% on grain boundaries, 11% within grains; 
crossed Nicols: (c) and (d) specimens giving curve (iv); average grain 
dia. 40 fx ; Nicols uncrossed (c), and crossed (d). 


[facing page 1J86 





THE ELECTRICAL PROPERTIES OF ALPHA FERRIC OXIDE—II 


1187 


values Na calculated for the various firing tem¬ 
peratures from thermodynamic data/ 8 ) to calcu¬ 
late values of A from the conductivities. Values 




Fig. 3(A). The conductivity of an unfired compact of 
ferric oxide (Sample 2) between 400 and 600°C; tem¬ 
perature rising (O) and falling (A)- 3(B). The in¬ 
fluence of firing temperature on the conductivity of 
a compact of ferric oxide (Sample 2 ): (i) the unfired 
compact; (ii)—(vi) curves obtained for specimen 
quenched after 20 hr at the stated temperatures. 


of these constants are summarized in Table 2, and 
were used to obtain the solid curves shown in Fig. 
4. It can be seen from Table 2 that the value of q 
in region B (~ OT eV) is comparable with the 
values of a; and frorh Fig. 4 that the mobility 
term in equation (1) adequately accounts for the 
temperature dependence of conductivity for non- 
stoichiometric ferric oxide below 1000°K. 



Fig. 4. The influence of firing temperature on the con¬ 
ductivity of ferric oxide from iron wire: specimen 
quenched after 5 hr at 1000°C (O); at 1100°C (#), at 
1 200°C (A) and at 1300°C (x ); 

-impure specimens (best fit, 9 ee Ref. 12); 

-calculated from equation ( 1 ) using constants 

from Table 2. 

The agreement between the experimental data 
and the calculated curves shown in Fig. 4 for 
oxidized iron wire justifies our assumption that 
re-oxidation during cooling was negligible. This 
was not the case for the oxide compact giving the 
curves shown in Fig. 3(B). Re-oxidation of this 
specimen during cooling is indicated by the more 


Table 2. Conductivity constants for non-stoichiometric ferric oxide 
below about 800°C 


Firing temperature (°C) 

N d + 

(cm' 3 ) calc 

A* 

(cm 2 v-i 8ec -i ° K ) 

a* 

(eV) exptl 

1000 

4-5 x 10 18 

2270 

0-31 

1100 

1-7 x 10 X9 

207 

0-22 

1200 

5-5 x 10 1B 

44 

0-13 

1300 

1 -5 x 10 20 

42 

0*12 

Fe 2 O 3 + TO atom% Ti 

4 x 10 20 

232 

010 


See equation (1). 
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pronounced curvature at lower temperatures and 
by the generally lower conductivities for a given 
firing temperature (cf. Fig, 4). 

3.1.3. Carrier formation at high temperatures: 
Region C. We attribute the variation of conduc¬ 
tivity with temperature in region C (800°C < T) 
primarily to changes in carrier concentration. Our 
results indicate that carriers are formed by a 
rapidly-equilibrated process common to all samples. 
Some of the carriers are negative and arise from 
loss of oxygen (as shown in Section 3.1.2), a pro¬ 
cess that probably equilibrates quite rapidly above 
1000°C, Positive carriers also contribute to con¬ 
duction in region C, as can be inferred from the 
positive Seebeck voltage in this temperature 
range. 

We offer two reasons for believing that in region 
C carriers are formed by a rapidly-equilibrated 
process common to all samples, (a) Conductivity 
values for all specimens are very similar. This was 
shown for impure samples in Part 1 and can also 
be seen in Fig. 4 (compare curve (v) with the 
experimental points). The agreement between 
high-purity sintered compacts and oxidized wire 
can be seen in Fig. 1 by comparing curves (i)-(iii) 
with curve (iv); it is considered to be good in 
view of the very different cross-sectional areas— 
ct 0*05 cm 2 and ~ 0*001 cm 2 respectively. 

(b) Conductivity values in region C showed no 
polarization or time-dependence and were little 
affected by firing temperature. The small effect of 
firing temperature is most clearly seen in the results 
given in Fig. 4; the slight differences shown by the 
oxide compact (Fig. 3b) are attributed to sintering 
and grain growth (which occur at an appreciable 
rate in powder compacts above 1000°C). 

Conduction in region C is mixed. Some negative 
carriers arise from oxygen loss, as was shown 
earlier. The presence of positive carriers is de¬ 
duced from the Seebeck voltage. 


3.2 Seebeck voltage 

Values for the Seebeck voltage of ferric oxide 
specimens of high purity are shown as a function 
of temperature in Fig. 5, where the regions A, B 
and C are marked for reference to the fired speci¬ 
mens (curves (i) and (ii)). The behaviour of the 


Seebeck voltage of fired specimens is consistent 
with our earlier interpretation of these three tem¬ 
perature ranges. The Seebeck voltage in region A 
was found to be poorly reproducible from one 
specimen to another; this is reasonably attributed 
to grain boundary effects (see Section 3.1.1). Re¬ 
producibility as between specimens was generally 
better above 450°C. In region B the number of 
carriers is constant and equal to the number of 
quenched donors. This would lead one to expect a 
value of the Seebeck voltage independent of tem¬ 
perature^ 13 ! the minima or inflections observed in 
the temperature range 600-900°K (Fig. 5, curves 
(i) and (ii)) are interpreted as indicating regions of 
constant carrier concentration. 

In region C oxygen loss does not account for the 
positive carriers, whose presence is shown by the 
positive Seebeck voltage. Conduction is therefore 
mixed. The rapid decrease in Seebeck voltage 
observed in curve (i) (90(M200°K) and curve (ii) 
(1000-1300°K) in Fig. 5, and the subsequent 
change of sign from negative to positive are 



T°K 

Fig. 5. The Seebeck voltage of high-purity ferric oxide 
as a function of temperature: (i) and (ii), fired specimens 
of Sample 1; (iii) and (iv) unfired specimens of Sample 
2: (i) was obtained during slow cooling in air from 
1364°C; (ii) was obtained with rising temperature for a 
specimen fired in oxygen at 1300°C; (iii) and (iv) were 
obtained for rising temperature. 
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attributed to an increase in the contribution of 
/>-carriers to conduction, primarily due to an in¬ 
crease of p-canier mobility (ft p ) over n-carrier 
mobility (jx n )» The further sign reversal from 
positive to negative between 1600° and 1640°K 
(Fig. 5, curves (i) and (iv)) is due to extensive loss 
of oxygen causing an increase in n-carrier concen¬ 
tration. It occurs at temperatures very close to that 
at which haematite decomposes to magnetite: 
1653°K in air. 

This interpretation is based on the following 
arguments. If carriers are present arising from 
oxygen loss (either quenched or equilibrated) then 
p < n at all temperatures (p and n being respectively 
p-carrier and n-carrier concentrations); this is a 
necessary consequence of the requirements of 
electrical neutrality. A positive Seebeck voltage, 
then, implies that fx p > n. At lower temperatures 
in doped samples we found* 12 * that fi p < (i n \ there¬ 
fore the sign reversal at about 1100°K is attributed 
to mobility changes. There is evidence* 12 * that 
both fx n and \l p obey mobility equations of the 
form of the mobility term in equation (1); since 
the form of the equation does not predict a further 
change from [i p > f± n to fi p < fx n at higher tem¬ 
peratures, the second sign reversal, in the region 
of 1600°K, must be due to the n-carrier concen¬ 
tration exceeding that of p-carriers to an extent 
that outweighs the discrepancy in mobilities. 

The above interpretation has further implica¬ 
tions. First, when n y p the Seebeck voltage 
should change from negative to positive at a lower 
temperature and should show a higher positive 
value than when n > p. That this did in fact occur 
can be seen by comparing, in Fig. 5, curves (iii) 
and (iv) for unfired specimens, free from ferrous 
iron, with curves (i) and (ii) for fired specimens. 
Secondly, a specimen free from ferrous iron, 
maintained at a temperature where oxygen loss 
occurs at a detectable rate should show a value of 
the Seebeck voltage that becomes more negative 
with time. With an unfired compact of Sample 2 at 
1300°K, it was found that the Seebeck voltage de¬ 
creased from +0T7 mV/°C to a steady value of 
+ 0*09 mV/°C over a period of 2 hr. 

4 . A CONDUCTIVITY SCHEME FOR FERRIC OXIDE 

Having drawn qualitative conclusions about the 
conduction mechanism it remains to place the 
conduction scheme on a quantitative basis. 


4.1 Nature and origin of the carriers 

It is generally accepted* 2 * 18 > that in ferric oxide 
doped with titanium the negative carriers are 
f electrons which move between ferric ions on 
equivalent lattice sites/ in a manner analogous to 
that proposed* 21 * for magnetite. The donor centre 
in titaniunl-doped ferric oxide has been proposed 
as [Ti 4 + Fe 2+ ].< n * 13 * It is reasonable to identify the 
negative carriers in oxygen-deficient ferric oxide 
also as electrons on ferric ions. The nature of the 
donor centres is uncertain because it is not known 
whether non-stoichiometric ferric oxide contains 
oxygen vacancies or interstitial cations. If the 
former is the case the donor centres are probably 
ferrous ions associated with oxygen vacancies; if 
the latter, the centres may be ferrous ions on 
octahedral sites normally vacant, or on tetrahedral 
sites. It has been suggested* 22 * that ferrous ions on 
tetrahedral sites do not contribute to conduction; 
if this were so in haematite the ferrous content of 
a non-stoichiometric sample as determined by 
chemical analysis could exceed the value calcu¬ 
lated from the conductivity. 

Four possible origins of positive carriers in 
ferric oxide must be considered: 

1. Ionic conduction. 

2. Extrinsic processes. 

3. Lattice disorder. 

4. Electronic transition. 

Ionic conduction is discounted for two reasons. 
First, the conductivity measurements showed no 
polarization effects. Second, the values of ionic 
mobilities, calculated from the diffusion coefficients 
for iron* 23 * and oxygen* 24 * by the Einstein relation, 
are so low that the maximum contribution avail¬ 
able even if all the ions participated is 10 6 times 
smaller than the observed conductivity at 1300°C. 

Extrinsic effects are discounted in the present 
specimens because of high purity of the material. 
They would appear to be unimportant at high 
temperatures even in impure specimens in view of 
the small influence of impurities on conductivity 
in region C (see Section 3.1.3). 

Several types of lattice disorder are possible in 
ferric oxide, but only those involving oxygen 
vacancies are likely to lead to the formation of 
acceptor centres. Schottky disorder is a probable 
case, arising thus: 

Lattice = 2 Dpe®++3 do*” (2) 
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The cation vacancy (□pe 8+ ) with three negative 
charges relative to the lattice could act as a donor 
centre, and the oxygen vacancy (with two positive 
charges) as an acceptor centre. The energy re¬ 
quired for reaction (2), calculated from the activa¬ 
tion energy for oxygen diffusion (by the method 
used by Kingery* 26 ) for alumina) is 6*4 eV, i.e. 
1*07 eV per n-p pair. This value is comparable 
with the observed activation energy for conduction 
of about 1 *0 eV in region C. 

There are two objections to lattice disorder as a 
source of positive carriers. First, the conductivity 
values in region C were unaffected by the rate of 
cooling or heating. Second, attempts to quench 
acceptors into the lattice by rapid cooling of the 
specimens from the temperature region in which 
the Seebeck voltage is positive always resulted in 
a Seebeck voltage that was negative below 1000°K. 
This is not unambiguous evidence because of our 
earlier finding* 12 ) that in doped samples below 
about 600°K ^-carriers are less mobile than 
electrons. The ratio of mobilities is such that the 
concentration of />-carriers would have greatly 
to exceed that of the w-carriers for a specimen to 
show a positive Seebeck voltage. 

Hole formation by an electronic transition is 
most likely to occur by one of the following pro¬ 
cesses : 


Fe 3f +Fe 3+ ~*Fe 2 ++Fe 4 >- 

(3) 

Fe 3 t+02- ->Fe 2 '+0- 

(4) 


Neither process is free from objection. Holes on 
the cations (i.e. Fe 4+ ) may be expected to show 
low mobility with a positive temperature coefficient 
(as observed in />-type ferric oxide* 12 )) by analogy 
with electrons or cations (i.e. Fe 24 ) but the calcu¬ 
lated energy requirement* 13 ) of 6*5 eV for process 
(3) seems prohibitively large. Hole formation by 
process (4) is indicated by two arguments. It is, 
presumably a necessary first step in the dissociative 
loss of oxygen. Furthermore, it has been postu¬ 
lated* 28-29 ) as causing the intense absorption band 
at 25,000 cm -1 observed in the ferric oxide 
spectrum. This interpretation, based on spectro¬ 
scopic data,* 28 ) gives reasonable agreement be¬ 
tween the thermal and optical values of the 
energy required for carrier formation. Thus the 
thermal value of 1 *8 eV (obtained by analysis of 


the activation energy for conduction—see Section 
4.3) can be compared with the optical value of 
1 *9-2*5 eV obtained from the position of the band 
edge in several spectra* 2 * 28-2e ) (see Fig. 6). The 
optical value for the energy of carrier formation 
usually exceeds the thermal value and the differ¬ 
ences in the presence case are quite compatible 
with the energy of self-trapping of the carriers as 
indicated by the activation energies for carrier 
mobility (0*1-0*7 eV). 

The main objection to identifying the positive 
carriers as holes in the 2 p oxygen band is that such 
holes might be expected to have a low effective 
mass and high mobility whereas the carriers in 
p -type ferric oxide appear to have low mobility.* 12 ) 
The argument for high mobility is based indirectly 
on the band width, which is believed to be 
10-20 eV for the 2 p band in oxides.* 6 * 3 °) No 
direct evidence exists as to the width of this band 
in ferric oxide. Since the absorption band at 
25,000 cm -1 is thought to involve an oxygen 2 p 
electron some measurements were made to deter¬ 
mine its structure. The absorption spectra of 
several films of ferric oxide (0*04-0*15^ thick) 
showed the existence of two maxima at 25,500 
cm -1 and 46,400 cm" 1 (see Fig. 6) and subsidiary 
peaks at 19,200 31,700 and 39,000 cm -1 . A peak 

Energy, eV 



Fig. 6. The absorption spectrum of a film of ferric oxide 
(440 A thick) on alumina. 
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(not shown) was also found at 11,800 cm~ 1 . The 
high values of the absorption coefficient indicate 
a charge transfer process as causing the bands at 
25,500 and 46,400 cm -1 . 

It can be seen from the spectrum shown in' 
Fig. 6 that the width of the absorption band at 
25,500 cm -1 , attributed* 26 ) to process (4), would 
indicate an oxygen 2 p band width of not more than 
1-2 eV, In view of this and of the absence of con¬ 
trary evidence as to the mobility of 2 p holes the 
arguments in favour of process (4) are considered 
to outweigh the objections. Since the data for 
p-type ferric oxide indicate that the holes have a 
low mobility with a positive temperature co¬ 
efficient the conduction scheme outlined below is 
based on the assumption of narrow bands for both 
holes and electrons, the density of states being 
given by the concentration of ions. 

4.2 Carrier concentrations 

The carrier concentration, N d cm -3 , formed by 
oxygen loss can be calculated from the thermo¬ 
dynamic data obtained by Salmon.* 8 ) The 
equation for the dissociation of ferric oxide given 
in that reference can be re-arranged to give 

N d « 3*27x 10 26 - Po\ 14 • exp(~2-03 /kT), (5) 

which for air becomes 

N d = 4-79 x 10 26 exp(-2-03/6 T) (6) 

In these equations Po a — oxygen partial pressure 
in atmospheres, 6 is in eV deg -1 , and it has been 
assumed that the mole fraction of haematite is 
equal to unity—this is justified for small deviations 
from stoichiometry. 

Equation (6) gives the carrier concentration due 
to oxygen loss for specimens equilibrated with air. 
The actual value of N d will depend on the history 
of the specimen and on the rate of equilibration; 
in quenched samples at lower temperatures it may 
exceed the value calculated from (6); it will 
probably also be influenced by cation impurities. 

For carrier formation according to equation (4) 
we can write 

np = K exp(-EjkT) = exp (-E/kT) (7) 

where n and p are, respectively, the negative and 
positive carrier concentrations per cm 3 . Following 
Morin* 2 ) and Jonker* 13 ) we take K as iVf, where 
N c is the number of cations per cm 8 . E is the 
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thermal energy required to transfer an electron 
from an oxygen ion to a ferric ion. 

If carriers are formed both by oxygen loss and 
thermal excitation charge neutrality must be 
maintained, according to the equation. 

n-p = N d (8) 

To calculate carrier concentrations from these 
equations we require a value for E . This is obtained 
from the activation energy for conduction, as 
described in the next Section. 


4.3 Analysis of the activation energy for conduction 
The experimental activation energy for con¬ 
duction is given by: 

— k'd\og e a 

q= ~diW) 

The interpretation of q depends on the con¬ 
ductivity scheme chosen. 

In the present work there are three cases of 
interest: 

Case 1. Intrinsic conduction, carriers arising only 
by thermal excitation according to equa¬ 
tion (4); 

Case 2. Carriers arising both by thermal excitation 
and by oxygen loss, which is assumed to be 
equilibrated (with air) at all temperatures; 
Case 3. Above 1000°C carriers arise as in Case 2; 
below this temperature equilibration is 
slow and donors are frozen into the lattice; 
their concentration is taken as N d = 
4 x 10 18 cm -3 . 

Cases 1 and 3 are believed to correspond to 
stoichiometric and non-stoichiometric specimens 
respectively. Case 2 is unlikely to be valid at lower 
temperatures and is included to show the conse¬ 
quences of assuming equilibrated oxygen loss. 
For all three cases 


a = nefjL n + pe\i v (10) 


Expressions for q have been obtained by combining 
equations (6)-(8) to give expressions for n and p 
in equation (10), followed by differentiation. They 
are as follows: 

Case 1. 


? = 



y +1 


-kT 


( 11 ) 
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Case 2. 

2-03(*y-*+l) E » *(*-!)(?+1) 
q m (*y+*-l)(2x-l) + (*y+*-l)(2*--l) 


+ 


<*xy +£(*-!) 

(ry+x-1) 


( 12 ) 


Case 3. Below 1000°C 

E * *(*-!)(?+1) oucy+P(x-\) 

9 " (*y + *-l)(2*-l) (ay4-*-l) 


features of interest in the present models. The 
first concerns the effect of assuming equilibrated 
oxygen loss on the value of q for the intrinsic case 
(cf. curves a-b and a-c, Fig. 8(C); below 800 C 
the effect is negligible; between 800° and 1150°C q 
is lowered; and above 1150°C q rises towards the 
value for oxygen loss (2*03 eV). Secondly, Case 3 
(curve rf-c, Fig. 8(C)) shows that the temperature 
of the break in the conductivity curve between 
regions B and C (at about 800°C, cf curve (i), 
Fig. 1), when q rises from about 0-1 to about 


(13) 

Above 1000°C* g is given by equation (12). 

In these equations y = nn!l*p and x = n/Na; 
both are functions of temperature: a and ft are the 
activation energies in the mobility term in equation 
(1) for electron and hole mobility respectively. 

It is clear from equations (12)—(.14) that a value 
of E is most simply obtained from q under con¬ 
ditions where conduction is intrinsic. This con¬ 
dition was most closely approached by an unfired 
compact of oxide Sample 2. Values of a for an un¬ 
fired compact are shown in Fig. 3(A). There pro- 
ducibility of results for conditions of rising and 
falling temperature was taken as evidence that no 
carrier contribution was introduced by oxygen 
loss during the run. These results gave q — TO eV. 
Substitution of this value into equation (11), 
taking <x *= 0*1 eV, p = 0*69 eV and y = 9-9 at 
500°C (see Section 4.4), gave E = T8 eV. Thus 
equation (7) for intrinsic carrier formation becomes 

np - T56xl0«exp(-T8 jkT) (14) 

The value of 1 *8 eV for E obtained from con¬ 
ductivity measurements lies close to the values 
T9-2-5 eV obtained from optical data for the 
electronic transition shown in equation (4), as dis¬ 
cussed earlier. 

The carrier concentrations for the three cases list¬ 
ed above can now be calculated using equations (6), 
(8) and (14). The values are shown in Fig. 7(A); 
the reduction in p (relative to the intrinsic Case 1) 
by carrier formation due to oxygen loss can be 
clearly seen from these curves. 

Values of q were also calculated taking a = 
0*1 eV, P m 0*69 eV, and using values of y from 
the mobility expressions in Section 4.4; they are 
plotted in Fig. 8(C). The curves illustrate two 



Fig. 7. Calculated values of carrier concentration (A) 
and mobility (B) for ferric oxide, as functions of tem¬ 
perature. (A): Values of n for Case 1 (a-b), Case 2 (a-c) 
and Case 3 (f-c); values of p for Case 1 (a-b), Case 2 
(a-d) and Case 3 (g-d); values of Na for Case 2 (e-e). 
(B): Values of ^ and ^ from equations (15) and (18). 
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1*0 eV, is not determined by the temperature at 
which equilibrium is frozen (assumed in the model 
to be 1000°C); it is rather the temperature at which 
the carrier contribution from the electronic 
transition becomes of comparable importance with 
the quenched donor contribution. This can also 




Fig. 8. Calculated values of a (A) and (B) and q (C) in 
ferric oxide, a b functions of temperature: 

(A) : Case 1, curve a-b; Case 2, curve a-c; Case 3, curve 
d-c. 

(B) Case 1, curve a-b; Cases 2 and 3, curve a-c. 

(C) ; Case 1, curve a-b; Case 2, curve a-c; Case 3, curve 
d-c. 
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be seen from Fig. 7(A) and would explain the 
observed insensitivity of the break temperature in 
such curves as (i) and (ii), Fig. 1, to the rate of 
cooling. In this respect FeaOs differs from NiO* J *> 
for which the break in the conductivity curve 
corresponds with the freezing of equilibrium and 
is very sensitive to cooling rate, 

4.4 Carrier mobility 

To calculate the conductivity (o) and Seebeck 
voltage (8) of ferric oxide from the carrier con¬ 
centrations obtained in the last Section we need 
mobility values for both electrons and holes. For 
n-carrier mobilities we have used the expression* 12 ) 
derived for mobilities in ferric oxide containing 
1 *0 at. % titanium, viz: 

232 

/*» = — exp(-0-l/*r) (15) 

This assumption is probably an approximation. 
We found earlier (Section 3.1.2, Table 2) that A 
and a in equation (1) are functions of carrier con¬ 
centration. Since the form of this function is un¬ 
known, this dependence has been neglected in the 
present calculations. 

Values of were calculated from the ratio 
at two temperatures at which 0 — 0: 
1040°K for an unfired specimen, and 1624°K for 
an equilibrated specimen (curves (iii) and (iv), 
Fig. 5). Values of fi n were calculated from equation 
(15). 

At 1040°K: n~p\ = p v = 0*073 cm 2 V" 1 
sec -1 . 

At 1624°K: 6 = 0 but n ^ p because of carriers 
arising from oxygen loss: 


"n = cTp "3? 


(16) 


p6p 

PV n ^n 


(17) 


Values of n and p were calculated from the equa¬ 
tions of Sections 4.2 and 4.3; from these values 
the position of the Fermi level, Ep = — 0*70eV, 
was obtained. From this, approximate values of 
8 P and 6 n were obtained (see Section 4.5). It was 
found that = 10*75 x ^ = 0*75 cm 2 V" 1 sec -1 . 
Since it was earlier shown* 12 ) that ^-carriers 
probably obey a mobility equation of the form of 
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equation (1), these values of fi P were used to obtain 
the expression 

1-73x105 

VP «---exp(-0-69 jkT) (18) 

Values of p n and fi P from equations (15) and (18) 
are shown in Fig. 7(B). 


4.5 Calculation of conductivity and Seebeck voltage 

Values of the conductivity for the three cases 
listed in Section 4.3 (intrinsic, oxygen equilibrated 
and quenched donors) were calculated from 
equation (10), using the carrier concentrations and 
mobilities shown in Fig. 7. 

The results are shown in Figs 8(A) and (B). Two 
points should be noted. First, in the absence of 
quenched donors the conductivity below 1000°C 
is that for the intrinsic case, even if oxygen loss is 
equilibrated. Second, above 1000°C the conse¬ 
quence of oxygen loss is to reduce the conductivity 
relative to the intrinsic case; this can be seen more 
clearly in Fig. 8(B). Thus the model predicts that 
above 1000°C the conductivity should increase 
with increasing oxygen pressure, because electrons 
are replaced by more mobile holes. 

The Seebeck voltage for mixed conduction is 
given by 


d = 


Gn &n Gp dp 


(T 


(19) 


where 6 n and 0 P are contributions from n- and 
p-carriers. The greatest part of 0 n comes from 
the energy difference between the Fermi level and 
the bottom of the conduction band; and of 0 P 
from the difference between the Fermi level and 
the top of the valence band. We have therefore 
neglected kinetic* 13 ) and other* 31 ) contributions 
and have calculated 6 n and 9 P from the equations* 13 ) 

9 n ~ ErleT (20) 

6 p ~(bS + E F )/eT (21) 

where E F is the position of the Fermi level in eV 
relative to the bottom of the conduction band, 
e » 1-0 and B is given in V deg K” 1 . The values 
of Ef were obtained from the equation.* 32 ) 

n = N 0 txp(E F /kT ) (22) 

(where N c is the number of cations per cm 3 ) and 
are shown in Fig, 9(A). 


The calculated curves for the Seebeck voltage 
are shown in Fig. 9(B) for the three cases defined 
in Section 4.3. As was found for the conductivity, 
the influence of equilibrated oxygen loss is marked 
only at high temperatures; that of frozen donors 
is significant at lower temperatures. Comparison 
of Fig. 9(B) with Figs 7(A) and (B) makes it clear 
that the first sign reversal in curve d-c of Fig. 9(B), 
is primarily due to mobility changes, and the 
second to changes in carrier concentration (see 
Section 3.2). 

4.6 Comparison with experiment 

Calculated and experimental curves for con¬ 
ductivity are shown in Fig. 10(A), and for Seebeck 
voltage in Fig. 10(B). It can be seen from these 
curves that the assumptions of Case 3 (oxygen loss 




Fig. 9. Calculated values of the Fermi level (A) and the 
Seebeck voltage (B) for ferric oxide, as functions of 
temperature: Case 1, curves a-b; Case 2, curves a-c; 
Case 3, curves d-c. 
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T*K- 

Fig. 10. Comparison of experimental and calculated 
values of conductivity (A) and Seebeck voltage (B) for 
ferric,oxide, as functions of temperature: 

A- O specimen of oxide Sample 2, fired in air at 1300°C 
and rapidly quenched: 

A, V> • unfired specimens of oxide Sample 2; 
- calculated for Case 1 and 2 

—— calculated for Case 3 

B. A» • fired specimens (from Fig. 5) 

—-*—*-* calculated for Case 3. 


equilibrated above 1000°C, quenched donors 
below 1000°C) account closely for the behaviour 
of fired compacts; and that the conductivity of 
unfired specimens ,i most closely resembles in¬ 
trinsic behaviour (CaSe 1). We conclude that the 
conductivity scheme for ferric oxide outlined above 
is substantially correct. 

The scheme will also explain the apparently 
conflicting observations reported in the literature 
on the effects of oxygen partial pressure on the 
conductivity of ferric oxide. Wagner and Koch* 1 ) 
reported that the conductivity of ferric oxide at 
1000°C was constant over the range of oxygen 
partial pressure from 0*21 atm. to 3*6x IQ" 3 atm. 
Bevan, Shelton and Anderson* 10 ) found that be¬ 
tween 400 and 700° C the conductivity increased 
with decreasing partial pressure of oxygen in the 
range 0-21 atm to T3 x 10" 8 atm. In Table 3 it 
is possible to compare the experimental conduc¬ 
tivity values given by these authors with values 
calculated from Case 2. It can be seen that the 
present scheme predicts only a small change 
(8 per cent) at 1000°C, and a more pronounced 
change (20 per cent) for the extremes of oxygen 
pressure at 700°C. The observed effect of oxygen 
partial pressure in the latter case* 10 ) is much greater 
than the calculated; this is probably due to the 
oxide specimen being impure (which we infer* 12 ) 
from the linearity of the conduction curve). 

The insensitivity of o- to oxygen partial pressure 
at about 1000°C arises because changes in N& are 
“buffered” by the contribution from the electronic 
transition. At lower temperatures this contribution 
is smaller and the effects of changes in N& are 
more readily observed. 

CONCLUSIONS 

The conductivity and Seebeck voltage of ferric 
oxide of high purity can be quantitatively 


Table 3. The effect of oxygen partial pressure on the conduc¬ 
tivity of ferric oxide 


Temperature 

(“C) 

Oxygen partial pressure 
(atm) 

a(fl- 1 

exptl 

cm -1 ) 

calc 

1000 (Ref. 1) 

0-21 

0-5 

0*50 


3-6 x10 -s 

0*5 

0*46 

700 (Ref. 10) 

0-21 

0*00235 

0*0160 


l-32xl0-« 

00163 

0*0167 


1-32X10- 8 

0 0404 

0*0200 
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explained by a conduction scheme which postulates 
that carriers arise both by oxygen loss at high 
temperatures and by an intrinsic electronic 
transition. This transition is believed to give rise 
to holes in the 2 p oxygen band. The low mobility 
of these positive carriers indicates this band to be 
narrow, a conclusion that is supported by spectral 
data. The conduction scheme will explain the 
apparently conflicting observations reported in 
the literature on the effects of oxygen partial 
pressure on the conductivity of ferric oxide, and 
leads to the prediction that the conductivity 
should increase with increasing oxygen partial 
pressure at temperatures above about 1000°C. 
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THE PHASE DIAGRAM OF PLUTONIUM* 
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Aba tract—The pressure dependence of the phase transitions of plutonium, including melting, has 
been measured to 35 kbars. The phase transitions were detected by differential thermal analysis and 
by volume discontinuity. Three triple points were detected, the y-6-*, y-«-Iiquid, and /5-y-liquid. 
The technique was not sufficiently sensitive to detect the 8-5' transition, and thus the y-8-S' triple 
point was not determined. 


INTRODUCTION 

Plutonium is a very interesting element, not only 
due to its nuclear properties, but also due to its 
large number of polymorphic transitions. Thus, 
in spite of its hazardous nature, a great deal of 
work has been done on its physical properties. 
Several excellent reviews of the literature are 
available.* 1 ' 2 * 3 ) As a result of this previous work, 
the one-atmosphere phases are well known. Solid 
plutonium exists in six phases, designated a, /3, y, 
8, S', and e. The transformation temperatures 
suggested by Wilkinson* 1 ) are shown in Table 1. 
The crystal structures of the phases are known 
and have been summarized by Zachariasen.* 4 ) 

Table 1. One-atmosphere transition temperatures of 
plutonium 


Transition Temperature, °C 


a-0 

119 ± 2 

jS-y 

206 ± 3 

y-8 

319 ± 5 

h-8' 

451 ± 9 

fi'-c 

476 + 5 

c-liquid 

639*5 ± 2 


The a-)3 transition has been studied at high 
pressure by two previous investigators. Bridg¬ 
man* 5 ) studied the oc-jS transition to 7000 kg/cm 2 


* Work performed under Contract No. W-7405-eng- 
48. 


and also measured the room-temperature com¬ 
pressibility of Pu to 100,000 kg/cm 2 . McWhan 
et a/.*®) measured the oc-/? transition to 18 kbar.f 
The object of the present work was to extend the 
study of plutonium phase transitions at high 
pressures to the other transitions, including 
melting. 

EXPERIMENTAL METHOD 

Most of the data were obtained by differential 
thermal analysis (DTA). Some data at lower 
pressures were obtained by volume discontinuity. 

Differential thermal analysis (DTA) 

Figure 1 shows the apparatus used for DTA 
runs. The high pressure die consisted of a tungsten 
carbide core and a hardened steel support ring. 
The die bore was 0*5005-in. to admit the 0*500-in. 
tungsten carbide piston. The sample assembly is 
similar to that used by Boyd and England* 7 ) and 
Kennedy and Newton,*®) thus it will be only 
briefly described. A graphite furnace, insulated 
from the sample by boron nitride, was used to 
provide internal heat. The plutonium sample, 
0*095 in. dia. by 0*125 in. long, was enclosed in a 
tantalum capsule which was in contact with the 
Chromel P and Alumel DTA thermocouple. Talc 
was used to insulate the furnace from the die and 
to act as the pressure transmitting medium. The 
talc cylinder was wrapped with lead foil to reduce 


t 1 atm = 1013 bar = 1*033 kg/cm*. The kbar is 
now the standard unit for high pressure research. 
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Fig. 1. High pressure apparatus for differential thermal analysis (DTA). 


friction. Closure of the die was effected by a 
stainless steel power lead with a ife-in. hole to 
admit the thermocouple and insulation. The 
power lead was insulated from the die with a 
pyrophyllite sleeve. 

The thermocouple and DTA signals were re¬ 
corded by a Brown Xi, A 2 double-pen recorder. 
The working parts of the press were contained in a 
glove box maintained under an argon atmosphere 
so that the plutonium and high pressure com¬ 
ponents were completely contained in an inert 
atmosphere. The assembly of the sample and com¬ 
ponents was also done in this box. 

In taking data, the sample was kept at constant 
pressure while the temperature was raised 
smoothly until a transition was detected. Then the 
heat was discontinued. Actually, the pressure rises 
slightly during heating, but this effect was small 
and was easily corrected. 

The next step was to determine any necessary 


corrections to the indicated pressure due to the 
heating cycle. A hysteresis loop at room tempera¬ 
ture of piston displacement vs. pressure was 
obtained, using displacement gauges accurate to 
± 0*0001 in. This established the friction, as de¬ 
scribed by Bridgman, < 9 > and thus the true dis¬ 
placement vs. pressure was determined for the 
sample assemblies at room temperature. Essenti¬ 
ally the friction was taken as one-half the difference 
in pressure at constant displacement of the 
ascending and descending loops. The “backlash” 
of the initial portion of the descending loop was 
neglected. 

The displacement was measured at constant 
pressure for the sample assemblies undergoing the 
same heating cycle as for a run. The displacement 
for a given maximum temperature, such as 500°C, 
was noted for several pressures. Displacement vs. 
pressure curves were thus obtained for maximum 
temperatures of 100, 300, 500 and 700°C. These 
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curves, corrected for friction, were compared with 
the true curve obtained at room temperature. It 
was assumed that the two curves should match 
and that if they did not, pressure corrections were 
necessary. It was found that the corrections were 
negligible. The effect of rapid internal heating 
was small, at least to 700°C. The expansion of the 
sample assembly showed up as effectively raising 
the pressure in the die. 

Volume discontinuity 

Figure 2 shows the die used for volume dis¬ 
continuity measurements. The diameters of the 
samples were similar to those for DTA; the bore 
of the die was 0T05 in. The samples were not 
enclosed in any matrix for these runs. The die 
was made of Vascoloy Supreme steel, RC 48, 
with a Mo liner. Mo rings and wafers were used 
to contain the plutonium and to isolate it from 


the tungsten carbide piston. Thus only Mo was in 
contact with plutonium. The die was externally 
heated by a resistance winding. A plot of tem¬ 
perature vs. displacement was obtained on an X-Y 
recorder. The temperature was measured with a 
Chromel P and Alumel thermocouple, and the 
displacement with a linear differential transformer. 
A transition was noted as a break in the slope of 
the curve, not as a clean discontinuity, so that the 
actual magnitude of the volume change was not 
obtained. This apparatus was calibrated similarly to 
the DTA and was used only for lower pressure data. 

Data reduction 

The temperature quoted were not corrected for 
any pressure effect. The effects are not known at 
present for the pressure-temperature range 
covered in these experiments, but are probably 
small for Cr-Al thermocouples.< 10 * n > 



D 


Fig. 2. High pressure apparatus for volume discontinuity. 
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One serious problem was encountered during 
data reduction. Lee and Maroon/ 12 ) among 
others, have reported that the and f$~y transi¬ 
tions are very sensitive to heating rates while the 
others are less affected. Our results also show this. 
The data for the ot-£ and y transitions did not 
extrapolate to the correct temperatures at 1 atm, 
while the other transitions did. This phenomenon 
was due, at least in part, to the very rapid heating 
rates used. The rapid rates, about 7°C/sec, were 
necessary to obtain sharp DT signals. 

During all runs an attempt was made to keep 
the heating rate constant for all transitions and to 
keep it as low as possible. No data were plotted 
for extremely fast heating rates. However, sufficient 
data were obtained on the effect of heating rate on 
the transitions at various pressures so that proper 
corrections could be made. These data, although 
rough, showed that the sensitivity of transition 
temperatures of the a-£ and transitions de¬ 
creases approximately linearly from its maximum 
effect at 1 atm to zero at 20 kbar. Above 20 kbar 
the transitions seemed unaffected by heating rate. 
This result was used to correct the temperatures 
in the following manner. The temperature cor¬ 
rection to force the experimental data to fit the 
correct 1-atm values was decreased linearly from 


its maximum value at 1 atm to zero at 20 kbar. 
The errors introduced by this method are dis¬ 
cussed later. 

Samples 

Plutonium samples of 99*85% purity, obtained 
from Dow Chemical Company at Rocky Flats, 
Colorado, and of 99*93% purity, obtained from 
Los Alamos Scientific Laboratory, were used in 
this work. Data obtained with both types agreed 
within experimental error. 

RESULTS AND DISCUSSION 

The experimentally derived phase diagram for 
plutonium is shown in Fig. 3. The results shown 
represent the data from seven DTA runs and two 
volume discontinuity runs. Data of Bridgman^) 
and McWhan et alS ®) are included for comparison. 
Our methods were not sensitive enough to detect 
the S-S' transition. No new phases were observed. 
The triple point data and initial slopes of the 
transitions are shown in Table 2, where some pre¬ 
dicted values of Loasby< 13 > are also shown for 
comparison. 

The higher pressure data are believed to be 
accurate to ± 1 kbar and the lower pressure data 
to ±0*2 kbar. The pressures could be read to 
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Table 2. Triple points and initial transition slopes 


Triple point 

Experimental values 

Predicted by Loasby* 1 *) 

Y-S-. 

398 ± lO'fc 

374°C > 


0*9 ± 0*2 kbar 

0*69 kbar 

y-e-liquid 

518 ± 10°C 

19-5 ± 1 kbar 

• 

0-y-liquid 

500 ± 10°C 

27*0 ± 1 kbar 



Initial slope of transition lines, °C/kbar 

Transition 

Experimental slope 

Predicted by Loasby (18 > 


11-2 

131 

by 

27*3 

38 

y - ® 

88 

95 

S — £ 

— 87 

~ —190 

«-liquid 

-4*4 

-26 


+ 0*5 per cent and the reproducibility of the 
higher pressure data was within ±0*5 kbar. 
However, due to the uncertainties of the actual 
degree of hydrostaticity of the talc and sample 
assembly, an error of + 1 kbar seemed more 
realistic. 

The temperatures were reproducible to ± 10°C. 
There seemed to be no corrosion or alloying of 
the Pu on the Ta capsule. The temperatures are 
believed accurate to + 10°C with the exception 
of the /3-y transition, which is believed accurate 
to ± 20°C. The maximum temperature men¬ 
tioned previously to correct the cx-£ transition 
data was 21 °C, but the maximum correction for 
the transition was 53°C. If the correction 
taken was not truly linear, this could introduce a 
much larger error in the /?-y transition than 
indicated, hence an error of + 20°C is assigned. 

LoasbyU*) has predicted the initial slopes of the 
transitions and the location of several triple points. 
It may be seen that the predicted y- S-e triple 
point agrees with the experimental values almost 
within experimental error. However, above 1 kbar 
the predictions break down, as p-y~€ and 
liquid triple points are predicted which did not 
occur experimentally. This is probably due to the 
assumption of the AF/A H in the Clapeyron 
equation remaining constant to high pressures. 

Data of previous investigators on the oi-jS 
transition seem to agree with the present work 


within the combined experimental error. Bridg- 
manV 5 * data at 3100 and 7060 kg/cm 2 lie about 
10°C above the equilibrium line in Fig. 3. The 
data of Me Whan et al.W agree well with the 
present work to 10 kbar but are about 14°C lower 
at 17*5 kbar. 

The slope of the melting curve is negative until 
the j3-y-Hquid triple point is obtained. From this 
point on the slope is positive. This is in qualitative 
agreement with the behavior of many other metals 
with a negative initial melting curve. Eventually 
a solid-solid-liquid triple point is met, after 
which the melting slope becomes positive. 
Examples of this include Bi,04-16) Ga,04.l7) 
Sb< 8 > and InSb.OS) 

Some metastability of the oc-/? transition was 
noted, in agreement with the reports of many 
workers. The metastability seemed to decrease 
sharply with increasing pressure, however, as no 
such signals were detected over 10 kbar. 
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FERROMAGNETIC NUCLEAR RESONANCE IN COBALT 
NUCLEI IN STACKING FAULTS AND TWINS 
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(Received 14 January 1963) 


Abstract —The ferromagnetic nuclear resonances in Co 69 that occur intermediate in frequency 
between the resonance frequencies for the hexagonal and f.c.c. phases are identified as coming from 
nuclei in stacking faults and twins. A method is described whereby the resonance frequencies from 
nuclei in non-equivalent close-packed planes within a stacking fault can be calculated. The calcu¬ 
lated frequencies are in good agreement with the experimental results. The experimental data 
indicate that intrinsic stacking faults are more prevalent than are extrinsic stacking faults and twins 
in cobalt. 


The ferromagnetic nuclear resonance in cobalt 
at room temperature occurs at 221*0 Mc/s for the 
hexagonal phase and at 213*1 Mc/s for the face- 
centered cubic phase. Additional resonances occur 
at 215*5, 217*0, 218*4, 221*0, and 223*0 Mc/s, as 
shown in Fig. 1. Hardy^ has suggested that the 
resonances at 215 and 218 Mc/s originate from 
nuclei in stacking faults in the f.c.c. phase and 



Fio. 1. Spectrum of Co 59 showing the main f.c.c. and 
hexagonal resonances at 213*1 and 221*0 Mc/s, respec¬ 
tively, and the additional resonances, marked by arrows, 
at 223*0, 218*4, 217*0, and 215*5 Mc/s. 


that the resonance at 223 Mc/s is associated with 
the hexagonal phase. By cold-working or by alloy¬ 
ing, we have prepared samples containing in¬ 
creased amounts of the hexagonal phase and have 
noted that the intensity of the resonance at 223 
Mc/s has tended to increase, in agreement with 
Hardy's suggestion. Whether the intensity is pro¬ 
portional to the amount of hexagonal phase or is 
dependent in part on the cold-working or alloying 
has not yet been ascertained. 

In this paper we shall discuss the types of stack¬ 
ing faults that exist in f.c.c. structures, calculate 
the relative changes in density that can be expected 
to occur at nuclear sites in these faults, and calcu¬ 
late the resonance frequencies expected from such 
sites. 

Three simple operations can produce stacking 
faults in f.c.c. crystals: (a) slip along the <112) 
direction in the close-packed plane, (b) removing 
a close-packed plane and closing the gap, and (c) 
inserting a close-packed plane. The stacking se¬ 
quence produced by operations (a) and (b) is 
I 

BCABCACABCAB ... (intrinsic fault), and that 

I 

produced by (c) is ABCABACABCA ... (ex¬ 
trinsic fault). In addition, a third type of stacking 

fault, ABCABCBACBA..can occur due to 
twinning. 

Each of these stacking sequences contains close- 
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packed atomic layers in the hexagonal order. As 
the hexagonal layers also form part of f.c.c. 
sequences, their cja ratio can be expected to 
deviate from that of the pure hexagonal phase. 
The cja ratio will in general differ according to 
the type of stacking fault. In the case of twinning, 
the hexagonal sequence, BCB, also forms part of 
two face-centered sequences: 

f.c.c. f.c.c. 

ABCBA 

hex 

Operation (c) results in two adjacent hexagonal 
sequences which also form part of three f.c.c. 
sequences: 

f.c.c.f.c.c.f.c.c. 

CABACAB 

hex hex 

Operations (a) and (b) produce two overlapping 
. hexagonal sequences which also form part of two 
f.c.c. sequences: 

f.c.c. f.c.c. 

BCACABC 

hex ) 

The reason for the difference in the magnitude 
of the hyperfine fields in the cubic and the hex¬ 
agonal phases has not yet been explained com¬ 
pletely. Gossard< 2 > has estimated that a dipolar 
field in the hexagonal phase, resulting from 
deviations of the cja ratio from the ideal 1*6330, 
could account for a third of the difference between 
the hyperfine fields. Other sources of the differ¬ 
ence may be attributed to differences in the lattice 
constants of the two phases and to an orbital con¬ 
tribution to the magnetization. 

We shall assume that the difference in the 
hyperfine fields is simply related to the differences 
in the cja ratios of the two phases. As the inter¬ 
atomic distances in the close-packed planes are 
very nearly equal in the two phases (2*5010 kX 
for the f.c.c. and 2*5014 for the hexagonal* 3 )) this 
assumption is equivalent to relating the changes 
in hyperfine field to changes in the c-axis. To 
determine the resonance frequencies from nuclei 


in stacking faults we need to determine an “effec¬ 
tive” cja ratio for each atomic layer in the faulted 
area. 

It is customary to estimate the energy of stacking 
faults in terms of next-nearest-planar violations.* 
We shall assume that the difference in the cja ratio 
between the hexagonal and f.c.c. phases results 
from the formation of relatively weak next- 
nearest-planar bonds, directed along the c-axis in 
the hexagonal phase. These bonds reduce the cja 
ratio from the ideal 1*6330 to 1*6237 at 293°K.* 8 ) 
The interplanar bonding along the c -axis consists 
primarily of six nearest-neighbor bonds, origin¬ 
ating from each atom and bonding nearest 
planes, and, in the hexagonal phase, two additional 
next-nearest-planar bonds. 

Over small atomic displacements we assume 
that the movements follow Hooke’s law. Let k be 
the equivalent force constant in the c -direction for 
each set of three bonds that connect an atom with 
its three nearest neighbors above or below the 
closest-packed plane. Let T be a tension repre¬ 
senting the next-nearest-planar bond in the c- 
direction in the hexagonal phase; this bond re¬ 
duces the cja ratio. The face-centered-cubic 
closest-packed interplanar distance, z\, is taken as 
the equilibrium or unstretched length of the 
nearest-neighbor bonds, and is the interplanar 
distance in the pure hexagonal phase. Diagram- 
matically, the interplanar bondings for the two 
phases and for the stacking faults are shown in 
Fig. 2. A stacking fault having two missing planes 
i9 also shown. 

Analysis of the equivalent system for the hexag¬ 
onal phase gives (zi — * 2 ) in terms of T and k . For 
N 4-1 atomic layers the energy of the system, U > 
relative to the f.c.c. phase is 

U = bNk(z x -z 2 ) 2 -(N- l)T(2zi-2z 2 ). 

The equilibrium distance, # 2 , for the hexagonal 
phase is found by differentiating with respect to 
0*1—*2): 

du 

* These are commonly referred to as “next-nearest- 
neighbor violations'* (see, for example, Read, Dislo¬ 
cations in Crystals , p. 94. McGraw-Hill, New York 
(1953)), but strictly speaking they are “next-nearest- 
planar" violations. 
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Fig. 2. Representation of stacking sequences in f.c.c. and hexagonal crystals and 
in stacking faults. z\ is the separation of atomic planes in the f.c.c.; 2a in the hex¬ 
agonal; T represents the tension exerted by next-nearest-planar bonds. 


which for large N reduces to 

- 277*. 

The distance zt between atomic planes in a twin 
is determined similarly: 

U = k(zi~ a'y) 2 — T(2zi — 2zr)y 

and 

‘ dU T 

- -- = 0 = 2*(* 1 -s r )-27\ 

d(zi-z T ) 

hence, 

(zi — z T ) = T/k. 

The results for the other types of stacking faults 
can be determined similarly. Having obtained the 
change in the planar spacing in terms of T and k 
for the various faults, we now find an effective 
change in spacing for a given atom layer by taking 
the arithmetical mean of the changes in the dis¬ 
tances separating it from its neighboring close- 
packed planes. The interplanar spacings and the 
effective changes in spacing relative to the f.c.c.- 
hexagonal change are shown in Fig. 3, where A 
represents 2T/*. The resonance frequencies from 
nuclei in stacking faults are then calculated by 


comparing the average change in interplanar 
separation for a given faulted plane with the 
change in spacing between the f.c.c. and hexagonal 
phases. The average change in interplanar spacing 
and the calculated and observed frequencies are 
shown in Table 1. The agreement between calcu¬ 
lated and observed frequencies is good. 

In addition, the number of planes having the 
same effective spacing in each type of stacking 
fault should indicate the relative intensity of the 
resonances caused by these planes. The number 
of such planes for each effective spacing may be 
seen from Fig. 3 and are tabulated in Table 1. 
As can be seen from Fig. 1, the intensities at 215 
and 219 Mc/s are roughly equal and are con¬ 
siderably greater than that at 217. This indicates 
that intrinsic stacking faults are more abundant 
than the other types of faults or twins, and is in 
accord with the fact that electron microscope 
studies have revealed only one type of stacking 
fault. 

No quantitative explanation for the resonance 
at 223*0 could be found. Any type of stacking 
fault in either the f.c.c. or the hexagonal phase 
would produce resonances that lie between the 
resonances for the pure phases. 
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Fig. 3. Stacking sequences in f.c.c. and hexagonal crystals and in stacking faults, 
showing on the right of each sequence the interplanar separations and on the left the 
average change in interplanar separation compared to the f.c.c. (in units A = 2 Tjk). 


Table 1. Predicted and observed resonance frequencies in cobalt 


Form 

Average change in 
interplanar spacing 
(in unitB 2Tjk = 1) 

Relative number of 
planes contributing 

Predicted 

resonance Observed 

frequency (Mc/s) frequency (Mc/s) 

f.c.c. 

0 

— 

— 

213*1 

Hexagonal 

1 

— 

— 

221-0 

Twin 

i 

2 

215-0 

215*5 „ 


\ 

1 

2170 

217-0 

Intrinsic 

i 

2 

215-0 

215-5 

stacking fault 

i 

2 

219*0 

218-4 

Extrinsic 

i 

2 

215-0 

215-5 

stacking fault 

i 

3 

217-0 

217*0 

Two missing 

i 

2 

215-0 

215*5 

planes 

i 

2 

219-0 

218-4 


1 

2 

221-0 

221-0* 


* Coincides with hexagonal resonance. 
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Abstract —The electrical conductivity of two grades of oc-UsOb (nuclear pure and pure) was studied 
as a function of temperature and partial pressure of oxygen in the ranges of 50-85Q°C and 150 to 
10“ 2 mm of Hg. The log a vs. 1 IT plot (for po t = 150 mm) shows two linear portions with a break 
at about 450°C. The temperature dependence of conductivity is represented by the equation 
a s= oo exp( — ejlkT) with activation energies of 0*64 + 0‘03 eV and T10 ± 0*02 eV below and 
above the transition point respectively. In the high temperature region cto could be regarded as con¬ 
stant with an average value of 138-4 (U-cm)“ x for the nuclear pure material. The logarithm of con¬ 
ductivity varied linearly with log po % and the average slope of the plots was found to be —0*170 ± 
0-006. The main features of conduction mechanism in the temperature range investigated are 
suggested. 


INTRODUCTION 

The electrical conductivity of the oxides of 
uranium in the range UO 2 to UO 2.5 has been 
widely investigated;* 1 ) however no recent work has 
been reported on the oxides in the U 3 O 8 region. 
The electrical conductivity of U 3 O 8 was studied 
prior to 1931 and has been summarized by Katz 
and Rabinowitch.* 2 > Le Blanc and Sachse* 3 > 4 > 
studied the electrical conductivity of UaOg as a 
function of temperature up to 500°C and indicated 
that the conductivity of UsOg is not purely 
electronic in nature. Wiegand* 5 ) reported that the 
conductivity of U 3 O 8 was 0'05 (D-cm ) -1 at 50° 
and 9-35 (D-cm ) -1 at 590°, while Friederich and 
Sittig* 6 * 7 > found that a U 3 O 8 rod sintered in 
oxygen at 1000° had a specific resistivity of 40 x 10 6 
(D-cm) at room temperature. Thus the early data 
on the electrical conductivity of U 3 O 8 is highly 
conflicting, the reported values differing by a factor 
of about 10 6 . The oxygen content of none of these 
samples has been specified and possibly the 
different O/U ratio of the samples might have 
complicated the results to a great extent. It has 
been reported*®) that U 3 O 8 is a cation excess «-type 
semiconductor. However, it has not been estab¬ 
lished whether the conductivity is due to excess 


cations or anion vacancies present in the lattice. 
It was therefore decided to re-investigate the 
electrical conductivity of uranium oxides as close 
to the U 3 O 8 composition as possible, as a function 
of temperature and partial pressure of oxygen. 

EXPERIMENTAL 

Two grades of UaOg were used in the investi¬ 
gation. U 3 0 8 (I) was prepared by heating re¬ 
precipitated ammonium diuranate at 850°C for 
20 hr in air. The ammonium diuranate was pre¬ 
pared from purified uranyl nitrate. The total 
impurities in the sample were spectroscopically 
estimated to be about 600 p.p.m. The powdered 
sample was reheated in air at 750°C for 18 hr. 

UsOeCII) was prepared from nuclear purity UOg 
(supplied by the Metallurgy Division of this 
Establishment). The dioxide was oxidized in air 
at 750°C for 16 hr. 

The powdered oxide so obtained was cold 
pressed in a circular die at 2400 kg/cm 2 without 
any binder. The pellets were sintered in air at 
850°C for 8 hr and then annealed at 750°C for 
24 hr. The pellets thus made were of 74-78 per 
cent theoretical density. From X-ray diffracto- 
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meter patterns, it was confirmed that the phase 
was orthorhombic aU-aO*. 

The oxygen to uranium ratio of the sintered 
pellets was determined by the volumetric 
method. W The O/U ratio of a representative 
sample of UsOs(I) was 2*664 ± 0*003 and 
UaOg(II) was 2*665 ± 0*002. 

A schematic diagram of the sample holder used 
for the measurements is given in Fig. 1. The 
pallet (1*0 cm dia. x 0*3 cm) was introduced be¬ 
tween the two platinum foils (0*025 mm thick) 
each of which had a Pt and a Pt+ 10% Rh wire 
(0*03 mm dia.) spot welded on diametrically 
opposite edges. The pellet and the platinum foils 
were insulated from the steel sample holder by 
means of thoria discs (1*5 cm x 0*3 cm). This 
specimen assembly was introduced into a vertical 
resistance wound alumina tube furnace which 
could be evacuated. 

The resistance of the specimen was measured 
by the fall of potential method using a Leeds and 
Northrup K-3 potentiometer. The thermocouple 



Fig. 1. Schematic view of Bample holder 

1. UjOb pellet 

2. 2 platinum foil* 

3. 3 Pt. lead wires 

4. 4 thoria discs 

5. 5 Pt+10% Rh lead wires 

6. 6, 6 clamping nuts 


e.m.f. was also balanced on the potentiometer. 
While measuring the resistance, the Pt-Rh wires 
were used as current leads and Pt wires as potential 
probes. During all measurements current was less 
than 2 mA and temperature was controlled by an 
electronic controller to ± 1°C. The conductivity 
was measured while increasing and decreasing the 
temperature. 

To measure the conductivity of UsOg as a 
function of the partial pressure of oxygen, the 
furnace tube was connected to a vacuum system 
and was evacuated to the required degree. The 
oxygen partial pressure was calculated from the 
total air pressure. Equilibrium between the sample 
and surroundings was reached within 30-70 min. 
at temperatures above 500°C. At lower tempera¬ 
tures (down to 400°C) the sample had to be kept 
for about 100-200 min to attain equilibrium, 

especially at low pressures of oxygen. 

The measured conductivity was corrected for 
deviation from theoretical density using the Loeb 
formula* 8 ) 

c c = Cm [lH - 1 ( 1 ) 

[ 1-P2/3J W 

where a m is the measured conductivity and P is 

the volume pore fraction of the specimen. 

RESULTS 

The temperature dependence of electrical con¬ 
ductivity of both the U 3 O 8 samples in air at atmo¬ 
spheric pressure (po, = 150 mm) is given in Fig. 2. 
The conductivity has a positive temperature 'Co¬ 
efficient. The close agreement between the readings 
on increasing and decreasing temperature cycles 
indicates that little hysteresis occurred and that 
throughout the temperature cycles equilibrium 
existed between the specimen and the surround- 
ings. Two straight line regions are obtained with 
a discontinuity at about 450 ± 15°C. The vari¬ 
ation of conductivity with temperature can be 
expressed by the relation 

a = CT 0 exp(-e/2Ar) (2) 

where <70 accounts for the change in mobility of 
the charge carriers with temperature and * is the 
activation energy for the conduction process and 
the other terms have their usual significance. The 
Values of c calculated from the slopes of the plot 
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Fig. 2. Electrical conductivity of UsOb I and II in air up to 850°C 
O Heating □ Cooling 


log a vs. 1/7 1 are 0*64 ± 0*03 eV and 1*10 ± 
0*02 eV for temperature ranges below and above 
450 ± 15°C respectively. This latter value of 1 *10 eV 
is in good agreement with the value of 1 *09 ± 0*01 
eV calculated from the data of Le Blanc and 
SachseA 8 > In the temperature range of 450-850° 
cto has an average value of 18*34 (£2-cm)' -1 for 
sample I and 138*4 for sample II; the small devi¬ 
ations in cto noted for each sample are within the 
limits of experimental error. However, the value 
of ao in the low temperature range showed large 
deviations in both cases. 

The activation energies for conduction in the 
two temperature ranges, show little deviations for 
samples I and II. However, the conductivity 
values show a considerable increase for sample II. 
The observed decrease in the conductivity of the 
sample I (prepared from ammonium diuranate) 
might be due to the trapping of charge carriers by 
small amounts of impurities present in the sample, 
thereby decreasing the carrier concentration. This 
factor may also have contributed to the wide 
variation in the conductivity values reported 
by different workers. 


The orthorhombic 01 -U 3 O 8 phase exists in the 
composition range U02 eo to UO2 e7- (10) In the 
present experiments all the three samples used had 
an initial O/U ratio above 2*66 and since the 
temperature was restricted to 850° it is expected 
that in all cases the O/U ratio was above 2*65* 
The measurements were thus carried out on 
samples in the orthorhombic oc-UsOg phase very 
Close to U02 667' 

The isothermal conductivity of both the UaOg 
samples was also measured as a function of the 
partial pressure of oxygen at different temperatures. 
The oxygen pressures ranged from 150 to 10” 2 mm 
of Hg. The results are shown in Fig. 3. Linear 
plots are obtained at all temperatures. The iso¬ 
thermal conductivity can be represented by the 
empirical relation 

» = c PoT ( 3 ) 

where c is a constant. Figure 4 shows that the plot 
of log <r vs. 1 /T at different oxygen partial 
pressures. Straight line plots were obtained over 
the entire temperature range (375 to 550°). The 
activation energy calculated from the slope is 1*1 
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Fig. 3. Isothermal conductivity of UaOe I O and II □ in the temperature range of 320-520°C. 


cV corresponding to that of the high temperature 
conductivity in air. 

DISCUSSION 

I. The discontinuity in the conductivity curve 
It is interesting that the discontinuity in the 
conductivity curve is observed only at atmo¬ 
spheric oxygen partial pressure and not at lower 
partial pressures. 

Hoekstra et a/. <ll) in their high temperature 
X-ray study of U 3 O 8 had observed an ortho¬ 
rhombic to hexagonal phase transition at about 
400°C. From detailed considerations of the X-ray 
line intensities they had suggested that this was 
very likely to be a second-order transformation of 
the order-disorder type, and not a true first-order 
phase transition. 

A break in the electrical conductivity is com¬ 
monly attributed to either a phase transition or to 
a phase boundary. In the present case since the 
discontinuity is dependent on the environmental 
atmosphere, a first-order phase transformation 
can be ruled out. The discontinuity is therefore 
attributed to a second-order transformation as 


originally suggested by Hoekstra et alS 11 > It is 
suggested that the oxygen lattice becomes ordered 
and apparently assumes hexagonal symmetry. 
Since the cation lattice in orthorhombic U 3 O 8 
already possesses an almost hexagonal sym¬ 
metry > d2—1.4) th e ordering of the anion lattice also 
to a hexagonal symmetry would lead to an X-ray 
diffraction pattern which could be indexed on .the 
basis of hexagonal symmetry for the overall unit 
cell. 

The postulate that the break is not due to a true 
phase transformation finds additional support 
from the fact that no heat effects are observed in 
the D.T.A. curve in that temperature region. This 
has been independently observed also by Notz, 
Huntington and Burkhardt/ 15 )* who also 
attribute this transition to an order-disorder 
phenomena. 

II. Mechanism of conduction 

Since the conductivity increased with decrease 
in partial pressure of oxygen, a-UaOg can be 

• This work appeared as the present paper was being 
processed for publication. 
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Fig. 4. Isobaric conductivity of UaOgl. 


classified as a metal excess n -type semiconductor. 
The metal excess can be accounted for on the basis 
of cation interstitials or anion vacancies or both. 
Either of these give rise to an excess of positive 
charges and hence quasi-free electrons must be 
present to maintain electro-neutrality. 

Compared to other metallic oxides like Ti 02 < 16) 
and ZnO< 17 > whose conductivities have been 
rigorously investigated, U 3 O 8 shows a high degree 
of non-stoichiometry. From the work of Biltz 
et on the change of O/U ratio of the oxides 
of uranium with temperature it can be reasonably 
assumed that particularly in the temperature 
range 400-1000°C oxygen lattice vacancies are 
present. Zachariasen* 12 ) an d GronvoldUS) w ho 
determined the structure of U 3 0 8 by X-ray 
methods have also postulated a structure based on 
the existence of oxygen ion vacancies, though 
Anderson < 14 > from his neutron diffraction study 
has postulated a structure without any vacancies. 
If oxygen vacancies are assumed at least at higher 
temperatures these would contribute to the con¬ 
ductivity of the oxide. This assumption though 


questionable, finds additional support from the 
following considerations. 

Taking into consideration the thermal energy 
available in the temperature range studied, the 
creation of a neutral anion lattice vacancy can be 
postulated: 

07** ODJ+20+iO 2 (4) 

where O 7 2 is an anion in the lattice. 0 [j£ is a 
neutral anion vacancy formed and 0 is the quasi- 
free electron. Applying the law of mass action to 
the above equation and approximating the activi¬ 
ties to concentrations and partial pressures, the 
equilibrium constant for the reaction may be 
written 

imonnpgj* ( 5 ) 

This equation can be solved for [0]. Since the 
electro-neutrality of the sample is maintained 
according to 

[ 9 ] = 2[OQJ] (6) 

hence substituting for [CQJ] in equation ( 5 ) 

m = K r a \ /6 ( 7 ) 

The electrical conductivity would be proportional 
to concentration of the charge-carriers and hence 
0. Since the concentration of 0 varies with the 
negative 1/6 power of the oxygen partial pressure, 
the electrical conductivity can also be expected to 
have the same dependence. The experimental 
results (Fig. 3) show that the electrical conductivity 
is proportional to p“^ 6 . This lends strong 
support to the hypotheses that UsOg is a «-type 
metal excess semiconductor with anion vacancies. 

The temperature dependence of the constant 
K' in equation (7) is given by 

K'= K^xp(-E f /2KT) ( 8 ) 

where Ej is the activation energy for formation of 
an oxygen ion vacancy in the lattice. 

The total conductivity of UgOs can thus be 
expressed 

ct = cto exp( — E G j2KT) 

+ K' 0 cxp{-E/l2KT)' p-V* (9) 

where Eg is the energy gap between the valence 
band and conduction band. 
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Abstract —The optical constants of sodium have been measured by a reflection method in the wave¬ 
length range 0*65 to 2*5 x 10 -4 cm. The values of dielectric constant in the infra-red give an optical 
effective mass m* = (1*08 ±0 01)m. The variation of conductivity with wavelength indicates the 
onset of inter-band transitions at a photon energy of 1*2 eV. A comparison with the theoretical band 
structure suggests that these may be indirect transitions from the Fermi surface. 


1. INTRODUCTION 

The experimental study of the physical properties 
of sodium is of special interest because accurate 
theoretical calculations of the band structure of 
this metal are now available, Ham.* 1 ) The powerful 
low temperature methods of investigating band 
structure cannot easily be applied to sodium 
because of its low temperature phase transforma¬ 
tion. A measurement of the optical constants of 
sodium is therefore valuable for the information 
it can give about the band structure, as well as for 
its intrinsic interest. The dielectric constant, 
€ = (n 2 —A 2 ), and conductivity, a — «A/A, as 
functions of wavelength, A, or angular frequency, o>, 
will be used to describe the optical properties. The 
complex refractive index is (n — ik) and the units 
of a are such that (a/30) is the conductivity in 
ft -1 cm -1 . Ives and Briggs< 2 > measured the optical 
constants of sodium for wavelengths between 
0*25 and 0*58xl0 _4 cm. Their values for o-(A) 
show that the photon energies (hto) in this spectral 
region are greater than the threshold energy 
(Awi) for inter-band transitions. To obtain informa¬ 
tion about the effective mass of electrons near the 
Fermi surface, one needs optical measurements at 
frequencies a> < o>i. If the condition cor > 1, 
where r is the relaxation time, can also be satisfied, 
the interpretation of the optical measurements is 
particularly simple. e(A) is then independent of r 
and has values corresponding to a free electron gas 
without damping. o(A) is proportional to (1 /r), 


according to simple theory; see Section 3. The 
value of t depends on both bulk and surface 
relaxation processes, and may be only about half 
the value calculated from the bulk electrical 
conductivity. However, for the monovalent metals, 
the condition cur > 1 should be well satisfied for 
A ^ 5 x 10~ 4 cm. 

2. EXPERIMENTS 

Because of the great affinity of sodium for 
oxygen, a sodium surface for reflection measure¬ 
ments must be protected from the air. The method 
used for the present work was suggested by the 
work of Ives and Briggs < 3) on potassium, in which 
an internal metal-glass prism surface was used for 
reflection measurements. A film of sodium was 
deposited in vacuum on the base of a 75° isosceles 
prism of quartz glass. The free surface of the film 
was sealed from the air by a layer of vacuum grease. 
The prism to metal surface was used for reflection 
measurements. By this method, the optical 
measurements could be made with the prism in air 
without any oxidation of the film. 

The sodium films were produced in a standard 
vacuum evaporation apparatus with a titanium 
getter which held the bell-jar pressure below 
10~ 5 torr during evaporation. A piece of sodium 
(99'99%) was carefully cleaned from organic 
contamination, placed in a tantalum evaporating 
boat and the surrounding bell-jar was immediately 
evacuated. The small amount of oxide formed on 
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the surface of the sodium should be retained in the 
boat because it is much less volatile than metallic 
sodium. The temperature of the evaporating boat 
was increased gradually until sodium vapour was 
coming off at the required rate. A magnetic shutter 
covering the prism base was then opened to allow 
a film to be deposited. A high rate of deposition 
~ 500 A per sec, was used to minimize the effects 
of residual gas contamination. The final thickness 
of the film, ~ 10 -4 cm, was more than adequate to 
make it opaque. The prism was kept at ~ 50°C 
during film deposition so that vacuum grease could 
be poured on immediately afterwards to seal the 
film. Sodium films made in this way were kept 
in the atmosphere for several days without 
deterioration. 

The optical constants were measured for wave¬ 
lengths between 0*65 and 2*5xl0 -4 cm by a 
modification of the Drude method, using an angle 
of incidence 6 = 75°. The optical apparatus and 
method were similar to those used in previous 
work, Hodgson. < 4 > If r p exp(/A p ) and r a exp(fA g ) 
are the complex reflection coefficients for p- and 
j-waves, then the measured quantities are 
A = (Ap— A,) and ip = tan ~ l {rpjr 9 ). Any strain 
double refraction in the prisms will cause spurious 
changes in the measured values of A and ip. To 
check on this possibility, the values of A and \p 
were measured for each prism before a sodium film 
was deposited. Theory predicts that in this case 
tp = 45° and 

(1 H-cos A) = 2 sin 2 0 tan 2 0/(tan 2 0—l/« 2 ) 

where «o is the refractive index of the prism 
material. The measured values of ip and A for 
uncoated prisms agreed with these formulae 
within ±0*1°, showing that double refraction 
could be neglected. 

The formulae for calculating € and a from A 
and *p for prism-sodium surfaces, can be simplified 
because (90°— 2 ip) *= £ is a small angle, < 2°. 
The approximate formulae are: 

e = n 2 —/e 2 

= » 2 [tan 2 0—2 sin 2 0 tan 2 0/(l + co9 A)] (1) 

a = nkj A 

* « 2 sin 2 0 tan 2 0 sin A sin £/A( 1 + cos A) 2 (2) 

The experimental errors in € and a can be calculated 


from the estimated errors in A and ip* Because a is 
proportional to sin £, its value is very sensitive to 
errors in tp. 

The modifications of these formulae to allow for 
the anomalous skin effect have been investigated 
by Dingle< 5 > and Collins.* 8 ! For the frequency 
region of interest here, Dingle found that the usual 
formulae for € and a as functions of 6 , A and i p are 
valid if w ajp. top is the plasma frequency 
defined by [4irNeP/m(l + €c)] 1j/2 > where N is the 
number of electrons per cm 3 and e c is the ion core 
contribution to t. For sodium c c ~ 0*1 and the 
plasma wavelength X p = hrc/w ~ 2*0 x I0" 5 cm. 
Collins has derived formulae without the limitation 
to < top and found that the usual formulae are 
incorrect for to ~ top. The corrections are very 
small, however, when a> ^ a> p /5, i.e. A ^ l-0x 
10~ 4 cm for sodium. 

3. THEORY 

The theoretical expression for the dielectric 
constant € when w < an and cut > 1 is: 

e = l+€ a -(Ne2/7Tm*c 2 )X 2 (3) 

€ a is the contribution to € from inter-band transi¬ 
tions and ion core polarization. The optical 
effective mass m* is defined by:— 

m*/m = {vjS°)l(v f Sf) (4) 

where Vf is the average velocity at the Fermi sur¬ 
face, S f is the area of the F.S. and the quantities 
with superscript 0 refer to a spherical F.S. 
containing the same number of electrons; see 
Cohen.* 7 ! Ham,* 1 ! has calculated the energy bands 
and Fermi surfaces of the alkali metals. He finds 
for sodium that the F.S. is spherical and the Fermi 
energy differs inappreciably from the free electron 
value. Formula (4) therefore gives =* 1 -00 

for sodium. 

The conductivity a for cj < coi is determined by 
intra-band transitions of the valence electrons. 
These indirect transitions must be accompanied 
by scattering of electrons by phonons, im¬ 
perfections or boundaries. If the relaxation time 
due to scattering is r and cjt > 1, then: 

a - (Afc*/4irmVXl/ T )A a (5) 

The theory of the anomalous skin effect shows that 
the relaxation due to surface scattering depends on 
whether the electron scattering is specular or 
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diffuse. One can assume for simplicity that a 
fraction p is specularly scattered and (l—/>) is 
diffusely scattered. The relaxation time for each 
set of electrons is given by an expression (1/r) 
(1/t0+ 1/t*) where is the bulk relaxation time 
and r B is the surface relaxation time. For the 
fraction p f r 8 > r& at room temperature and 1/r* 
can be neglected. For the fraction (1 —^>), and 

Tg are of comparable magnitude. The average (1/r) 
in equation (5) is given by; 

(1/t) = (1/t 6 )+(1-/0(1/t.) (6) 

where r s is the surface relaxation time for diffusely 
scattered electrons; i.e. 

(1/r.) = (7) 

where v / is the electron velocity at the surface of 
the Fermi sphere. A simple derivation of (7) 
has been given by Holstein. * 8) 

The direct inter-band transitions of the lowest 
energy in sodium are due to electrons on the F.S. 
with ^-vectors in the <110) or equivalent 
directions. The predicted energy for these transi¬ 
tions is about 2*0 eV. The possibility of indirect 
inter-band transitions should also be considered. 
The electrons just mentioned could make indirect 
transitions to the point Ni in the second zone, 
requiring an energy of about 1*1 eV. These 
transitions could be assisted by bulk or surface 
relaxation effects. 

4. DISCUSSION OF RESULTS 
Previous determinations of the optical constants 
of sodium have been published by Ives and 
Briggs* 2 ) and by Duncan and Duncan.* 0 ) Ives 
and Briggs deposited a thin film of sodium on a 
glass plate in an evacuated glass bulb. They used 
reflection from the free surface of the film to 
measure optical constants. Duncan and Duncan 
poured liquid sodium into a container behind a 
glass plate. The optical constants were measured 
by reflection from the sodium-glass surface. 

Experimental values of € for A ^ 1*0 x 10" 4 cm 
are shown in Fig. 1; the probable errors are about 
±0*1. The straight line represents equation (3) 
with e a = 0*1 and m* = m, i.e. 

e = 1*1—2*28 x 10 9 x A 2 (8) 

Except for the slight dip near A = 0*6 x 1 0~ 4 cm 
in the present values and those of Duncan and 


Duncan, the points fall close to the theoretical line. 
The value of 0*1 for c* is approximate and equally 
good agreement could be obtained with any value 
between 0*0 and 0*2., In the present work, different 



0 2 A 6 


A* xl0 -9 cm? 

Fig. 1. Dielectric constant of sodium in the ultra-violet 
and visible, e = n 2 — k 2 = dielectric constant; A « wave¬ 
length. Experimental points: □ Duncan and Duncan ;*®> 
V Ives and Briggs ;< a > O Hodgson. Straight line: 
Formula (3) with m* = 1 *00 m, « a = 0*1. 

films of sodium showed systematic differences in 
the values of e amounting to one or two times the 
experimental error. The values of e for A > 1 *0 x 
10~ 4 cm are shown in Fig. 2; the probable error is 
about ± 1 per cent. The experimental values for 
A > 1 *5 x 10" 4 cm fall close to the line representing: 

e = 1—2*10x 10 e x A 2 (9) 

The experimental error is too great to determine a 
non-zero value of e a . The coefficient of A 2 cor¬ 
responds to m+ — 1*08 m, compared with the 
value tn* = 1*00 m given by Ham’s calculations. 
According to Wolff,* 10 ) such a difference cannot 
be due to electron correlation if the Fermi surface 
is spherical. 

The experimental values of o{= nk/X) plotted 
against wave number k (= 1/A) are shown in 
Fig. 3. The probable errors are about ±0*2x 10 8 
for k > 1-Ox 10 4 cm -1 and rise to ± 0*6x 10 3 for 
k = 0*4 x 10 4 cm" 1 . The values of a for k ^ 1*0 x 
10 4 cm" 1 are approximately proportional to k“* 
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(i.e. A # ) where s ~ 1*8. Other films gave values of 
a up to 20 per cent different from those shown in 
Fig. 3 and for some s st 1*6. This may be compared 



Fig. 2. Dielectric constant of sodium in the infra-red. 
c « h 2 — k 2 = dielectric constant; A = wavelength. Ex¬ 
perimental points: O. Straight line: Formula (3) with 
m* - 1 *08 m, « a = 0. 



h, xlO^cnf 1 


Fig. 3. Conductivity of sodium, a = nk/X = conduc¬ 
tivity; k = 1/A = wave number. Experimental points: 
□ Duncan and Duncan ;< 0 > V Ives and Briggs 
O Hodgson. Theoretical curve: Formula (10) with 
p = 0. 


with the theoretical A 2 dependence of formula (5), 
assuming t to be independent of A. Experiments 
on films produced under rigidly controlled 
conditions and very high vacuum are needed to 
investigate the reasons for the scatter in the 
measured values of a. Assuming m* = 1 -08 m 
and using (5), (6) and (7), the theoretical expression 
for <r becomes: 

a = 5*60 x 10 10 x [3*11 + 1*11(1 -p)] x k- 2 (10) 

The curve in Fig. 3 represents equation (10) with 
p — 0. The experimental value at k = 0*41 x 
10 4 cm' 1 is cr = 12*6 xlO 9 , while (10) gives 
10*4 xlO 3 for p = 1 and 14*2 x 10 3 for p — 0. 
This suggests an intermediate value of p for this 
film but the deviation of s from the theoretical 
value of 2, makes this interpretation uncertain. 

The values of a for all sodium films show 
a sharp rise above the power law curve for 
k > 1-Ox 10 4 cm _1 , i.e. ho> > 1*2 eV. This sug¬ 
gests inter-band transitions with an energy gap of 
about T2 eV. This value is approximately equal 
to the indirect energy gap between the Fermi sur¬ 
face and point N\ y previously mentioned. The 
experimental values of u also show a dip near 
k = l*6x 10 4 cm' 1 , i.e. hw = 2*0 eV. This dip is 
pronounced in the values from Ives and Briggs but 
also appears in those from Duncan and Duncan 
which overlap satisfactorily with the present results. 
The dip may be evidence of direct transitions, 
expected to start at about this wave number. 
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Abstract —The adsorption and desorption of gold on heat-cleaned surfaces of polycrystalline 
molybdenum was studied at a residual gas pressure of 2 x 10“ 9 torr. A radio-tracer method was 
used in a differential pumping system. The sticking coefficient was measured to be s = 0*99 ± 0*01 
at beam densities up to 10 u particles/cm 2 sec. The desorption probability per unit time was found 
to obey a relation tv = zvo exp( — EjkT) with wo = 2 • 10 13 sec' 1 and E = 4*2 ± 0*2 eV. 


INTRODUCTION 

Studies of the interactions of single atoms or 
molecules with surfaces are necessary for an under¬ 
standing of many surface phenomena. Radiotracer 
techniques can be used to advantage. The number 
of radioactive atoms present is small and permits 
the study of interactions with the clean surface. 
However, a considerable effort has to be made to 
avoid contaminating the surface with any material 
that might accompany the tracer. 

In the present paper we report on experiments 
designed to study by this method the adsorption 
and desorption of radioactive metal, isotopes on 
heat-cleaned surfaces of refractory metals. We 
quote results of measurements of the interaction 
of Au 198 with a polycrystalline molybdenum sub¬ 
strate. An atomic beam of gold is produced in one 
vacuum system; this beam passes through a 
capillary into a second vacuum system where the 
beam hits the surface to be studied. The separation 
of the areas of beam production and surface inter¬ 
action guarantees that the substrate remains clean 
throughout the course of the experiment. 

* This research was supported in part by the Air 
Force Office of Scientific Research under contract 
AF 18(603)49; it was also assisted by support extended 
to the Coordinated Science Laboratory, University of 
Illinois jointly by the Department of the Army (Signal 
Corps), Department of the Navy (Office of Naval 
Research), and the Department of the Air Force (Office 
of Scientific Research) under Signal Corps Contract 
DA-36-039-SC-85122. 

t Present address: Deutsches Elektronen-Synchrotron, 
Hamburg (Germany). 


APPARATUS 

The apparatus consists of two complete ultra- 
high vacuum systems connected by a capillary of 
such conductance that a pressure difference of two 
to three orders of magnitude can be maintained 
in the two parts. Each vacuum system is complete 
with fore pump, two-stage oil diffusion pump, 
copper trap, liquid nitrogen trap and experimental 
volume. The low pressure limit is 2x 10~ 10 torr 
as measured with a Bayard-Alpert ion-gauge 
(WL 5966). 

In Fig. I, the apparatus is shown schematically. 
System 1 contains the equipment to produce the 


System 1 System 2 



Fig. 1. Schematic view of the apparatus. Z: tantalum 
oven. F: filament for electron bombardment. H: hole 
through which the atomic beam leaves the oven. M: 
magnetically operated shutter. C: capilary. T: target. 
S: surface under study. 
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atomic beam. It consists of a tantalum oven Z, of 
height and diameter 12*5 mm, that can be heated 
by electron bombardment from a filament F. The 
radioactive substance can be inserted through a 
hole in the top of the oven. The hole is closed by 
a tantalum plug P if a tungsten wire, from which 
the plug is suspended, is electrically heated to 
2300°K. The atomic beam leaves the oven 
through a hole H of diameter 0*76 mm. It passes 
a magnetically operated shutter M and enters 
System 2 through a capillary C. The shutter, if 
closed, prevents the beam from continuing into 
the second system. The hole diameter of the 
capillary is 1 mm. The length is approximately 
10 cm. 


remain fixed. The method is to expose the target 
to the beam for a certain length of time and after¬ 
wards to count the number of atoms on both parts 
of the target. The sticking coefficient is given by 
the ratio between the number of atoms on the 
surface and the number of atoms on both surface 
and cube. Corrections have to be applied for the 
different counting geometries of the two parts. 

Another quantity that can be measured with 
the present apparatus is the desorption rate as 
function of the surface temperature and structure. 
Further applications include studies of the de¬ 
pendence of the sticking coefficient upon the angle 
of incidence, upon the surface structure, and upon 
the surface cleanliness. 



Fig. 2. Target assembly. The surface to be studied S and the 
cubical box K are fastened to tungsten rods W, which in turn 
are held by nickel slugs Ni. 


System 2 contains the target T. The target 
consists of the two parts shown in Fig. 2. One is a 
cubical box K made of molybdenum sheet. Its 
linear dimensions are 12*5 mm. The front face 
has a hole A of diameter 3 mm. The rear face is 
absent altogether. The second part is the surface 
under study, S. Its dimensions are 12 by 15 mm. 
It can be slid into the position of the rear face of 
the cubical box. 

Both cube K and surface S are fastened to 
tungsten rods W, which in turn are held by nickel 
slugs Ni. The slugs fit loosely into the glass en¬ 
velope of system 2 and can be slid back and forth 
by magnets. The atomic beam arriving from the 
capillary passes through the hole A into the cubical 
box, hits the surface S and is partly adsorbed, 
partly scattered to the inside of the box. After 
exposure to the beam the surface and the cubical 
box are moved in front of a scintillation counter 
where their activities are measured without re¬ 
moving them from the vacuum system. 

The apparatus permits the measurement of the 
fraction of atoms which upon hitting a surface 


EXPERIMENTAL PROCEDURES 

The target foil and the cubical box were made 
from pure molybdenum sheet (0*125 mm thick, 
from A. D. Mackay, Inc., New York). After 
fabrication they were chemically polished until 
they had a mirror-like appearance. Next they^ 
were rinsed in acetone and distilled water. Then 
they were spotweided to their supports in a 
hydrogen atmosphere. After installation in the 
vacuum system, all metal parts were outgassed 
for a few days at the highest permissible tempera¬ 
tures. In particular, the target and the oven were 
heated to 1800°K in ultrahigh vacuum for several 
days. After this treatment, the target showed signs 
of thermal etching. The tracer, Au 198 (half-life 
64*6 hr), was produced in the Argonne Pile CP-5 
by irradiating Au 107 (99-999% pure). The ratio of 
active gold atoms to inactive was of the order of 
1 : 103 . 

When all of the parts of the apparatus had been 
thoroughly degassed the isotope was inserted. To 
do sp helium was introduced through a break-off 
tip, a small hole was blown into the glass envelope 
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of system 1, and the gold was dropped into the 
oven. After sealing and evacuation, the systems 
were twice baked for 10 hr at 450°C. Between the 
bake-outs, all metal parts were degassed either 
with an r.f.-heater or by electron bombardment. ■ 
Prior to formation of the gold beam, the tantalum 
oven was kept at 1300°K for several hours. Then 
it was raised to the temperature of 1600°K. The 
magnetic shutter, however, remained closed for 
at least one more hour while the target was once 
again heated to 1800°K. At the end of this period, 
the pressure in system 1 was approximately 
5 x 10 -7 torr; in system 2, it was 2 x 10~ 9 torr or 
less. 

Evaporation of the Au 198 took place at a tem¬ 
perature between 1500°K and 1650°K, corres¬ 
ponding to a gold vapor pressure of between 10~ B 
and 10“ 3 torr. The total number of atoms, 
radioactive and stable, that passed through the 
capillary and hit the target surface at normal 
incidence, over an area of approximately 0*1 cm 2 , 
was computed from the radioactivity count. It 
amounted to between 10 9 and 10 12 per exposure. 
The maximal beam density obtained was 10 11 cm -2 
sec“ x . The oven temperature was kept constant 
during each run by electronically controlling the 
electron bombardment voltage and current. One 
measurement of the sticking coefficient took less 
than 10 min. One measurement of the desorption 
rate as function of the temperature took approxi¬ 
mately half an hour. The total number of runs 
made in adsorption and desorption studies was 
129. The agreement between the runs was within 
± 5 per cent. 

RESULTS AND DISCUSSION 

The sticking coefficient at room temperature 
of gold on the cleaned surface of polycrystalline 
molybdenum was found to be 

s = 0-99 ± 0-01. 

Multiple reflections can be excluded experiment¬ 
ally. No change was found between the sticking 
coefficient of the surface 15 min after cleaning 
and 24 hr after cleaning. Heating the ion-gauge 
grid and the resulting gas burst did not influence 
the sticking coefficient either. Removal of the 
liquid nitrogen from the cold trap and the re¬ 
sulting temporary increase in pressure to 4 -10” 8 
torr did not change the sticking coefficient. Upon 


switching off the diffusion pump, the pressure in 
system 2 dropped to KH torr. After pumping 
back to 10~ 8 torr the sticking coefficient was 
measured again; was now found to be s » 
0*95 ± 0*01. After flashing the surface, the value 
for the clean surface was reestablished. 

The significant result of these measurements is 
that the sticking coefficient of gold on molybdenum 
is very high and that the surface conditions are in 
a first approximation not critical. A similar be¬ 
havior was found by PtushinskiiW in experiments 
on the deposition of Ag on Mo. He found that 
the sticking coefficient in this case changed from 
s = 1 for the clean surface to r = 0*9 for the 
surface in an ambient of 10 -6 torr. For gold, the 
change is not as marked as for silver. 

Some desorption rate measurements are shown 
in Fig. 3. In the graph, the abscissa represents the 
desorption temperature, as measured with a micro- 
optical pyrometer, but with appropriate emissivity 
corrections. The ordinate shows the fraction of 
Au 198 atoms that remain on the molybdenum 
surface during 2 min of heating. The data were 
taken at a residual pressure of 2 x 10~ 9 torr. The 
same behavior was found for a surface exposed to 
10~ 8 torr. After a surface had been exposed to a 
pressure of 10 -8 torr the desorption took place at 
lower temperature than could be measured with 
the pyrometer. Heating for 2 min to 1070°K re¬ 
moved more than 90 per cent of the gold initially 
present. 

The probability w per unit time of desorption 
from a homogeneous surface can be assumed in a 
first approximation to have a temperature de¬ 
pendence of the type 

w = tco exp(— EjkT). 

The frequency factor zv p and the desorption energy 
E are in this approximation assumed to be inde¬ 
pendent of the temperature T. The experimental 
data fit a relation of this kind, as is shown by the 
full-line curve in Fig. 3. This curve was obtained 
by using a?o = 2 x 10 18 sec -1 and E = 4*2 eV. An 
idea of the accuracy of the measurement can be 
obtained by comparing the experimental points 
with the dotted line in Fig. 3. The dotted line is 
the result of using zcq = 1*5 x 10 9 sec~ l and 
E — 3 *0 eV in the expression for the desorption 
probability. Another molybdenum foil used in 
these experiments showed a very similar behavior. 
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Fig. 3, Desorption of Au from a heat-cleaned poly crystalline Mo 
surface. Comparison of experimental results with two curves obtained 
by assuming the desorption probability tv to have a temperature 
dependence tv = tv o exp( — Ekt ). 


The best desorption parameter values for it were 
wo = 4x 10 12 eec -1 and E — 3-9 eV. The desorp¬ 
tion energy of the “dirty” surface was estimated 
to be less than 1*5 eV. 

The most serious error in the data is due to the 
fact that the apparatus did not permit precise 
temperature control during desorption. The foils 
were heated by a r.f, heater which gave temperature 
variations of ± 20° during the desorption periods. 
In addition, there were temperature gradients of 
the same magnitude across the substrate surface. 

The value found for the binding energy E of 
gold on the clean molybdenum surface is high. It 
is of the same order as the sublimation energy of 
gold Es = 3-6 eV and molybdenum Es = 6*7 eV. 
No other gold binding energy E measurements 
are known to the authors. Comparisons with silver 
on molybdenum are reported in Table 1. 

The desorption energies of silver are substantially 
lower than the gold value which compares with 

Table 1 



E 

Authors 

Au on Mo 

4-2 eV 

present paper 

Ag on Mo 

1-5 eV 

PTUSHINSKIlU) 

Ag on Mo 

2*2 eV 

VON GoELER(2) 


the highest desorption energies reported in the 
literature (E = 6*3 eV for oxygen on tungsten 
and E < 3 eV for the alkali metals on tungsten 1t3 >). 

The comparison of gold and silver desorption 
indicates that the electrostatic image force does 
not represent the major part of the surface binding 
force. The ionic radius of silver is smaller than 
that of gold. Therefore, in the image force picture, 
silver would be expected to be bound more 
tightly than gold. It is much more likely that the 
binding is by a metallic bond. The frequency 
factor is of a magnitude predicted for a two- 
dimensional ideal gas bound to the surface by a 
strong harmonic oscillator type force. For this 
model, wo = kTfh = 2x 10 13 sec -1 at 1000°K. 
It is interesting that the desorption is complete 
and that adsorption as well as desorption does not 
depend on the amount of adsorbed gold in the 
range indicated above. There is no sign of a bind¬ 
ing state of higher energy and no diffusion of 
gold into the target. 
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Abstract —Some experiments are described of the electron nuclear double resonance in n-type 
silicon carbide at low temperatures. With this method the magnetic interaction between the bound 
donor electron and the e9 Si and 13 C nuclei is studied. Transitions of the lattice nuclei interacting 
with the donor electrons cause some change of the level of the electron spin resonance. By means of 
this effect (ENDOR), the nuclear magnetic resonance of the nuclei surrounding the donor centres 
was detected. The nuclear resonance frequency is shifted due to the bound donor electron, the shift 
being dependent on the position of the nucleus with respect to the centre. 

By means of microwave radiation the nuclear polarization could be enhanced. The nuclear reson¬ 
ance was then observed of the majority of the nuclei of which the resonance frequency is not shifted. 

By comparing the 2e Si and 13 C spin-lattice relaxation times with each other it is concluded that 
the donor impurities occupy carbon sites. 

From the ENDOR spectra the extension of the bound donor electron around the impurity centre 
is estimated. Assuming a hydrogen-like envelope function a value of 5 A was found for the orbital 
radius. This value is consistent with the observed effects of nuclear dynamic polarization and para¬ 
magnetic resonance. 


1. INTRODUCTION 

The electron spin resonance of the impurity 
centres in silicon carbide was first observed by 
Van Wieringen.W The investigations were ex¬ 
tended by Woodbury and Ludwig< 2 > who also 
carried out some experiments on the electron 
nuclear double resonance (ENDOR). In this 
method which was introduced by Feher< 3 > the 
e.s.r. signal is influenced when nuclear spin 
transitions are induced of nuclei which have a 
magnetic interaction with the electrons. Thus in¬ 
formation regarding this interaction can be ob¬ 
tained. The data provided by Woodbury and 
Ludwig< 2 > are mainly concerned with p-type 
material. For w-type material only that ENDOR 
spectrum was obtained which originates from the 
interaction of the donor electron with the nuclear 
magnetic moment of the 14 N donor nuclei. 

It is the purpose of this paper to present 
additional and more extensive data on ENDOR 
experiments with nitrogen doped SiC which 
allow some conclusions to be drawn about the 
extension of the wave function of the bound donor 
electron. Apart from the ENDOR the nuclear 
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magnetic resonance of the 13 C and 29 Si nuclei 
could be detected by making use of nuclear 
dynamic polarization. In this way some nuclear 
relaxation effects could be studied leading to the 
conclusion that the nitrogen centres occupy 
carbon sites. In Section 2 a general outline of the 
various double resonance effects which can be 
expected in SiC is presented. After a short 
description of the experimental set up in Section 
3 the results obtained with the various double 
and single resonance experiments are described 
and discussed in Section 4. 

2. THE VARIOUS POSSIBILITIES FOR DOUBLE 
RESONANCE 

The spin Hamiltonian of the combined electron 
nuclear spin system in nitrogen-doped SiC is 
given by: 

= gf M B H • S—yahH * Id 

— 2 • 4 - 2 

k l (D 

+A d I d >S 4- ^{4A'S+ftH,S» 

+ 2WrS+B*I| f S)} 
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The first four termB give the interaction with 
the external magnetic field H , of the magnetic 
moments of the electron, the donor nucleus, the 
surrounding 29 Si and 18 C nuclei respectively. In 
this notation ya t ysi and Yc represent the gyro- 
magnetic ratios of the donor nuclei, the 29 Si and 
the 13 C nuclei respectively. 

The fifth term is the hyperfine interaction be¬ 
tween the electron and the donor nucleus. The 
last two terms represent the interaction between 
the electrons and the surrounding 29 Si nuclei 
with spin ft and 13 C nuclei with spin ft. The terms 
Ajc and Ai are the scalar parts of this interaction. 
The terms Iftfft.S') and Ift(ft,$) are the dipolar 
parts which can be given by: 


B k (I„S) = 


gnahyi ( 3(S- f ,)(!«• r,) ) 

l *' t* ) 


K = k,l 


( 2 ) 


where r K is the radius vector connecting the donor 
nucleus to the or / th lattice nucleus and yj the 
gyromagnetic ratio of either 29 Si or 13 C. 

The term Adh • S results in a threefold splitting 
of the e.s.r. line because of the spin-quantum- 
number la = 1 of the ]4 N nucleus. The last two 
interaction terms cause no resolved splitting of the 
e.s.r, lines, but they can be determined in principle 
with the help of ENDOR. 

Apart from causing e.s.r. line broadening the 
two last terms create the possibility of increasing 
the nuclear spin polarization of the lattice nuclei. 
In general one can distinguish two possibilities 
concerning the dynamic polarization. 


<z. Thermal motion of the electrons relative to the 

nuclei 

This motion results in thermal fluctuations of 
the electron-nuclear interaction. Now the time- 
dependent operators A K and B K cause combined 
electron-nuclear spin flips resulting in extra re¬ 
laxation transitions which were otherwise for¬ 
bidden. If the e.s.r. is saturated, this extra re¬ 
laxation causes a rearrangement of the occupation 
of the energy levels in such a way that the nuclear 
polarization is increased. Because the nuclear 
magnetic resonance signal is proportional to the 
nuclear polarization the n.m.r. signal is also in¬ 
creased by a factor p which is equal to the ratio of 


the enhanced polarization and the polarization at 
thermal equilibrium. 

For the case that only A K fluctuates sufficiently 
we have the well known Overhauser effect* 4 ) with 
the maximal p-value of — y*/yj where y 8 is the 
(negative) gyromagnetic ratio of the electron. 

If only the dipole coupling B K fluctuates 
sufficiently the theoretical enhancement factor will 
be p = £ y s /y/.* 5 > 

h. No thermal motion 

In this limiting case the necessary double 
transitions cannot occur rapidly enough to obtain 
the above-mentioned effects. The thermal fluctua¬ 
tions at A k and B K are now contained only in the 
time variations of S caused by the electron spin re¬ 
laxation. By causing single nuclear spin flips these 
remaining fluctuations are still the main source of 
the nuclear spin-lattice relaxation. 

Nevertheless the nuclei can be polarized in a 
quite different way. This so-called solid state 
effect* 6 ) is based on the mixing of spin states by 
the dipolar interaction. Simultaneous electron- 
nuclear spin transitions can then be induced with 
an alternating magnetic field of frequency 
v = ± vi> where v s and v/ are the e.s.r. and the 

n.m.r. frequency respectively. For v = i > s + vi we 
obtain for the theoretical enhancement p = 
-|y*/y/|. while for v = v s -v,\p = |y»/y/|. 

From the behaviour of the dynamic polarization 
one can conclude which of the two mentioned 
conditions are valid. In our case of a n-type semi¬ 
conductor at low temperatures (lower than the 
value corresponding to the donor ionization 
energy) we can expect the following effects: 

Low donor concentration N#, Here the impurity 
centres are separated sufficiently to keep their 
bound donor electrons in stationary orbits, and the 
solid-state effect will be found. 

Medium N#. Now in a perceptible number of 
cases overlapping of the donor wave functions 
occurs, if the distance between two or more 
impurities becomes of the order of the orbital 
radii. 

Then the corresponding electrons partly lose 
their localization around one donor nucleus. In 
these regions the electrons will probably occupy 
stationary orbits over two or more neighbouring 
centres at the same time. Then again the solid- 
state effect will occur. On the other hand the 
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possibility cannot be excluded that thermally 
activated motion occurs which is confined to these 
regions. Then in principle an Overhauser effect is 
possible. 

Higher N&- The onset of impurity conduction: 
is reached. The electrons then become mobile, i.e. 
different charge distributions can be realized with 
only a very small activation energy. This corre¬ 
sponds to more and more rapid fluctuations of A K 
and B k , and with increasing Nd the solid-state 
effect will eventually disappear because of too 
strong nuclear spin-lattice relaxation. Instead the 
Overhauser effect will become possible. 

3. EXPERIMENTAL METHOD 

The experiments on both ENDOR and nuclear 
dynamic polarization were carried out with the 
help of the double resonance cavity described 
elsewhere.* 7 ) Only liquid helium temperatures 
were applied in order to obtain sufficiently large 
effects. 

For the measurements of the n.m.r. of the 
polarized nuclei the coil surrounding the sample 
formed part of the tank circuit of a marginal 
oscillator for the detection of the resonance 
absorption. The n.m.r. signals were recorded as a 
function of the frequency of the oscillator while 
H was kept constant. The oscillator frequency 
could be swept with the help of a voltage depend¬ 
ent silicon capacitor. 

The usual detection system with magnetic field 
modulation and a phase-sensitive amplifier was 
applied. Most recordings were made with the fre¬ 
quency scanning speed, field modulation amplitude 
and oscillator strength adjusted for maximal 
signal-to-noise ratio. Although no true representa¬ 
tion of the n.m.r. line shape was obtained the 
signal strength could nevertheless be considered 
as proportional to the nuclear polarization. 

For the ENDOR measurements the oscillator 
frequency has to be scanned over a much larger 
range owing to the large n.m.r. frequency shifts 
of the nuclei surrounding the centres. For this 
purpose another oscillator provided with a 
“Mullard” VC 101 frequency-linear tuning capaci¬ 
tor was employed. With a servo system the fre¬ 
quency was scanned over the range of 1 octave 
during a time that could be regulated between 15 
and 1800 sec. 


The e.s.r. spectrometer used in this work 
operates at AT-band (v « 9500 Mc/s), It is a super¬ 
heterodyne type with an intermediate frequency 
of 30 Mc/s. The e.s.r. signals were also obtained 
with the conventions method of audio-frequency 
modulation (60 c/s) of the external magnetic field 
and phase sensitive amplification of the signal 
appearing on the i.f. detector. The external mag¬ 
netic field has a stability of better than 1:10®, 
which was necessary for the dynamic polarization 
and the ENDOR measurements. 

4. RESULTS AND DISCUSSION 
4.1 Electron paramagnetic resonance 

It was shown by Lely and Kroger*®) that the 
nitrogen centres probably occupy carbon sites. 
The investigated crystals belonged to the 6H 
type, in which one can distinguish three non¬ 
equivalent carbon or silicon sites. From the e.s.r. 
spectrum at a frequency of 14 KMc/s Woodbury 
and Ludwig* 2 ) showed that the impurity atoms 
are equally distributed over the three sites and 
that the spectra of the two sites coincide. In our 
case the applied frequency of 10 KMc/s was too 
low to resolve the small difference in ^-factor be¬ 
tween the sites. 

Figure 1 shows e.s.r. recordings for three differ¬ 
ent donor concentrations Nd and T = 4*2°K, 
The microwave bridge was adjusted for the 
detection of the real susceptibility. With the 
magnetic field modulation limited to a fraction of 
the e.s.r. line width the actual line shape was 
obtained from the phase-sensitive amplifier.* 3 ) 

The samples were taken from a series of batches 
with decreasing nitrogen content. The sample of 
Fig. 1(c) (Na = 1*8 x 10 16 /cm 3 ) was the last of the 
series of n-type crystals. For lower Nd the samples 
were £-type and showed a Boron acceptor spec¬ 
trum. In fact Fig. 1(C) shows a superposition of a 
donor spectrum and a relatively small acceptor 
spectrum. This sample was probably inhomo¬ 
geneous. 

The main threefold splitting is due to the hyper- 
fine interaction of the bound donor electron with 
the 14 N nuclei having spin quantum number 
7=1. The spectra can be considered as a super¬ 
position of the contributions of single donors and 
clusters containing two or more donors. The 
position of the components of the cluster spectrum 
is determined by the average nuclear magnetic 
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Fio. 1. The e.s.r. spectrum for T = 4'2°K, Na ~ 1*1 x 10 18 /cm 3 (a), Na = 3-1 xl0 17 /cm 3 

(b), Na = T8 x 10 16 (c). 


quantum number of the n impurities be¬ 

longing to it.W The <m/> == ± J peaks of the 
ft s= 2 clusters are clearly discernable between the 
main components. 

Up to 77°K the shape of the spectra of Fig. 1 was 
independent of temperature. Figure 2 show9 the 
derivative of the e.s.r. absorption spectra of a 
technically prepared sample with Na — 10 ie /cm 3 
taken at T = 77°K and 1 *2°K. At the higher 
temperature the originally resolved 14 N hyperfine 
splitting is averaged out by thermal motion. 

4.2 Nuclear magnetic resonance with dynamic 

polarization 

Because of the small size of the samples (about 
0*04 cm 8 ) it was impossible to observe the n.m.r. 
without the help of dynamic polarization. Figure 
3 shows the enhanced 29 Si resonance signal which 
is proportional to the polarization as a function of 
the external magnetic field H , for Na = 1*1 x 
10* 8 /cm 8 and T = 4*2°K. Also plotted on the 
same field scale is the corresponding e.s.r. 
spectrum. 


The result shows that the dynamic polarization 
is caused by the solid-state effect. Because the 




Fig. 2. The e.s.r. spectra of a sample with N& = 10 l */cm 8 
for T « 77°K (a) and T = 1*2°K (b). The derivative of 
the e.s.r. absorption with respect to H was recorded as a 
function of H, 
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n.m.r. frequency is of the order of the e.s.r. line 
width the two transitions at v 9 ± v/ cannot be in¬ 
duced separately and a differential effect occurs 
which is described elsewhere.* 7 * The same polari¬ 
zation has been found for the 13 C spin system. 



Fig. 3. Lower part: The enhanced n.m.r. signal of 29 Si 
plotted in arbitrary units as a function of H, for a con¬ 
stant frequency of 9526 Mc/s. With changing H the 
different conditions for the solid-state effect are traversed. 
Upper part: the e.s.r. spectrum recorded on the same 
field scale. 

A similar experiment was carried out by 
Combrisson and Solomon* 10 * on n-type Si. For 
N& = 5 x 10 16 /cm 3 they found a mixture of solid- 
state and Overhauser effect. This last effect was 
probably caused by photo-electrons generated by 
incidental radiation. In our case the samples were 
completely shielded by a brass vessel which was 
submerged in the liquid helium. During a separate 


series of experiments the SiC samples were de¬ 
liberately illuminated with white light and with 
blue light corresponding to the bandgap energy. 
However, not a trace of Overhauser effect was 
found. Probably the lifetime of the photo-electrons 
was too short so that the necessary relaxation 
transitions were absent. 

It is interesting to note that while in Si a phos¬ 
phorus donor concentration « 10 18 /cm 8 leads 
to a pure Overhauser effect,* 10 * a comparable con¬ 
centration of nitrogen donors in SiC yields a pure 
solid-state effect. It appears from our experiments 
that for the onset of an Overhauser effect in SiC 
nitrogen concentrations of at least a few times 
10 19 /cm 3 are needed. This points to a linear 
extension of the nitrogen donor wave function in 
SiC which is smaller than that in Si by a factor of 
about 3. The more quantitative determination of 
the extension of the donor electron wave function 
in SiC, which will be given below on the basis of 
the ENDOR experiments, confirms this estimate. 

It took a certain time for the nuclear polarization 
to be built up exponentially. Therefore the measur¬ 
ing points of Fig. 3 were taken after 10 min of 
microwave pumping while the nuclear polarization 
was initially made zero by means of saturation. 
Within the limited accuracy the polarization time 
t* of the sample of Fig. 3 was about 10 min for the 
applied microwave power and not dependent on 
temperature. 

The nuclear spin-lattice relaxation time could 
be determined with more accuracy. Again for the 
sample with N& = lTxl0 18 /cm 3 the relaxation 
time h of the 29 Si and 13 C spin system is plotted 
as a function of T in Fig. 4. The relaxation process 
can be described with the following well-known 
model.* 11 * Deviations of the nuclear polarization 
from the thermal equilibrium value are transported 
by nuclear spin diffusion to the paramagnetic 
centres where the nuclear spin-lattice relaxation 
is established by means of the electron-nuclear 
dipole interaction. Also by means of spin diffusion 
the dynamic polarization is transported from the 
centres and distributed over the total spin 
system.* 7 * 

In principle the necessary condition for the 
dynamic polarization to be possible is that the 
polarization time has to be shorter than the re¬ 
laxation time. The mechanism of nuclear spin 
diffusion is essentially not dependent on 
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temperature. The observed constancy of is con¬ 
sistent with this. On the other hand t% proves to be 
temperature dependent which shows that the 
limiting factor for the relaxation rate is determined 
by the electron-nuclear interaction. 



Fjo. 4. The spin-lattice relaxation time ti of the 2B Si 
and 13 C nuclei as a function of temperature. 


The transition probability Wsi of the nuclear 
spin-lattice relaxation of a nucleus interacting 
with an electron spin is given by: < 12 > 


5 T 



( 3 ) 


where r is the electron spin relaxation time and H h 
the dipolar magnetic field-strength caused by the 
electron at the position of the nucleus. If the 
limitation by spin diffusion is neglected the rate 
equation for the occupation of the two nuclear 
spin levels iV+ and N~ is found by summing over 
the fraction of nuclei which are located around the 
donor centres. 


d 

d 1 




1 5(5+1) 
5 r 



1 


X 



i-L^) 

2 kT! 


+ JV_( 



with a similar expression for the higher nuclear 
spin level. In these expressions Nj is the number 
of nuclei under consideration (for example silicon) 
in the j th shell around the impurity and H 8 1 is the 
r.m.s. value of the electron field in the shell. The 


rate of change of the polarization by relaxation is 
now given by: 

d d 

— (JV+-AL) = — A N = constant 

a r + a t 

x2N,H!j(AN th -AN) (4b) 

i 

where ANth is the thermal equilibrium value of 
AN. The natural abundance of the magnetic iso¬ 
topes does not enter in this expression. The sum¬ 
mation in (4) converges rapidly because H s j falls 
off rapidly with the distance to the impurity centre. 
Over the whole temperature range the relaxation 
time of the 13 C-nuclei appears to be longer than 
that of the 29 Si-nuclei. Because the first term of 
the summation in (4b) is predominant it can be 
concluded that the nearest neighbours of the im¬ 
purity centres are silicon atoms, which confirms 
the conclusions of Ref. 8 that the nitrogen atoms 
occupy carbon sites. 

At the cost of signal-to-noise ratio the r.f. 
voltage, magnetic field modulation and frequency 
scanning speed could be reduced sufficiently to 
obtain a more truthful representation of the n.m.r. 
line shape (Fig. 5). The linewidth proves to be 
about 200 c/sec for both resonances. 

Nuclear dynamic polarization was also found in 
samples with smaller N$ value (Afo ^ 10 17 /cm 3 ). 
Due to excessively large polarization- and relaxa¬ 
tion times these samples w T cre not investigated in 
detail. For instance with Na = 2xl0 17 /cm 3 and 
T = 4*2°K the following values were found: 
29 Si : t* « 1 hr, /i « 3 hr and 13 C : t* x 2 hr, 
t\ % 5 hr. Again only the solid-state effect was 
found with no influence from illumination of the 
samples. 

No dynamic polarization was obtained in the 
sample with N& = 10 16 /cm 3 . For T = 77°K we 
can expect the Overhauser effect (case 1). How¬ 
ever the necessary saturation of the e.s.r. proved 
to be impossible owing to inadequate microwave 
power 

4.3 ENDOR 

The ENDOR frequencies are given by: 
v = vi ± {^* + ££>*(3 cos 2 0,-l)} = vi + &v K (5) 

where vj is the normal n.m.r. frequency of either 
29 Si or 18 C and 8 K the angle between H and r K . 
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The term \a K represents the frequency shift due 
to the scalar interaction. The term %b K (3 cos 2 #* — 1) 
gives the shift caused by the dipolar interaction. 

As shown in Fig. 6 the ENDOR spectrum con¬ 
sists mainly of two broad and strong peaks result¬ 
ing from the remote 2B Si and 18 C nuclei having a 
small interaction with the donor electron. The 
dips on the two peaks are associated with the 
nuclei with no interaction at all and thus occur 


at frequencies corresponding to the normal n.nur. 
Quite similar signals from remote nuclei were 
found in n-type silicon/®) 

The resolved I^NDOR signals from the more 
neighbouring nuclei proved to be very weak and 
were absent in the case of 13 C, which is probably 
due to the low 13 C abundance. After many repeated 
recordings the following reproducible peaks were 
found: 


Table 1 


Frequency shift Ay* with Orientation of H and strength 

respect to v si (Mc/s) ff|Ic-axis HWa-axis 


A^i = 1 -00 

absent 

weak 

Av>2 — 062 

absent 

weak 

Av3 = 0-52 

clear 

clear 

Av 4 - 0-34 

clear 

clear 

A* 5 = 0-27 

weak 

weak 

Av,, = 0-13 

clear 

weak 



Fig. 5. The 29 Si and 13 C n.m.r. spectra recorded as a 
function of frequency. Frequency scale: 290 c/s per 
division for 20 Si and 580 c/s per division for the 13 C 
recording. Resonance frequency, 2-80 Mc/s and 3-64 
Mc/s respectively. 


It was not possible to follow the angular depend¬ 
ence of the shift Avj, which apparently contains an 
important dipolar contribution b*. From the 
rather limited results given in Table 1 one cannot 
expect an unambiguous identification of the 
spectrum as in the case of n-type silicon/ 3 ) 
Moreover much less is known about the band 
structure of silicon carbide than in the case of 
germanium or silicon. However, outside the central 
lattice cell we may tentatively assume a hydrogen¬ 
like distribution function for the electron around 
the impurity nucleus. The distribution function 
is then: 

m 2 “ const * exp( — 2r/ro) (6a) 

where ro is a measure for the extension of the wave 
function and r the separation from the donor 
nucleus. On the lattice points (r = r K ) the value 


* Because of the smallness of the available single 
crystals the sample had to be composed of 3 oriented 
pieces of the same batch. Small relative misalignments 
of the crystal axes can therefore be expected. For rela¬ 
tively high b K values this leads to ENDOR line splitting 
or broadening with subsequent loss of signal strength. 
One can expect this effect to be minimal for those 
orientations for which the dipolar contribution has an 
extreme value (0 K = 0° or 90°). 
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of a K in (5)» given by: 

a K =* 8/3y/MBWO | 2 ( 6 b) 

On the impurity nucleus (r « 0), where the 
function ( 6 ) is definitely no longer valid we have 
|#0)(* - 0*7 x 1024/cm* from the known 14 N 
hyperfine coupling.#) The experimental results 
of Table 1 combined with (5) and ( 6 ) give approxi¬ 
mately the values of |^(r *)| 2 outside the central 
lattice cell. As the donor is most probably on a 
carbon site the next highest value of |^r *)| 2 can be 
expected on the nearest Si neighbours occupying 
a tetrahedron around the impurity centre. Strong 
dipolar interaction can be expected there. In the 
case of As-doped silicon it was found that \b = 
0*55 Mc/s for the nearest neighbours.In the 
SiC lattice the shorter interatomic distance yields 
a theoretical estimate of J&i equal to 1 Mc/s. 




Fio. 6. The ENDOR spectra for N* — 2 x 10 17 /cm 3 and 
two different orientations of H, i.e. (a) parallel to the 
c-axis and (b) parallel to the a-axis. 


For H |la-axis two values of S are realized for the 
nearest neighbours namely 90° and 35°. We now 
consider Avi as the ENDOR frequency due to 
those two nearest neighbouring 22 Si for which 
8 = 90°, because for the two others with 8 =» 35° 
the observed A^x would lead to a very small and 
therefore unacceptable value of a\. By substituting 
the measured value of A^x into (5), taking 6 = 90° 
and making use of the value for b\ estimated above 
we derive for the nearest neighbours: = 

2 Mc/s. In spite of the large signal to noise ratio no 
resolved hyperfine splitting due to these nearest 
neighbour— 29 Si was found in the e.s.r. spectra 
for H\\a- and ||oaxis. This fact establishes an 
upper limit for a. The value of 2 Mc/s for \a\ 
just being below this limit is therefore consistent 
with this observation. 

Most of the next nearest Si neighbours are 
separated at a distance of 3*6 A and 4-7 A, both 
distances occurring in nearly equal amounts. 
There one can expect a much smaller dipolar 
contribution. The equally strong lines A ^3 and 
Av 4 are attributed to these nuclei, while the lines 
Av 2 and A 1^5 may either result from anisotropy of 
the electron density distribution or from the re¬ 
maining dipolar interaction. By using (5) and 
( 6 b) the function ( 6 a) can now be fitted on the 
lines A ^3 and Ava (the dipolar contribution is 
thereby neglected). We obtain: 

|*/r(r )| 2 = 3‘3xl0 22 • exp( —2r/5*0) cm " 3 (7) 
(r in A) 

The value of 5 -0 A for tq is obviously less than 
one would obtain from the simple expression for 
the orbital radius: r — h 2 €\e 2 m*> which yields 
fo = 8*8 A for c = 10 and m* = 0*6 m. This is 
not astonishing as for this relatively deep donor 
centre the last expression for r 0 is a very bad 
approximation. 

For r ~ 1 -9 A (nearest Si neighbour) the 
empirical function (7) gives = 1 -04 Mc/s com¬ 
pared with Jai = 2 Mc/s as estimated above 
from Ayj. The ENDOR peak Av 6 corresponds to 
7 A (7) which is compatible with the next Si shell 
outside the 4*7 A one. Altogether the electron 
extension as given by the expression ( 7 ) fits well 
with not only the ENDOR spectrum but also with 
the conclusions drawn from the e.s.r., dynamic 
polarization and n.m.r. 
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Abstract —Because of appreciable discrepancies among past experimental studies of the para¬ 
magnetic behavior of nickel at elevated temperatures, we have carefully measured the magnetic 
susceptibility of two high purity nickel samples up to 1500 °K. These measurements are in reasonable 
agreement with Fallot’s (1944) studies. Phenomenologically, between 740 and 970°K the magnetic 
susceptibility follows the Curie-Weiss law, x = C((T-S p ) y with C * 5*54eX 10" 8 cm 8 °K g“ l and 
6 P = 654*1 °K. At higher temperatures deviation from this law occurs which is describable by an 
additional temperature dependent contribution to the total susceptibility. 


INTRODUCTION 

Recently we have started to investigate the mag¬ 
netic properties of binary nickel-rich alloys in 
order to increase our knowledge of the origin of 
magnetism in transition metals. For the analysis 
of the alloying effects, one has to have reliable in¬ 
formation on the magnetic behavior of pure 
nickel. One property of interest is the paramag¬ 
netic susceptibility. Although this quantity for 
nickel has been studied extensively in the past, 
we have found that available data not only show 
considerable scattering but also are mutually 
quite inconsistent, especially at elevated tem¬ 
peratures. Thus it was decided to review this 
problem and to measure carefully the magnetic 
susceptibility of nickel as a function of temperature 
above its ferromagnetic Curie point. The experi¬ 
mental results of this investigation are described 
in this paper. 

EXPERIMENTAL CONSIDERATIONS 

Two nickel samples (designated by 1 and 2) 
were used in this experiment. Sample 1 was 
made from high purity nickel by means of levi¬ 
tation melting.* The analysis of this metal, pro¬ 
vided by the "supplier, is given in Table 1. It was 
found that during the levitation melting con¬ 
siderable gas evolution occurred. Metallographic 


Table 1. Partial analysis of nickel {sample 1) 


Impurities 

Amount [p.p.m.] 

Fe 

10 

A1 

7 

Si 

5 

Ca 

2 

Cu 

2 

Mg 

2 

Ag 

< 1 

Mn 

Aa,Au,B,Ba,Be,Bi,Cd,Co, 

Cr,C8,Ga,Ge,Hf,Hg,In,Ir, 

< 1 

K,Li,Mo,Na,Nb,Os,P,Pb,Pt, 

Rb,Re,Rh,Ru,Sb,Se,Sn,Sr, 

Ta,Ti,Tl,V,W,Zn,Zr 

Not detected 


examination also revealed that this metal con¬ 
tained sizable amounts of inclusions. Therefore, 
it was necessary to purify this nickel by melting 
it together with about 0’02% carbon in a zirconia 
crucible. This procedure gave metal from which 
small levitation melts (dia. | in., length f in.) 
were easily made. Metallographic examination 
after the carbon treatment showed practically no 
inclusions present. The ratio p(4*2)/p(298), 
where p{4 *2) and p{2 98) are the electrical re¬ 
sistivities at 4*2 and 298°K, respectively, was 
found to be 3*3xl0“ 3 for the purified nickel. 


* Obtained from Johnson-Mathey Co. 
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This quantity is a reasonable value for high purity 
nickel^) 

Sample 2 was prepared from electrolytic nickel.* 
A partial list of impurities according to the 
supplier is presented in Table 2. This nickel was 


Table 2. Partial analysis of nickel (sample 2 ) 


Impurities 

Amount [w/o] 

Fc 

O01 

Cu 

0*01 

C 

Trace 

Co 

Trace 

S 

Trace 

Si 

Trace 


melted in a vacuum of about 10“ 4 mm Hg using 
a magnesium oxide crucible and then was cast in 
a copper mold (dia. \ in., length in.). The 
ratio of the electrical resistivity at 4*2 and 300°K 
of this material was found to be 337x 10~ 3 . The 
same nickel has been used to make nickel-rich 
nickel-niobium alloys whose electrical resistivities 
have been studied earlier.* 2 * 

The nickel samples, whose susceptibilities were 
measured, were enclosed in silica capsules evacu¬ 
ated to 10 ~ 5 mm Hg. The magnetic susceptibility 
was determined with the Faraday method using 
essentially the apparatus described before* 3 * 
except for some improvements. The most im¬ 
portant of them is the addition of a controller 
maintaining a stability of 1 part in 10 4 in the 
electric current in the solenoid. Another improve¬ 
ment is the replacement of the Mettler Type B-5 
balance by a Sartorius Series 2500 semi-micro¬ 
balance capable of detecting weight changes of 
0*01 mg. Third, a program controller, by means 
of which the furnace temperature can be varied in 
a predetermined manner, has been added. 

The diamagnetic corrections of the quartz 
capsules, determined experimentally, were applied 
to the data to obtain the total magnetic suscepti¬ 
bilities of the nickel samples. 

EXPERIMENTAL RESULTS AND DISCUSSION 
Figure 1 shows in a conventional manner the 
measured inverse magnetic susceptibility per 


gram (1/x) of both nickel samples as a function of 
the absolute temperature (T). The susceptibility 
values were found to be independent of the mag¬ 
netic field. The data clearly indicate that the 
susceptibilities of samples 1 and 2 are the same. 
Furthermore, we also found no hysteresis effects, 
i.e,, the susceptibility of the samples at a particular 
temperature was independent of the previous 
thermal history. 

Figure 1 also presents the susceptibility of most 
of the earlier studies* 4 " 8 * for which the numerical 
data have been published. The inconsistency of 
the various results especially at elevated tempera¬ 
tures and the scattering of the points are quite 
noticeable. Of all the above-mentioned studies our 
data agree in the most satisfactory way with the 
measurements of Fallot.* 8 * The magnetic sus¬ 
ceptibility of polycrystalline nickel has also been 
determined recently by Nakagawa.* 9 * Although 
he does not give numerical susceptibility data 
(and thus the comparison with our results is 
difficult) it appears from his 1 /y vs. T plot that 
his results at high temperatures are somewhere 
between Terry's* 8 * and those of Sucksmith and 
Pearce.* 7 * 

It is obvious from Figure 1 that the magnetic 
susceptibility of nickel does not obey the Curie- 
Weiss law 

C 


over the whole temperature range. The quantities 
C and 6 are the Curie constant and the paramag¬ 
netic Curie temperature, respectively. However' 
according to our data, the Curie-Weiss law is 
phenomenologically applicable in the temperature 
range from about 740 to 970°K. Using the method 
of least squares we obtained from the suscepti¬ 
bility data on the sample 1 the quantities C and 
6 P to be 5-54 fl x 10 ” 3 cm 3 °K g _1 and 654-l°K, 
respectively. This value of C gives the paramag¬ 
netic moment of a nickel atom \l v = T 6 I 3 Bohr 
magnetons. The above-given values were obtained 
from the measured magnetic susceptibility data 
without correcting for the diamagnetism of nickel. 
This quantity is believed to be small and difficult 
to estimate exactly. Fallot* 8 * quotes it to be 
— 0-00307 x 10 ~ 6 g " 1 cm 8 . For these reasons we, 
as usually done by other investigators, neglect this 
small contribution in our analysis of the data. 


* Obtained from Williams and Co. 
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Fig. 1. Inverse magnetic susceptibility of nickel as a function of temperature. 


The downward curvature in the 1 fa vs. T plot 
of nickel at high temperature indicates a contri¬ 
bution to the susceptibility in addition to the 
Curie-Weiss term. It seems quite generally 
accepted* 8 ’ 10 * u > that the paramagnetic behavior 
of nickel and many nickel binary alloys can be 
represented by the equation 

* ' <2) 

where xa is assumed to be independent of the 
temperature. Several values of xa for nickel have 
been given in the literature.* 8 ’ 11 ’ 12 ) Since Xa has 
a possible theoretical meaning (paramagnetic 
susceptibility of s-electrons, orbital contribution 
of ^-electrons, influence of s-d exchange inter¬ 
actions, effect of s-d transfer)* 18-16 ) a more 
accurate knowledge of it is of some importance. 


Our attempts to obtain xa completely independent 
of the temperature have been unsuccessful. That 
is, we found it impossible to fit our susceptibility 
data to equation (2) with xa as a constant over the 
whole temperature range. 

Since it is convenient phenomenologically to 
use equation (2) for describing the magnetic 
susceptibility, we decided to consider x a as a 
function of temperature. This quantity is shown 
in Fig. 2. The points were obtained from the 
measured magnetic susceptibility values on the 
sample 1 using our values of C and 6 as given above. 

Finally, it may be remarked that we also tried 
to fit our experimental data to the equation 

x = *+pT+y/T (3) 

which has been used by Kaufmann and Starr* 17 ) 
for certain nickel-copper alloys. This, too, was 
found to be impossible. 
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Flo. 2. Xc of nickel (sample 1) as a function of tempera- 
ture. 

Recently it has been suggested by Koch and 
Arrott/ 18 ! and by Danielian< 19 > that it is more 
advantageous to plot 1/xT vs. 1/T instead of 
l lx vs* T for analyzing the susceptibility data. 
This plot is particularly useful for obtaining the 
Curie constant and the interaction parameters 
based on the localized electron model. Figure 3 
shows the magnetic susceptibility data of the 
sample 1 as the graph of 1/xT vs. l/7\ The open 
points in this figure were calculted from Fallott’s 


measurements/ 8 ^ made up to about 100 Q K above 
the melting point (m.p.) of nickel, in order to 
extend our plot at high temperatures. Moreover, it 
appears that even then one cannot reliably extra¬ 
polate the quantity 1/xT f° r 1 jT = 0 primarily 
because of the scattering of Fallot’s points. An 
attempt was made to plot ll(x—Xa)T vs. 1 /jT 
using various xa values. It was not possible to 
obtain a straight line, demonstrating, as already 
mentioned above, that the paramagnetic suscepti¬ 
bility of nickel does not follow equation ( 2 ). 

Finally, it should be remarked that in spite of 
recent theoretical and experimental advances 
toward the understanding of the electronic 
structures of the transition elements * 20 * 21 > no 
completely satisfactory theories of the paramag¬ 
netic behavior of the ferromagnetic transition 
metals exist at the present time. 
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Abstract—A model of the solid-liquid interface region of diamond-type crystals is postulated, in 
which conventional adsorption theory is used to derive an expression for the solute distribution in 
the growing crystal. It is found that there is a large variation with surface orientation of times avail¬ 
able for approach to adsorption equilibrium at growth sites. Thus, on close-packed {111} planes, the 
proportion of solute adsorbed is not able to depart far from its initial value, while on most other 
orientations it can approach or attain equilibrium. The theory accounts, qualitatively, for the facet dis¬ 
tribution coefficients, their independence of solute concentration over a wide range, and for the dis¬ 
tribution coefficient in equilibrium crystals being at the equilibrium level, despite the facets on such 
crystals, 


1. INTRODUCTION 

The statistical description of static and dynamic 
equilibria of a crystal in contact with a melt in 
terms of the relative rates of forward and reverse 
reactions has been given by Jackson and 
Chalmers/ 1 * and applied to semiconductor crystal 
growth by Thurmond/ 2 ) The discovery of the 
facet effect/ 3 ) whereby the distribution coefficient 
for solutes differs between {111} facets and other 
interfaces, showed that the atomic processes of 
solute incorporation into the solid could not be 
ignored, and thus it is necessary to examine them 
in more detail. 

The growth processes may be considered as a 
series of consecutive reactions. If, in such a series 
there is a slowly-equilibrating process, it is only 
over a very long period of time that the equi¬ 
librium calculable in terms of initial and final 
energy states will appear. In a growing crystal the 
sites of the reactions are moving with the surface, 
and so the slower processes may never attain true 
equilibrium. The result of this freezing of non¬ 
equilibrium conditions is that the actual dynamic 


* Now at Royal Aircraft Establishment, Famborough, 
Hants. 


balances may approach those calculable from 
the faster reactions only. Adsorption at the inter¬ 
face, with a limited number of adsorption sites in 
a monatomic surface layer—generally identified 
with chemisorption—has been discussed by 
Trainor and Bartlett/ 4 ) but their treatment 
has a number of mathematical defects. We shall 
also consider the effect of the interface on free 
energy of atoms near the growing interface, i.e. 
physical adsorption. The range of this effect is 
still short compared with the thickness of the 
diffusion layer. Thus concentration variations are 
not confined (as in Trainor and Bartlett’s 
theory) to the atomic layer in which growth is 
actually taking place, and no unreasonable 
discontinuity in solute content exists in the 
melt. 

The rates of escape of atoms from differently 
oriented surfaces of the growing solid will also be 
discussed. The possibility that the growth rate 
dependence of this factor might be a significant 
feature in solute segregation in semiconductor 
crystals was first proposed by Hall/ 5 > in an 
endeavour to explain differences in growth rate 
variation of effective distribution coefficient on 
surfaces of different orientation. 
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Z TRANSITION RATES INVOLVED IN CRYSTAL 
GROWTH 

Wc will use a scheme of energy levels as shown 
in Figs 1(a) and 1(b), the general form of the 
potential energy-distance curves being the same 
for both solute and solvent, though the barrier 
heights differ. 




Flo, 1 (a). Activation energies for atomic movements 
(solute atoms), (b). Activation energies for atomic 
movements (solvent atoms). 


All solutions will be considered to be ideal, and 
we will assume that the ranges of the forces in¬ 
volved are small compared with the thickness of 
the diffusion layer in the melt ahead of the growing 
interface. Thus, if we consider the rejection (or 
absorption) of solute in relation to the bulk melt, 
the analysis of Burton et a/.< 6) still holds, and the 
macroscopic pile-up or depletion of solute ahead 
of the interface is considered in this paper to 
correspond to that given in the former analysis. 
We shall discuss the equilibrium at a uniform 
temperature between a solute concentration Co in 


the surface region of the melt just beyond the 
range of the exchange processes! and C$ in the 
crystal, related by Burton’s equation (14) 

C s = A*C 0 (1) 

where A* is the interface distribution coefficient. 
The effective distribution coefficient A = Cs/Cl 
relative to the bulk liquid concentration Cl 
is given by Burton’s equation (15) 

k = k*/[k* + ( l-**)r*] (2) 

where A - fhjDi (/= growth rate, d = “length 
of diffusion zone”). Since Burton’s work was 
unable to show any obvious difference between 
A* and ko (the equilibrium distribution coefficient 
corresponding to the phase diagram) under his 
experimental conditions, these parameters have 
very frequently been equated in subsequent work. 
In fact, A* can alter quite significantly under some 
circumstances, and thus can result in differences 
between the values of k measured under different 
conditions, over and above those due to the 
diffusion processes in the melt. 

In a homogeneous phase the probability of an 
atom passing in a given direction over any barrier 
is given by the product of the probability of that 
atom being activated, the probability of an adjacent 
site being vacant, and a geometrical factor G to 
define the relevant direction of transitions and 
including any correlation effects of an atom 
jumping back into its previous position before 
it is otherwise refilled. 

We shall consider the atomic motion across 
each barrier during the time t in which the inter¬ 
face advances one atomic layer, / = 1 juv y where - 
v is the normal velocity of advance, and u is the 
number of atomic layers per cm. 

The number of solute atoms crossing unit area 
of the barrier of height a in this time is 

An = y a n a exp(-a/AT) (3a) 

where n a is the number of atoms per unit area 
ready for activation, y a is given on the theory of 
absolute reaction rates by GV/t 0 exp(A£ 0 /A). 

A S a is the entropy of activation, which deter- 


t The range of this zone is of the order of V(Af») 
where Di is the diffusion coefficient in the melt, and t 
is the mean time in which the surface advances by one 
atomic layer. 
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mines the partition function between unactivated 
and activated atoms, and 1/ro is the effective fre¬ 
quency of atomic vibrations at temperature T 
(1/toj, for the melt, ~ kT/hy and 1/ros, for the 
solid, is a mean value of the atomic vibration fre- ( 
quencies, which will be expressed as 1 jros ** j8/ro z ). 

A similar scheme can be written for solvent 
atoms, using the corresponding capital letters for 
the activation energies 

A a = ya *a exp(- AI kT) (3 A) 

Putting x a as the atom fraction of solute atoms, 

Aa = y a x a n A exp ( — a/kT) (4a) 

for dilute solutions. 

Corresponding equations can be written for 
each of the other barriers. 

Alternatively, we can write 


of surface atoms, so die entropy of activation is 
partly required for these atoms, and partly for the 
transition of the released atom from solid to melt. 
It is obvious that rates of the bulk-to-surface 
diffusion processes p and q must likewise be 
affected by this bulk-to-surface entropy increase. 

By considering the balance of atomic movements 
near the interface, in terms of a frame of reference 
moving with the mean velocity of advance of the 
interface, we have for the solvent 

ui 

ha —h Aa—Ab * Ad-A s 
u 

= Ue + Ap-Aq S* Hq (SA) 

and for the solute 
u\ 

nA x a — \-A a — Ab ~ A<i — A e 
u 


A a = 0 LaX a nA exp (-a'/kT) ] etc. 

where the a’s are equal to the corresponding y’s 
divided by (expA S/k) f and the primed letters 
represent free energies of activation. In this form 
the A !s are more easily comparable, since all the 
oc’s for solute and solvent entirely within one 
phase will be equal; at the interface they will 
differ. 

It can be shown (see, for example Ref. 7, 
pp. 196-199) that the experimentally measured 
activation energy in condensed systems is usually 
very close to A H t the enthalpy change (heat of 
activation) for the activation process. The free 
energy of activation is thus 

E' ~ iiexp TAiS a ct 

An important feature of our energy diagram is 
the distinction made between the potential energy 
of atoms in the surface layer and those in the bulk. 
Some such difference in escape probability was 
postulated by Hall. 

An atom in the surface layer of a diamond or 
zinc-blende type semiconductor crystal is bound 
by one, two, or three covalent bonds, so each of 
the surface energy levels should be subdivided, 
as will be shown later. Release requires energy to 
break direct bonds, and possibly to overcome 
some degree of interaction with second-nearest 
neighbours, etc. The loss of the atom elevates those 
bulk atoms to which it was bonded to the status 


= nsx e +Ap-A ff — riQXq (Sa) 

where uq is the number of all atoms in one atomic 
layer of the crystal, ha is that in one atomic layer 
of the liquid, and u and u% are the corresponding 
layer densities. The significance of the terms 
other than the A s requires some comment. At all 
times there is a forward and reverse diffusive 
flow across the barriers ahead of and behind the 
interface, but since the frame of reference is 
moving with the interface, atoms are constantly 
being brought into the operative region of the 
melt and left behind in the bulk solid by means 
which do not involve any absolute atomic motion. 


3. KINETICS WHEN ALL SURFACE SITES ARE 
ENERGETICALLY EQUIVALENT 

3.1. Solidification rate 

If there is no volume change on freezing, and 
there is no large vacancy concentration gradient 
between solid and bulk, the very dilute solution 
case of equation (5A) reduces to a single barrier 
problem, giving a result, at growth rate rf t 
which is equivalent to Thurmond’s growth rate 
equation (4.33).f 2 > 


V 



A H* 

A AT 


RT\ 


( 6 ) 


but involving a “surface heat of fusion”, instead 
of the bulk parameter A H r A . The meaning of 
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this surface heat of fusion Fg and its difference 
from the equilibrium heat of fusion appearing in 
equation (6) (F in our notation) will be apparent 
from Fig. 1(b). 

3.2. Solute incorporation 
If we ignore solid diffusion except between the 
surface and the layer below, and assume one type 
of atom site to be completely dominant in pro¬ 
cesses d y e t and p, we have, when all surface sites 
are equivalent, and there are no vacancy gradients: 

Xq 

- — A^*, %l) “ Xfly X$ — Xpy tlfi = Wd, ftg Tl q 

Xa 

Thus from (5 a) 

1 / ui\ 

nA ~^ (*• ex P (- a 'l kT )+ — J 

- a~ exp( - b'/kT) = n 0 (7) 

0L4nB — exp(-d f /kT) 

Xq 

—OenQ-^-exp^e'/kT) = ( 8 ) 

X Q 

X € X e 

nq —f aj— exp (—p'/kT) 

Xq Xq 

exp(-^'Ar) = «<? (9) 

Whence 


At all reasonable growth rates, we may neglect iij/tt in 
comparison with <*« exp(— a'Ik T). 

1. Burton a/.*®) put A* = Aq and derive the relation 
of A to A* given by equation (2). 

2. Hall< 5 > empirically puts A =* A* «= Ao+(A*—Ao) 
exp(—vilv) where A* is an “interface distribution coeffi¬ 
cient' ', and vt is the growth velocity at which the relaxation 
time t r for diffusion in the interface region equals the 
time for the interface to advance by one layer. This is 
given by 

lju ~ y/(Dstr) 

So, 

1 1 

V( ^ — • — = Dsu 

U t r 

Thus for in u 

k s -ko Constant (A*) 

A* ~ A 0 +- 7 — 

1 + D s ujv 14 -Dsu/v 

If we put a e exp ( — e'jhT) 1 and oc e exp(— p'kT) = 0, 
equation (10) reduces to a form exactly comparable to this 
since a Q exp( — q'/kT) ~ Dgu/v. Hall ’9 maximum growth 
rate for antimony in germanium was 8 in./hr. or 
5*6 x 10“ 3 cm/sec. vi ~Ds u — 3 x 10 -10 * 3 x 10 7 ~ 10“ 2 . 
So the approximation is probably just valid up to 
growth rates of this order. However, the effects of 
diffusion in the melt will set in before this rate is 
reached, according to equation (2). 

3. Thurmond* 2 > derives (equation (4.38)). 



1 


where *7 is the growth rate in atoms of all types per 
second and k r B is the rate of rejection of solute atoms 
from the growing crystal. 




riA [aflexp( — a'fkT) + u/ui] 


n Q 


P 

L <u 


txv[(d'-b')lkT]\l + 


« e cxp[e'/kT(l +a s exp(- 5 '/AT)]n 


( 10 ) 


l+a p exp(— p'/kT) 




For the equilibrium distribution coefficient, we 
drop all the l’s, and the uj/u to get 

Ha OLA 

Ao = exp [(-a f + b r -d' + e'-p' + q')/kT] 

n Q x e 

^ A && 

=-cx P (-/7AT) 

Previous descriptions of segregation may be derived 
from equation (10) by making various simplifications. 


If we ignore diffusion in both solid and melt, equation 
( 8 ) is the complete growth rate equation. Hence we can 
derive Thurmond’s expression, giving a reduction of 
A* with growth rate. The experimental observation of this 
relatively small effect on A*/Ao would normally be 
prevented by the tendency of A/A* to increase with 
growth rate much more rapidly, so that A/Ao increases 
with growth rate. 

4. EFFECT OF ATOMIC STRUCTURE OF 
SURFACES 

The theory of crystal growth from the melt has 
been considered so far in terms of addition of 
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atoms to energetically equivalent surface sites. 
This corresponds to the “rough interface* 1 
described by Jackson/®) in which lateral exten¬ 
sion of well-defined atomic layers does not play 
any part in the growth process. The alternative, 
mode of growth, with a “smooth interface”, is 
probably more applicable to many semiconductor 
crystal surfaces, since their entropy of melting 
is large. 

The transitions represented in equation (5A) 
and (5a) by Ad, An, Ae, 4 e, A pt Ap , and A ff , Aq } 
are generally the total of a number of sub-divisions 
corresponding to the differently-bonded atoms 
comprising the surface layer. In a material of 
diamond or zinc blende structure, it seems 
reasonable to regard most surface orientations as 
consisting of stepped layers of close-packed 
atoms in {111} planes, since complete close- 
packed layers are the most uniformly strongly 
bonded (three covalent bonds per atom) and 
therefore the most stable configuration.* So a 
surface profile consists of steps, as shown in Fig. 
2, either monatomic or else consisting of alter¬ 
nating lengths of two different planes of {111} 
form. In addition there will be isolated atoms, 
singly bonded to these planes. By distinguishing 
between singly-bonded atoms forming part of 
the crystal, and atoms which are almost equally 
close to the surface but not bonded, we are imply¬ 
ing that the interface is “sharp”, and not “diffuse” 
as described by Cahn and Hilliard. How¬ 
ever, the distinction made between the entropy 
of atoms in the liquid layer adjacent to the surface 
and those farther away acknowledges the possi¬ 
bility of some local ordering, and reconciles the 
two views. 

The impact of an atom onto a surface will 
bring it roughly to a 1-, 2-, or 3-bonded site, i.e. 
Ap — An +An t + An • (We will for simplicity 
consider these to be respectively synonymous 
with a site on a close-packed plane, a step edge, 
and a vacant space in a close-packed plane, and 
ignore the possibility of temporary surface bonds 
which differ from those required in the completed 
lattice). There will be a specific rate of release 
from each of these types of site, i.e. 

Ae = Ae i + Ae % + Ae % . 


* Similar arguments may be applied to other layer 
structures, with appropriate changes. 


The energy sad entropy changes involved iii 
adding or removing one atom are determined not 
only by that atom atone, hut also by the adjacent 
atoms whose bonding conditions are thereby 
changed. Thus the 1 'activation energies for loss of 
atoms may be greater than those for simply 
breaking 1, 2 or 3 bonds, because the other atoms 
may simultaneously require energy to raise them 
to a lower-bonded state. Likewise the entropy in¬ 
crease on loss of a surface atom is partly applied 
to the atom itself and partly to the newly e xp osed 
surface. The total of this and any other entropy 
changes occurring between bulk solid and bulk 
melt will be the entropy of melting. We are 
probably justified in considering that the entropy 
diagram in the interface region takes the form of 
one or two steps, rather than a barrier, since 
activation of an atom from the melt towards a 
site on the crystal surface must involve loss of 
some freedom of position, and a loss in entropy. 
This is to be contrasted with situations such as 
diffusion, in which there is an entropy of activation 
for diffusion in any direction, but no significant 
difference in entropy between initial and final 
states. 

4.1. Solvent atom transitions across a stepped 

crystal interface 

We can conveniently discuss the problem of 
escape of atoms from a crystal surface in terms of 
the ratio of the time during which a given atomic 
layer is exposed to the dwell times. The mean 
dwell time tj of the/-bonded solvent atoms on the 
surface will be 

TO s exp(£//*r)t 

We will now consider the meaning of growth 
velocities in terms of growth of atomic sheets 
(Fig. 2). If an interface is advancing with velocity 
v normal to itself, the velocity of advance normal 
to the close-packed planes is vm = v sec 8 where 
6 is the angle of inclination. If we consider these 
layers to be nucleating and spreading singly at 
uniform rates, respectively layers per second 
and v y cm/sec normal to the growth steps along 
the close-packed plane, then a given point in any 

t It is possible that the presence of the surface will 
alter the frequency spectrum from that in the bulk of 
the crystal: if so, allowance should be made by using an 
appropriate tq s here. 
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ixyer rcmaini in the surface for t « l/vmu sec 
before being covered over. This is the time during 
Wh&h addition or loss of l-*and 3-bonded atoms 
occurs. 







«IU 



Fio. 2. Model used to describe layer growth in the 
diamond structure 

Vy = Will COt 8 

v 0 = rui cos 8 

Each atom spends time t exposed, and the growth steps 
pass over it in time *2 = (vnilv y )t = t tan 8. 

The actual rate of growth of layers, v yy is con¬ 
trolled by the addition and loss of 2-bonded 
atoms at their edges. If the rate of addition is 
much greater than the rate of loss, the mean time 
for filling a site gives t 2y the time taken for the 
step to advance by one atomic row, and then 


v v = l/frta. If the rate of loss is comparable to the 
rate of addition (as it is when close to the melting 
point) t 2 is correspondingly larger. Thus ^ is a 
more fundamental quantity than /, and v y is 
approximately given by the simple velocity¬ 
undercooling relationship (6), with Fg % substituted 
for AHj, Any departure is due to the fact that a 
proportion of the growth sites may already be 
filled by 1-bonded atoms before the step reaches 
them. 

The relation of t , t 2y v y v y and vm for any 
orientation on which layer growth operates is 
obvious from Fig. 2; the crystal morphology is 
determined by the extent to which v y is arrested by 
the local temperature gradients. When the close- 
packed planes lie at a large angle to an isothermal, 
lateral growth of layers is slow: v y ~ v and t 2 ** /. 
When the layers are nearly parallel to an isother¬ 
mal, and can extend rapidly, v y = v xn cot 6 
(Fig. 2), and t = t 2 cot 6 . Thus, on {111}, v y must 
be very large to correspond to a finite normal 
growth rate, while only a fraction of a degree 
away it falls very rapidly. The relation of t 2y rm 
and v y is illustrated in Table 1, taking u ~ 3 x 10 7 
cm -1 . 

Of the total number of solvent atoms activated 
sufficiently to surmount the energy barrier D and 
attach themselves to the crystal, the proportions 
going into the variously-bonded sites will be fixed 
by the relative numbers, nj y and occupation 
factors, <f>j y of such sites. We will again consider 
the numbers of transitions corresponding to time 
t in which the reference plane advances by one 


Table 1 


Orientation corresponding to 


(1 

(sec) 

Vy 

(if fa remains 
constant) 
(cm/sec) 

Dm ** 1 mm/hr 

mi = 1 mm/min 

Dm 1 cm/sec 

3 x10-» 

10 4 

9 *= o' o-oor 

8 m O' 0 - 036 ' 

0- = 0' V 

3 x 10' M 

10* 

o' o-r 

0' 3-6' 

0 ° 34 ' 

3xl0-» 

1 

O' 10 ' 

0 ° 6 ' 

- 45 ° 

3 x 10-* 

10" 1 

1' 35' 

0° 57' 

— 

2 x 10-* 

1-6x10-* 

0 ° 57 ' 

- 45 ° 

_ 

io-« 

2-8 x 10- 4 

5 ° 43 ' 

— 

_ 

io-» 

2-8 x 10-' 

- 45 ° 

— 

— 
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layer, because in a steady-state condition the 
final state in melt and solid must be the same as 
the initial state but with the interface advanced a 
distance 1 /a cm in the direction of tun, or 1 /« cos 6 
in the direction of v. 

In a square centimetre of surface, there are: 

«2 2-bonded atoms along step edges, and an 
equal number of 2-bonded addition sites. 

n "smooth surface" sites, between step edges. 

The effective values of rti and n$ are obviously 
less than n, because each site may be 

(a) occupied by a 3-bonded atom with 

(i) no other attached, 

(ii) a 1-bonded atom attached; 

(b) unoccupied by a 3-bonded atom. 

The symbols n\ and «s will henceforth be taken to 
mean the effective values, which depend on the 
local values of the fa s, and are thus time-depend¬ 
ent. 

There is no very reliable evidence as to what 
extent 1-layer, 2-layer, and larger steps occur, 
but we can discuss two limiting cases. When 
6 ~ 0, it is very likely that the steps are mostly 
one monolayer high, though a few macroscopic 
steps may sometimes be visible. A low-index 
plane almost mid-way between two close-packed 
planes (e.g. close to {110}) is again likely to be 
smooth, corresponding to an atomic structure 
consisting entirely of monolayer steps. So for 
simplicity we will consider all surfaces up to this 
mid-way position to be made up of stepped mono- 
layers parallel to one close-packed plane, and 
beyond these to be made up of monolayers 
parallel to the other. Field emission microscopy 
results from spherical surfaces illustrate these 
ideas in three dimensions/ 10 * and the relative 
values of n and n% may be derived by the method 
of Mackenzie and Nicholas* 11 * for any crystal 
structure. 

When solid diffusion, and physical adsorption 
in the melt, can be ignored, the expressions 
Ad = Ad +AD g +AD t , As = Ae 1 + Ae % + As t 
can be calculated for the variously bonded atoms 
using an approach similar to the derivation of ad¬ 
sorption isotherms.* 12 * Where the adsorption at any 
site is effectively independent of the occupation of 
adjacent sites, we suppose Rj atoms to be acti¬ 
vated for adsorption into nj sites of one type in 
unit time, and that they have a mean dwell time 


Tj. If ^ is the instantaneous fractional coverage 
at an arbitrary time I, we have: 

Number of atoms activated in time d t m Rptfdt 
Number of atoms sticking in time dtf ** Jfy 

(i-^)dr 

nfffrdt 

Number of atoms leaving in time d t »- 

r i 

After time t, the total number stuck is thus; 

n,4>n = J [*,«,(it (11) 

o i 

Figure 3 is a qualitative indication of the way in 
which the fas vary during the history of a given 
site on the surface; if the growth steps are advanc¬ 
ing uniformly, the site spends time t as a 1-bonded 
site, t% is the time taken for the growth step to pass 
the site, and a further time t is then spent in a 
3-bonded state before the next layer covers it 
over. The inital values of the fa s are only aero in 
the case of <f> i, since as the steps advance they meet 
(pn atoms already in place, and leave behind com¬ 
pleted layers with fa initially very close to unity. 
In each case, however, the form of the curve will 
be a [1 — exp(— y)] function, as in the simplest case 
where fat = 0 at t = 0 and dfa/dt 0 as f -> oo. 
Thus 

and (t/)« = Rl exp t - ^ +1 / T# ^ 

R) dfa 

For t -+ oo, 6it ->-and-► 0 

Rt+lrt dt 

d <f>j 

For t -> 0, <f>j ~ Rjt and — = ify 

dt 

The loss integral for 2-bonded sites during 
time t is 


it 
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(Le. the number of atoms lost in the time t% during 
which each step advances \}u cm, times the 
number of these unit distances advanced in time 
f). The addition term is derived similarly. 


I 



t .1. tzNt) t 



Fro, 3, Occupation history of a surface site during layer 
growth: 

(upper) general site (lower) facet site 
A Instant of arrival of step front 
B Instant of passage of step front to next atomic row 
C Instant of arrival of next step 


The sum of the addition and loss integrals for 
all types of site over time t t Ad-Ar, equals «$, 
the number of atoms added per cm 2 of the given 
surface. Since for a given orientation t and tt and 
n and «2 have fixed ratios, the growth rate for that 
orientation at any given temperature is unique, 
and the appropriate values of t and /2 can be de¬ 
rived for insertion into the solute equations. 
When t -+ 00 , the equilibrium (time-independ¬ 
ent) values of nj and appear, and other simplifi¬ 
cations become permissible. 

5. GROWTH OF SINGLE CRYSTALS OF SOLVENT 
FROM NEARLY PURE SOLUTIONS 

It is not possible to grow a spherical crystal of a 
layer-structure material without careful control of 
heat flows, because the different rates of nucleation 
and net rates of accretion on different orientations 
at bne temperature will liberate corresponding 
amounts of latent heat. Unless this heat can be 



dissipated and distributed rapidly and uniformly 
over the interface, a different steady-state interface 
temperature and normal growth rate will be 
attained for each orientation, resulting in a non- 
spherical crystal. 

5.1. Extent of facets on groining crystals 

The appearance of facets on growing crystals is 
a function of nucleation rates. Where 2-bonded 
steps are present in quantity on an extended area 
of a given orientation, there is no problem in 
maintaining the growth rate, but along each 
<11Q> zone there is a range of surfaces between 
(Til) and (TlT) where there are only 1- and 3- 
bonded step sites/ 11 ) On {111} and {110} there 
are no steps of any sort, and entirely new layers 
must be nucleated for the growth front to advance. 
This requires the addition of a suitable sequence 
of 1- and 3-bonded atoms to build up a stable 
nucleus. The rate of formation of nuclei is low 
when the dwell time of singly-bonded atoms is 
very short, since adjacent sites are unlikely to be 
filled simultaneously. The normal growth velocity 
on these orientations will tend to be less than else¬ 
where, so they may lag behind an otherwise iso¬ 
thermal growth front. The consequent under¬ 
cooling enhances the lateral extension of nuclei 
into complete layers, and facets thus develop. At a 
certain level of undercooling, the rate of peripheral 
addition will be so much greater than the rate of 
loss that almost any nucleus will generate a new 
layer. The facet can then keep pace with the de¬ 
velopment of the crystal. Unless the surface is 
strongly “poisoned” with solute, or the presence 
of the solute assists nucleation, the necessary 
undercooling for each type of plane will be inde¬ 
pendent of type of solute. 

The majority of semiconductor crystals are 
grown in long ingots from the melt, either by 
pulling or by a zone-refining operation. This re¬ 
quires the growth rate, measured parallel to the 
growth direction, to be constant for all parts of 
the interface, so the growth rates normal to the 
interface at any point must be a function of 
orientation. If the axial growth rate is fl n , that in 
other directions is v = v n cos 6 (Fig. 4). Thus 
if the growth direction is [111], vm and t are con¬ 
stant and for any other orientation the normal 
growth rate is v# = I'm cos 6 . The local interface 
temperature and overall interface shape must 


t 
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adjust themselves to suit these impressed growth applicable to layer growth dose to {111}, with its 
rate requirements. very low values of t%. So for growth at a finite rate, 

In many of the semiconductor crystals in ques- the ratio of distribution coefficients on and off a 
tion the angular range covered by facets is about f {111} facet is related to the ratio of initial and 
7° from (111) on an otherwise curved inter- equilibrium solute coverages. The situation is 
face.* 13 - 14 > Thus at this angle and beyond, v# falls qualitatively illustrated in Fig. 5, which will be 
onto the curve v e = ©m cos 0 and at smaller discussed later. An equilibrium crystal, though 
angles has a higher value. faceted, grows with a very much larger value of 

h than a facet on a crystal growing at a finite rate, 
so the distribution coefficient on the former is 

( similar to that on the unfaceted portions of the 

Pulling latter, 

direction 



Fig. 4. Continuous growth of a pulled ingot in one 
direction 

V = Vn cos 6 

(growth velocity at all points, parallel to equals r«). 

In any form of growth from the melt, steady- 
state conditions can only be attained if the crystal¬ 
lization rate and rate of latent heat dissipation by 
conduction and convection are compatible. Other¬ 
wise the local interface temperature will rise and 
reduce the crystallization rate, and oscillatory 
conditions may appear.* 15 ) 


6. EFFECT OF SURFACE STRUCTURE ON 
ADDITION OF SOLUTE ATOMS* 

Unless the rates of addition and loss of solute 
and solvent from a given type of site are exactly 
equal, there will be a net gain or loss of solute 
after the initial sticking, and the situation is then 
akin to the “poisoning'’ of a surface often found 
in catalysis.* 9 ) If, however, r, > f, the effective 
coverage frozen into the crystal is not very 
different from that produced by the initial attach¬ 
ment of melt atoms. The latter condition is 


• The subscript s will be used to denote parameters 
for the solute; v will be used for solvent parameters 
where it is particularly necessary to distinguish them. 



Fig. 5. Sketched curves showing atom fraction of 
solute as a function of time during layer growth: 
(above) general sites; (below) facet sites, for r t < r v . 
The relation of times t and ta to mean dwell times r 
determines final atom fraction at C, If t is similar in the 
two cases, the level at C is principally dependent on fg 
especially if the equilibrium value of is low. When 
Tg > r Vt atom fractions increase from their initial 
levels. 


To derive k* exactly, we must use equations 
corresponding to (7), (8) and (9). The situation 
is greatly simplified if diffusion within the solid 
can be ignored, i.e. if adsorption kinetics similar 
to those described above can be used to derive 
the steady-state value of x $ <f> i, etc. We then 
have: 
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Number of Atoms activated in time d t 
Number of atoms sticking in time dr 
Number of atoms leaving in time d/ 


Solute 
R)$nj dr 

R).n,(l-t jt ) d t 


»! 

Tf 


Solvent 
Rjvftj dr 

R)*nj(l-</>„) dr 

T V 


where is the instantaneous atom fraction of 
solute in the adsorbed layer. Hence the coverage 
of solute at time / is: 

t 

n ?ht*t n = J -fat) & 

o 



( 12 ) 


So 





fat 


If fa is primarily controlled by solvent atoms, 
d fafdt is given by equation (11), and then: 

(1 —— j 


+ 


For 


dx 9j 

IT 


Ru 0 -fat) 


00 , 




Rj8 T 8 

Rjv Tv 


*** x P [-(f;-z>;+^ ;)/kT] 


Thus the initial atom fraction of attached solute 
is altered in approaching equilibrium by a factor 
corresponding to the relative heats of desorption 
of solute and solvent. This is illustrated in Fig. 5. 

6.1. Effect of heavily adsorbed solutes 

When solute atoms are very heavily adsorbed 
on the growing surfaces, growth of the crystal will 
be seriously retarded, since unless the solute 
element crystallizes with a similar lattice structure 
to the solvent element, continuation of the latter 
will be impeded. Equation (12) still holds, but 
is now a function of both elements, and must be 
regarded as (<f>j a +fa v )* 

6.2. Effects of diffusion in the solid 

If the growth rate is low, or diffusion of solute 
in the crystal is appreciable, the simple adsorption 
balance across the growing interface is altered, 
and the solute transport into the crystal is gov* 
erned by the following relation, equivalent to 
equation (5a): 

U\ v 

nA#a -h A a —Ab = A ( t l + Aa t -l- Ad, 

u om 


Ag 9 — A ei 

= A Pl + A Pt + A Pa —A Ql — A^ + n* <f> 3 Xp 9 

- n Q x Q (13) 


While for t very small (e.g. tz near to close- 
packed orientations) fat ~ 0, 

x t . t -+^~x**xp[(D’-d')/kT] 

Riv 

and 



Since the value of each of these terms depends 
on the time available for approach to equilibrium, 
k* (i.e. xa/xq) is growth-rate dependent. At very 
low growth rates ( t large), k* tends towards £ 0 , 
the equilibrium value. At high growth rates (f 
small, tz at its minimum value) k * approaches 
unity, and if only one type of surface site is im¬ 
portant, the expression reduces to the same form 
as equation (10). 
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6.3. Equilibrium distribution coefficient 

This can be obtained by neglecting the uj/« 

cos 8 and in equation (13) and equating 

to zero. A detailed balancing system is then 
obtained for each type of site, where A& x = <4*, 
A p = A q , etc. The integrals are replaced by 
sums over any arbitrary time /, and the equilibrium 
values of the fia and x*a appear everywhere. The 
net result is thus identical with that for a single 
type of growth site, independent of intermediate 
atomic mechanism and thus of surface orientation. 

6.4. Orientation dependence 

Equation (13) gives an orientation dependence 
of A*, because of the variation of the ratio t^t of 
the limits of integration of the A* s, and of the 
ratio «/» 2 . For a given value of t> the d\ and e\ 
integrals are proportional to n; the values of the 
d% and e% integrals will vary with orientation 
according to the values of 1 2 and n%. As 8 increases, 
these increase very rapidly, so that only a 
very small angular range has to be traversed before 
?2 becomes much greater than t 8 and the special 
conditions for close-packed planes cease to apply. 
It is not possible to separate the orientation and 
growth-rate dependences of k * completely, but if 
r 8 > t% for very small 8, at a given growth rate 
we can find a unique value k ^ for close-packed 
planes, and a different value for planes more than 
a fraction of a degree away which varies very little 
with orientation. If, as in equilibrium growth, 
< h even for close-packed planes, only the 
latter yalue appears. The ratio of the two values 
can be shown to be almost independent of solute 
concentration in the bulk of the melt except at 
solute levels which are so high that equilibrium 
<£’s are seriously affected, or so low that the 
statistical approach is inadequate in the surface 
region (e.g. at 10 14 atoms per cm 3 , there will be 
only about one solute atom per centimetre of step 
edge).< 16 > 

If the nucleation kinetics are such that no facet 
forms, the portion of the crystal surface over which 
the special value A 1U for rapid layer growth 
operates is very small, and lateral diffusion behind 
the interface wiH even out the solute concentration 
to a large extent. 

For growth on {110} planes, a 2-bonded process 
can operate at the ends of the individual zigzag 
rows of 3-bonded atoms which lie along <ll0> 


directions, so the solute effects should be similar 
to those on {111} planes. The absence of any 
reports of {110} facets on diamond-type crystals 
grown from the mejt prevents comparison of this 
prediction with experiment. 

Solute segregation on all other planes of the 
diamond structure should follow the model for 
slow layer growth, except for {100}, which is a 
third unique case, since it is composed entirely of 
2-bonded atoms. Strauss has shown that {100} 
can give facets on compound materials such as 
InSb.< 17 > Since layer growth does not operate, the 
facet effect is here described by the ratio of the 
values of A* 00 given by equation (10) and fc* for 
surfaces other than {111}. 

7. CONCLUSIONS 

By using an atomistic model of the crystal 
surface it has been qualitatively shown that a 
close-packed facet on a growing crystal should 
have a different distribution coefficient from an 
equilibrium facet. In the former, addition takes 
place very rapidly at step edges, and the atom 
fraction of solute has no opportunity to equilibrate 
from its initial value before it becomes incorpor¬ 
ated into the crystal. At zero growth rate, how¬ 
ever, complete equilibration can take place, and 
on surfaces which are far from close-packed 
orientations, the step edges advance so slowly 
that a fair degree of equilibration can take place. 
Thus the dynamic distribution coefficient on 
random orientations is close to the equilibrium 
value, while that on layer orientations represents 
the initial sticking probability of solute atoms at 
step edges. The latter may result either in a 
smaller or a greater value for the distribution 
coefficient at a facet, according to whether the 
initial adsorption level of solute is smaller or 
greater than the equilibrium value. The majority 
of cases in which a facet effect has been reported 
give a higher solute level on the facet, so that there 
is a net desorption of solute elsewhere over longer 
periods. Gallium on germanium facets is an 
opposite case. 

The numerical application of the above theory 
to practical systems is obviously complex. Since 
it involves time-dependent integrals of quantities 
which cannot be directly measured, any attempt 
to elucidate the relative importance of these 
quantities must involve very accurate measure- 
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mart* of distribution coefficient as a function of 
growth rate, surface orientation, and initial solute 
concentration. The survey made by Trumbore< 18 > 
shows how difficult it is to determine equi¬ 
librium distribution coefficients to the req uisite 
accuracy, let alone the dynamic coefficients, 
which may, as explained elsewhere,be 
affected by mechanical and convective stirring. 
Careful experimental study of one or two systems 
should, however, give an idea of the validity of 
the atomistic approach used in this paper. 
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Abstract—The isothermal change of Young’s modulus with time is measured in a single crystal of 
CuaAu following a sudden change in temperature above and through the critical temperature, T Ct 
when the specimen is initially in one of various states of long and short range order. Short range 
ordering changes above and close to Tc are found to be completed within minutes. Evidence is 
adduced for the existence of a metastable short range order below Tc. When the specimen is quenched 
from above Tc to below, it is shown that the continual formation of new ordered nuclei is an im¬ 
portant part of the ordering process. Equations are presented explaining the principal features of the 
ordering curves in terms of the relative contributions of nucleus formation and growth. When the 
specimen is heated from below T c to above, it is deduced that the disorder diffuses from each domain 
boundary into the domains. Also, the initial disordering rate immediately above T c is controlled by 
the existence of a metastable state of long range order. 


1. INTRODUCTION 

The kinetics of ordering and disordering in 
Cu 3 Au can be studied by observing the isothermal 
time variation of Young’s elastic modulus of the 
specimen following a sudden change in tempera¬ 
ture from an initial value Ti to a final stationary 
value Tf. The kinetic processes can be divided 
into four categories which depend on whether 
both T{ and Tf lie below T c , both T\ and Tf lie 
above T c , Ti > T c > Tf, or Ti < T c < Tf, where 
T c is the critical temperature (389°C). The first 
of these, which corresponds to the kinetics of long 
range ordering and disordering, was the subject of 
a previous investigation.W The present research 
is a continuation of that described in Ref. 1, and 
includes the last three categories of ordering 
changes. 

Nearly all of the previous work on ordering 
kinetics in Cu 3 Au have been concerned with the 
third category. Measurements of specific heat/ 3 ) 
electrical resistivity/ 4-6 ) and elasticity/ 7 ) supple¬ 
mented by X-ray examination of the internal 
structure of the material/ 8 ) led to the hypothesis 
that the initial ordering process at Tf is the forma¬ 
tion of small contiguous domains. Within each 


* Present address: RCA Laboratories, Princeton, N.J. 

1251 


of the domains the order is in equilibrium for that 
temperature, but is characterized by one of four 
phases dependent upon which of the four sub- 
lattices is predominantly occupied by gold atoms. 
The subsequent ordering process is the coalescence 
of these antiphase domains to form larger domains 
of a single phase. 

Measurements of elasticity by Lord/ 9 ) resis¬ 
tivity by Burns and Quimby/ 10 ) and length by 
Gross and Quimby/ 11 ) confirmed this hypothesis 
and revealed details of the mechanism by which 
the domains are established. This is the occurrence, 
by statistical fluctuation, of stable nuclei of order 
in a disordered matrix, and the growth of these 
nuclei until their boundaries touch. In the present 
work, it is shown that, prior to the formation of 
stable nuclei, a new metastable state of short range 
order is formed. Further, critical experiments are 
described establishing that the role of nucleation 
in the ordering process is dominant below about 
355 °C. Simple equations are provided which 
indicate the relative importance of nucleation and 
growth at all temperatures, and explain the 
principal features of the curves of the time de¬ 
pendence of Young’s modulus. 

Categories two and four have been almost 
entirely neglected previously for Cu$Au. Data is 
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presented here of disordering kinetics above T Cf 
and also of short range ordering both above and 
slightly below T e . Evidence is provided that a 
metastable state of short range order can exist 
below T e , and a metastable state of long range 
order can exist above T c . 

It is noteworthy that there is a considerable re¬ 
semblance between the kinetics of ordering in 
Cu*Au and that in other systems, such as 
NiaFe,* 18 ’ 13 > CuaPd,^) and Ni 8 Mn,U*> For 
example, there is a strong similarity between 
Fig. 12 of Iida* 13 * and Fig. 3 of this paper. It is 
suggested that the interpretation presented here 
for the ordering phenomena might be applicable 
to these other systems. One can further generalize 
the interpretation to apply, for example, to the 
solidification of a melt. One can consider an 
analogy to exist between a liquid and the dis¬ 
ordered state, defects and wrong atoms, grains 
and domains, and a polycrystalline solid and an 
ordered structure of contiguous antiphase do¬ 
mains. Then the ordering theory presented in 
Section 2C can be considered as an alternative to 
those discussed by Turnbull.* 10 * Also, in analogy 
to Bridgman single crystal growth, one might 
predict that long range ordered CusAu can best 
be prepared by slowly lowering the crystal through 
a temperature gradient from above T c to below T c . 

Young’s modulus is employed here as an indi¬ 
cator of order, since at equilibrium, Young’s 
modulus increases monotonically with increasing 
order. However, the exact relationship between 
Young’s modulus and the degree of short or long 
range order has yet to be established. Therefore, 
the interpretation of the data offered subsequently 
is based on two principal features of the curves of 
the time variation of Young's modulus: the 
variation of the initial slopes with temperature, 
and the change of curvature with time at constant 
temperature. Evidence that these features of the 
data correspond to changes in order is provided by 
measurements of length in Cu 8 Au by Gross and 
Quimbv.* 11 ) In particular, there is a strong 
similarity between curves depicting the isothermal' 
time variation of length and of Young’s modulus, 
following a quench from 415°C to various tem¬ 
peratures below T e . 

The experimental procedure for this study was 
described in detail in Ref. 1. The same single 
crystal of CusAu was used as before. Young’s 


modulus E is measured in arbitrary units (a.u.), 
which are related to c.g.s. units by the formula 
=* 6-790 x 10® Ea.u.* Measurements of 
Young’s modulus can be made every 6 sec to a 
precision of + 0*03 a.u. Now length, electrical 
resistivity, and the elastic moduli all decrease with 
increasing order. Hence, the Young’s modulus, 
which is a reciprocal function of the elastic 
moduli, increases with increasing order. There¬ 
fore, to facilitate direct comparison with much 
data exhibited in the form of graphs in the litera¬ 
ture, increases in Young’s modulus are plotted 
downward in all of the graphs here shown. 

2. RESULTS AND DISCUSSION 
A. Young*s modulus at constant disorder 

The observed variation of Young’s modulus at 
equilibrium order, E €t above T c is shown in Fig. 1, 
and is also tabulated in Table 1 in Ref. 1. It is 
found that in the range of 430 to 470°C, the 
variation of E e is linear, with a temperature co¬ 
efficient of -0-0995 a.u./°C. When a specimen is 
quenched from an initial temperature T{ above 
T c to a lower temperature 7}, the total change in 



Fig, 1. The variation of equilibrium Young’s modulus 
with temperature above T fl . 
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Young’s modulus is due to both the changes in 
order and temperature. The quantity 2?c.d. is 
introduced to compensate for the temperature 
change so as to facilitate comparison of isothermal 
ordering curves measured at different tempera¬ 
tures. It is computed from the above temperature 
coefficient of E& and for a quench from 415 °C, 
£c.d. = [132*18 + 0*0995 (415-7»] a.u. 

There is evidence that 2?c.d. is only an approxi¬ 
mation to the temperature dependent part of E 
for a state of constant disorder. First, the tem¬ 
perature coefficient for constant disorder is greater 
than that for constant order, which has a tem¬ 
perature coefficient of only —0*0636 a.u./°C, 
according to Ref. 1. This implies that at a low 
enough temperature, the values of 2£c.d. would 
intersect and pass beyond the curve for equi¬ 
librium long range order. Second, it was observed 
here that the initial value of E following a quench 
from 415 to 230°C was actually 2*7 a.u. smaller 
than the £c.d. value at 230°C, so that if shown in 
Fig. 4 for this temperature, the value of E+Ec.d. 
would be negative. Finally, Lord* 9 * found that the 
temperature coefficient of E is nearly the same for 
ordered as for disordered specimens below 200°C. 
The same is true of the temperature coefficient of 
resistivity* 6 ) and of the thermal expansion.* l7 > 

B. Kinetics of short range ordering 

Young’s modulus at equilibrium varies linearly 
from 470 to 430°C. Below 430°C, as the tempera¬ 
ture is lowered toward T c , Young’s modulus in¬ 
creases at an accelerated rate, as shown in Fig. 1. 
This non-linear increase is ascribed to the corre¬ 
sponding increase in equilibrium short range order 
which is revealed by measurements of the diffuse 
scattering of X-rays* 8 ) and electrons* 18 ) by the 
crystal. 

Figure 2 depicts the isothermal change of E 
with time following a sudden change of tempera¬ 
ture in the neighborhood of T c (389°C). The solid 
circles represent observations made following, 
respectively, quenches from 405 to 400, 395 to 
390, and 390 to 387°C. If the quenches were 
instantaneous, the initial points of these curves 
would lie on the dashed line above them. The 
open circles depict data obtained following sudden 
increases in temperature from 390 to 395, 395 to 
400, and 400 to405°C. In an instantaneous heating, 
each initial point would lie on the dashed line 


1253 

below the curve. It is thus evident that a measur¬ 
able rate exists for the achievement of equi¬ 
librium short range order following a change in 
temperature above dT* and that this rate increases 
rapidly as the ordering temperature is raked 
above T c . 



Fig. 2. Isothermal time variation of Young’s modulus 
following rapid heating and cooling between consecutive 
indicated temperatures. 


The lowest curve of Fig. 2 represents the initial 
change of order when the specimen is quenched 
to below T c . This behavior is also seen when the 
specimen is quenched to below T c from 415 
instead of 390°C, as shown later in Fig. 5. The 
similarity of both the change in value of (£— 2?c.d.) 
and the time duration of the change, between the 
387°C curve and those above T e > indicate that the 
ordering process is the same in both cases, viz. the 
establishment of a new state of short range order. 
Further corroboration of this viewpoint is pro¬ 
vided by the observation that the terminal values of 
the initial rapid change in E below T c (shown in 
Fig, 2 and later in Fig. 4) lie on a smooth extra¬ 
polation of the equilibrium curve above T c . This 
is shown in Fig. 1, where the open circles mark 
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such terminal values. This last behavior was also 
observed by Lord* 9 ) but was given a different 
interpretation. It is concluded that there is no 
discontinuity of the short range order at T 0t so 
that a definite short range order persists at tem¬ 
peratures below T e , which is in metastable equi¬ 
librium pending further ordering. 

The kinetics of short range ordering seen here 
are in contrjat with the findings of Damask, 
Fuhrman and Germagnou.< 19 > They observed 
sizeable variations in the resistivity occurring 
during periods of 30 min and longer at tempera¬ 
tures as low as 390°C. However, there are several 
differences between the two investigations. First, 
the present measurements are performed on a 
single crystal of Cu»Au rather than highly poly¬ 
crystalline specimens. Second, the changes in 
temperature here are only about 5°C, rather than 
changes well in excess of 100°C. Finally, this 
study employs Young’s modulus as the indicator 
of order instead of resistivity. 

C. Ordering in specimens quenched from above T c 

to below T c 

(i) Isothermal ordering data , The isothermal 
change of E with time following a quench from 
415°C to the indicated temperature is shown in 
Figs 3, 4, and 5. These observations are in good 


accord with those of a similar nature reported by 
Lord<S) despite significant differences in the two 
specimens. The critical temperature of Lord’s 
specimen was 386°C and the orientation of the 
cylinder axis nearly (100). Nevertheless, corre¬ 
sponding values of the quantity (£— 2?c.d.)/ 
(E e — Eq.x>.) agree within 7 per cent over the entire 
range of temperature and time. 

Inspection of Figs 3 and 5 reveals that above 
355 °C, ordering occurs in three distinct stages, 
separated by two inflection points. The first stage 
consists of a small rapid increase in E , and is com¬ 
pleted within a few minutes. This stage can be 
discerned at temperatures at and above 370°C. 
The second stage is characterized by the upward 
convexity of the curves. The major increase in E 
occurs during this stage, and the ordering rate 
increases with decreasing temperature. The third 
state is characterized by an upward concavity of 
the curves, and by the slow rate of ordering. 

At and below 355°C, only the second and third 
stages of ordering can be distinguished. Curves 
depicting the second stage below 355 differ in two 
respects from curves above 355°C: below 355°C 
the initial rate of ordering decreases with decreasing 
temperature, and the curves are concave upward. 
In this temperature range, the two stages are 
separated only by their marked differences in 
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Fig. 4. Isothermal time variation of Young’s modulus following a 
quench from 415°C to the indicated temperature. 


ordering rates. Despite appearances, the shapes of 
the 285, 300, and 325°C curves are actually 
nearly identical, since by a suitable alteration of 
the time scales, the curves of (E— 2?c.d.)/ 
(E e — Ec.d.) can be accurately superimposed. 



Fig. 5. The initial portions of curves similar to those of 
Fig. 3. 


As discussed in the previous Section, the first 
stage of ordering corresponds to the establish¬ 
ment of a new metastable state of short range 
order. At temperatures between about 325 and 
370°C, the rate of this process merges with that of 
the subsequent ordering process so that it can no 
longer be distinguished. Below 325°C, this first 
stage is mainly completed during the quench, so 
again it is not detected. 

Consistent with the interpretation of Burns 
and Quimby,< 10 > the second stage is the process of 
nucleation and growth, and the third stage is the 
process of domain coalescence. The present re¬ 
search provides little additional information con¬ 
cerning the third stage of ordering, and it will 
not be discussed further. However, concerning 
the second stage of ordering, the question arises 
as to the relative contributions of the two processes 
of nucleation and growth. 

(ii) Role of Nucleation. In the past, it has been 
considered,^* 10 > especially for temperatures below 
355°C, that the process of nucleation is quite 
rapid, and is mainly completed in the earliest 
portions of the ordering, perhaps even during the 
quench process. Then the observed ordering 
curves are due either to the growth of isolated 
nuclei, < 20 > or the coalescence of contiguous 
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nuclei/ 10 * Instead, it is here suggested that, at 
these temperatures, the dominant ordering process 
in the second stage of ordering is the continual 
formation of stable nuclei. Only at temperatures 
very close to T c is the dominant ordering mechan¬ 
ism that of growth of isolated nuclei. Several 
critical experiments were carried out to test this 
suggestion, and also to illustrate clearly features 
of the nucleation process. 

Consider two specimens of CugAu having the 
same total amount of ordered material. In the 
first specimen, the order consists of many small 
nuclei, while in the second specimen, there are 
fewer larger nuclei. Concerning the subsequent 
ordering rates at a given temperature, if the 
dominant ordering process is either the growth of 
nuclei or their coalescence if they are contiguous, 
the ordering rates will be different in the two 
specimens (faster in the first). However, if the 
dominant ordering process is the formation of 
nuclei, the ordering rates should be identical, 
since the rate of nucleation should depend upon 
the total amount of disordered material, which 
would be the same in the two cases. Nucleation 
will be impaired only after about half of the 
second stage is completed, since the average dis¬ 
tance between nuclei is then less than the minimum 
dimensions of a stable nucleus. This will obviously 
occur sooner when there are a greater number of 
smaller nuclei, rather than fewer larger nuclei. 

To correspond to the above two specimens, the 
sample of CugAu is given two different heat treat¬ 
ments before measuring the isothermal ordering. 
First, the sample is quenched from 415°C to the 
ordering temperature 7o. Next, the sample is 
quenched from 415°C to a temperature below To , 
held there for a given length of time, and then re¬ 
heated to To. The sample then has smaller and 
more numerous nuclei than after the first treatment. 

As discussed by Burns and Quimby/ 10 ) the 
size of a stable nucleus below T e increases as T c is 
approached. During reheating, Young’s modulus 
should decrease, in part due to the decrease in 
order within the nucleus, but mainly due to the 
dissolution of nuclei that are not stable at the 
higher temperature/ 21 * Observation of the Tatter 
effect would be further evidence of the importance 
of the nucleatid^ process especially at low tem¬ 
peratures. If nu election is completed during the 
initial quendS, thereupon quenching to a lower 


temperature and rehearing, no such dissolution 
should be observed. 

The results of such experiments are shown 
in Figs 6,7, and 8. Figure 6 shows the isothermal 
time variation of E in a specimen quenched from 
415 to 355°C, annealed there for times indicated 
by the numbers attached to the curves, and then 
reheated to 387°C. The curves labelled 387 and 
355°C are the isothermal ordering curves for these 
temperatures, similar to those shown in Fig. 3. 
The value of (E— Fc.d.) at the initiation of a re¬ 
heating is indicated by a solid circle on the 355° 
curve. As can be derived from Fig. 6, the 15 and 
5 min curves afford conclusive evidence of the 
predicted dissolution of nuclei on heating, because 
here the observed decrease in E is greater than the 
difference in the equilibrium values of E y that is, 
greater than the decrease that would occur if the 
entire medium were in equilibrium at 355°C. Of 
further importance, suitable translation of the 
387°C curve along the time axis reveals that the 
ordering rate for the 1 min curve is more rapid 
than that of the 387°C curve. This indicates the 
importance of nuclear growth at temperatures 
close to T c . 

Another feature revealed by Fig. 6 is that the 
number of surviving nuclei at 387°C produced 
during the first 5 min of anneal at 355°C is con¬ 
siderably greater than that produced during the 



Fig. 6. Isothermal time variation of Young’s modulus 
following a quench from 415 to 355°C, an anneal at 
355 °C for the indicated time, and a rapid heating to 
387°C. 
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Fig. 7. Isothermal time variation of Young’s modulus following a quench 
from 415 to 300°C, an anneal at 300°C for the indicated time, and a 
rapid heating to 355°C. 



Fig. 8. Isothermal time variation of Young’s modulus following a 
quench from 415 to 300°C, an anneal at 300°C for the indicated 
time, and a rapid heating to 325°C. 


succeeding 10 min. This occurs because the pro¬ 
cess of nuclear growth is greatly inhibited after 
about 5 min at 355°C, since the nuclei then are 
becoming contiguous and the slow process of 
domain coalescence dominates. 

Figure 7 shows the isothermal time variation of 
E in a specimen quenched from 415 to 300°C, 
annealed at 300°C for the time interval in minutes 
indicated by the numbers attached to the curves, 


and then heated suddenly to 355°C and held there. 
Accordingly, the curve labelled 0 is the isothermal 
ordering curve for a specimen quenched directly 
to 355°C. Each dashed curve, or its solid con¬ 
tinuation, is obtained by translating the O'min 
curve along the time axis. Ordinates of the circles 
are values of £ at 300°C at the instant of heating 
minus the decrease due to the 55°C increase in 
temperature. The curves of Fig. 8 depict similarly 
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the same phenomenon in a specimen also annealed 
at 300 but heated to 325°C. The curve labelled 
0 is the isothermal ordering curve for a specimen 
quenched to 325°C 

It is first seen that nuclei still dissolve upon re¬ 
heating, even at these lower temperatures. How¬ 
ever, the principal feature of Figs 7 and 8 is that 
an anneal as long as 5 min at 300°C has practically 
no effect on the subsequent ordering rate at either 
355 or 325°C, in contrast to the results of Fig. 6. 
Thus, it is concluded that the continual formation of 
new nuclei is the dominant ordering mechanism at 
these lower temperatures. As discussed previously, 
such ordering is not affected until roughly half of 
the ordering has occurred. This expected impair¬ 
ment can be seen in Fig. 7 for the 40 min curve, 
and in Fig. 8 for the 20 min and 35 min curves. 
Note that, in comparison, the ordering rate in 
Fig. 6 was increased by the presence of residual 
nuclei. 

(iii) Ordering theory . The above experiments 
have indicated the importance of continual 
nucleus formation during the ordering process. 
Based on these results, it is possible to formulate 
a simple theory correlating the main ordering 
phenomena occurring in the second stage of 
ordering. It is first desirable to compute the 
fluctuation in free energy, AF, required to estab¬ 
lish an ordered region of volume v in a disordered 
matrix. 

In the calculations of Burns and Quimby, < 10 ) a 
constant value of 5, the long range order para¬ 
meter, was assumed at all temperatures. However, 
Dienes< 22) has subsequently shown that not all 
values of S will produce a decrease in the con¬ 
figurational free energy, so that actually A F must 
always be considered to be a function of both S 
and v. Present attempts to derive a more complete 
theory have revealed that the calculated values for 
the free energy fluctuation to form a stable nucleus 
are extraordinarily sensitive to the exact expression 
relating the configurational free energy to S. There 
is not yet available a physically acceptable ex¬ 
pression relating these two quantities. Further¬ 
more, it is questionable if the long range order 
parameter S should be used to describe the state 
of order in a small nucleus. Accordingly, it is un¬ 
rewarding to discuss further such calculations, 
and instead, we proceed to a phenomenological 
description of tlie ordering process. 


Consider a volume Vo of specimen material 
initially disordered and held at a constant quench 
temperature below T c . The quantity q denotes the 
number of nuclei formed per unit time per unit 
volume of disordered material. The quantity p 
denotes the increase in the linear dimensions of 
the nucleus per unit time. It can then be shown< n > 
that the volume V of ordered material at any time 
t is given by: 

V = f q{V o- F)[p(^/i) + ^ a ]3di X (1) 

ii-0 

where Vo is the minimum size of a stable nucleus, 
assumed cubical here for simplicity. The solution 
of this integral equation is of no interest in the 
absence of a reliable measure of V. However, it 
yields simple expressions for the initial time differ¬ 
ential coefficients of V as follows :< 23 > 


(dF/d*)r-o = V 0 v 0 q 

(2) 

and 


(VV/dt^o = V 0 vl'*qp(3-y) 

(3) 

where 


y = ilP 

(4) 


All of the salient features of the second stage of 
ordering can be explained by these equations. The 
quantity y is a measure of the relative importance 
of the processes of nucleation and nuclear growth 
during the early stage of order. According to 
equation (3), the magnitude of y controls the sign 
of the second derivative. Therefore, at tempera¬ 
tures close to T c where nuclear growth predomin¬ 
ates, the second derivative would be expected to 
be positive since y would be small, and this is 
observed in Figs 3 and 5. At lower temperatures, 
nucleation predominates and the sign of the 
second derivative becomes negative, as observed 
in Fig. 4. Further, the temperature at which the 
second derivative becomes equal to zero must 
correspond to the temperature at which the initial 
ordering rate is a maximum, and this is seen to 
occur, at about 355°C. Also, if nucleation is the only 
ordering process, then the theoretical ordering 
curves would be exponential. At 300 and 285°C, the 
quantity (E— Fc,d.)/(F c — 2?c.d.) does in fact vary 
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exponentially with the time to 20 and 60 min re¬ 
spectively, although the question of the relation 
of Young’s modulus to order remains. 

According to equation (2), the initial ordering 
rate is controlled mainly by the value of q } and no* 
by p. Physical insight as to why the initial ordering 
rate first increases and then decreases as the 
temperature is lowered is provided* 10 ) by equation 
(5), relating q with the temperature 7. Here 

q= C exp—(H— AF Q )/kT (5) 

H is the activation energy for an ordering atomic 
interchange, AFq the free energy fluctuation to 
form a minimum stable nucleus, and C is a con¬ 
stant including the frequency factor for atomic 
interchange. According to Burns and Quimby* 10 > 
the value of A F 0 decreases very rapidly with de¬ 
creasing temperature directly below T c so that the 
value of q first increases greatly. However, at lower 
temperatures, decreasing atomic mobility causes 
the nucleation rate to decrease. 

When AFo becomes much smaller than //, the 
initial slope of the curves should vary exponentially 
with 1/7*. Therefore, the initial slopes of 
(E— Fc.D.)/(Fe— Fc.d.) plot'ted semilogarithmic ally 
against 1/7 should asymptotically approach a 
straight line having a slope of H/k. From such a 
plot, a very rough value of 40 kcal/g-atom is 
obtained for H } which is reasonable. 

The magnitude of the quantities p and q can be 
estimated as follows, provided the observed slope 
of the curve for 355°C is accepted as an approxi¬ 
mate measure of the rate of removal of disordered 
material. For this curve, the second derivative is 
zero so that y = 3. The value of Lo, which is the 
linear dimension of a minimum stable nucleus, is 
taken to be 8 interatomic distances from X-ray 
evidence.* 3 ^ The observed slope yields q from 
equation (2), and/) is then computed with equation 
(4). The result is, p— 8xl0~ 3 interatomic 
distances per second at 355°C; at this temperature 
one nucleus is formed per second in a cube 53 
interatomic distances on an edge. 

Finally, mention should be made of the recent 
study of ordering in Cu$Au by E. Nagy, I. Nagy, 
and H. Elkholy.* 24 * 26) They were concerned 
almost entirely with the third stage of ordering, 
i.e. the process of domain coalescence, so that 
their experiments essentially begin where the 
present experiments cease. In particular, their 


temperature changes require at least 5 min to be 
accomplished, and their ordering changes occur 
during periods as long as 15 hr. In contrast, in the 
present study, temperature changes are accom¬ 
plished in less than a minute, and the ordering 
changes considered are completed within an hour 
except at the lowest temperatures. In general, 
there is no contradiction between their model and 
the present model. Indeed, their conclusion that 
the “quasi-equilibrium” domain size increases 
with increasing temperature below T c is a direct 
consequence of both the increase in initial nucleus 
size at higher temperatures, and the dominance of 
nucleus growth close to 7 C , However, their con¬ 
clusion that any heat treatment below 7 C can never 
lead to a decrease in domain size is an overstate¬ 
ment, and is contradicted by the present Fig. 6. 

D. The kinetics of disordering above T c , 

The curves of Fig. 9 show the isothermal 
variation of E with time in a specimen quenched 
from 415 to 375°C, annealed at 375°K for 15 min. 
and then heated to the indicated temperature. The 
domain boundaries are contiguous at the end of 
the anneal, and the value of E (147*83 a.u.) is 
exactly reproducible. Hence the curves describe 
the effect of temperature alone on the disordering 
process above 7 e , namely the rapidity with which 
its rate increases with temperature; 1°C above T c 
the rate is comparatively slow, 15°C above T c it is 
extremely fast.* 26 ) The following explanation of 
this phenomenon is suggested. 

The isothermal curves of Fig. 10 show the 
variation of the quantity [f{S)-f (0 )]jkT with the 
long range order parameter *S given by the Bragg- 
Williams theory of order.* 27 ) Here/(5) is the con¬ 
figurational free energy per atom in a lattice with 
order S. The equilibrium value of S on a given 
curve is that for which d f ( S)ldS is zero; the curve 
corresponding to 7 C is that for which 
[/(£)-/(0)]/*7 and d/(S)/d£ are both zero at 
the same value of S . A range of temperatures 
immediately above T c exists in which the curves 
have a minimum at a value of S different from 
zero, but this is not an absolute minimum since 
the latter occurs at S = 0 for all temperatures 
above 7 C . The state of the material corresponding 
to a relative minimum is metastable pending the 
occurrence of a fluctuation in order, i.e. in free 
energy, sufficient to carry the free energy over the 



t260 


LEONARD R. WEISBERG and S. L. QUIMBY 


associated maximum. According to the Bragg- 
Williams theory, the pertinent range of temperature 
is only 8 d C for a material whose critical tempera¬ 
ture is 390°C, The minimum disappears at 398°C. 
It is suggested that when an ordered specimen is 
suddenly heated to a temperature immediately 
above T c the material quickly reaches the meta¬ 
stable state appropriate to the new temperature; 


that the stability of this state is responsible for the 
observed slow disordering rate; and that the rapid 
increase in disordering rate as the temperature is 
raised follows the rapid decrease of the stability 
to zero. 

The curves of Fig. 10 are, of course, quantita¬ 
tively incorrect since they include only the con¬ 
figurational free energy; are based upon the 



Flu. 9, Isothermal time variation of Young's modulus following a 
quench from 415 to 375°C, an anneal at 375°C for 15 min, and a 
rapid heating to the indicated temperature. 




Fto. 10. The isothermal variation of configurational free energy per atom 
with order S at various temperatures according to Bragg and Williams. The 
numbers attached to the curves are values of VilkT, where V\ is the Bragg 
and Williams ordering energy. 
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Bragg-Williams< 27 ) evaluation of the configur¬ 
ational energy w per atom in terms of S > and lead 
to too low a value (0-46) of the equilibrium order 
at T c . However, it can be argued that the correct 
isothermals, in which f(S ) now denotes the tottii 
free energy, must always possess minima in the 
region [/ (5)— f(0)]jkT negative, and the existence 
of a latent heat of disordering implies that at T c 
the quantity [f (S) — / (0 )]/kT be zero at a value of S 
different from zero. These conditions alone are 
sufficient to establish the premise, and the sugges¬ 
tion here made remains plausible. 


of long range order within large domains from the 
stable equilibrium value at 386 to the metastable 
equilibrium value at 393°C. The subsequent dis¬ 
ordering rate increases with increasing number of 
contiguous domains. This suggests that disorder 
diffuses from each domain boundary into the 
domain. This view is supported by the upward 
convexity of the curves for as diffusion proceeds, 
the area available for it diminishes and the dis¬ 
ordering rate decreases. If the disordering pro¬ 
cess were the growth of nuclei of disorder within 
domains, the curves would be convex downward, 



Fio. 11. Isothermal time variation of Young’s modulus following a 
quench from 415°C to the indicated temperature, an anneal at that 
temperature for 2 hr, an anneal at 386°C for 2 min, and a rapid heating 
to 393°C. The abscissae of all points on the 386° curve are increased 1 min 
to separate this curve from the others. 


The curves of Fig. 11 depict isothermal dis¬ 
ordering in specimens quenched from 415°C to 
the indicated temperature, annealed there for 
2 hr, then heated to 386°C and annealed for 2 min, 
and then heated to 393°C and held there. The 
anneal at 386°C establishes equilibrium order for 
that temperature within the domains, hence the 
initial states corresponding to the several curves 
differ only in respect to domain size, which de¬ 
creases with decreasing quench temperature. The 
points indicated by open circles at t = 0 are 
obtained by extrapolation to 393 from the value of 
E at 386°C with the temperature coefficient 
0*0639 a.u./°C. 

The initial rapid decrease in E y discernable in 
the data for 386 and 380°C, indicates the relaxation 


initially at least, since then the area available for 
disordering would increase with nuclear size. 

The data of Fig. 11, together with the 393°C 
curve of Fig. 9, yield a significant result. It is 
found that the five sets of values of the quantity 
(Ei—E)l(Ei—E/) t regarded as a function of the 
time, can be superimposed exactly between t =* 2 
min and t — t\ by suitable alteration of the time scale 
for each set. Here Ei is the value of E given by the 
open circles of Fig. 11, Ej the equilibrium value 
of E at 393°C, and t\ = 12, 12, 10 and 3 min for 
the 386, 380, 355 and 300°C curves respectively, 
and 9 min for the 393 °C curve of Fig. 9. Mathe¬ 
matically this means that an expression of the 
form (Ei—E)!(Ei — Ef) — F(t y T q ) describes all the 
data, where T q is the quench temperature, and 
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furthermore that F{t,T q ) m physically 

it indicates that a single process is operative, since 
it is unlikely that the same function g(T q ) will 
characterize two different processes. A highly 
simplified example serves to illustrate, on the 
present hypothesis, the nature of the functions G 
and g . 

Assume all domains to be cubeB of edge d% and 
volume ** d? * and let r denote the linear rate of 
diffusion of disorder from a domain boundary 
into the domain at 393°C. Then the volume v of 
domain material disordered in time t is given by 
the expression v — flo i—(di—2rt'f ) and the fraction 
of disordered material by the expression 
(v/voi) - [6(rtldt)-\2{rtld { f + %{rtldif\. Thus 
g(T q ) = rjdi and G follows on equating the 
expression for vjvoi to the fractional change in E. 
In fact, of course, all domains are not the same size, 
hence after a time a progressive decrease in the 
number of domains available for disordering com¬ 
mences. The several sets of data can no longer be 
superposed after the new process starts, and this 
occurs earlier the smaller the average initial 
domain size. 
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Abstract—An «-type semiconductor placed between two metal electrodes is considered. The ohmic 
contacts formed facilitate the injection of electrons into the semiconductor. A non-linear differential 
equation is obtained which relates the concentration of conduction electrons to the distance through 
the crystal. This equation is integrated exactly for the zero current case. For the current carrying case 
accurate numerical solutions are reported. Tire results are discussed in the light of apparent non- 
ohmic conductivity and theories of space charge limited currents. 


INTRODUCTION 

The injection and extraction of carriers by the 
electrodes attached to a semiconductor can give 
rise to a net space charge in the crystal. In 1940, 
Mott and Gurney^ indicated the possibility of 
achieving reasonably large space charge limited 
currents in insulators and, since then, solutions for 
various restricted ranges of interest have been 
reported. The majority of the studies are for the 
one carrier problem, all carriers having the same 
charge and mobility. 3 > The problem of space 
charge injection into a perfect insulator without 
deep traps or impurity centres but including 
diffusion has been considered by several 
workers. (4_8 1 Wright< 8} has pursued this problem 
by numerical means and has obtained actual 
current/voltage curves. He has not however 
considered the variation of current or voltage with 
thickness. Rose and his co-workers< 9 ~ 13 > have also 
studied the problem involving effects dependent 
on both electrons and holes being simultaneously 
injected into an insulator from opposite contacts. 
In these cases a trap-free insulator was considered 
and the diffusive contribution to the current was 
neglected. 

The problem of space charge conduction 
involving one type of carrier in an impurity semi¬ 
conductor has been studied by MacDonald.* 14 ) 
He considered the case where the ionization energy, 
E, of the donor states is much less than kT and it is 
thus a good approximation to assume complete 


ionization. We have considered the converse case 
in which E > kT and the degree of ionization is 
small. A brief account of certain preliminary 
results has already been published by us.* 15 ) 

In this paper we give a more complete account 
both of the methods employed and the results 
obtained. 

THEORETICAL MODEL 

The proposed model, shown schematically in 
Fig. 1, has two similar metal electrodes which 
furnish ohmic contacts to an »-type semi¬ 
conductor with a single donor level. Ef , Ed, and 
E c denote the energies of the Fermi level, donor 
level and the bottom of the conduction band 


respectively. 

The contribution of the 

E c 

: valence band 

r > 

Ef 

i 

Metal ! 

E. 

Metal 

r ^ 

^ Valence band 

Semiconductor 


Fig. 1. Simplified energy band diagram for an w-type 
semiconductor with two injecting contacts. 
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in considered negligible and the existence of ac¬ 
ceptor states is ignored. The validity of this latter 
approximation is discussed later in the paper. 

When electronic equilibrium is established the 
Fermi levels in the system must, on thermodynamic 
considerations, be coincident. This involves a 
transfer of electrons from the metals into the semi¬ 
conductor giving rise to local fields in the semi¬ 
conductor which distort the energy levels as 
shown in Fig, 1. In the formation of the contacts 
the effect of surface states has been neglected. 

The problem is treated in one-dimension and a 
one-carrier (electron) current is considered. A 
further limitation is that we shall be concerned 
with temperatures and energy levels for which 
Maxwell-Boltzmann statistics are a good approxi¬ 
mation for the distribution of the carriers. This 
requires a small occupational density of the effec¬ 
tive density of states in the conduction band and 
the energy gaps (2?/— Ed) and (E c —Ef) must both 
be several times greater than kT at normal 
temperatures. These conditions are satisfied in 
many materials in which space charge limited 
currents have been reported. 

BASIC EQUATIONS 

The processes of current flow in a semi¬ 
conducting system can be described by three 
equations—a current flow equation, the Poisson 
equation and an equation of state which relates the 
free electron density to the number of ionized 
donors in the donor level at any position in the 
semiconductor. 

The total current density J is the sum of drift 
and diffusion current densities and is given by 

J = Me „ B F+^r(—) (i) 

where n e is the concentration of conduction 
electrons, F is the electric field and fi is the electron 
mobility. The origin of x is taken at the centre of 
the crystal. Use has been made in equation (1) of 
the Einstein relationship thereby implying a 
diffusion constant independent of charge distribu¬ 
tion. 

For the model described in the preceding Section 
we may write the Poisson equation as 

d F 4ne 

— *-(«£“*/>) (2) 

CUP K - 


where no is the concentration of ioxiized donors 
and k is the dielectric constant. and no will be 
functions of x , 

In order to relate these quantities we make use of 
a statistical argument. 

If W 12 and W 21 are the probabilities of transi¬ 
tions per unit time between the conduction band 
and the donor level and between the donor level 
and the conduction band respectively, then 

W 12 • ns * = W2i(A — njo) (3) 

where No is the concentration of donor states and A 
is an effective density of states in the conduction 
band. 

In the preceding Section we indicated that, in 
our model, the conduction band is taken to be 
sufficiently empty so that A > Therefore 
equation (3) reduces to 

No* A 

n D = - (4) 

{A + flnE) 

where 

\ wj 

It is reasonable to assume that jS is independent of 
he and no and is a function of temperature only. 
This assumption enables us to make use of the 
zero current case in finding an explicit value of /?. 
Under these conditions, far into the crystal, we 
have charge neutrality. 

Therefore = no and, taking into account that 
Maxwell-Boltzmann Statistics are applicable in 
our model, we may write 

A exp [{Ef-E c )lkT) = N D exp[(E d -E f )/kT] (5) 
this gives 

n* = n D = (AN D yi* exp [{E d -E c )l2kT] (6) 

Putting this value for ue and no in equation (4) 
and using the approximation that No > gives 

J8 - exp [(E c -E d )lkT] (7) 

For a typical band gap in our model /? is very 
large and the term A in the denominator of 
equation (4) may therefore be neglected. We 
now have the relation 

nxpiE — C 


( 8 ) 
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where 

C = NuA exp [(E 4 -E e )/kT] 

These fully justifiable assumptions therefore 
lead us to a Poisson equation of the form 



Somewhat similar treatments by Pekar* 16 ) and 
MacDonald* 14 ) have resulted in the same type of 
Poisson equation. 

Eliminating F in equations (1) and (9), and 
dropping the suffix E t the concentration of elec¬ 
trons in the conduction band now being given by 
n , results in the following second order non-linear 
differential equation in n and x. 



Ane^ii 

~——(n s —Cn)+iikT 

K 



( 10 ) 


This equation may be reduced to the first order 
equation 

d7 

-= —ae~ z Yil 2 + b sinh Z (11) 

d Z 

where 



Z = log e{C-U*n) 
are the new variables and 


2J 

U CWpkT 

and 


lfor^C 1 ' 2 
b =- 

KkT 

are constants for a particular model chosen. 

ZERO CURRENT SOLUTION 
In the equilibrium case, the diffusion of carriers 
away from the contacts is balanced by the drift of 
carriers towards the contacts and therefore / = 0, 
Accordingly, the constant a is also zero and 


equation (11) reduces to 
dY 

— =6 sinh Z (12) 

iZ 

As we are dealing with electrodes of the same 
work function we would expect a symmetrical 
distribution between the electron concentration 
in the absence of current, no* aad x. At die centre 
of the semiconductor, where x has its origin, the 
electron concentration gradient will be zero. 
Thus y = 0 at x = 0 and further let Z * Z\ at 
this point. 

Integrating equation (12) and making use of the 
above boundary condition gives 

y = 6(coshZ-coshZi) (13) 

or 

hi t C 1 / 2 \ 

y = 4 C _ *nH-2 coshZij 

This may be written in the form 

bC-V 2 

y = . r . —(n-«i)(n-n 2 ) (14) 

2« 

where 

= Ci/V* 

Inspection of equation (9) will show that C 1 / 2 is 
the equilibrium concentration in an infinite slab of 
semiconductor. In the case of a finite slab we 
would expect the concentration of conduction 
electrons, at all points in the crystal, to be greater 
than this value and, therefore, for Z to be +ve 
everywhere. The electron concentration at the 
turning point will therefore be given by C 1 / 2 *. 2 ' 

At x = 0 let ti\ =* (C 1 / 2 -^). 

Then « 2 = C^O + SO 1 / 2 )- 1 

or — = (l + SC-i' 2 )-* 

ni 

Equation (14) may be written 

d n T* 

-= +tt?[«(n—«i)(«—n 2 )] 1/2 (15) 

dx 

where 

' | JC” 1 / 2 j 1/2 
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A = 1021 cm-3 
N D = 10 1 ® cm -3 
E e -E d = 1-5 eV 
T = 300°K 
X = 10® 

fi — 10 -2 cm 2 V -1 sec -1 

These values are chosen to be of the right order 
for BaTiOa and SrTiC> 3 . The mobilities for these 
where cn{p\q) is a Jacobian Elliptic Function of materials have not been measured but experimental 
argument p and modulus as defined by information exists which shows that they are 

Milne Thomson, < 17 > and where certainly less than 1 cm 2 V*" 1 sec*" 1 . 

s _ / 2ne 2 ni \ 1 l' i CURRENT SOLUTION 

\ K kT / It appears to be very difficult, and perhaps 



This equation may be integrated in terms of 
Jacobian Elliptic Functions using the boundary 
condition that n = ni when x =* 0. The solution 
takes the form 


(16) 

\ n —»2 / 


Fig. 2. Log electron concentration vs. distance. Curve 
(a) is the zero current solution. Curve (c) is the solution 
for the current carrying case with J — 1 *41 • 10~ 6 A cm -2 . 
Curve (b) is an interpolated solution for a current 
carrying case with J = 0'85*10~ 6 A cm' 2 . 


The Fermi level must remain horizontal impossible, to obtain an analytic solution of the 
throughout the system and this will therefore equation (10) in terms of known functions. This 
determine the electron concentration at the equation has therefore been solved numerically, 
contacts. Knowing the thickness of the crystal, one using an I.B.M. 7090 computer, for various values 
can then find the modulus of the elliptic function of thickness, band gaps and current. Computa- 
and hence trace the curve of no/x. A typical distri- tional details will be included in another Section, 
budon is shown in Fig. 2. The log-linear plot Figure 2 includes a typical computed curve of 
tends to obscure the fact that the injected charge the electron concentration vs. distance. The large 
remains in thin surface layers of the crystal. The concentration gradients emphasize the fact that 
curves in Fig. 2, were plotted for the following near the contacts the diffusive contribution to the 
values of the parameters. ^current is very important. The zero current 



SPACE CHARGE INJECTION INTO IMPURITY SEMICONDUCTORS 


1267 


boundary condition, that we have thermodynamic 
equilibrium across the contacts, is also used in this 
current carrying case. As this is the only boundary 
condition available an interpolation formula has 
been derived whereby, provided the zero current 
case as well as one particular current case for a 
certain thickness has been solved, the solution for 
any intermediate value of current may be obtained 
with reasonable accuracy. 

Let «i be the solution for a particular current J 
and let «o be the corresponding zero current 
solution. Then a value of n for an intermediate 
value of current, say /, is expressed in terms of a 
power series in («i — no). 

n — nQ + ai{n\ — «o) + #2(^1 — w <)) 2 +#3(^1 — w °) 3 0 ^) 

where <21 and a 2 are constants which are indepen¬ 
dent of position * in the crystal but depend on the 
concentrations and concentration gradients at the 
contacts, and on/and I. a\ satisfies the relationship 

(1 - a x )ID 0 f- 1 -+- 1 -1 

l(D 0 -D c ) 2 (A>-A0J 

/T 7 J D c D a I 

— I- 1 - 1 

l(Do-Dc) 2 (D 0 — Da) 2 1 (18) 

where Do is the modulus of the electron concentra¬ 
tion gradient at the contacts in the zero current 
solution and D c and Da are the moduli of the 
electron concentration gradients at the cathode and 
anode respectively in the current carrying case. 
£2 satisfies the equation 

- -ID 0+7 -^—Dc(J-1) (19) 

where No is the electron concentration at the 
contacts in the zero current case. 

The constant a 3 is added as a perturbation, its 
value being determined by the other two constants. 
Results have shown that, towards the centre of the 
crystal, the tqrms in («i —«o) and (n x — nof are 
adequate for an accurate solution but that in the 
region of the contacts, where («i —no ) 3 is ap¬ 
preciable, the term in («i —no ) 3 is necessary. An 
example of an interpolated curve is given in Fig. 2. 


Equation (1) may be rewritten in the form 


Fe 

~kr 


ae~ z 

~ 


-yi/* 


( 20 ) 


Hence the variation of electric field in the crystal 
may be found numerically by means of the Y\Z 
relations obtained in finding the njx curves. The 
curves of Fjx f for various values of current, may 
then be integrated to obtain a current-voltage 
relationship for the particular sets of parameters 
chosen. A typical JfV relation, for the same 
parameters as Fig. 2, is shown in Fig. 3, We find a 
non-ohmic relationship at high fields following an 
approximately ohmic behaviour at low electric 
fields. An investigation was made of the relation¬ 
ship between potential across the crystal and 
crystal thickness for a value of current on the non- 
ohmic part of the curve. A linear relationship was 
obtained as shown in Fig. 4. This indicates that 
we are not dealing with space charge limited 
currents which, on the simplest considerations 
(Mott and Gurney)/ 1 ) would be proportional to 


DISCUSSION 

It seems that although additional carriers are 
being injected at the cathode, producing a space 
charge, this is insufficient to dominate the potential 
distribution in the crystal. The current appears to 
be limited by the surface layer and not by the field 
due to the space charge. The fact that there is an 
intercept on the thickness axis in Fig, 4 is explained 
by our choice of variables which leads to “thick” 
surface layers where the material is flooded with 
electrons. Our results have shown that, as the 
surface layer is narrowed, this intercept gradually 
diminishes. 

These predictions agree well with the experi¬ 
mental results obtained in barium titanate by 
Branwood, Hughes, Hurd and Tredgold/ 18 ) 
They showed that, in general, the current, for a 
given crystal at fixed temperature, may be reason¬ 
ably accurately described by the equation 

HtMt)' « 

where V is the applied potential, L the thickness of 
the crystal and a and b are characteristic of the 
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bulk material and cathode respectively. Equation Further experiments on photoconductive proper- 

(21) indicates a nearly ohmic low field behaviour ties of barium titanate, carried out in this labora- 

which is uninfluenced by the electrode material tory, are also consistent with this model. 

and a non-ohmic region where the cathode material It thus appears that the voltage current relation- 

and the resulting surface layer has a profound ship for the type of material considered here may 

effect on the apparent conductivity. We note that be divided into three regions. 

equation (21) would lead to a linear relation (1) A low current ohmic region. 

between the voltage and the thickness even in the (2) An intermediate region which is dominated 

non-ohmic region. by injected space charge but in which the surface 



Potentlot, v 


Fig. 3. Current-voltage relationship for crystal of thickness 0 2 mm. 
The arrow denotes the value of current chosen for Fig. 4. 



Thickness, mm 

Fig. 4. Voltage-thickness relationship for a value of current 
J « l-4rtD -*Actn-‘. 
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conditions rather than the volume space charge 
limit the current. 

(3) A region where a high enough field would 
probably inject sufficient space charge so that the 
volume charge would limit the current. It seems 
likely that, in many materials, breakdown occurs 
before this region is arrived at. 

These results were obtained ignoring acceptor 
states. They provide a very good interpretation of 
the experimental results obtained with BaTiOa. 
As these latter are difficult to explain in any other 
way it seems probable that the approximation of 
ignoring acceptors is, even if somewhat crude, 
partially correct. It is thus important to ask how 
plausible a model ignoring acceptors actually is. 
The important region to consider is near the sur¬ 
face where band bending takes place. The mean 
value of ns here is about 10 14 cm -3 . It is thus 
necessary to assume a smaller value for the con¬ 
centration of acceptors. In a material like Ge this 
small value would be implausible. However in 
BaTiOa we have experimental evidence that 
conductivity is very weakly dependent on impurity 
concentration. We thus assume that impurities are 
largely compensated by ion vacancies. It also seems 
probable that the donor states are oxygen vacancies 
frozen in during crystal growth. In this case an 
effective acceptor concentration of less than 
10 14 cm~ 3 is not improbable. 

Too much importance should not be attached 
to the actual numerical values of the parameters 
used here by way of illustration. We feel that the 
significance of this result is that a mechanism 
exists which allows the current to vary as V^/L 2 in 
the high field region rather than F 2 /L 3 as predicted 
by the simple theory which ignores diffusion and 
the existence of donors. 

The more general problem including acceptors 
is now under study and it is hoped to publish the 
predictions of this model soon. 

COMPUTATIONAL DETAILS 

The first order differential equation (11) was 
solved numerically on an I.B.M. 7090 computer by 
means of the fourth order Runga-Kutta process. 
In this first stage the current J was specified at the 
start of the programme. The integration starts at a 
minimum value of n and is terminated when the 
electron concentration reaches values determined 
by the conditions pertaining at the contacts. The 


resulting relationship between dnjdx and n must 
then be integrated to obtain die njx curve. 

Making use of the aero current solution and the 
interpolation formula described in equation (17) 
the computer is ihep programmed to produce 
various njx curves for intermediate values of 
current, i,e. 0 This second stage has been 
designed to avoid a large amount of computational 
time. An alternative method would have been to 
select a value of electron concentration gradient at 
one of the contacts, which, upon integration, 
would provide a solution satisfying the necessary 
boundary condition at the other contact. However, 
the required value of dnjdx would have to be 
determined by the trial and error procedure used 
by MacDonald.< 14 > 

The current flow equation (1), in conjunction 
with the njx results of the second stage, is used to 
obtain the variation of electric field in the crystal 
for various values of current. A final numerical 
integration will then produce a JjV curve for the 
particular set of parameters chosen. Only a Blight 
modification of the first stage is required to obtain 
a voltage-thickness relation for a particular value 
of current on the JjV curve. This consists in 
starting the integration at different minimum 
values of electron concentration and, as before, 
integrating up to specified values of the electron 
concentrations at the contacts. 

The accuracy of our results is mainly dependent 
upon the increment or step size used in the Runga- 
Kutta process. A satisfactory value is determined 
by means of an approximate solution to equation 
(10) in the region where dnjdx ~ 0. The inter¬ 
polation formula has been shown to be very 
accurate and the inclusion of the term in tfg has 
enabled us to extrapolate for higher values of 
currents with a fair amount of accuracy. 
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THERMAL EXPANSION OF SILVER IODIDE 
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Abstract—The thermal expansion of silver iodide with the zincblende structure has been measured 
by X-ray diffraction techniques in the temperature range 4-2-300°K. Although dependent on sample 
preparation, it is negative to approximately 80°K, positive in the range 80-110°K, and then attains a 
constant negative high temperature value. This expansion is explained in terms of a model which 
shows the dependence of thermal expansion on structure and bonding. It is shown that the primary 
role of covalency, in its contribution to the low-temperature contraction, is to reduce the interaction 
between next-nearest neighbors. The particular form of the interatomic interaction appears to 
contribute primarily to the balance between modes with positive and negative Gruneisen factors. In 
the case of Agl, it is the large n in the nearest neighbor repulsive interaction, r”*, which accounts for 
the negative high temperature limit. The positive thermal expansion at intermediate temperatures is 
the result of transverse optical modes with lower frequencies than transverse acoustic modes. 


1. INTRODUCTION 

An apparently unusual and primarily negative 
thermal expansion over the large temperature 
range from 4*2 to 300°K has been found for cubic 
silver iodide. A negative thermal expansion for 
silver iodide was first reported by Fizeau* 1 * in 
1867. Using an interferometric technique, he 
obtained a value for the thermal expansion co¬ 
efficient a of —4-1 x 10~ 6 in the temperature range 
between 15° and 51°C. Jones and Jelen* 2 * in 1935, 
using a dilatometer, gave a value of — l*6x 10~ 6 
for the value of the expansion coefficient between 
20 and 60°C. Cohen and Bred£e* 3 * reviewed the 
status of this field in 1937 and concluded that the 
Fizeau value was the more reliable. However, the 
exact phase relationship of the samples used is in 
doubt in both cases since no physical characteriza¬ 
tion was attempted. 

Silver iodide has been shown to exist in both a 
wurtzite and a zincblende modification at room 
temperature.* 4 * 5 * The latter is metastable over its 
entire range of existence.* 6 * All attempts to grow 
single crystals of this phase have thus far been 
unsuccessful. The two structures are related by a 
simple stacking difference and have a very small 
lattice energy difference. 


* Present address; Div. Eng. and Appl. Physics, 
Harvard Univ., Cambridge, Mass. 


A low temperature minimum of the lattice 
constant has been reported for several other 
materials with the zincblende-type, or the closely 
related diamond-type structure.* 7 " 12 * The mini¬ 
mum, and subsequent negative thermal expansion 
region, in all cases lies at a temperature below 
three-tenths of the value of the Debye characteris¬ 
tic temperature 0, It was noted by Gibbons* 9 * that 
in each of these cases the atoms have a fourfold 
coordination, they are open structures and have 
strongly covalent bonding. 

In this paper we present the results of thermal 
expansion measurements in the range from 
4*2 to 300°K for silver iodide, discuss the general 
relationship of bonding and coordination to 
thermal expansion, and attempt to relate these 
ideas to the specific case of the compound 
measured. 

2. EXPERIMENTAL 

The thermal expansion was measured on poly¬ 
crystalline samples using powder X-ray diffraction 
techniques. The specimens were prepared by two 
different procedures, designed to yield an excess of 
the zincblende-type phase.* 6 * The first consisted of 
heating a quantity of the silver iodide powder to 
just above the melting point and immediately 
quenching it in cold water. The product was then 
crushed and ground. It yielded a mixture of the 


1271 



1272 


ARTHUR BIENENSTOCK and GORDON BURLEY 


two phases, with about 90 per cent conversion to 
the zincblende-type. The second method involved 
pressing a pellet from the powder at about 
3000 bars, then crushing and powdering this. 
By this procedure almost complete conversion was 
achieved. 

An X-ray diffraction cryostat previously des¬ 
cribed^ 8 * 14 > was used for all measurements. This 
permitted data collection at any temperature 
between 4*2° and 300°K. The estimated accuracy 
of temperature measurement is ± 1 *0°K. The 
cryostat was mounted on a horizontal G. E. 
diffractometer. The diffracted intensity was 
detected with a proportional counter and recorded 
on a strip chart. Copper Kct radiation, filtered with 
a nickel foil was used. The polycrystalline sample 
was spread over a layer of vaseline on the planar 
surface of this X-ray cryostat. A small quantity of 
diamond dust was added over the silver iodide 
and the surface was smoothed. Because of its 
extremely small expansion in this temperature 
range, diamond served as a useful reference 
Standard. The sample was cooled slowly to liquid 
nitrogen temperature, and then successively 
to liquid hydrogen and liquid helium tempera¬ 
tures. No phase transition was observed. A 
complete diffraction pattern was recorded at 
several temperatures. Careful measurement of the 
angular positions of several diffraction lines 
indicated an increase in unit cell dimensions at 
lower temperatures. This overall negative expan¬ 
sion appeared to be confined to the zincblende 
cubic phase. 

Since a contraction is generally expected on 
cooling a solid, a series of careful lattice measure¬ 
ments between room temperature and 4*2°K was 
then undertaken to determine the thermal expan¬ 
sion behavior of cubic silver iodide in this region. 

The sample was cooled to liquid helium tempera¬ 
ture and a pattern obtained for the (642) reflection. 
At room temperature this occurs at a 20 angle of 
125-08°. No diffraction profiles could be resolved 
at larger 26 angles. In addition, the (531) reflection 
at 89-02° 26 and the (511) reflection at 76-00° 26 
were monitored for a check on the calculated 
lattice jwfijcing. The temperature was raised in 
increments of about 20°K in the interval between 
20 and 200°K and accurate values for the lattice 
spacing obtained for each temperature. The a and 
p components were adequately separated in 


cases. The centroid of the diffraction profile was 
estimated to a corrected accuracy of 0*01° in 26 
with the aid of the diamond standard. This 
corresponds to an accuracy of five parts in 10 5 
for the calculated lattice parameter. The parameter 
was obtained directly from the observed angles by 
use of the equation 

A 

a ~ —-—(A 2 +A 2 -f J 2 ) 1/2 . 

2 sin0 

3. RESULTS 

A thermal expansion which is negative over all 
but a small portion of the temperature range 
investigated was determined for both samples of 
silver iodide. 

The results are shown in Fig. 1. The lattice 
constant of the cubic silver iodide prepared by 
quenching shows a minimum near 90°K, while 
that prepared under pressure has a minimum near 
70°K. A small region of positive thermal expansion 
is associated with each minimum. On the low 
temperature side of these minima the lines are 
nearly parallel and the slopes essentially equal. 



Fig. 1. Thermal expansion of zincblende cubic silver 
iodide in the temperature range from 4 to 300°K. Open 
circles represent data from specimen pressed at 3000 bars, 
solid circles data from specimen quenched from melt. 

However, while the values of the lattice parameter 
at room temperature and at liquid hydrogen 
temperature are comparable, the slopes between 
140 and 300°K appear to differ markedly. The 
calculated values for the coefficient of thermal 
expansion, a, defined as \ll(dl[dT) V) for the upper 
linear part of the curves is — 1-6 x 10 _6 (°K) _1 for 
the sample prepared under hydrostatic pressure 
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and — 2*8x l0~*( o K)- 1 for that prepared by 
quenching from the melt. The former may be 
expected to be less disordered and exhibit a closer 
approach to equilibrium conditions. This value is 
thus to be preferred for the extrapolated room, 
temperature thermal expansion coefficient of 
face-centered cubic silver iodide. 

4. DISCUSSION 

The measurements reported here show that the 
lattice spacing in cubic silver iodide at all tempera¬ 
tures depends on the method of preparation. This 
is presumably due to the presence of different 
concentrations of the more stable hexagonal phase, 
stacking faults, and defects. Despite these differ¬ 
ences, there are characteristics of the thermal 
expansion which are independent of the method 
of sample preparation and which can be explained, 
tentatively, in detail. 

In this Section an attempt is made to use the 
ideas of Barron < 15 > to determine some of the effects 
of structure and bonding on thermal expansion. 
The Gruneisen factors, 

din Vj 

Vi = TT-T (!) 

din V 

where vj the frequency of theyth mode and V the 
volume, are related, qualitatively, to the packing 
of atoms in simple structures, and the form of their 
interaction potential. 

The formal theory of thermal expansion in the 
quasi-harmonic approximation has been discussed 
by Blackman. < 10 > Gruneisen's temperature depen¬ 
dent constant, y, is defined by the relationship 

T7 2 y } E(hvjlkT) 

Ka j 

y = - = - -- (2) 

KC V 2 E(hv } /kT) 9 

j 


sional* best illustrated by the longitudinal 
vibrations of a linear chain. The interatomic 
potential is quite asymmetric, with a much greater 
slope for interatomic distances smaller than those 
which minimize the potential than for interatomic 
distances which are larger. Thus, the effective 
spring constant can be decreased if the average 
interatomic distance is greater than that which 
minimizes the potential. The second type will be 
called shear, and is well represented in the trans¬ 
verse vibrations of a linear chain. All motion, since 
it is normal to the bond directions, tends to 
increase the interatomic distance. As Barron 
has pointed out, the effective spring constant will 
be reduced if the lattice contracts. The dominance 
of shear or compressional character in the volume 
dependence of the frequency of a given mode is 
quite dependent on structure, particularly for the 
transverse modes. To illustrate this dependence 
we examine a particular type of mode. 

As we are primarily concerned with the phenom¬ 
enon of negative thermal expansion, this mode 
is that which is most likely to have a negative 
Gruneisen factor. The same properties which tend 
to make the Gruneisen factor for this mode 
negative will tend to make the factors for modes of 
the same branch in the region of £-space around 
the mode negative. The smaller the factor for this 
mode, the smaller are the factors for the modes in 
the surrounding region. 

In the discussion which follows, we assume that 
the forces between atoms are central. In this way, 
the dependence of the Gruneisen factor on struc¬ 
ture can be analysed. We then remove the central 
force restriction and show the effects of forces 
which depend on the angle between the lines 
connecting an atom to its nearest neighbors. 

The [lTO] polarizations of the (110) acoustic 
modes in the zincblende and cesium chloride 


where a is the volume thermal expansion, K is the 
isothermal compressibility, and C v is the specific 
heat. E(hvj/kT ) is the heat capacity of the jth 
mode. For our purposes it is important to note 
that, at any given temperature, the contribution of 
each yj to y is weighted by a factor which is 
roughly proportional to the population of that 
mode. We are concerned with the factors which 
determine the signs of the individual yy. 

In each mode of the solid there are two con¬ 
flicting tendencies. The first is the simple compres- 


structures, and the transverse (001) acoustic modes 
of the sodium chloride structure, are modes in 
which planes of atoms move, almost as a unit, 
perpendicular to the direction of all nearest- 
neighbor bonds which are not in the plane. If these 
planes moved entirely as units, the Gruneisen 
factors would have to be negative, as all bond 
lengths are either increased or remain constant. 
These, then, are the modes which are most likely to 
have negative Gruneisen factors. Calculations 
performed thus far< 16 ~ 19 ^ indicate that it is highly 
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likely that all reasonable force models will lead to 
negative y/s for these modes in the zincblende 
structure, while the sign is quite dependent on the 
model in the sodium chloride structure. Since the 
signs must be negative if the planes move as a unit, 
it is the motion within the plane which alone could 
make a positive, compressional contribution. Here 
the two structures differ markedly. Within the 
{110} plane of the zincblende structure each atom 
has two nearest and two next-nearest neighbors. 
In the NaCl structure each atom has four nearest 
and four next-nearest neighbors. Thus, in the 
NaCl structure there are simply more nearest 
neighbors taking part in the smaller compressional 
motions within the plane than in the shear 
motions. We expect the compressional and shear 
motion approximately to cancel each other. 
Indeed, the calculations of Barron< 16 > and 
Ganesan* 17 ) both yield Gruneisen factors for these 
modes which are the smallest in magnitude of any 
calculated for the structure. Since these factors 
must be more positive for all other modes, we 
expect the Gruneisen constant to be positive for 
the sodium chloride structure at all temperatures 
on a structural basis alone. In the zincblende 
structure, the existence of fewer atoms within the 
plane, leading to smaller compressional contribu¬ 
tions, implies that we may expect more negative 
Gruneisen factors. 

We have considered, thus far, only the modes 
which are most likely to have negative yy s. For 
the zincblende and sodium chloride structures 
these modes involve the motion of the most 
densely packed planes. For other transverse modes, 
there are three changes. The out-of-plane bonds 
are no longer perpendicular to the direction of 
polarization. This tends to increase greatly the 


compressive contribution. Countering this tendency 
is the increase in out-of-plane bonds, contributing 
shear effects. In addition, the next-nearest 
neighbors begin to contribute compressively. Here 
again, the compressive contribution is smaller for 
the zincblende structure. There are the same 
number of next-nearest neighbors in both the 
sodium chloride and the zincblende structures, but 
these next-nearest neighbors are less likely to be in 
contact in the latter. The coordination numbers 
and distances about an atom of either type in these 
structures is shown in Table 1. Most compounds 
with the zincblende structure have bonds with 
appreciable covalent character and differ widely 
from the ideal anion-cation radius ratio for 
tetrahedral coordination. Thus we expect the 
yj modes to become progressively more positive, 
but this increase should be slower for the zinc¬ 
blende than the sodium chloride structure. The 
calculations cited indicate that the y/s do indeed 
become more positive. However, Blackman’s< 18 > 
calculation indicates that as long as the next- 
nearest neighbor forces are Coulombic, the trans¬ 
verse modes in the zincblende structure have, for a 
large range of nearest-neighbor interactions, 
negative Gruneisen factors. Since these transverse 
modes have lower velocities than the longitudinal, 
they dominate at low temperatures and yield 
negative thermal expansions. In sodium chloride, 
on the other hand, almost all the modes have 
positive y s. 

It has been assumed, thus far, that the nearest- 
neighbor bond energy is primarily determined by 
the interatomic separation. With increasing covalent 
character, however, this energy depends, to a 
greater degree, on the angles between the nearest 
neighbor bonds. This bond-angle dependent 


Table 1. Coordination spheres 




Neighbors 

-S=2= 

Type of Structure 

Order 

Number 

Charge 

Distance 


First 

6 

Opposite 

aj2 

NaCl 

Second 

12 

Same 

(V2l2)a 


Third 

8 

Opposite 

WV2)a 


First 

4 

Opposite 

wma 

ZnS (cubic) 

Second 

12 

Same 

W2/2)a 


Third 

12 

Opposite 

(VI 1/4)0 
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portion of the energy tends to make a positive 
contribution to the Gruneisen factor, as the angular 
change resulting from a unit displacement of an 
atom normal to a bond decreases with increasing 
interatomic separation. In addition, the fored 
constant itself probably decreases with increasing 
separation at the equilibrium distance. The 
Gruneisen factors for the shear modes thus tend 
to become more positive with increasing angular 
dependence. In addition, the velocities of the shear 
modes, relative to the compressional modes, 
increase with increasing covalent character. The 
result of increasing covalency, then, is to make the 
Gruneisen constant more positive because the 
Gruneisen factors of the shear modes have 
become less negative and because they contribute 
less. This explains why Novikova* 12 * found, 

. . that the temperature at which a becomes 
negative increases, while the value of a m i n 
becomes increasingly small when passing from 
Ge to ZnSe; this result corresponds to the increase 
of the strength of the ionic components of the 
bonds. Similar results have been obtained for the 
isoelectronic series of a-Sn.” It also explains 
Ganesan’s positive Gruneisen factor for the trans¬ 
verse (100) modes in the sodium chloride structure. 
He included non-central forces in his calcu¬ 
lation. 

Within an isoelectronic sequence, the decrease 
of the low temperature Gruneisen constant with 
decreasing covalent character should continue up 
to the point where there is an effective anion 
contact. Silver iodide represents that limit. In the 
a-Sn sequence, the percentage of bond ionic 
character, as computed from Pauling’s rule/ 20 ) 
goes from zero for Sn, to 8 for InSb, to 11 for 
CdTe, and 15 per cent for AgL Silver iodide is 
significantly more ionic than the other compounds 
in the sequence and is more ionic than ail com¬ 
pounds, other than the cuprous halides, which 
crystallize with the zincblende structure. As 
expected, it has the largest magnitude negative 
low-temperature thermal expansion. To under¬ 
stand its high temperature behavior, we return to the 
results of Blackman for the central force model. 

At high temperatures (T £ 0#) there exists a 
temperature independent Gruneisen constant* 21 * 
which is just the average over all the modes of 
the y/. If one examines BlackmanV 18 * calculations 
for the long wavelength acoustic limit, one finds 


that for every direction of propagation, the average 
of the y/ for the three modes is negative. Although 
Blackman states that “It seems, however, clear that 
the y value is positive at high temperatures as 
contrasted with the negative values at low tempera¬ 
tures”, the likelihood is that the acoustic modes 
make a negative contribution to the high tempera¬ 
ture limit, yoo. The burden of making y® positive 
then lies with the optical modes. Even for the [lTO] 
polarization of the (110) optical mode in the zinc- 
blende structure, this positive y is not unexpected. 
Although the shear motion is relatively unaltered 
compared to the corresponding transverse acousti¬ 
cal mode, the compressive motion has changed 
considerably. In the optical mode, the anions and 
cations are moving in opposite directions, greatly 
increasing the compressive component and the 
Gruneisen factor. The fact that there is much less 
variation of frequency with wave number in the 
optical branches than in the acoustic shows that 
this compressive interaction is the primary determi¬ 
nant of the frequency and will lead to a 
positive y. 

A thorough theoretical analysis of the expansion 
properties of silver iodide would require a know¬ 
ledge of the interatomic potentials. With this 
knowledge, the frequencies of the normal modes 
and their volume dependence could be determined. 
Since silver iodide is partially covalent, we do not 
know these interatomic potentials. Moreover, 
since no success in preparing single crystals has 
been achieved, the elastic constant and Raman 
spectra cannot be determined. Hence, even the 
usual parameter fitting techniques are not open to 
us. In addition, as will be shown, even the sign 
of y® is quite sensitive to the choice of interatomic 
potential. Hence, we proceed with a “qualitative” 
calculation designed to show the delicate balance 
between the contributions of the acoustic and 
optical branches, as well as the possibility of 
predicting a negative y® with the quasi-harmonic 
approximation. 

To do this we use Blackman’s* 16 * model in 
which a Coulomb potential between all neighbors 
and an repulsive potential between nearest 
neighbors forms the interatomic interaction. 
Combining the results of Blackman’s calculations 
of the elastic constants with Rajagopal and 
Srinivasan’s * 2 * calculation of the mode frequency 
spectrum of cubic zinc sulfide, we find that the 
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Raman frequencies are given by the expressions 


01 


s 

Irani 


w lottg 


e 4 / 1-681 (h— tyo* -1 4 tt W «i-f m 2 j 

T\ r»+ 2 3^/1 wi «2 

1-681 (a-l)r 0 n_1 8rr mi + nt% \ 

2 \ r"* 2 + l^il wim 2 | 


where r is the nearest-neighbor separation and tq 
is the value for which the potential is minimized, 
mi and mj are anion and cation masses. These lead 
to the following expressions for the Gruneisen 
factors evaluated at r =* r<>: 

1/3‘782(*+2)(*-1)-97t\ 
y,ran ’" 6\ 3'782(«-1)-3 tt / 

(4) 

1 ^ l-891(»+2)(«—1)+ 9n\ 
y '° Dg “ 6\ 1-891(«-1)+3 tt / 

To obtain an idea of the effect of n on the balance, 
we have assumed that the contribution of the 
acoustic modes to yao is the same as that which is 
obtained by taking the angular average of the 
contribution of the long wavelength modes. To 
calculate this average, the function 
3JV 

i 2 ys 

y-i 


was calculated for the (100), (110), and (111) 
directions. These values were then fitted by the 
first three Kubic harmonics* 22 ) appropriate to the 
symmetry type T, and the coefficient of the first 
term (r-like) was taken as the average. The contri¬ 
bution of the optical modes was taken to be the 
weighted average (2 transverse, 1 longitudinal) of 
the y/s computed from the Raman frequencies. 

These derived Raman frequency values, for n 
equal to 6 and 11 are: 

& ytrans yiong 

6 2-165 0-919 

11 2-720 1-612 

From these, the following were then calculated: 
n Acoustic yao Optical yao y» 

6 —1-03 1-75 0-3$ 

11 -2-73 2-35 —0*19 


calculations. We see that for n — 6 t the high 
temperature limit is positive, while for n *= 11, it 
is negative. Thus, although no quantitative faith 
can be placed in this calculation, it seems likely 
that the negative yoo can be explained on the basis 
of the large exponent for the repulsive interaction 
alone. The sensitivity of the balance is shown by 
the fact that the resulting yao for both values of n is 
small in magnitude compared to the contribution 
of the groups of modes themselves. The value of 
— 0*19 should be compared with a yao of —0-136 
which has been calculated for silver iodide using 
the thermal expansion results given here, the 
unpublished value of 9 -890 x 10 10 dyne cm -2 for the 
bulk modulus obtained by J. Wachtman on a 
sample of primarily zincblende cubic silver iodide, 
and the specific heat of 13-01 cal deg -1 mole' 1 
given by Kelley* 23 ) for a sample of unspecified 
phase composition. This shows, in addition to the 
crudeness of the calculation, the effect of covalency 
in making yoo more positive. This is also illustrated 
by the fact that the observed yoo of indium anti- 
monide* 0 * 12 ) is positive. Approximately the same 
n value would be expected, with an ionic model, 
for this compound as for silver iodide. Because of 
the strong covalent bonding, however, the ionic 
model is not quite applicable to this compound. 

We have already noted that Agl forms a limit of 
ionic character for the a-Sn isoelectronic sequence 
which explains its low temperature characteristics. 
In addition, it has the largest effective repulsive 
exponent, «, in the r~ n interaction. It is a conse¬ 
quence of these two facts that its thermal expansion 
is uniquely negative over such a large temperature 
range. 

It is easy to form the misimpression that these 
results contradict those of Blackman* 16 ) who finds 
that y(2), where 

3n 3n 

*0- 2r/,l 2»; 

j«l ]=1 

is equal to i(« + 2). In this notation, 
yo = y(-3) 

yoo = y(0) 


Here the value 11 for n was chosen because it is Because y(2) can be calculated easily for any given 
appropriate to an ionic model for silver iodide, model, it has been used as an approximation to 
while » = 6 is the value used by Blackman in his y(0). With this approximation, it would appear 
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that yoo should become more positive with increas¬ 
ing n, However, for this structure, the y/s for the 
low frequency modes are significantly less than 
those of the high frequency modes. y(x) is a quickly 
varying function of x, in the neighborhood of the 
origin. Therefore, the above replacement may 
have no validity. Further evidence for the failure 
of this approximation and the validity of the analy¬ 
sis given here is given by the decrease of y( —3) 
with increasing n noted by Blackman. This decrease 
in y(— 3) would tend to decrease y(0) in an inter¬ 
polation between y(2) and y( — 3). 

We have yet to explain the region of positive 
thermal expansion at intermediate temperatures. 
A clue to this behavior is contained in the calcula¬ 
tion of Rajagopal and Srinivasani.< 21 > In particu¬ 
lar, we refer to their calculation which uses a 
long-range Coulomb interaction, plus parameters 
for additional nearest-neighbor and next-nearest 
neighbor interactions. While their ratio of ionic to 
covalent bonding is purposely too large for zinc 
sulfide, it may be close to being correct for silver 
iodide. The crucial result of their calculation (for 
our purposes) is the demonstration of a large 
number of transverse optical modes having lower 
frequencies than many of the transverse acoustic 
modes. It is these modes which have the largest 
y/s. For a short temperature range, the contribu¬ 
tions of these modes and the longitudinal acoustic 
modes to the Gruneisen constant are sufficient to 
make that constant positive. 

The temperature dependence of the thermal 
expansion can then be described as follows: 

(1) The sign of the thermal-expansion co¬ 
efficients is determined by the balance among all 
of the lattice modes occupied, some contributing 
positive and some negative tendencies. Since the 
relative populations, at least, are temperature 
dependent, the overall sign may change with 
temperature. 

(2) The optical and longitudinal acoustical 
modes generally make positive contributions. The 
modes most likely to produce negative contribu¬ 
tions are those transverse modes for which planes 
of atoms move almost in unison normal to the out 
of plane bonds. Since these modes are most 
populated at low temperatures, a negative thermal 
expansion usually occurs only at low temperatures, 
and the sign changes as the other modes become 
populated with rising temperature. 


(3) The negative sign and the magnitudes of the 
contributions from these transverse acoustic 
modes depend upon a balance among several 
factors. Rapidly varying repulsive forces in the 
J)lane of the motion tend to produce a positive 
contribution. Hence, open structures with few in¬ 
plane neighbors like the diamond and zincbleade 
structures are the most apt to show the negative 
coefficient. Covalency, by introducing non-central 
forces, makes the contribution more positive. 
Therefore, for a given structure type, the greatest 
tendency to negative thermal expansion is shown 
by the least covalent substances. The contribution 
from these transverse acoustic modes is increasingly 
negative with increasing n in the nearest-neighbor 
repulsive r~ n interaction. 

(4) Silver iodide is unique because it represents 
extremes. The first is an extreme, except for the 
cuprous halides, of ionic character in a structure 
which is normally assumed by covalent com¬ 
pounds. Its radius ratio is just sufficiently different 
from the ideal so that the next-nearest neighbor 
interaction is slowly varying with distance. In 
addition, its exponent in the nearest neighbor 
interaction is the largest of any of the rela¬ 
tively ionic compounds known to have this struc¬ 
ture. 

(5) In silver iodide, these extreme tendencies 
cause the negative contribution due to the trans¬ 
verse acoustic modes to dominate even at high 
temperature, where all modes are populated. 
Hence the negative thermal expansion persists to 
high temperatures. At intermediate temperatures, 
the coefficient becomes positive as the result of the 
existence of a low lying group of optical modes 
whose positive contribution outweighs the negative 
contribution from the incompletely-occupied trans¬ 
verse acoustic modes. 

As Blackman< 24 > has suggested, one should not 
neglect the role of defects. It is possible that the 
lattice constant minimum of silver iodide is similar 
to that of the other compounds with the zincblende 
structure. That is, the Gruneisen constant is 
negative at low temperatures, but has a positive 
high temperature limit. Such a limit is not ruled 
out by the calculation discussed above, as the 
approximations are rather crude. The calculation 
does show, however, that whatever its sign, we 
may expect the limit of the Gruneisen constant to 
be small in magnitude. 
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Note added in proof: 

A negative thermal expansion for cubic silver iodide by dilatometric techniques has also been obtained by 
K. H, Lieser (Z . phys. Chem, 5, 125 (1955)) over the range from 86 to 420°K. A constantly increasing value 
for the negative coefficient of expansion, from —0*7x10“° at 86^K to —4 0xl()- 6 at 273°K and 
— 5*7 xl0~ fi at 333°K, was reported. However, the data apparently indicate a limited region of positive thermal 
expansion similar to that reported here, since the mean lengths for 86 and 125°K arc identical. 
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REARRANGEMENT OF A FLAT SURFACE WITHOUT 
ALTERING THE NUMBER OF BROKEN BONDS 
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Abstract—One property of an atomically-flat surface is that, for a given orientation, such a sur¬ 
face has the minimum possible number of missing inter-neighbour links. However, other near-flat 
surfaces may also possess this property and methods are described for constructing such rearranged 
surfaces. A criterion forjudging whether or not a surface possesses the minimum number of missing 
bonds is given in terms of the facets that appear on the surface. A detailed argument is presented 
for face-centred cubic crystals with only nearest-neighbour bonds considered; then a brief outline 
is given for body-centred cubic crystals with nearest and next-nearest neighbours considered. 


1. INTRODUCTION 

During a study of the adsorption of hydrogen 
onto clean nickel surfaces, Germer and MacRae^ 1 ) 
found that the atoms on an atomically-flat (110) 
surface may be rearranged during the adsorption, 
but that no such effect occurs on a (100) or (111) 
surface. Since the rearrangement on the (110) 
surface is such as to destroy the flatness of the 
surface without altering the number of missing 
Ni-Ni nearest neighbours and since such a 
rearrangement is geometrically impossible on a 
(100) or (111) surface, Germer and MacRae have 
suggested that, in general, the only such “re¬ 
constructive rearrangements” that can occur 
during the adsorption of hydrogen are those which 
do not increase the number of missing nearest 
neighbours. It is, therefore, of interest to con¬ 
sider the general problem of how the atoms on an 
atomically-flat surface can be rearranged without 
changing the total number of broken bonds at 
the surface. 

Although Germer and MacRae’s experimental 
results provide a motive for considering this 
problem, the analysis given here is purely geo¬ 
metrical and must hold true irrespective of any 
physical assumptions. However, physical de¬ 
ductions can only be made from the analysis by 
introducing physical assumptions and these de¬ 
ductions will be valid only to the extent that the 
physical assumptions are valid. For instance, 
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Germer and MacRae imply that, in the presence 
of hydrogen, the free energy of a nickel surface is 
determined by the number of broken nearest- 
neighbour bonds and, on this basis, the present 
analysis shows how flat surfaces can be rearranged 
without affecting the surface energy. The purpose 
of this paper is not to comment on this or other 
similar assumptions but simply to describe 
their geometrical consequences. 

2. STATEMENT OF THE PROBLEM 

The following definitions and restrictions will 
apply in all the succeeding argument, except t^at 
of Section 6. 

(i) . Only face-centred cubic crystals are con¬ 
sidered. 

(ii) . Neighbour means nearest neighbour. 

(iii) . The link between two atoms will be 
referred to as a bond and will be specified by the 
vector u joining the centre of the atoms con¬ 
cerned. Since only bonds between neighbours are 
considered, u corresponds to one of the twelve 
vectors in the set £(110>. 

(iv) . An atom with one or more neighbours 
missing will be described as having some broken 
bonds ; it will be said to be of type Bj if it has/ 
broken bonds, i.e. if it has only 12-/ neighbours. 

(v) . A site means a lattice point which is itself 
unoccupied, but which has at least one occupied 
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lattice point as a neighbour* A site with j neigh¬ 
bouring atoms will be denoted by S). 

(vi) * A fiat surface means an atomically-flat 
surface, i.e* one formed by dividing an infinite 
perfect crystal by a plane and then removing all 
atoms lying on one side of this plane. The orienta¬ 
tion of such a surface will be specified by the 
Miller indices ( hkl ) of crystallographic planes 
parallel to the dividing plane, the axes of refer¬ 
ence being so chosen that h ^ k £ / > 0, i.e. 
that the pole lies on or within the unit stereo¬ 
graphic triangle PQR in Fig. 1. Clearly such an 
ideal surface extends to infinity in all directions 
so that edge effects can be ignored. 

(vii) . A rearranged surface means a surface 
derived from a flat surface by moving, removing, 
or adding a number of atoms, the orientation of 
the new surface being defined as that of the parent 



Fto. 1. Stereographic plot showing triangle PQR within 
which (hkl) is chosen to lie. For face-centred cubic 
crystals, surfaces of minimum £*(*) consist of facets 
represented by P t R , and S. 


flat surface. Any movement or addition of an 
atom is assumed to be to a lattice point. 

(viii). An allowable re artangentent is one that 
does not increase the total number of broken 
bonds at the surface. It should be stressed that 
allowable must not be interpreted as meaning 
anything more than this; in particular, it does not 
mean “physically realizable”. 

Mackenzie, Moore and Nicholas* 2 ) have de¬ 
rived a formula giving, for a flat surface, the 
number, n(u), of atoms per unit area of surface 
having broken u-bonds. The present problem is 
to determine what rearrangements are possible 
without affecting Z«(u), where the sum is taken 
over the twelve possible u. 

In the paper quoted, it was pointed out that, 
by considering all the bonds with a particular 
vector, U\ say, rows of atoms could be traced 
through the crystal by travelling continuously 
along a sequence of Ui-bonds and each such row 
of atoms would correspond to a lattice row parallel 
to Ui. In a semi-infinite crystal with a fiat surface, 
it is now convenient to classify a row of atoms 
linked by Ui-bonds as 

(a) negative, if it starts at a surface atom and 
then penetrates more and more deeply into the 
crystal; or 

(b) neutral, if it lies parallel to the surface 
and therefore extends infinitely in both directions; 
or 

(c) positive, if it starts infinitely deep in the 
crystal and terminates at a surface atom, this 
terminal atom having a broken u r bond. 

This distinction and terminology corresponds to 
Ui having a negative, zero, or positive component 
normal to the surface. For a given t#i, each atom 
in the crystal must lie on some row and all the 
rows must have the same character. Thus, there 
is a one-one correspondence between atoms with 
broken Uj-bonds and positive rows, and the den¬ 
sity of atoms with broken Ui-bonds will be given 
by the density of the corresponding rows, i.e. by 
the number of lattice rows, parallel to fix, that 
cut unit area of surface, the area being measured 
parallel to (hkl). 

Any rearrangement of a flat surface will dis¬ 
turb some of the surface atoms, but since every 
positive row must still terminate somewhere, the 
total number of broken bonds cannot be decreased 





(b) 

hiG. 2. Ball models of (531) surfaces in a face-centred cubic crystal, the 
black balls representing atoms in the outermost (531) plane. A flat (531) 
surface is shown in (a) and a rearranged surface of minimum £«(«) is 
shown in (b). The facets of (100) are parallel to the layer of white balls 
in the foreground, and the facets of (111) are parallel to the plane of atoms 
bounding the model at the left. The other facets belong to (111) planes. 
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Fig. 3. Hall models of flat and rearranged (110) surfaces in a face- 
centred cubic crystal, the black balls representing the outermost plane 
of atoms. The layer of white balls in the foreground forms a (100) plane; 
the horizontal direction across the surface is [001] and the direction up 
the surface is [lT0]. (a) A flat (110) surface, (b) The (2x1) surface of 
Germer and MacRae showing valleys formed from (111) facets on the 
left and (111) facets on the right, (c) An irregularly rearranged surface 
of minimum 2>i(«). (d) The (1x2) surface of Germer and MacRae, 
which consists of horizontal (100) facets and vertical (010) facets; this is 
not an allowable rearrangement. 
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by rearrangement. However, if the rearrangement 
introduces a gap into any row (positive, negative, 
or neutral), then the corresponding n(u) will be 
increased and so will the sum £n(u). Thus, the 
problem can be reduced to that of determining 
how a flat surface can be rearranged without 
introducing gaps into any u-row. 

3. ALLOWABLE REARRANGEMENTS 

Rearrangements caused by the removal of 
atoms will be considered in detail first, since the 
effects of the other methods of rearrangement can 
be deduced from the effects of removal. 

As a first step, consider the removal of atoms 
one at a time from a flat surface of such an orienta¬ 
tion that h > k > /, i.e. such that the pole of the 
surface does not lie along PR or RQ in the stereo¬ 
graphic triangle of Fig. 1 . Then, since this restric¬ 
tion eliminates the possibility of neutral rows, 
each atom in the crystal will have six positive (and 
six negative) rows through it and, if the removal 
of an atom is not to create a gap in one of these, 
the atom must terminate all the positive rows, 
i.e. it must have 6 broken bonds and thus be of 
type Bq [definition (iv)]. Therefore, the allowable 
rearrangements are those which can be described 
as the removal of a succession of Bq atoms. The 
total number of Bq atoms that can be removed in 
this way is not limited to the number existing in 
the flat surface, since the removal of one Bq atom 
converts each neighbouring Bj atom into a Bj+i 
atom (; =0, 1,2, ..., 5) and, in this way, the 
supply of Bq atoms can be augmented. In fact, 
quite extensive regions of rearranged surface can 
be built up. For example, Fig. 2(a) shows a flat 
(531) surface, while Fig. 2(b) shows one of the 
many possible rearranged surfaces that contain 
the same number of broken bonds. 

The discussion can now be extended to cover 
the removal of a pair of atoms. If the pair are not 
neighbours, then they can be treated independently 
and the removal of the pair is allowable, if and 
only if the removal of each one separately is 
allowable, i.e. if and only if both are Bq atoms. 
However, if the pair are neighbours joined by a 
bond u and if their removal is not to cause a gap 
in the u-row through them, then they must be the 
last and next-to-last atoms in that row. Con¬ 
siderations similar to those discussed in the pre¬ 
vious paragraph show that, for an allowable 


removal, there must be five other positive rows 
terminating on each atom, i.e. the end atom must 
be of type Bq and the other of type £ 5 . If this is so, 
then clearly they could have been removed suc¬ 
cessively. By extending due argument, it is 
relatively simple to show that the removal of any 
group of atoms is an allowable rearrangement if and 
only if the atoms can be ordered in such a way that 
they can be removed one by one without breaking 
a u-row at any stage. 

To complete the discussion of rearrangement by 
removal of atoms, crystals containing neutral 
rows must be considered, i.e. crystals where the 
pole of the surface lies along PR or RQ (Fig. 1). 
Along PR , k — 1 and any surface will have neutral 
rows parallel to [OlT] and [Oil]; along RQ , 
h — k and any such surface will have neutral 
rows parallel to [llO] and [IlO]. Excluding for the 
moment ( 100 ) and ( 111 ) surfaces, it is clear that, 
for any other surface in these sets, each atom must 
have five positive, five negative, and two neutral 
rows through it. Since the removal of any single 
atom must introduce a gap into each of the neutral 
rows through it, no such rearrangements are 
allowable; further, the same argument applies to 
the removal of any finite group of atoms. Thus, 
the only rearrangements that could be allowable 
would be those consisting of the removal of 
complete neutral rows of atoms. Such a removal 
will be allowable only if no gaps are created in 
other rows, i.e. if each atom terminates the five 
positive rows through it, i.e. if the row consists 
of £5 atoms. As an example, consider the flat 
(110) surface shown in Fig. 3(a), where each line 
of dark balls corresponds to a neutral row of 
atoms parallel to [110]. If each alternate row is 
removed, then the (2x1) structure of Germer 
and MacRae appears [Fig. 3(b)], but other allow¬ 
able rearrangements, such as that shown in Fig. 
3(c), are of course possible. The present arguments 
can say nothing about why, in the adsorption of 
hydrogen on nickel, the ( 2 x 1 ) structure is pre¬ 
ferred over any other allowable rearrangement, 
or indeed why any rearrangement should occur. 

The special cases of (100) and (111) surfaces 
must now be considered. On a (100) surface, 
each atom is of type Bq and belongs to neutral 
rows parallel to [ 011 ] and [OlT] while on a (111) 
surface, each atom is of type £3 and belongs to 
neutral rows parallel to [ 110 ], [10T], and [OlT]. 
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Thus, since neutral rows must be removed as 
units, the only allowable way of rearranging 
either of these surfaces would be to remove a 
whole plane of atoms. However, such a removal 
•imply reproduces the original surface in a slightly 
different position and therefore cannot be classed 
as a rearrangement. As mentioned previously, 
Germer and MacRae found that, for these surfaces, 
no change in structure occurred during adsorption. 

In principle, the other methods of rearrange¬ 
ment could be ignored since a rearranged surface 
formed by addition or movement of atoms could 
be regarded as having been formed by the re¬ 
moval of atoms from a flat surface of the same 
orientation but differently located in space. 
However, it seems convenient to regard at least 
the addition of atoms as a distinct form of re¬ 
arrangement. Then an argument, analogous to 
that given above, can be developed to show that 
isolated atoms can be added to sites [see 
definition (v)] to extend six positive rows simul¬ 
taneously, or neutral rows of atoms can be added 
into a row of neighbouring s& sites when these 
occur. Rearrangements by the movement of 
atoms can then be regarded as removal followed 
by addition and such rearrangements will be 
allowable if and only if each stage is allowable 
in itself. 

In summary, the position is: 

(i) . No allowable rearrangements can occur on 
(100) or (111) surfaces. 

(ii) . For surfaces along the zone between (100) 
and (111) or along the zone between (111) and 
(110), allowable rearrangements consist of the 
removal of projecting close-packed rows of atoms 
or the addition of such rows along troughs. 

(iii) . For all other surfaces, allowable rearrange¬ 
ments consist of the removal of Bq atoms and/or 
the addition of atoms into s$ sites. 

4. FACETS ON A SURFACE 

From a study of flat and rearranged surfaces, 
it is obvious that many of these can be described as 
consisting of facets of flat surfaces of other orienta¬ 
tions, In this Section, a facet will be defined in 
such a way that any surface, except for a few 
pathological cases, can be completely described in 
terms of facets. This definition is then used to 
derive a criterion, based on facets, for determining 
whether or not a surface has minimum En(u). 


Only facets of densely-packed planes will be 
considered, and a facet of ( hkl ) will be said to 
exist if either 

(a) (hfd) belongs to {100} and there exist four 
atoms in a (hkl) plane, together with a site that is a 
neighbour of each atom, 

or 

(b) (hkl) belongs to (111) and there exist three 
atoms in a (hkl) plane, together with a site that is a 
neighbour of each atom but does not lie in the 
plane of the atoms. 

In each case, the site must be on the side of the 
atoms that would be unoccupied if the atoms 


It 0 "] /[oil] 



Fig. 4. Configurations of atoms (full circles) and sites 
(broken circles) necessary to define (a) a (100) facet, 
and (b) a (111) facet in a face-centred cubic crystal. 
In each case the site is assumed to be above the plane 
of atoms. 

formed part of a flat (hkl) surface. Figure 4 shows 
the configurations of atoms and site necessary to 
define a facet. 

On this definition, any flat surface with 
h ^ k ^ |/|, i.e. with a pole within PRS in 
Fig. 1, can be regarded as constructed from facets 
of (100), (111), and (111), and no other facets can 
appear. Then it i9 relatively easy, but tedious, to 
show that “A surface has minimum £rc(u) if 
and only if it can be completely described in 
terms of facets of (100), (111), and (111).” The 
term “completely described” in this criterion is 
used to imply that every atom with a broken bond 
belongs to at least one facet and that it is impos¬ 
sible to find a facet of any other plane. 

The surfaces shown in Figs 2 and 3 display 
facets and can be used to demonstrate the criterion 
just given. The rearranged surface in Fig. 2(b) 
shows large facets of (100), (111), and (111) and 
these can be extended into the fiat surface at the 
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right side of the figure. It is then easy to see how 
the whole of the flat surface in Fig. 2(a) can be 
made up from facets of these three planes. Simi¬ 
larly, the surfaces in Figs 3(a), (b), and (c) all 
consist of facets of (111) and (111), and all are 
surfaces of minimum 2«(«). However, Fig. 3(d), 
which represents another rearrangement of a 
(110) surface, the so-called (1x2) surface of 
Germer and MacRae, shows facets of (100) and 
(010) extending across the figure. Thus, the facet 
criterion says that this is not a surface of minimum 
£«{u); in fact, the neutral rows parallel to [llO] 
contain gaps so that broken |[lT0] and ^[T10] 
bonds occur. 

In principle, surfaces could exist that were not 
completely describable in terms of facets, e.g. a 
surface could contain a feature such as a whisker 
only one atom across. However, in practice, such 
pathological surfaces are unlikely to exist and they 
are certainly not surfaces of minimum En(u). 

In the terminology of this paper, all the sur¬ 
faces shown in Figs 2 and 3 represent allowable 
rearrangements, with the exception of the surface 
in Fig. 3(d). However, it should be stressed 
again that to say that this ( 1 x 2 ) surface is not an 
allowable rearrangement does not imply that it 
cannot exist but just that, if it exists, it has more 
broken bonds per unit area than a flat ( 110 ) 
surface. In fact, Germer and MacRae* 3 ) have 
found a surface of this type to exist on nickel in the 
presence of oxygen. They suggest that its existence 
is related to a strong interaction between oxygen 
and nickel atoms in contrast to the weak inter¬ 
action between hydrogen and nickel. 

5. TYPES OF ATOM ON REARRANGED SURFACES 

In the earlier work/ 2 ) the concentrations of 
different types of surface atom were determined 
for a flat surface. It should be noted that these 
concentrations are not necessarily preserved by an 
allowable rearrangement. For example, the surface 
shown in Fig. 3(a) contains Bj and B 5 atoms in 
equal numbers, but the rearrangement shown in 
Fig. 3(b) has caused half of these atoms to be 
replaced by B% atoms. Thus, the ratio of con¬ 
centrations n(Bx) :n{B%) :n(B$) has changed from 
1 : 0:1 to 1 : 2 : 1 , but the average number of broken 
bonds per surface atom has remained at 3. Other 
allowable rearrangements simply correspond to 


different values for the relative concentration of 
Ba atoms. 

In contrast, an unallowed rearrangement must 
change the relative ‘ concentrations of atoms of 
different types. Thus, the change from the surface 
in Fig. 2 (a) to that in Fig. 2 (d) corresponds to a 
change in the ratio w(Bi):n(Ba):n(B 5 ):*(B 7 ) from 
1:0:1:0 to 1 ;2:0:1 and this last ratio corresponds 
to an average number of 3*5 broken bonds per 
surface atom. Since the number of surface atoms 
per unit area has not been altered by the rearrange¬ 
ment, this average number should be compared 
with the 3 for the flat surface. That is, £«(u) has 
been increased by about 16 per cent. 

6. APPLICATION TO BODY-CENtRED CUBIC 
CRYSTALS 

Since, as yet, rearranged surfaces have been 
found only on nickel, the detailed argument 
above has been based on the face-centred cubic 
structure. However, it can easily be extended to 
cover any other structure in which there is only 
one class of atom, i.e. one in which all atoms are 
crystallographically and chemically identical. 
Structures containing more than one class of atom 
need a modified treatment that will not be investi¬ 
gated here. The discussion below shows how the 
argument needs to be modified for dealing with 
the body-centred cubic structure. 

The basic definitions and restrictions listed in 
Section 2 need to be altered as follows: 

(i) . Only body-centred cubic crystals are con¬ 
sidered. 

(ii) . Neighbour means nearest or next-nearest 
neighbour. This choice is made for convenience 
only. 

(iii) Bonds are defined as before but u now cor¬ 
responds to one of the eight vectors in the set 
| <111) or one of the six in the set (100). 

(iv) . Bj implies an atom with 14-; neighbours, 

(v) . is unaltered. 

(vi) . The stereographic triangle PQR is now 
part of Fig. 5. 

(vii) . and (viii). are unaltered. 

Then the same argument as before shows that a 
rearrangement is allowable if and only if it 
introduces no gaps into any u-row. 

In this structure, neutral rows occur parallel 
to [III] and [Ill] when h = k+l f i.e. along the 
zone QT in Fig. 5, and parallel to [001] and [00T] 
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when l « 0, i.e. along PQ. Thus, provided the 
pole does not lie along PQ or QT , an allowable 
rearrangement can be constructed by successively 



Fio. 5. Stereographic plot showing triangle PQR 
within which ( hkl ) is chosen to lie. For body-centred 
cubic crystals, if (hkl) lies within PQT , surfaces of 
minimum S«(«) consist of facets represented by P , Q , 
and U but if (A*/) lies within QRT, the facets must be 
V, Q , and V. 



Fig, 6 , Configurations of atoms and sites necessary to 
define (a) a (100) facet, and (b) a (110) facet in a body- 
centred cubic crystal. In (a), r is a nearest neighbour of 
each of the underlying atoms; in (b), s is a nearest 
neighbour of the atoms along [001] but only a next- 
nearest neighbour of those along [lIO]. 


removing By atoms and/or filling *7 sites. If the 
pole lies along PQ t but not at (100) or (110), 
then rows of atoms, parallel to [001], can be 
removed from the surface if each atom is of type 
Be or can be added to the surface on a row of 
sites. Similarly, if the pole lies along QT but not at 
(110), rows of B& atoms parallel to [ITT] can be 
removed or similar rows of atoms added to s& 
sites. For the (100) and (110) surfaces, non¬ 
parallel sets of neutral rows exi9t and no allow¬ 
able rearrangements exist. 

A facet of (hkl) may be said to exist if (hkl) 
belongs to (100} or {110} and there exist four 
atoms in an (hkl) plane, together with a site that is 
a neighbour of each atom, the site being on that 
side of the atoms that would be unoccupied if the 
atoms formed part of a flat (hkl) surface. The 
necessary configurations of atoms and site are 
shown in Fig. 5. Then, a surface has minimum 
S«(u) if and only if it can be completely described 
in terms of facets of (110), (101), and either (100) 
if h > k + l or (Oil) if h < k + l. Completely 
described implies that facets of no other plane 
can occur and that every atom with a broken 
nearest-neighbour bond belongs to at lea9t one facet. 
In actual fact, this criterion holds for any surface 
with a pole inside PQVU> (100) facets appearing 
on surfaces within PQU and (Oil) facets on 
those within QUV. It is less useful to consider 
these facets in the body-centred cubic structure 
than it is in the face-centred cubic, since the 
facet planes are less densely-packed and hence 
more difficult to identify. 
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Zusammenfassung —Die einfachste Ausfiihrungsform dea geschilderten Verfahrens wird durch 
zwei Piattchen verwirklicht, die auf einem Heizcr ubereinander geschichtet, einem Temperatur- 
gefalle ausgesetzt eind. Bei Anwesenheit geeigneter gasformiger Verbindungen liUat rich ein Stoffliber- 
gang zwischen den benachbarten Oberflflchen nachweisen. Dieae “Transportreaktion auf kurzem 
Wege” bietet verschiedene Vorteile auf dem Gebiet des Wachstums von homo- und hetero- 
Schichten aua der Gasphase. Sie vereinfacht oftmals— vor allem bei hohen Reaktionetemperaturen 
— die Erzeugung epitaktisch aufgebrachter Schichten mit gezielter oder sehr geringer Stdrstellen- 

konzentration. 

Abstract—A standard model of the described method is realized by an arrangement of two wafers, 
piled up on a heater, which are subject to a thermal gradient. In the presence of suitable gaseous 
compounds a transport of solid material between the neighbouring surfaces can be observed. 
This “short-way-transport-reaction” shows several advantages in the case of vapor-grown homo- 
and hetero-layers. In many cases—especially at high temperatures—the production of epitaxial 
layers with defined or very low impurity concentrations is simplified. 


1. EINLEITUNG 

Die Herstellung diinner, einkristalliner Hal- 
bleiterschichten auf epitaktischem Wege gewinnt 
immer mehr an Bedeutung. Eine besondere 
Stellung nehmen dabei solche Arbeitsmethoden 
ein, denen eine chemische Gasreaktion zugrunde 
liegt. Als man vor etwa 10 Jahren daran ging, das 
Aufwachsen einkristalliner Schichten aus der 
Gasphase naher zu studieren, bediente man sich 
hauptsachlich solcher Reaktionen, bei denen der 
abzuscheidende Festkorper in Form einer relativ 
leichtfliichtigen Verbindung vorliegt, die dann 
an einem auf hoherer Temperatur befindlichen 
Kristallkeim durch einen Zerfalls- oder Reduk- 
tionsvorgang zersetzt wird (Pyrolyse). Dabei 
handelte es sich — chemisch gesehen — urn ein 
Prinzip, das schon in den Zwanzigerjahren von 
van Arkel und anderen* 1 * zum Zwecke der 
Herstellung hochreiner Metalle angewandt worden 
war. 

Parallel zu diesen Arbeiten ist fur die Reindar- 
stellung halbleitender Stoffe ein neuer Reaktions- 
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typus untersucht worden : Schon 1954 berichtete 
Schafer* 2 * uber einen Transport von Silizium im 
Temperaturgefalle T% (T 1 T 2 > 7i) in einer 
halogenhaltigen Gasatmosphare. Die Erschliessung 
und Systematisierung solcher Reaktionen, die eine 
Stoffwanderung an eine Stelle niedrigerer Tem¬ 
peratur bewirken, hat sich als Susserst fruchtbar 
erwiesen. So ist es heute moglich, neben den 
Elementhalbleitern Silizium und Germanium*®* 
eine ganze Reihe von Verbindungen vom Typ 
A ni B y W un d ^ii^vns) derart iiber die Gasphase 
zu transportieren. Daneben sind fur eine Vielzahl 
anderer, technisch interessanter Stoffe ahnliche 
Transportbedingungen aufgefunden worden.* 6 * 

Ein Vorteil der Anwendung derartiger Reak¬ 
tionen auf Halbleiterstoffe ergibt sich vielfach 
dann, wenn ein Einsatz der erstgenannten Metho- 
dik—hauptsachlich bei Problemen der Epitaxie — 
auf grosse Schwierigkeiten stosst. Dies gilt fur 
die Mehrzahl der obengenannten Verbindungs- 
halbleiter, da die entsprechenden Metallhalo- 
genide oder -chalkogenide meist einen sehr 
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geringen Dampfdruck aufwcisen. Die bisher 
bekanotgewordenen Verfahren lassen jedoch noch 
xnanche Wtinschc offen. So ergeben rich bei- 
spielsweise folgende Probleme ; Korrosion der 
Geftow&nde durch hohc Temperatur und durch 
Wandabscheidung, mangelhafte Rcproduzierbar- 
keit von Dotierungaprofilen, Schwierigkeiten bei 
glcichzeitiger Beschichtung mehrerer Scheibchen. 
Wir hatten es uns deshalb zur Aufgabe gemacht, 
eine Arbeitsmethode zu entwickeln, die imstande 
ist, die geachilderten Nachteilc nach Mdglichkeit 
zu vermeiden. 

2. VORGESCHICHTE 

Verschiedene Beobachtungen bei der epitak- 
tischen Beschichtung von Silizium- und Ger- 
maniumscheiben nach der pyrolytischen Methode 
brachten uns vor etwa zwei Jahren dazu, die 
Wechsclwirkung zwischen dem Scheibchen und 
seiner als Heizer dienenden Unterlage naher zu stu- 
dieren. Es war — parallel zum Aufwachsvorgang 
auf der Scheibchenoberflache — eindeutig ein Ma¬ 
terials bergang von dem mit einer Halbleiter- 
schicht uberzogenen Heizer auf die Unterseite 
des daraufliegenden Scheibchens nachzuweisen. 
Bild 1 zcigt einen stark vergrosserten Querschliff 
eines doppelseitig polierten Siliziumscheibchens, 
das, auf einem mit feinkristallinem Silizium 
uberzogenen Heizer liegend, einem Trichlorsiian- 
Wasserstoff-Gemisch ausgesetzt worden war. Das 
Resultat ist eine beidseitig epitaktische Auf- 
wachsung von Silizium. £in Parallelversuch mit 
ciner inerten Heizeroberflache (Bild 2) lasst 
erkennen, dass in diesem Falle eine Beschichtung 
der Unterseite des Scheibchens nicht eingetreten 
ist. Die gleichen Effekte konnten auch bei Verwen- 
dung von Gasgemischen aus Siliziumtetrachlorid 
oder Germaniumtetrachlorid und Wasserstoff 
beobachtet werden. 

Die chemische Deutung dieses Vorganges ist 
nicht besonders schwierig, wenn man voraussetzt, 
dass die Umsetzung der Chlorsilane mit Wasser¬ 
stoff iiber die Stufe des (gasformigen) Dichlorids 
ablauft. So ergeben sich die Gleichungen 



SiHCls -*SiCl 2 +HCl 

(1) 

oder 




SiCl 4 +H 2 -+SiCl 2 +2HCl 

(2) 

und 


' SiCla+Ha -»-Si+2HCl 

(3) 


Die Umsetzung nach Gleichung (3) als Fol- 
gereaktion fiir die Gleichungen (1) oder (2) hat 
exothermen Charakter : Das bedeutet, dass im 
Reaktionsgasgemisch, das sich zwischen dem 
Heizer und der aufliegenden Scheibe befindet, 
durch die dort herrschende Temperaturdifferenz* 
ein Konzentrationsgefalle an SiCla entsteht, das 
zur Auflftsung von Silizium an der heisseren Stelle 
und dessen Abscheidung an der kalteren Stelle 
des Reaktionsraumes fuhrt. Im freien Gasraum 
hingegen wird bei stetiger Frischgaszufuhr nach 
der Summenreaktion (1)+(2) oder (1) + (3) generell 
an heisseren Flachen Silizium abgeschieden. 
Dasselbe gilt sinngemass fiir die Verhaltensweise 
des Germaniumtetrachlorids. 

Die Klarung der Zusammenhange im vor- 
liegenden Fall war der An lass fur weitere Uber- 
legungen, wie man eine derartige Versuchs- 
anordnung — also eine Transportreaktion auf 
kurzem Wege — in verallgemeinerter Form zu 
einer neuen Beschichtungsmethode ausbauen 
ktinnte, Gewisse Vorteile waren von vomherein 
nicht zu ubersehen : Der Transport findet in 
einem nahezu vollig von Halbleitermaterial um- 
schlossenen Raum statt, seine Geschwindigkeit ist 
betrachtlich und der Ablauf der Reaktion ist relativ 
unempfindlich gegeniiber der Zusammensetzung 
des Gases im iibrigen Reaktionsraum. Den ein- 
fachsten Fall stcllen zwei aufeinanderliegende 
Scheiben dar, die mit einem Heizer in War- 
mekontakt stehen. Aus diesem Grunde haben wir 
die Arbeitsweise, die nachfolgend naher beschrie- 
ben werden soil, als “Sandwich-Methode” 
bezeichnet. 

3. DIE SYSTEMATIK DER 
SANDWICH-METHODE 

(a) Technische Ausfuhrungsformen 

In dem weiter oben beschriebenen, speziellen 
Fall liegt das als Substrat dienende Einkristall- 
scheibchen mit seiner polierten Flache auf einer 
feinkristallinen Halbleiterschicht. Es ruht also 
willkurlich auf drei (oder mehreren) Kristalliten, 
die zusammen mit der Oberflachenrauhigkeit 
einen mittleren Scheibenabstand ergeben. Der 
Stofftransport erfolgt hier wegen des kurzen 
Diffusionsweges trotz der relativ geringen Tem¬ 
peratur d iff ere nz sehr rasch. Das vorhergehende 

* bedingt durch den gehemmten Wftrmeubergang. 




13lLD 1. Querschliff eines beidseitig beschichtetcn Siliciumscheibchens 
(bei siliciertcm Ileizcr), Cu-dekoriert, 200fach, 


Bild 2. Querschliff eines auf der Obcrseite beschichteten Silicium- 
scheibchens (bei inertem Heizer), Cu-dekoriert, 200fach. 


[facing p . 128$ 
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Bild 4. tJbcrsichtsaufnahme einer nacli dor ‘‘Sandwich-Met bode" beschichtcten nach (111) oricntierten 
Siliciumscheibc, 4fach. Gasgemisch S 1 CU-H 2 . 

Bild 5. Schragschliff einer hochohmigen 10 fim dicken Silicium-Aufwachsschicht (100 0 cm, p, auf 0,1 

ftcm, m), Cu-dekoriert, lOOfach. 



Kild 6. Uhersichtsaufnahme eincr 8 fxm dicken GaAs-Aufwachsung 
auf einer nach (111) orienticrten Gcrmaniumscheibc, 13fach Gas- 
gemisch : H 2 O-H 2 . 

Bild 7. Typische Wachstumsform einer dickeren GaAs-Schicht auf 
Germanium (111), 200fach. 




Bild 8. Aufv\achstextur von SiC auf einem nach (0001) orientierten 
Plattchen dcr glcichcn Suhstanz, 200fach. Gasgemisch : H 2 O-H 2 . 


Bimj 9. Aufwachstcxtur von ZnS auf einem GaP-Kristall 
bckannter Orientieruny, 500fach. Gusgemisch : 1 2 -Ha. 


un- 
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Aufbringen einer Halbleiterschicht rait definicrten 
Eigenschaften auf den Heizer ist jedoch in vielen 
Fallen nicht moglich. Verwendet man deshalb 
zwei auf dem Heizer direkt iibereinanderge- 
schichtete Halbleiterscheiben, so muss die der 
“Substratscheibe” S zugekehrte Flache der “Vor- 
ratsscheibe” V moglichst gleichmassig aufgerauht 
sein (Bild 3a).* Fur sehr grossfliichige Auf- 
wachsungen hat es sich als glinstig erwiesen, den 


Ysss/yssrs/s/s* 


(a) 


^//7 ^ /77 7%N 

Y/S//A 


(b) 


9r\K 



Scheiben einen Abstand von etwa 100 fim zu 
geben. Der Ab9tandshalter A (Bild 3b) kann 
ringformig ausgebildet sein oder aber auch in 
Form diinner Lamellen, z.B. fur eine Dreipunkt- 
auflage, eingeschoben werden. Er muss entweder 
aus einer unter diesen Bedingungen inerten Sub- 
stanz oder aber aus dem zu transportierenden 
Halbleiterstoff selbst bestehen. Ofters tritt auch 
das Problem auf, dass die Vorratssubstanz V in 
kompakter Form nur schwer erhaltlich ist. In 
diesem Fall kann mit einer Anordnung gearbeitet 
werden) wie sie in Bild 3(c) gezeigt wird. Das zu 
transportierende Material ist in Pulverform von 
einem ringformigen, auf dem Heizer aufliegenden, 
inerten Formkorper A umschlossen. Dieser Ring 
dient zugleich als Abstandshalter fur die Substrat- 
scheibe S . Die sich einstellende Temperatur- 
differenz liegt—je nach Versuchsanordnung — 
zwischen 20 und 100°C. 

(b) Transportsysteme 

Als Transportmittel sind grundsatzlich alle 
Gasaysteme einsetzbar, die mit dem zu trans¬ 


portierenden Stoff in revertibler Wcise fldchtigc 
Verbindungen bilden. Mit Vorteil warden ange- 
wandt : 

1. Die Elemente Chlor, Brom und Jod, auch 
JC1; 

2. die Wasserstoffverbindungen HC1, HBr, HJ, 
HgO und H 2 S; 

3. leichtfliichtige Halogenverbindungen des zu 
transportierenden Stoffes oder eines seiner 
Bestandteile, evtl. in Gegenwart von Waaser- 
stoff. 

Die genannten, den Transport auslosenden 
Stoffe werden mit Hilfe eines TrSgergases 
stromendf an der “Sandwich-Anordnung” vorbei- 
gefiihrt. Ihre Konzentration kann durch Ver^n- 
derung ihres Partialdruckes in dem als Tr&gergas 
fungierenden Wasserstoff oder Inertgas optimal 
auf die Versuchsbedingungen eingestellt werden. 

Kommtes darauf an, eine bestimmte Dotierungs- 
konzentration moglichst quantitativ zu tiber- 
tragen oder etwa gewisse Dotierstoffe femzuhal- 
ten, so richtet sich die Auswahl des Transport- 
mittels nach dem Verhalten des betreffenden 
Elementes im Reaktionsgleichgewicht. So lSsst 
sich beispielsweise Aluminium (im Silizium) oder 
Zink (im Galliumarsenid) zwar im Jodsystem, aber 
nicht im Chlor-Wasserstoff-System, im Bereich 
der fur die Epitaxie der H alb letter matrix gunstigen 
Temperaturen transportieren. 


4. EXPERIMENTELLE BEISPDELE 

(a) Spezielle Dotierung 

Die Abmessung des Reaktionsraumes ist vor- 
zliglich geeignet, in der Vorratssubstanz enthal- 
tene Dotierstoffe mdglichst quantitativ in die 
auf dem Substrat aufwachsende Schicht tiber- 
zuflihren. Ist die Transportreaktion mit Hilfe des 
der Apparatur zugefiihrten Gasgemisches erst 
einmal in Gang gekommen, wird der Austausch 
zwischen dem eigentlichen Reaktionsraum und 
dem freien Gasraum relativ gering.J Falls die 
chemische Gleichgewichtslage fur den Einbau des 
Dotierstoffes nicht extrem ungunstig liegt, iat der 
Obertragungsfaktor nahezu gleich 1. H&lt man 


* In sSmtlichen Bildem ist das Verh&ltnis der Dicke 
der Halbleiterscheibe zu deren Durchmesser aus 
Griinden der besseren Anschaulichkeit stark iiber- 
trieben. 


t FUr diinne Schichten genugt oftmals auch eine 
einmalige Fiillung des ReaktionsgefMsses. 

X Das Auamass des Austausches h&ngt natUrlich von 
der Grosse des Scheibenabstands und von der Form des 
Abstandshalters ab. 
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demnach Vorrataachcibchen gccigncter Dotierung 
auf Lager» so ist e« durch die automatiache Aub- 
achaltung des apparativ bedingten Einfluaaes 
mdglich, uiumttclbar Schichten mit gewiinschten 
elektrischen Eigenschaften zu erzielen. 

Ein markantea Beispiel dafiir ist die Erzielung 
einer hochohmigen, p-Ieitenden Silidumaufwach- 
sung, Derartige Schichten reproduzierbar her- 
zustellcn, iat un» bei Anwendung der pyrolyti- 
tchen Methode biaher nicht gelungen. Die 
•peziellen Verhaltniaae, wie aie bei der Sandwich- 
Methodc vorlicgen, vermdgen jedoch die von 
der Apparatur atammende, unerwunachte Dona- 
torenkonzentration wShrend dea Transportvor- 
gangc8 bo stark einzudammen, dass man nunmehr in 
der Lage iat, Siliciumschichten mit einem apezi- 
fischen Wideratand bis herauf zu etwa 1000 D cm 
abzuacheiden. Bild 4 zeigt eine derartig pra- 
parierte Siliziumscheibe, die an drei Stelien mit 
SiliziumplSttchen auf Abstand gehalten worden 
war. Bild 5 zeigt einen Schrfigachliff durch eine 
Bolche Aufwachsachicht, deren Oberflache vorher 
auf Stapelfehler geatzt wurde. Interessant iat die 
bei Anwendung dieses Verfahrens haufig gemachte 
Beobachtung, dass nur ein Teil der Stapelfehler 
aienen Ursprung in der Grenze der Aufwachs- 
achicht hat. 

(b) Hetero-Aufwachsung 

Daa epitaktische Aufbringen einer Halbleiter- 
achicht auf einem Fremdmaterial ahnlicher Gitter- 
struktur und -dimension beanaprucht aus zwei 
verachiedenen Grunden unaer Interease. Einer- 
aeits ist ea gilnatig, fiir technologiach achwer zu 
handhabende Subatanzen ein zuganglicherea Ma¬ 
terial als Keimkristall zu verwenden. Andererseits 
intereasiert — wenn der ala Substrat dienende 
Stoff ebenfalls ein Halbleiter ist — das Problem der 
aogenannten “hetero-junctions 1 *. Lasst sich eine 
solche Beachichtung nur mit Hilfe einer Trans- 
portreaktion realisieren, so ist es bei Anwendung 
der biaher bekanntgewordenen Methoden ziem- 
lich achwierig, die chemischen Bedingungen so 
fe8tzulegen» data die Subfitratscheibe nicht ange- 
grilfen wird. 

Hier bietet sich die “Sandwich-Methode” 
wiederum vorteilhaft an. Setzt man namlich eipe 
inerte Deckplatte auf die Oberseite der Sub- 
atratscheibe, ist die genaue Einatellung der 
Reaktionstemperatur und des Partialdruckes der 


den Transport auslosenden Agenden keineswegs 
besondera kridach. Lediglich die Forderung einer 
mdglichst geringen Oberflachenrauhigkeit der 
Aufwachaschicht macht noch weitere Arbeit 
ndtig. Ala apeziellea, recht aktuelles Beispiel 
hierzu haben wir die Aufwachsung von Gallium- 
araenid auf Germanium nach der Gleichung 

2 GaAs (/)+HjO (g) «£ Ga 2 0 (^)+H 2 +^Ab^) 

( 4 ) 

gewahlt. Die ringformig begrenzte Aufwachs- 
schicht in Bild 6 wurde mit Hilfe eines Wasser- 
dampf-Wasserstoff-Gemisches transportiert.* In- 
teressanterweise wurde sowohl auf chemischem 
Wege, als auch mit Hilfe der Rontgenanalysef 
gefunden, dass der Germaniumgrenzflache immer 
die Galliumseite der (lll)-Doppelschicht zuge- 
kehrt ist. Bild 7 zeigt die typische Oberflachen- 
struktur einer GaAs-Schicht, wie wir siezu Beginn 
unserer Untersuchungen erhalten hatten. In- 
zwischen ist es gelungen, die Oberflachenrauhigkeit 
so zu vermindern, dass bei gleicher Vergrosserung 
praktisch keine Textur zu erkennen ist. 


(c) Einkristalkckichten hochschmelzender Stoffe 
Eine weitere Anwendungsmoglichkeit unseres 
Verfahrens ist bei Substanzen gegeben, deren 
Herstellung in Form einkristalliner, kompakter 
Schichten bisher nicht moglich war. Dies gilt vor 
allem fiir solche Stoffe, bei denen sich Gasgleich- 
gewichte, wie sie fur den Transport im Tempera- 
turgefalle geeignet sind, erst bei sehr hohen 
Temperaturen einstellen. Eines der Haupt* 

Pyrolyttsche Methode Transport—Methode Sandwich—Methode 
v Epitaxie) (T—Epitaxie) (S—Epitaxie) 



H8 . 



Bild 10. 


* Eine Oxydhaut kann unter diesen Bedingungen auf 
der Germaniumoberflache nicht existieren, da GeOa von 
Ha vollstfindig reduziert wird. 
t P. Mecke, Natunvissemchaften 50, 399 (1963). 
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probleme liegt in diesem Fall darin, einen geeig- 
netcn Keimkristall zu finden, an dem sich die 
epitaktische Aufwachsung der reinen Substanz 
vollziehen kann. Auf den Bildern 8 und 9 sind 
Aufwachstexturen von Siliciumcarbid auf art- 
eigenem Material sowie von Zinksulfid auf 
Galliumpho8phid zu erkennen. Die Transport- 
vorgange dfirften hier wohl durch die Gleichungen 

SiC(/)+ 2H 2 0(g) 5=t SiO (g) +CO+2H 2 (5) 

und 

ZnS(/)+/*) ^ Znl 2 (g)+S 2 (g) (6) 

wiedergegeben werden. 

Diese Beispiele konnen nur als Anfange be- 
zeichnet werden. Einesystematische Untersuchung 
der Praparationsmoglichkeiten, die sich hier bieten, 
dfirfte eine ganze Reihe interessanter stofflicher 
Eigenschaften solcher Schichten zutage fordern. 

5. ZUSAMMENFASSENDE DISKUSSION 

Abschliessend soli noch einmal die Eigenart der 
“Sandwich-Methode” umrissen und ein Vergleich 
mit schon bekannten Verfahren unternommen 
werden. In Abbildung 10 sind die fur die einzelnen 
Verfahren charakteristischen Temperaturprofile in 
schematisierter Form nebeneinander gestellt. Man 
denke sich die zu beschichtende Kristallscheibe in 
einem Quarzrohr einseitig von Frischgas bespiilt 
(untere Bildreihe). Die dazugehorigen charak¬ 
teristischen Temperaturprofile sind dariiber auf- 
gezeichnet. Wahrend bei der T-Epitaxie* die 
Beheizung fiber die Gefasswande erfolgt, konnen 
bei def P- und *S-Epitaxie* die Proben mittels 
Hochfrequenzinduktion oder Heiztisch auf hohere 
Temperaturen gebracht werden. 

Folgende Vorteile ergeben sich unserer Ansicht 
nach bei Anwendung der Sandwich-Methode : 

(a) Der wirksame Reaktionsraum ist vom fibri- 
gen Gasraum weitgehend abgetrennt und wahrend 


des Wachstumsprozesees nur von der zu trans- 
portierenden Substanz uraschlossen. Die Reinheit 
der aufgewachsenen Schicht iat also praktisch nur 
vom Reinheitsgrad des Vorratsscheibchens ab- 
hangig. 

(b) Die Konzentration der transportbestim- 
menden Stoffe im freien Gasraum, sowie die Art 
ihrer chemischen Bindung ist keineswegs kritisch. 
Letzten Endes wird nur ffir die Aufrechterhaltung 
einer gewissen Gleichgewichtskonzentration des 
Transportmittels in der Randzone der Sandwich- 
Anordnung gesorgt. Die Strdmungsgeschwindig- 
keit hat nur aehr geringen Einfluss auf die Trans- 
portgeschwindigkeit im Reaktionsraum. 

(c) Die Gefasswande werden nicht aufgeheizt. 
Die Apparatur lasst sich deshalb relativ einfach 
gestalten und ist leicht zu bedienen. 

(d) Die Eigenart der Methode gestattet es, 
mehrere Proben in einer Anlage gleichzeitig zu 
beschichten. 

(e) Die Geschwindigkeit der einkristallinen 
Aufwachsung kann mehrere ^m/min betragen. 

Anerkerwung —Meinen Mitarbeitem, Herm Dr. Sbitbr 
und Herrn Doberstein mochte ich an dieser Stelle ffir 
ihren Beitrag zur Entwicklung dieser Methode meinen 
besonderen Dank aussprechen. Frau ROcker danke ich 
ffir die Herstellung der Schliffe und mikroskopischen 
Aufnahmen. 

LITERATUR 

1. Zusammenfassende Obersicht : van Arkel A. E., 

Reirte Metalle, Springer, Berlin (1939). 

2. SchAfer H., I UP AC Colloquium, Mfinstcr (1954). 

3. Ruth R. P., Marinace J. C. und Dunlap W. C. t 

J. appl. Phys. 31, 995 (1960). 

4. Antell G. R. und Effer D., /. electrochem . Soc. 

106, 509 (1959). 

5. Nitsche R .,J. Phys, Chem. Solids 17, 163 (1960). 

6. SchAfer H., Chemische Transportreaktionen, Verlag 

Chemie Weinheim (1962). 


* Erlfiuterung siehe Bild 10. 




J. Phys . Chetn. Solids Pergamon Press 1963. Vol. 24, pp. 1291-1296. Printed in Great Britain. 


ENERGY EXCHANGE BETWEEN GASES AND SOLIDS* 

i‘ 1 

HENRY WISE 

Chemical Physics Division, Stanford Research Institute, Menlo Park, California 
(Received 19 March 1963; revised 12 July 1963) 


Abstract —The accommodation coefficient for collisional energy exchange between a gas and a 
solid surface is examined in terms of a desorption process under non-isothermal conditions. A 
measure of the probability that a molecule will gain or lose energy on striking a surface is derived 
from the ratio of the rate of desorption at the temperature of the solid Ta to the total rate of im¬ 
pingement of gas molecules with initial temperature T\. The functional dependence of the accom¬ 
modation coefficient on gas pressure and surface temperature is compared with experimental 
observations. 


1. INTRODUCTION 

At low pressures the problem of heat transfer 
between solid surface and gas is governed by a 
factor which Knudsen* 1 * has named the coefficient 
of accommodation. This coefficient measures the 
fraction a of the energy difference between the gas 
and the surface which the gas carries away on 
leaving the surface. Thus one may define the 
accommodation coefficient as 

El-Ei 

a = -- 

E z -E i 

where Ex and E\ are the mean energies per mole¬ 
cule of the incident and re-emitted gas, E 2 that of 
the cqmpletely accommodated gas. Accordingly, 
the accommodation coefficient may be interpreted 
to represent the fractional mean energy taken up 
by the incident molecules relative to that needed 
to bring the gas into thermal equilibrium with the 
surface. Alternatively, one may assume that the 
fraction oc of the incident molecules is trapped at 
the surface and subsequently emitted with a 
Maxwell distribution at the surface temperature, 
while the remainder of the gas (1 — a) is unaffected 
by the collision and retains its original Maxwell 
energy distribution. The latter interpretation is 
employed in this paper. A similar interpretation 

* Sponsorship of this work by the Office of Naval 
Research, Department of the Navy, and Physical 
Sciences, Stanford Research Institute, is gratefully 
acknowledged. 


was used by Maxwell in the derivation of the 
coefficient of slip.* 2 * 

After the experimental work of Roberts* 8 * on the 
accommodation coefficient of helium and neon on 
tungsten, a series of theoretical papers appeared 
on this problem of heat transfer. * 4 “ u * Zener* 18 * 
attempted to account for the accommodation co¬ 
efficient by considering a repulsive potential 
between the gas atoms and surface atoms. Subse¬ 
quently, in the quantum mechanical treatment by 
Devonshire* 13 * the interaction potential between 
gas and solid was represented by a Morse potential 
function. By suitable choice of the parameters of 
the energy function and a “roughness’ 1 factor the 
theoretical results could be applied to the experi¬ 
mental measurements of Roberts.* 3 * 

In the present analysis, the contribution of sur¬ 
face adsorption to the mechanism of heat transfer 
between a gas and solid will be considered. An 
encounter between a gas molecule and an atom in 
the surface of the solid may result in an elastic or 
inelastic collision. In the case of elastic collisions, 
no net exchange of energy is assumed to take place 
and the molecules are reflected from the surface 
with their initial thermal velocity. Ordinarily, how¬ 
ever, because of the asymmetry in the surface 
layer and the ensuing force field, the collision is 
frequently inelastic. The impinging gas molecule 
remains adsorbed on the surface for a certain 
length of time before it re-evaporates into the gas 
phase.* 14 - 16 * Since the average life spent by a mole¬ 
cule in the adsorbed state is generally of a larger 
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magnitude than the time between molecular 
collisions* 1 *) interchange of energy between the 
two phases may readily take place. The kinetic 
energy of an adsorbed molecule with a small 
number of internal degrees of freedom will there¬ 
fore be accommodated to that of the surface atoms 
before desorption occurs. Accordingly, tempera¬ 
ture accommodation between solid and gas may 
be governed by the time lag between condensation 
and evaporation of the molecules which in turn 
will depend on the intensity of the force field at the 
surface and on the temperature and nature of the 
gas and solid. Thus since a is defined in terms of 
the fraction of the theoretical energy carried away 
by the molecules from the surface, a measure of the 
probability that a molecule will gain or lose energy 
on striking a surface is found from the ratio of 
the rate of desorption of a gas at temperature T% 
to the total rate of impingement of gas molecules 
with initial temperature T\. 

2. THEORETICAL ANALYSIS 
From these considerations, the problem may be 
treated as a rate process involving a reaction for a 
system composed of an atom or molecule and an 
adsorbing site on the surface. Based on the theory 
of absolute reaction rates* 13 ) the process of de¬ 
sorption involves an activated state of the reactant 
in which a gas molecule attached to an adsorption 
center acquires the necessary configuration and 
energy of activation to evaporate from the con¬ 
densed phase on the surface. The magnitude of 
the energy of activation for desorption E& will 
therefore represent the sum of the activation 
energy for adsorption E a and the heat of adsorp¬ 
tion q. 

In the derivation of the theoretical expression 
for the accommodation coefficient the following 
assumptions are made: (1) the energy barrier for 
desorption is independent of the presence of any 
condensed molecules on neighboring surface sites; 
(2) every adsorbed molecule occupies one active 
center on the surface for the case of a localized 
adsorbed layer; (3) the solid exhibits a uniform 
surface; (4) the gas obeys the ideal gas law; (5) the 
system has attained a steady state; (6) the residence 
time of the adsorbed molecule is sufficient to per¬ 
mit attainment of complete temperature equili¬ 
brium, and (7) reflected molecules which are not 
adsorbed exchange no energy with the surface. 


According to the theory of absolute reactions 
rates* 17 ) the rate of desorption of a gas per square 
centimeter of surface is given by 

kT z /* 

KC a — i^exp(-JW*r 2 ) (1) 

h f a 

where k represents the transmission coefficient; 
C a the surface concentration of gas molecules in 
the adsorbed state; k Boltzmann’s constant; h 
Planck’s constant; 72, the temperature of the sur¬ 
face ; Ea the energy of activation for desorption of a 
single molecule at the absolute zero; f a the com¬ 
plete partition function per unit area for the 
adsorbed state, and /* that for the activated state 
from which the contribution of one degree of 
translational freedom across the potential-energy 
barrier has been excluded. Similarly the rate of 
impingement of gas molecules per square centi¬ 
meter of surface* 17 ) has been shown to be 

v = C gr kT\j{2'nmkT\yi 2 ‘ ( 2 ) 

where C g ^ identifies the concentration of gas 
molecules per cm 3 at temperature T\\ and m the 
mass of the gas molecule under consideration. 

Based on our definition for the accommodation 
coefficient one obtains 


a = Va/v 


__ C a /* To 

” Ja 


~ h 


exp( — EajkTz) 


( 3 ) 


A. Mobile adsorbate-isothermal case 

It has been found experimentally that in physical 
adsorption, migration of the gas molecules over the 
solid surface takes place.US.«> Based on the 
Freundlich adsorption isotherm an expression 
relating C a to the gas pressure (Cp) may be derived. 
According to the postulate of the absolute rate 
theory, the gas molecules may be considered free 
to migrate in the adsorbed state as well as in the 
activate state. One may write therefore for adsorp¬ 
tion equilibrium at any temperature 

kT f 

TT ex P( - E a/kT) 

n tg 

kT /* 

= c »~r -t ex P( - EdjkT) (4) 

« Ja 
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where F g ia the partition function per unit volume 
of adsorbing gas. Thus C a may be evaluated, 
namely 

C a = C^txp(qlkT) (5) 

*9 

Substitution of equation (5) into (3) yields for the - 
accommodation coefficient 

/*/2rrniWV/2 

a = K J g \~w~) txp{ ~ EalkT) * 6 > 

Since for a mobile surface layer the activated 
complex is essentially still in the gaseous state its 
partition functions /* will contain vibrational and 
rotational contribution similar to that of the initial 
gas molecule. Hence the ratio of the partition func¬ 
tion fJFff reduces to the ratio of the translational 
terms. With two degrees of translational freedom 
in the activated state and three such degrees of 
freedom in the gas phase, the ratio of the partition 
function is equal to (h 2 /27rmkT) 1 l 2 . Therefore, for a 
mobile adsorbed layer under isothermal conditions 

oc = k exp ( — E a /kT) (7) 

B. Mobile adsorbate; non-isothermal case 

From a practical standpoint the effect of the 
accommodation coefficient on heat transfer under 
non-isothermal conditions between the two phases 
is, of course, of greater importance. Under iso¬ 
thermal conditions the surface concentration of 
adsorbed molecules was related to the concentra¬ 
tion in the gas phase by means of an adsorption 
isotherm. However when the gas reaching the sur¬ 
face is at a different temperature from that of the 
solid the steady condition is one of pseudo¬ 
equilibrium. A similar difficulty is encountered in 
the interpretation of experimental results on sur¬ 
face ionization/ 20 * 21 ^ electron affinity* 22 ) and chemi¬ 
sorption* 28 ) of gases. A hypothetical concentration 
of gas Cg 9 at temperature 7g may be postulated 
which is in equilibrium with the surface. Thus the 
pseudo-equilibrium concentration of gas moleculeB 
in the condensed phase is given by 

C a = C„ a ^cx V (qlkT 2 ) ( 8 ) 

*9 

Substitution of (8) into equation (3) results in the 


following expression for «: 

C 9t T* /* {2vmkTi\U 2 

a == k * — • — • —• I —-—I 

Cg t T x F 9 \ h 2 / 

x exp(- EujkTi) (9) 

As shown in Section A, the ratio of the partition 
functions fJF g reduces to (h 2 jlmnkT g ) l f 2 for a 
mobile adsorbed layer. Also for a gaseous system 
at constant pressure obeying the ideal gas law, the 
concentration of gas C g is inversely proportional 
to the temperature. Consequently, equation (9) 
may be modified to read 

« = *(^r) exp (-E a /kT 2 ) (10) 

which, of course, reduces to equation (7) as T\ 
becomes equal to i.e., the isothermal case.f 
For a polyatomic molecule adsorbed on the sur¬ 
face in a mobile layer the partition function of the 
activated state may differ from that of the free gas 
because of a decrease in the number of internal 
degrees of freedom. Thus if rotation about a num¬ 
ber of principal axes is stopped in the activated 
state due to intermolecular forces, the ratio of the 
partition functions in equation (9) is no longer 
given by the ratio of the translational degrees of 
freedom only, but must include the contribution 
of the internal degrees of freedom to /* and F g . 
Thus 

(ii) 

where b+ and b g represent the rotational and vibra¬ 
tional contributions of the internal degrees of 
freedom. 

The vibrational part of the partition functions 
may be taken as unity. On the other hand, for a 
rigid non-linear, polyatomic molecule with three 
equal moments of inertia the ratio of the rotational 
partition functions with hindered rotation about 


t Under these nonisothermal conditions an alternative 
expression for the ratio C ff JC 9l may be sought in the 
assumption* 28 ■ 24 > that the gas collision rate with the sur¬ 
face equals the evaporation rate so that Cg t (C gi » 
(Ti/Ta) 1 /*. The accommodation coefficient then becomes 
a ™ k expf-Ea/ATa) 
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two principal axes in the activated state will be 
given by 

(«r 


-[(W*]/[(W--] 


2m*IkT 2 \ 3 / 2 


Therefore 


“ ( 2irwiAr z ) 


A 2 \i/« <r, A 2 


<y* 8 tt 2 //e72 


(13) 


and 


a 


<wn \ 1/2 

(r # \r 2 ) 


h 2 

WIkTo 


txp{-E a !kT 2 ) 


(14) 


3. DISCUSSION 

It is apparent that quantitative calculations of 
the accommodation coefficient are dependent upon 
reliable data for the energy of activation for adsorp¬ 
tion in a given heterogeneous system. Unfor¬ 
tunately, such data are scanty, and calculations of 
surface rates can therefore be carried out only in 
an approximate manner. Nevertheless, the treat¬ 
ment proves useful as a semi-empirical approach in 
the evaluation of the contribution of surface 
adsorption to the accommodation coefficient. As a 
matter of fact, if this mechanism were to play the 
predominant role in the energy exchange between 
a gas and a solid, the equations presented will 
permit estimation of the activation energy for 
adsorption from experimental measurements of the 
accommodation coefficient (Table 1). 

From a qualitative standpoint the expressions 
for the accommodation coefficient are in agreement 
with experimental observations on the parameters 
of interest to this problem of heat transfer. First, 
one may note the lack of dependence of a on the 
pressure of the gas, a fact which has been con¬ 
firmed experimentally.* 26 - 27 ) 

Of special significance is the functional de¬ 
pendency of a on the gas temperature and surface 
temperature exhibited by the equation just derived. 
Let us consider first <x as a function of the gas tem¬ 
perature 7i« For a mobile adsorbed layer the 
accommodation coefficient is expected to be pror 
portional to the square root of the gas tempera¬ 
ture. Experimental measurements* 2 ®) of the accom¬ 
modation coefficient of monatomic gases have 


Table 1. Energy of activation for adsorption as 
calculated by measurements of the thermal accom¬ 
modation coefficient ,* 


Surface 

Gas 

Ea 

(cal/mole) 

Reference 

Pt 

He 

340 

a 


A 

350 

a 


N 2 

740 

a 


o 2 

900 

b 


CO* 

760 

b 

W 

He 

400 

a 


A 

360 

a 


Na 

800 

a 


COs 

900 

b 


H 2 

2400 

c 

Ni 

COs 

820 

b 


a Oliver R. N., Thesis, Calif. Inst. Techn., 1950. 
b Farber M. f private communication, 
c Blodgett K, B. and Langmuir I., Phys. Rev, 40, 
78 (1932). 

borne out the parabolic dependence of a on y/T\. 
It has also been found that for diatomic gases such 
as Og on Pt the proportionality between a and 
(Ti) 1 / 2 obtains.* 29 ) 

On the other hand, at constant gas temperature 
7i, the accommodation coefficient goes through a 
maximum as the surface temperature is increased; 
thus for a monatomic gas this maximum occurs at 
{T 2 ) m = 2 EalR } while for polyatomic molecule 
(Fgjm = 2Eaj3R, as can be shown by differentia¬ 
tion of a with respect to 7g. Such a conclusion has 
also been reached by Jackson* 4 ) in his quantum-' 
mechanical theory of energy exchanges between 
inert gas atoms and a solid surface. Recent experi¬ 
mental measurements have actually shown the 
existence of such a maximum* 28 - 29 ) in the variation 
of a with surface temperature. Such behavior has 
been exhibited not only by polyatomic gases but 
also by monatomic noble gases. It suggests the 
existence of an energy barrier which may be due to 
some orientation effect whereby the presence of 
surface adsorbed gas causes some hindrance to 
the condensation process. 

* In these calculations a mobile adsorbed layer was 
considered without change of the internal degrees of 
freedom upon adsorption. 
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With the assumption of a mobile adsorbate, the 
energy of activation for adsorption has been cal¬ 
culated from the maximum in the curves deter¬ 
mined experimentally for the surface temperature 
coefficient of a (Table 1). Although the value for 
the activation energy does not vary greatly for the 
different gases and solid surfaces (except in the 
case of hydrogen on tungstenf), the absolute 
magnitude of a does not necessarily follow the 
same pattern since variations in the transmission 
coefficient are to be expected. 

The present treatment is based on considera¬ 
tions of equilibrium between the adsorbate and 
the gas and therefore cannot be applied to the 
evaluation of a on bare surfaces. Under such con¬ 
ditions of energy exchange between a clean surface 
and a gas, the present theory would predict the 
accommodation coefficient to approach zero. It is 
well known from the experimental measurements 
by Roberts* 3 * and Mann* 22 * that 1 a increases with 
time for a surface initially free of adsorbed gas. 
However, since even for a clean surface, the value 
of a extrapolated to zero time of contact between 
solid and gas has a finite value larger than zero/ 3 * 
it is to be realized that collisional energy transfer 
without adsorption makes some contribution to the 
over-all process of heat exchange in a heterogeneous 
system. 

Another interesting consequence of this analysis 
applies to the average residence time r of the gas 
molecule on the surface. From statistical considera¬ 
tions Frenkel* 10 * derived the following equation 
for r as a function of surface temperature T and 
the heat of adsorption q : 

r = r 0 exp {qjkT) (15) 

where to is postulated to be independent of T. If 
one defines r in terms of the ratio of the concentra¬ 
tion of gas molecules C a adsorbed per unit area 
of surface to the rate of desorption v#, one obtains 
with the aid of equation (1) for the residence time 

t s C a /vd = - • -- y- exp(EalkT) (16) 
The ratio of the partition functions may be set 


t The value for Hz on tungsten compares favorably 
with the heat of Van der Waals’ adsorption,* 8 °> 


equal to unity. Also for a system with negligible 
energy of adsorption, the parameter Ed wifi be 
approximately equal to the heat of adsorption q. 
Thus 

T ~i._L.exp(#r) (17) 


Comparison of equations (17) and (15) indicates 
that to in Frenkel’s expression is proportional to 
hfttckT) and therefore dependent upon the surface 
temperature. A similar conclusion was drawn by 
Lennard-Jones and Devonshire* 31 * in a quantum- 
statistical treatment of this problem. 
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MEASUREMENTS ON THE DIELECTRIC CONSTANT 
OF IODINE SINGLE CRYSTALS IN VARIOUS 
CRYSTALLOGRAPHIC DIRECTIONS 

M. SIMHONY 

Department of Physics, The Hebrew University, Jerusalem, Israel 
{Received 5 June 1963) 


Abstract —Measurements at room temperature yield for the dielectric constant of iodine along the 
principal crystallographic directions: * a = 6, = 3 and * c = 40. In the temperature range 

between 180—330°K these values change between 0*9-1 *3 of their room temperature ones. The 
slope of *(T) changes sign at a particular temperature, depending on the crystallographic direction: 
~ 260°K, 290 °K, and ~ 310°K in the direction of the a-, 6- and c-crystal axes, respectively. 


1. INTRODUCTION 

Iodine forms molecular crystals that belong to the 
base-centered orthorhombic system.* 1 ) Every lattice 
point has two molecules of 1% with an interatomic 
distance of 27 A. The unit cell shown in Fig. 1(a) 
contains 4 molecules and has the dimensions 
a = 4792, b = 7-271 and c = 9-803 A. All mole- 
cules lie in the a-c planes of the crystal. (Fig. lb). 

The material studied were single crystal wafers, 
selected from commercial resublimated iodine 
(ACS specification). The large («1 cm 2 ) surfaces 
of the wafers grow parallel to the a-c crystal plane. 
In this plane one can determine an axis of easy 
bending (even in crystals 3 mm thick), and a per¬ 
pendicular axis, around which the crystals are very 
fragile. X-ray investigation* 2 ) shows that the axis 
of easy bending is the c-crystal axis while the other 
one is the a -axis. By cutting, polishing and etching 
one can obtain samples with surfaces of ~0*1 cm 2 
perpendicular to the a - or to the c-crystal axis and 
having thicknesses of 0-2-2 mm. 

2. DIELECTRIC CONSTANT MEASUREMENTS 
At ROOM TEMPERATURE 

The jig (Fig. 2a) with crystals set between the 
platinum plates is placed in a mixture of two or¬ 
ganic liquids of very low dielectric losses. The 
capacity of the jig C m is measured by means of a 
Marconi type TF 329 Q-meter in ranges from 
50 kc/s to 50 mc/s. Thereafter the crystals are 
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Fig. 1(a). The unit cell of the iodine crystal. 
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Fig, 1(b). Location of atoms in the a-c planes of the 
iodine crystal. Heavy circles stand for atoms with 6 = 0; 
the a and c coordinates of atoms numbered 1, 2, 3, 4 are 
(0*40; 0-13), (0*10; 0-37), (0*60; 0-63), (0-90; 0-87). 
Light circles represent atoms with 6 = 1/2. 


removed without changing the distance between 
the plates and the capacity of the empty jig in the 
liquid Cjj is measured. 

The composition of the solution is changed to 
obtain a minimum deviation AC between the two 
measurements. The dielectric constant of the solu¬ 
tion €jj is determined by measuring the capacity of 
a capacitor in it. Plotting the values 

AC C L -C m 

- = - V8. €/, 

Cm Cm 


(e.g. Fig. 2b) we obtain the dielectric constant of 
the crystals given by the point where the line 
(ACjC m ) crosses the €& coordinate axis/ 3 ! 

The values of the dielectric constant of iodine in 
various crystallographic directions obtained in 
thiB way are given in Table 1. 

Table 1 


Crystal axis direction 

a 

b 

c 


Dielectric constant 

6±0*5 
3 ±0*3 
40 ±2 


3. TEMPERATURE DEPENDENCE OF THE 
DIELECTRIC CONSTANT OF IODINE 

The crystals (thickness 0*2 mm, area 1-10 mm 2 ) 
are placed between two graphite electrodes of the 
jig (Fig. 3), being surrounded by a teflon spacer¬ 
ring (thickness 0-22 mm). The distance between 



Fig. 2(a). The jig for dielectric-constant measurements. 
1- Teflon slider, 2. Teflon frame. 3. Platinum electrodes. 
4. Iodine crystal. 
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the. electrodes is slightly more than the crystal 
thickness, allowing them to expend independently 
of the thermal expansion of the jig. The jig is 
placed in a hermetically sealed Perspex box to 



Fig. 3. The jig for measuring c(T). 1. Heat conducting 
copper rod. 2. Perspex box. 3. Silica gel, 4. Teflon ring. 
5. Teflon screw nut. 6. Graphite electrode. 7. Teflon 
spacer. 8, 8a. Thermocouples. 9. Iodine crystals. 
10. Graphite or conducting glass electrode. 11. Window. 
12, 12a. Electrode leads. 

prevent condensation of moisture. The long rod of 
the electrode may be put in various temperature 
baths (from liquid nitrogen to boiling water). The 


temperature of the crystals is measured by means 
of two copper-conslantan thermocouples, whose 
junctions (protected from iodine vapour) are 
placed just on. the surfaces of the electrodes. The 
other measured magnitudes are the capacities of 
the jig: when empty (§ 1 ) anc * w hen filled with 
crystals (C 2 ). In both cases all parts and leads are 
identically placed. The measurements in the direc¬ 
tion of the c axis of the crystal were made with a 
Marconi type TF 329 Q-meter in the ITS mc/s 
frequency range. For crystal sets (and temperature 
ranges) with small dielectric losses (tg0 < 0-01) 
it was possible to observe capacity changes of 
~0*02 pF. The measurements in the a- and b- 
directions (and, for comparison, also one measure¬ 
ment in the c-direction) were made with a Briiel 
and Kjaer type 1506 deviation bridge in the 100 
kc/s range. Capacity changes less than 0*01 pF 
could be observed even when tg 6 was >0*01, 
From the plots of Ci and C 2 vs. T the plot of 
A C{T) = C 2 (T)-Ci(T) can be drawn (Fig. 4). 
Since AC is proportional to the dielectric constant 
of iodine, the constant may be given by 

AC 

c = —— • €300 
AC 300 

where AC300 and €300 are the values of the cor¬ 
responding quantities at 300°K (6, 3,40 in the 
direction of the a t b t c -crystal axes, respectively). 

The values of AC 300 obtained for some sets of 
crystals are given in Table 2. 

Plots of the averaged values of e/taoo against T 
in the three crystallographic directions are shown 



TEMPERATURE (*K) 


Fig. 4. The temperature dependence of the capacity of the jig and of the crystals. 
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in Fig, 5, It can be seen that the changes of c 
With T between 180 and 330°K are quite small. 
No significantly larger changes were found down 
to liquid nitrogen temperatures. The extension to 
higher temperatures is limited by the high vapor 


By replacing the thin graphite electrode of the 
jig with a conducting glass electrode it is possible 
to look for changes in the dielectric constant as a 
result of illuminating the crystal surfaces with 
highly absorbed light. The light source was a 



Fig. 5. Temperature dependence of the dielectric constant of 
iodine in the directions of the various crystal axes: a (circles), 
b (squares) and c (triangles). 


Table 2 


Capacity of the jig (pF) 

Set of at 300°K ACaoo 

crystals (pF) 

filled empty 

Cs Ci 


c-10 

17-70 

14-45 

3-25 

c-11 

20-20 

14-45 

5-75 

a- 2 

20-56 

10-60 

9-96 

a- 3 

20-94 

10-40 

10-54 

6- 3 

13-86 

11-40 

2-46 

6- 4 

19-81 

17-87 

1-94 

c-12 

34-55 

17-87 

16-68 


pressure of iodine which causes sublimation and 
recrystallization of the iodine in the cell. The slope 
of tf(T) changes sign at a particular temperature 
depending on the crystallographic direction: 
~260°K, ~290°K, and ~310°K in the direction 
of the <a-, b - and r-crystal axes respectively. 


Mazda ME/D mercury lamp (with or without 
filters). In the 6-direction no change in the capacity 
of the crystals under illumination was found over 
the entire temperature range. In the ^-direction 
(crystals c-12 ) the changes A C P h were less than 
0*05 pF, which gives Ae^/e = A C ph fC < 0-003. 
In the ^-direction A C ph < 0-02 pF and A 
< 0-002 was obtained. 
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OPTICAL ABSORPTION IN CaO SINGLE CRYSTALS* 

VICTOR L NEELEY and JAMES C. KEMP 

Department of Physics, University of Oregon, Eugene, Oregon 
(Received 13 May 1963) 


Abstract —The optical absorption of CaO single crystals has been measured in the range 14-5 /x- 
200 mp. Absorption bands begin at approximately 250 m fi on the high energy aide of the visible 
region and at 10 p on the low energy side. Ca(OH) 2 , which readily forms on the surface of these 
crystals when left standing, shows the strong (OH) stretching absorption at 2-755 p. Surface effects 
also cause a weaker band at 260 m/x. Special precautions were necessary to eliminate these spurious 
absorptions. The forbidden band gap in CaO is definitely >6*0 eV. 


INTRODUCTION 

Little if any experimental work on the optical and 
related properties of CaO single crystals has 
appeared in the literature, in spite of the impor¬ 
tance of CaO in the alkaline earth oxide series. A 
principal reason for this has been the lack of 
sizeable single crystals. 

Recently, work on electron spin resonance (e.s.r.) 
of several transition metal ions in CaO crystals has 
been initiated, CaO being in several respects an 
ideal host crystal for such studies.* 1 ) F-centers and 
other defects have also been studied in CaO.* 2 ) 

Thermoluminescence, optical transmission, and 
other studies relevant to the band gap and band 
structure, carried out generally on thin poly¬ 
crystalline layers or in powder, were reviewed by 
Hannay;* 3 ) an estimated lower limit for the band 
gap of 5.6 eV was mentioned. 

Theoretical work on the band structure so far 
appears to have been nil. Callaway* 4 ) has dis¬ 
cussed briefly band calculations in the alkaline 
earths, and refers to preliminary calculations in 
MgO and BaO. 

EXPERIMENTAL PROCEDURE 

The absorption spectra in the infrared region 
(15-2-5 /x) was done on a Beckman Model IR-7 
recording spectrophotometer. The spectra through 
the region 2*5 /x-200 mfi were taken on Cary 
Models 14 and 15 recording spectrophotometers 

* Supported by the U.S. Air Force and by a Tektronix 
Foundation grant. 


The crystals were ultra pure CaO single crystals 
obtained commercially from Semi-Elements, Inc., 
Saxonburg, Pa. Typical crystals were some 
0*05 cm 3 in volume. From these, cleaved thin 
samples with surface dimensions about 2*5 x 
2*5 mm were prepared. 

The purity of these crystals were checked by 
emission spectroscopy by the Oregon Metal¬ 
lurgical Corp., Albany, Oregon. Their results for 
CaO and some MgO crystals used for comparison 
purposes are shown in Table 1. The purity was 
further checked by e.p.r. techniques. The only 
paramagnetic ion detected was Mn 2f and its 
concentration was in agreement with the emission 
spectroscopy data. 

A number of crystals having thicknesses from 
1-5 to 0*15 mm were measured. The crystals were 
cleaved, then ground and polished to the desired 
thickness. Spectra from some MgO crystals 
treated in the same way were also taken for 
comparison purposes. 

Calcium hydroxide forms rapidly on the surface 
of these crystals when left in the open. This surface 
coating can easily be seen after 6-8 hr. In order 
to eliminate the absorption and scattering due to 
the Ca(OH )2 it was usually sufficient to grind and 
polish two crystals, one considerably thicker than 
the other, and immediately place one in each of the 
two beams of the dual beam spectrophotometer. 
The resulting spectrum was then due to pure CaO 
absorption. The small amount of residual (OH) 
could be made comparable in the two samples by 
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Table 1, Impurities in tot per cent . 



A1 

Cu 

Fe 

Mg 

Mn 

Si 

Ca 

CaO 

<(H)1 

< 0*0005 

0-01 

< 001 

<0*005 

0*1 


MgO 

< 0*01 

< 0*0005 

0 01 


< 0*005 

01 

0-1-0*01 


treating them alike, and the spurious absorption 
and scattering was then cancelled out to first order 
in the spectrophotometer. The effectiveness of 
this method in removing the Ca(OH )2 absorption 
could easily be checked by observing the intensity 
of the residual 2*755 ^(OH) stretching vibration 
peak. 

Spectra were taken at 300, 77 and approximately 
20°K. The latter measurement was made using 
liquid He; however, radiation through the optical 
ports of the dewar raised the sample temperature 
to approximately 20°K. 

Because of the small size of the prepared crystals 
(approximately 2*5 mm on a side), most of the 
beam in the spectrophotometer had to be masked 
off. The result was a serious reduction in the 
optical density range that could be covered. 
Measurements at 300°K w6re carried out to 
170ntyi; however, the optical density in CaO in 
the range 200-170 m/x remained consistently above 
any measurable value for the crystals used. 

EXPERIMENTAL RESULTS AND DISCUSSION 

The i.r. absorption spectra were taken in order 
to compare the single crystal CaO infrared absorp¬ 
tion with older work done on thin polycrystalline 
films in which CaO and MgO infrared absorption 
peaks were found at 27*4 and 17*3 /a respec¬ 
tively.Also we wished to observe the (OH) 
stretching vibration from the Ca(OH )2 surface 
layer, when present; this (OH) peak intensity was 
used to gauge the degree of surface contamination. 

Figure 1 shows the i.r. absorption coefficient 
of pure CaO, CaO left in the open for approxi¬ 
mately 24 hr and an MgO crystal for comparison. 
The CaO abaoiption occurs at a longer wavelength 
than MgO (curves A and B) in agreement with 
older work. The strong (OH) stretching absorption 
of the Ca(OH)a surface layer is seen at 2*755 /a 
in curve B. 

Figure 2 shows the absorption coefficient in the 
u.v. region for the same types of crystals shown 


in Fig. 1. The absorption band at 260 mp in 
curve C is due to surface effects but did not seem 
to grow at the same rate as the 2*755 ft band. 



Fig. 1. I.R. absorption coefficient of single crystal CaO 
(A), CaO with Ca(OH)a surface layer (B), and MgO (C). 


Our MgO spectra are in agreement with the 
work done by Clarke:* 7 ) however, Clarke has 
shown that two small absorption bands which 
occur at 288 and 221 m fx in MgO may be removed 
by heating. These absorption bands are removed 
from curve D in order to more clearly show the 
difference in fundamental absorption between 
CaO and MgO. The absorption band at 182 m ft, 
in MgO has been shown to be associated with 
impurities* 7 ) and is not removed by heating. For 
CaO crystals used in the present work, no change 
in the spectra was observed after heating to 
1100°C for several hours. 

The exciton structure of other alkaline earth 
oxides, MgO, SrO, and BaO, has been thoroughly 
studied.* 8 - 9 » 10 > The separations between the 
usually observed two or three prominent exciton 
peaks, as well as the distance from the first strong 
exciton peak to the extrapolated band gap edge, 
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Fig. 2. Absorption coefficient of single crystal CaO at 300°K (A), single crystal 
CaO at approx. 20°K (B), CaO with Ca(OH)a surface layer (C) and MgO (D). 


appear to follow the general trend of slowly 
decreasing separation as one progresses from MgO 
to BaO. The first strong exciton peak occurs at 
7*6, 5-71 and 4*06 eV in MgO, SrO, and BaO 
respectively. These peaks generally show ap¬ 
preciable temperature narrowing.* 8 * In CaO, 
curves A and B, the band at 215 mp shows no 
appreciable temperature narrowing and we believe 
it to be associated with an impurity or defect rather 
than with the exciton structure. Using Dexter’s* 11 * 
formula for impurity centers and assuming unity 
oscillator strength, approximately 2 x 10 17 impurity 
centers per cm 3 would produce this band; this 
number is of the order of some of the impurity 
concentrations (Fe for example) listed in Table 1. 
On the other hand, the temperature shift of the 
strong absorption edge at 200 mjx indicate that the 
latter is more likely the edge of an exciton peak. 
Photoconductivity studies* 12 * in powdered CaO 
show a large photocurrent, independent of impuri¬ 
ties, for excitation wavelengths shorter than 
185 m/x (6-7 eV); this is consistent with our placing 
the first strong exciton peak at slightly beyond 
200 m/x. 

From the present work it can be stated that the 
forbidden band gap in CaO is definitely ^6*0 eV. 
The mean separation between the first observed 
exciton peak and the extrapolated edge of inter¬ 
band absorption is slightly greater than 1 eV 
in the three other alkaline earth oxides.* 8 * fi * 10 * 


Adding 1 eV to our assigned first exciton peak 
position would produce a band gap of 7*5 eV in 
CaO, which would agree qualitatively with the 
position of CaO in the series. Vacuum u.v. trans¬ 
mission studies covering the band gap transition 
have not to our knowledge been reported; these 
are expected to be more difficult in single CaO 
crystals than in MgO due to the surface preparation 
problems mentioned above. 

Acknowledgement —We wish to acknowledge the able 
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Note added in proof; 

Optical tranami—ion of thin CaO films over the vacuum n.v. range was recently reported by H. H. 
Glasoock, Jr, and E. B. Hbniley, Phys. Rev. 131, 649 (1963). They give 7-7 eV for the band gap, which com¬ 
parer well with our eatimate of 7 *5 eV. 
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INTERACTION ENERGIES BETWEEN DEFECTS 

IN METALS 

J. WORSTER and N. U. MARCH 

Department of Physics, The University, Sheffield 
{Received 24 April 1963) 


Abstract—The predictions of perturbation theory regarding the interaction between charged impuri¬ 
ties in metals are presented. The unperturbed conduction electrons are described by plane waves and 
the defects, treated as point charges, are screened to first order in the Hartree approximation. In the 
case of monovalent and divalent matrices, it is shown that at the nearest-neighbour distance the 
qualitative results are the same as would be predicted electrostatically. For trivalent matrices, the sign 
of the interaction is changed. 


I. INTRODUCTION 

In two recent papers, Corless and March * 1 * 2 * 
have given a theory of the interaction between 
defects in metals using a perturbative treatment 
based on the Dirac density matrix,* 3 * 4 * while, 
independently, Blandin, D£plant£ and Friedel* 5 * 
have developed an essentially equivalent method. 
Indeed, some of the basic results of these theories 
are at least implicit in an early paper on electron- 
phonon interaction by Bardeen* 6 * as well as in 
later work of Nozi^res and Pines.* 7 * 

2. CALCULATION OF INTERACTION ENERGIES 
Computations yielding the explicit numerical 
results, predicted by the above mentioned theories 
have recently been carried out and it is the purpose 
of this note to report the main results for impurities 
in some monovalent, divalent, and trivalent 
metals.* In terms of the screened potential V(r) 
due to unit excess positive charge embedded in the 
metal, the interaction energy between two impurity 
centres, distance a apart, and carrying excess 
charges Z\ and Z 2 is given by < x * 2 * 

-ZiZ 2 V(a). ( 1 ) 

V(a) may be obtained directly by solution of the 


* Professor J. Friedel has kindly informed us that 
similar calculations have been carried out independently 
at Orsay by Drs Blandin and D6plant£, and are in agree¬ 
ment with our results. 


equation, due to March and Murray* 8 * 


V 2 F 


-3-J 


a nV(ny 


j i(2*,|r—n|) 
|r-n|* • 


( 2 ) 


where k y is the magnitude of the Fermi wave 
vector, and 


Mp) - 


sinp —p cosp 


( 3 ) 


or equivalently from the Fourier components of 
F(r) given by* fl » 8 * 8 > 


where 



it*) = 2+ 


* 2 -l 

-In 

x 


1-* 

1+* 


( 4 ) 


( 5 ) 


Whereas some direct numerical solutions of (2) 
are already available,* 4 * the present results have 
been found by employing equation (4) as follows. 
We may write 


rV(r) = 



ace"** 




-dx, 


( 6 ) 
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where R — k/r. Integrating 

1 *e«*» 

Hi 1 fl * 2 -l 1^7 1 

*2+—-+-In- 

irk/L2 4ar 1 + aj 

round a eemicircle in the upper half of the complex plane 
give* 


2 , 

—rF = ae -2 * /} + -/« 

7T J 


cbc 




xt 


2iR x 


1 1 r (jc 2 —l)i 


where 2irk/p B ® + (1 + /J 2 ) tan" 1 0 

and 

47TA//? 3 


( 7 ) 


47 rA/i 33 -/ 9 +(l-/ 32 ) tan-ijS 


The integrand is now expanded in powers of l/*7?/, 
and g(x) is expanded in powers of \jx. The integral 
becomes 



where 


r« i 


oo 

X ^ r,r-^4ft+l-3r+2s(^)» 

*“0 


oc 

I t (R) = j* dx-r^e 21 *^ 

l 


p = 0 


and 


The scries converges for 2irk/ > 1, and is quite 
suitable for accurate computation. 


3. DISCUSSION OF RESULTS 

We Bhow in Fig. 1 our results for V(f) for an 
impurity in Cu and in Mg, and similar results are 



Fig. 1. Screened potential (—F(r)) round unit positive 
charge embedded in Cu and in Mg. Arrows indicate 
near-neighbour distance in the two cases. Broken line 
shows asymptotic form. 
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Fig. 2. Screened potential (— V{r)) round unit positive charge embedded 
in Al. Broken line shows asymptotic form. 


plotted in Fig. 2 for Al as the matrix metal. For 
comparison, we have plotted also the asymptotic 
forms, given by 

7 T COS IkfY 

V(r) =-- (9) 

6 ,( 1 + 2 ^,)* r 3 

It will be seen that, at the near-neighbour dis¬ 
tances in the three metals, V(a) has a sign 
determined electrostatically by the sign of the 
charge on the impurity centre for Cu and Mg, 
while the sign is changed for Al. This is different 
from the predictions using the asymptotic form, 
which would group Mg and Al together/ 5 ) with 
Cu behaving differently. 

Furthermore, the magnitudes of the interaction 
energies are very small at the near-neighbour 
distance for Mg and Al, whereas this is not so 
when the asymptotic form is used. Thus, for 
impurities in Mg and Al, interactions other than 
between near-neighbours may be the most impor¬ 
tant. In this connection, it may be of interest to 
observe that,the first node in V disappears at 
kf = 0-939 and that it occurs actually at the 
nearest-neighbour distance of trivalent close- 
packed metals for kf = 0*9325. 


We realize, of course, that the present form of 
the theory has a number of shortcomings: 

(i) Relaxation effects are ignored. 

(ii) Bloch wave effects are not properly accounted 
for ^though Corless and March< 2 > have shown 
that equation (1) is still valid to a first approxima¬ 
tion in a point-ion model. 

(iii) Low order perturbation theory is not 
quantitatively accurate, and a phase shift in the 
oscillatory potential would be introduced by 
higher order terms. Unfortunately, the use of 
equation (1), if V(a) is calculated to higher order 
in perturbation theory, is not rigorously justified, 

(iv) Electron exchange and correlation effects 
have been neglected, and a Hartree treatment 
employed throughout. Preliminary calculations 
performed at Oraayt 10 ) show that exchange, 
included without correlation, can cause significant 
changes, as also noted by Corless and March/ 1 ) 
Such a procedure, however, is known in other 
problems such as electronic specific heat and free 
electron diamagnetism to lead to non-physical 
results unless correlation effects are also accounted 
for. 

While we feel that with the numerous approxi¬ 
mations involved, it is unreasonable to suppose 
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that the results presented here can be entirely 
quantitative, they point to the interest of further 
studies, both experimental and theoretical of 
interaction energies between defects especially in 
multivalent matrices. 
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KINETICS OF OXIDE FILM GROWTH ON METAL 

CRYSTALS—II 

HOMOGENEOUS FIELD APPROXIMATIONS* 

A. T. FROMHOLD, JR. 

Sandia Laboratory, Albuquerque, New Mexico 
(Received 16 January 1963; revised 17 May 1963) 


Abstract —Homogeneous field approximations yield simple equations relating film thickness L(t) 
to time t of oxidation from coupled steady-state diffusion equations of 1 assuming equal ionic and 
electronic currents. High temperature parabolic equations are obtained with rate determined by 
transport of the low mobility species in the presence of the electric field created by the high mobility 
species; these parabolic equations have a modified rate constant k' due to a constant electrical poten¬ 
tial difference </> across the film. Both Jt' and j> increase with (concentration) x (mobility) and ratio of 
boundary concentrations for the electronic species, and decrease for corresponding changes for the 
ionic species. For tunnelling or field emission of one species with rate determined by diffusion of 
the second species, the expression obtained is [1 +/h * exp(aL(t)) — otL(r)], with a and f$ determined 
from emission and diffusion parameters. This equation is baaed on the intermediate temperature 
approximation that the surface charge is essentially independent of L(t) for tunnelling from the metal 
crystal through the film, to traps, and between traps in the oxide for film thicknesses less than some 
critical thickness Lcrit: For limiting cases this equation reduces to N th root [L(t) oc and loga¬ 
rithmic [L(f) oc log (1 +*/fo)] laws. The final stage of growth occurs for L(t) > Lcrit and usually 
predominates at low temperatures; rate is controlled by tunnelling or field emission in a thickness 
dependent field (E oc 1 jL(t)) so that a limiting thickness L& usually results, with Loo — Lent equal 
to several monolayers only. For this region of growth, a logarithmic law and an exponential law 
[. L(t ) oc 1 — exp(— vt)] result for Fowler-Nordheim behavior of the current with field, a modified 
exponential law [L(t) oc 1 — exp {-(L(t)/Loo) — *M] results for a linear dependence of tunnel current 
through the film on field, and a cubic law [ L(t ) oc t't*} results for a linear dependence of tunnel current 
between traps in the oxide on field. Application of this work is made to published experimental data 
for copper monocrystals at 1173°K and between 451 and 78°K. 


1. INTRODUCTION 

An analysis W of oxide film kinetics using coupled 
diffusion equations has been presented in I. 
Growth rate was considered to be determined 
by diffusion of charged particles through planar 
homogeneous oxide films. The diffusion occurs in 
the presence of an electric field which is created by 
surface and space charge of diffusing species and 
modified by tunnelling or field emission of other 
species. Justification was presented for the steady- 
state approximation and fixed boundary values of 
the bulk concentrations during growth. 


* Work performed under the auspices of the United 
States Atomic Energy Commission. 


The primary purpose of the present work is to 
obtain simple approximate relations from the 
coupled equations of I to provide insight into the 
physicB of film growth and to aid in ready interpre¬ 
tation of experimental data. The integration of the 
film growth equations is obtained by assuming 
small space charge magnitudes so the electric field 
can be treated as homogeneous through the film. 
The variation of the homogeneous field with film 
thickness at a given temperature then determines 
the growth law. 

A derivation of parabolic growth equations 
applicable to high temperature oxidation is 
presented in Section 2. Derivations of logarithmic 
and Nth root growth equations applicable to 
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intermediate and low temperatures are given in 
Section 3. A discussion together with a comparison 
of the equations with published experimental data 
for copper monocrystals is given in Section 4. 
Conclusions are presented in Section 5. 


2. PARABOLIC GROWTH EQUATIONS 
The steady-state particle current / of a charged 
species through an oxide film in the presence of a 
homogeneous electric field E is given by equation 
(10) of I as 

' (,WE l- —J- ( ) 


The diffusion coefficient D and mobility ft of the 
species correspond to a direction in the oxide 
normal to the metal surface; C(L(t) y t) and C(0,*) 
are the bulk concentrations of the species at the 
oxide-oxygen interface and the metal-oxide inter¬ 
face respectively. Note that conditions sufficient 
for parabolic growth 


d L{t) k' 
~d } 1(0 ’ 


( 2 ) 


where A' is the rate constant independent of t and 
L(t) } are that the bulk concentrations at the inter¬ 
faces and the potential difference <f> = EL(t) 
across the film are independent of t and L(t). It 
will be shown now that fixed bulk concentrations 
at the interfaces causes a constant potential 
difference to be established across the film. 

The hypothesis is made that on the average the 
field produced at any given film thickness is such 
that the ionic and electronic charge currents are 
equal so that growth can continue. Equation (1) is 
applicable to each particle current for the case of 
a homogeneous field. The resulting equation for 
E is 


Iz^c^o^-hW) 


- jz.J|^Q£(0),0)-^0,0) 


where 

i * subscript referring to the ionic species, and 
e = subscript referring to the electronic species. 

The Einstein relation qD = pkT is applicable. The 
charge q per particle is Z\e |, where \e\ is the 
magnitude of the electronic charge; Z is positive 
for cations, anion vacancies and positive holes, but 
negative for cation vacancies, anions, and electrons. 

Approximate solutions to equation (3) can be 
obtained readily for several limiting cases for 
which the two boundary concentrations for a given 
species are greatly different. In the low field limit 
defined by 

I kT 

\E\< 


one solution* exists 


MAO I 

for E = 0. 


(4) 

For E = 0, 


A 

De 


Ze /Ce(0,0)- Ce(L(0),0) \ 
z, \Ci(0,0)—Ci(L(0),0) / 


(5) 


Unless this equality is satisfied, then, a field must 
be created in the oxide film. For a field with 
magnitude much greater than \(kT)/(\e\L(t))\ (i.e., 
in the high field limit), equation (3) yields similar 
results for the eight combinations of positive or 
negative field and diffusion of cations, cation vac¬ 
ancies, anions, or anion vacancies together with the 
corresponding electronic species. For the case of 
positive field with transport of ions and electrons, 



Ze\e\L(t) 


X 



|Z,|^Ce(0,0) 

|^|^a(E(0),0)-|Zi|^Q(0,0) 



Therefore, the electrical potential difference EL(t) 
established across the film is independent of L[t) 
for fixed values of the bulk concentrations at the 
interfaces. The fact that a positive field is estab¬ 
lished in this case implies that |^ f C e (0,0)| is 
greater than the corresponding product for ions. 
The motion of ions and electrons occurs for a 
positive concentration gradient so that C(0,0) is 
larger than C(£(0),0). The extension to negative 
field and other species is given in Appendix 1. 

The field given by equation (6) is established by 

* Note added in proof: For other low field solutions, E 
is proportional to \/L(t) as in the high field limit. This 
will be discussed subsequently in an analysis of the non- 
homogeneous field case. 
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the diffusing species in the approach of the system 
to equilibrium. Although him growth in this field 
is parabolic, the rate is modified from the rate for 
the corresponding case of diffusion of uncharged 
particles. For an ionic current, equation (1) gives 

dUt) RDtlogg W(0,0-*C<(0,0 
d* L(t) L 1 -g 
where 



The parameter R is the volume of oxide formed per 
particle of the ionic species which diffuses to the 
oxide-oxygen interface; this quantity is positive 
for cations and anion vacancies but negative for 
cation vacancies and anions. For diffusion of ions 
in zero field, 

d L(t) _ -RD { [Ct(L(t),t)-Ct( 0,0] 

"" df L(t) 

The ratio of the growth rate given by equation (7) 
to that given by equation (9) is denoted as $, so that 



mobility of the electronic species in the midti it 
much greater than that of the ionic specie*. A large 
concentration gradient of electrons would then 
cause a rapid flow of electrons until the electric 
held created by the redistributed charge is nearly 
adequate to halt electron flow. For zero current 
flow, equation (1) gives 



In this case, Z>, ju, C(£(f), *), and C(0, t) refer to 
electrons. Substituting this value of the field into 
equation (8) gives 


S 



cjm,m 
c*(o,o J 


z./z. 


( 12 ) 


For diffusion from the oxide-metal interface to the 
oxide-oxygen interface with large concentration 
differences across the film, equation (10) then 
reduces to 





Ce(0,0) 

C,(L(0),0) 


(13) 


(10) 

L(i-£){C^o.O-c<(o,0}J 

The quantity f is therefore a measure of the effect 
of the field on the diffusion process, and has the 
value 1 for zero field. The determination of g 
permits £ to be evaluated for known interfacial 
bulk concentrations; £ is proportional to log g for 
large g. Thus the rate constant k' defined in 
equation (2) for the diffusion of charged particles 
is given by £k y where k is the corresponding rate 
constant for diffusion of uncharged particles. The 
parameter f is called the enhancement factor , and 
it is significant that its value is determined by a 
combination of both electronic and ionic para¬ 
meters. According to the above definition, the 
value of £ is greater than 1 if ionic diffusion is 
slower than electronic diffusion in the absence of a 
field, and is less than 1 if ionic diffusion is more 
rapid than electronic diffusion in the absence of 
a field. 

A limiting case of the above formulae illustrates 
clearly that the rate limiting process for growth is 
the transport of the low mobility species in the 
presence of the electric field due to the high 
mobility species. Assume that the magnitude of the 


This is a positive quantity greater than 1, so the 
field enhances the growth rate by this factor. 

Equation (11) applied to electrons represents the 
maximum field which can be created by the 
redistribution of elect rods with no interference 
from the ionic species. Equation (6) represents 
the field which is created by the electrons to aid 
the ionic diffusion and hinder the electronic 
diffusion such that the currents are equal. This 
field is less than the maximum field unless the 
smallest value of is much greater than the 

largest value of |^C<| in the film. 

The above derivation of the parabolic law 
emphasizes the large effect of the internal electric 
field on growth. Equation (13) can be used to 
illustrate that the transport of ions by the surface 
charge field can be as much as an order of magni¬ 
tude greater than the transport of ions by the ionic 
concentration gradient. The case in which the 
diffusion process is modified by electron tunnelling 
or field emission is treated in the following Section. 

3. LOGARITHMIC AND Mh ROOT GROWTH 
EQUATIONS 

(a) Constant field approximation 

At intermediate and low temperatures the 
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m* 

diffusion process for one of the two species may be 
very stow; the fid A created by the more rapidly 
diffusing species may then attain a value large 
enough to induce tunnelling or held emission of 
the first species. In such cases, the analysis of the 
preceding Section for which the field was found to 
vary as 1 jL(t) is not applicable. In this Section it is 
shown that to a reasonable approximation E can 
be considered to be independent of L(t) for a 
certain range of film thickness and temperature. 

Denote the field emission or field-induced tunnel 
current as Jg. The following expressions* 2 ' 3 > are 
used for this current in the high and low field 
limits respectively: 

B exp(—G/B) (ELit)PM (14) 

KE exp(—( 15 ) 

The parameters B, G, K and \ are constants, and 
<f>M is the metal-oxide work function or the 
corresponding field emission parameter for ions. 
This current plus the thermionic emission current 
Jth of the same species, given by Richardson’s 
equation, must equal the diffusion current of the 
other species. This diffusion current is designated 
as /orit and is given by equation (1); in the absence 
of a field it reduces to the diffusion current Jd for 
uncharged particles. The diffusion current creates 
the field E which cannot be greater than the value 
En ax given by equation (11). 

Assume that some field B* less than E max is 
sufficient to give a Jg equal to/ crJt — Jth* Then E 
will not rise above B* because the additional 
current Jg—Jg* quickly reduces E to E *. The 
value of E* can be found for any L(t) by equating 
Jg+ Jth t0 Jem and solving by an iterative 
procedure. The growth rate is given then by/ertt* 

First consider the high field limit utilizing 
equation (14). Computations were performed for a 
specific example to illustrate the relations among 
the several currents and fields, and especially the 
temperature dependence. Figure 1 shows the 
variation ofJ d 9 Jb, Jth* and/crit with temperature 
for two different film thicknesses. At low tempera¬ 
tures, Jth is small, so most of the current to match 
Jem is due to Jg. As temperature increases, Jth 
becomes larger: Jg goes through a maximum and 
then decreases. Note that / c nt differs only by 
factors of 2 to 3 for a change in L{t) from 30 to 55 A; 


therefore, because Jg varies exponentially with B* f 
E* may change very slowly with L(t), giving an 
approximately constant E* during growth at any 
given temperature. 



Fig. 1, Combination of thermionic and field emission 
currents to equal the field-modified diffusion current as a 
function of temperature for two film thicknesses. 
A = 9-70 x 10 9 electrons/cm 8 -sec-°K a 

(Pre-exponential factor in Richardson's equa¬ 
tion for thermionic emission.) 

4>m = 0-112 eV 

B = 6*00 x 10 16 electrons/cm 2 -sec 

Cr m 7-50x10“ V/cm 

D = 3 -00 x 10 9 cm 2 /$ec (Diffusion coefficient) 

Ed = 0*0 eV (Activation energy for diffusion) 

C|(0) 1 -00 x 10 18 ions/cm 3 

Ci(L ) = 1 ‘00 x 10 15 ions/cm 3 . 

Figure 2 shows the corresponding temperature 
variation of E*, E max , L cr it, and Loo at the point 
L = 30 A. The quantity Z, crU is the thickness at 
which Bmax is equal to E*, and is the limiting 
thickness to be discussed below. Note that E* 
varies in the same manner as Jg with temperature, 
but has a much smaller range. Thus to a good 
approximation in the high field limit, L{t) can 
be obtained by integrating equation (1) for constant 
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E for film thicknesses 1cm than L cr it. This give* bom Fig. 2 dutZ^m tnd La> approach inSukyu 
Nth root and logarithmic-type growth curve*. E* approaches zero. This show* that the diffusion 
The integrated expressions for L(t) together with a controlled parabolic equation is applicable at 
comparison with experimental data will be higher temperatures. 

presented later. Consider next the low field region utilising 



Fig. 2. Variation of the critical field, the maximum 
field, the critical film thickness, and the maximum film 
thickness with temperature for a 30 A film. 


Before examining the low field region, a brief 
examination of the case L(t) > L cr n is appropriate. 
As soon as L{t) reaches L C rit, the field £* needed 
for Je* — JctH—Jth becomes larger than the 
maximum field that can be created by the diffusing 
species. Provided Jxh is negligible, the growth 
between L C rit and Lq o is determined entirely by 
the tunnel current produced by the field 
Since E mtkX is a function of L(f), this growth region 
is outside the limits of validity of the constant field 
approximation. The film growth expression for this 
region in the high field limit is obtained by substi¬ 
tuting equation (11) for E mtx into equation (14) 
and integrating. This gives a logarithmic-type 
growth similar to that predicted from the first 
hypothesis of Mott,< 4 *» b > except the limiting 
thickness now depends on temperature. Note 


equation (15), in which Jg varies linearly with E 
and exponentially with L(f). The validity of the 
constant field approximation for the high field limit 
discussed above rests primarily on the facts that 
Je is independent of L(t) and the decrease in /cm 
with L(t) can be compensated readily in J& by a 
small change in E. Neither of these characteristics 
is inherent in equation (15); thus the constant 
field approximation can hold only if Je and / e ^t 
have the same functional dependence on L(t ). This 
is not the case, so the dependence of E* on L(t) is 
not simple and can be approximately constant over 
only a limited region of film thickness. The 
complicated dependence of E* cm L(t) for this case 
precludes an integration of equation (1) to obtain 
a simple expression for L(t). 

In some instances tunnelling can occur between 
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trap«<*> in the oxide film instead of through the 
entire film. Such trap*<&~ 7 > can be lattice imperfec¬ 
tions, positive holes, or ionic space charge. 
Equation (15) is applicable with L(t) replaced by 
the average distance s between traps in the oxide. 
The number of continuous chains of traps Nt 
through the oxide should vary with temperature as 
(JVr)o expi-E^IkT) but should decrease inversely 
with L(t ). The parameter ( Nt)o is a constant and 
Er i» the free energy for trap formation. Therefore 
the tunnel current should be given approximately 
by the expression, 

J B =» {K'E* (N t )o exp(-xr) exp (-E T /kT)}IL(t) y 

(16) 

where K' is a constant. To the same degree of 
approximation, the expression for Jo can be used 
for y crU and J?h neglected for low temperatures. 
Equating Je from equation (16) to Jo , E* is found 
to be independent of L(t) and depends exponen¬ 
tially on temperature, 

E* oc exp[(E T -E D )/kT], (17) 

The approximations leading to this result are 
unrefined, but in lieu of a more accurate expression 
for Je together with a numerical solution in the 
region £ mox > E *, the assumption of a constant 
field Beems to be the most generally valid approxi¬ 
mation. An integration of the expression for film 
growth given by equation (1) will be presented now 
for the case of constant field (E m ax > E*) and for 
the case in which the field is E raax * 

(b) Integration of equations 
Equation(l)gives the current (\/R)[dL(t)/dt]for 
the opposing homogeneous field E = E *. The 
parameters D, C(0,0), and C(L(0),0) refer to 
the diffusing species, i.e., the species which creates 
the field to induce tunnel or field emission current 
of the other species. Equation (1) can be integrated 
easily for bpth positive and negative concentration 
gradients by assuming: 

(1) E* is independent of L(t ). 

(2) The interfacial bulk concentrations are time 
independent and much larger at one boundary than 
-at the other. 

The results can be expressed in the following form, 
- exp(aL(0)-xL(0, (18) 


where a *= \fiE*ID\ and £(0) is zero. For a positive 
concentration gradient, j9 « |ot/?/i£*C{Zr(0),0)|; 
for a negative concentration gradient, /? * 
|aJtyjLE*C(0,0)|. Expansion of the exponential gives 


t _ i y 

t = n ! 

r n- 2 


(19) 


This implies that for aZ,(f) much less than 1, 
corresponding to E* < {qjkT)[\jL{t)], the simple 
parabolic law 

L(/) 2 = IRDCt (20) 

is valid, but for a L(t) of the order of 1, higher order 
terms must be considered. Approximate Nth root 
laws thus are obtained with N varying con¬ 
tinuously from 2 to higher values depend ng on 
the dominant terms, For a/>(/) much greater than 
1, equation (18) reduces to the logarithmic law, 

L(/) = i log (1+/?/). (21) 

a 


The above constant field equations with E — E* 
describe growth as long as E mfiX is greater than E*. 
On the basis of equation (11), ^ max decreases with 
increasing film thickness. Therefore, E m ax will be 
greater than E* for small film thicknesses, but at 
some critical thickness L t r n, depending on the 
temperature and ratio of boundary concentrations, 
Em&x will equal £*. Solving for this critical thick¬ 
ness and applying the Einstein relation, 


Lc rlt — 


i*r l C(L(t),t) | 
I q E* ° 6 C(0,t) | 

= l|,o g £^l! 

a! C(0,t) f 


( 22 ) 


The mechanism responsible for the constant field 
determines the temperature dependence of E* and 
hence of L C rit* The temperature dependence of 
Lcrit m the high field limit is shown for a specific 
example in Fig. 2. 

Npte that ocX cr it is always greater than 1, and 
can have values as large as 10. Therefore, the 
parabolic, Nth root, and logarithmic laws given 
respectively by equations (20), (19), and (21), are 
predicted for growth of the film from zero thickne^ 
to the value L c rl t. Before Z C rtt is reached, the fil m 
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passes sequentially through these regions* although 
the predominant growth on a time scale of hours 
may occur tn a single region* For small £*, 
equation (22) predicts a very large L Q nu so that 
growth can be parabolic over a large range of film 
thicknesses. A transition from the parabolic law- 
of equation (20) to the enhanced parabolic law 
discussed in Section 2 (no tunnelling or field 
emission) takes place at some high temperature. 
Measurement of the temperature dependence of 
the parabolic rate constants above and below the 
transition temperature in principle can yield a 
value for the enhancement factor 
The fact that there is no serious limitation on 
the magnitude of L C rit is important; logarithmic- 
type or limiting thickness growth for film thick¬ 
nesses of several hundred angstroms is feasible. On 
the other hand, L C rit may be effectively zero at 
very low temperatures. 

For E m ax < E*> E is given by Emax and growth 
is limited by tunnel or field emission current in the 
presence of E ma x- Integration of equations (14), 
(15), and (16) with equation (11) applied to the 
diffusing species for E max gives: 

L(t) = (ylG) log (\+GRBt/y), . (23) 

t = [l/( x tyRK)][xL(t)exp{ X L(t)} 

-exp{ x L(0} + l], (24) 

L{tf = ZRKyNyt exp( - x *), (25) 

where y defined as ( kTjq ) Iog[C(L)/C(0)] is deter¬ 
mined by the diffusing species and L(t) — L C rit 
has been redefined as zero. Note that equation (23) 
has the form of the common logarithmic equation 
in time and equation (25) represents a cubic growth 
law in time. Equation (24) will be approximated 
below to give a better indication of the predicted 
growth law. If J T h is nonzero, it must be added as 
a constant to the above equations before integra¬ 
tion. The resulting equations can be integrated 
easily but the resulting expressions for L(t) are long. 
Physically, Jth gives a fixed contribution to the 
growth rate, so that for zero tunnel current, growth 
is linear but the rate constant is practically zero. 

The limiting thickness nature of equations (23) 
and (24) becomes more clear by introducing Loo 
and Eao, which are the quantities L(t) and E in the 
limit in which growth rate as observed in the 
laboratory is zero. Then (1 //?)[dL(t)/df] is given by 


7e(m(«)-/s(oo). Equation (14) gives 

d Ut) 

—— = RB exp( - G Lmjy) 
dt 

x [exp { — G(L — Loo)/y} — 1]. (26) 

Since Loo is not much larger than Ltrtu 
exponential can be expanded. Integration, with 
Ecrit redefined as zero, then gives 

L{t) = Loo [1 — exp { — (GRBt/y) 

xexp(-GLo o/y)}]. (27) 

Note that this expression has the common form 
[1 — e - "*]; this shows that the logarithmic and 
exponential growth laws are not always distinguish¬ 
able in the laboratory since equations (23) and (27) 
represent the same physical situation. 

This same approximation can be applied to 
equation (15) to give a growth law which is easier 
to interpret than equation (24). The result is, 

L(t) = Eoo[l — {exp( — L(f)/Loo)} (exp(— </t)}]. (28) 

where 

T-1 = (RKy/LD (1 + X U) exp(— x Lcc). (29) 

This is similar to the exponential law given in 
equation (27) but the rise time is shorter due to the 
factor in L(t) which is additive to the normalized 
time. 

Equations (23) through (29) are expected to give 
an increase in L(t) over L C rit by only a few mono- 
layers. Since the last stage of growth to L C rit i* 
logarithmic, the transition into the final growth 
phase (L(t) > L c nt) should be smooth. 

4. DISCUSSION AND APPLICATION TO 
EXPERIMENTAL DATA FOR COPPER MONO¬ 
CRYSTALS 

(a) High temperature growth 
Parabolic growth was found to be valid from 
numerical computations of I for the case in which 
transport of both species occurs entirely by 
diffusion. The approximate solutions given in 
Section 2 of this work confirm this conclusion in 
the limit of negligible space charge. Curves 1, 2, 
and 3 in Fig. 2. of I illustrate growth in the small 
space charge limit for oxidation of copper at 
900°C; the numerical values obtained for £ were 
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2*40, 3*35, and 3*55 respectively, and the cor¬ 
responding values for ^ were 0*222, 0*357, and 
0*386 V. The approximate equations of Section 2 
for the same values of the diffusion parameters give 
values for £ of 2*34, 4*67, and 7*00 respectively, 
and the corresponding values of ^ are 0*232,0*464, 
and 0*695 V. Note that the numerical and approxi¬ 
mate values of £ and <f> for curve 1 agree well, but 
that in proceeding to curves 2 and 3 the numerical 
values increase more slowly than the approximate 
values. In all three cases, however, the agreement is 
within a factor of 2 and the changes in values 
predicted by the approximate formulae are in the 
same direction as observed in the numerical 
solutions. Also the approximate formulae verify 
the generalizations of I for negligible space charge 
that: 

(1) No changes should occur in £ and <f> for changes 
in the parameters D and C for either species as long 
as DC and C(0)/C(Z) for each species remain fixed, 

(2) The values of £ and <f> increase with increasing 
values of DC and ratio of boundary concentra¬ 
tions for the electronic species and decrease for 
corresponding changes for the ionic species. 

There are two reasons for the difference in the 
approximate and numerical values noted above. 
First, large current transients were present for the 
early growth stages in the numerical computations 
to create the field needed to give equal currents. 
Second, in the approximate formulae the assump¬ 
tion of equal currents is not completely consistent 
with the result that surface charge field varies as 
1/Z(f); the assumption of equal currents remains 
reasonably good, however, because a fraction of a 
monolayer change in the surface charge results in a 
relatively large change in the field. 

Several derivations of the parabolic law have 
been given in the literature, but for the most part 
these derivations reduce to Fick’s law for the 
diffusion of uncharged particles. Mott and 
Cabrera* 4 *) derived a parabolic law for thick films 
based on the assumption of equal electronic and 
ionic currents but neglected the coupling between 
the diffusion equations. The results, of course, 
indicate that rate is determined by diffusion of ions 
or electrons, whichever may diffuse less rapidly in 
zero field. 

Wagner* 8 ) recognized that transport occurs by 
charged particles, and in his general equations* 9 *) 
used essentially an enhanced mobility p defined as 


the reciprocal of /a 7 1 +M# 1 * For large electronic 
mobility, p — fM, and the predicted rate is deter¬ 
mined essentially by ionic diffusion in zero field. 
The assumption of charge neutrality implicit in the 
Wagner equations can be illustrated easily. Assume 
zero electronic current and solve the diffusion 
equation for E. Substitution of this value of E into 
the diffusion equation for the ionic current gives 


Ji 


dCi 

— D{ - + ftiCi 

dx 


D t dC e 

peCe dx 


(30) 


Assuming electrical neutrality for each point in the 
film, this equation reduces to the form 


& dCitoma 

Jt - - A T (C<+C«) = -Di ——. (31) 

dx dx 


This is Wagner’s derivation* 8 *) under these 
conditions and is equivalent to Fick's law for the 
diffusion of uncharged particles. A replacement of 
concentrations by activities results in no essential 
change in the form of the equation or the under¬ 
lying assumptions. The assumption of neutrality 
implies equal charge concentrations of oppositely 
charged species in each volume and surface 
element; the assumption of a homogeneous field 
implies that the volume charge is very small 
compared to surface charge, but implies nothing 
about the surface charge or about the relative bulk 
concentrations of oppositely charged species. This 
subtle distinction between charge neutrality for 
each volume and surface element, and over-all 
charge neutrality as determined by an integral of 
the charge density over both the volume and inter¬ 
faces of the system, is the basis for the enhancement 
factor £ obtained in this work. Charge neutrality in 
bulk oxide is not found experimentally; for 
example, measurements on CugO show that the 
number of positive holes may be two or three 
orders of magnitude fewer than the number of 
copper ion vacancies. * 10a > 

Implicit in the work of Bardeen, Brattain and 
Shockley* 11 ) is an enhancement factor of 2 for 
parabolic growth. This particular value of £ can be 
obtained from equation (30) by applying the 
Einstein relation and assuming the concentrations 
of electrons and ions to be linear in position 
through the oxide. Then the total current /< is 
twice the diffusion current in zero field. In general, 
£ computed in the present work is different from 2 
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because of nonzero electronic current and non¬ 
linear distributions of electronic and ionic 
concentrations in the film caused by the surface 
charge field. 

Conductivity measurements on CU 2 O by 
Wagner,* 8 * and more recently by others,* 10 ) have 
shown that transport occurs by motion of positive 
holes and copper ion vacancies, the mobility of the 
holes being much greater than the mobility of the 
vacancies over the entire temperature range. For 
example, /xnoiea is approximately 6 cm 2 /V-sec and 
jxvac approximately 3 x 10~ 7 cm 2 /V-sec at 1000°C. 
Although the concentrations of the two species can 
differ by 2 or 3 orders of magnitude, D e C e is still 
much larger than Z)<C< for all temperatures in the 
range for which transport of both species occurs by 
diffusion. An enhanced parabolic growth therefore 
is expected. Benard and Talbot* 12 > oxidized 
single crystals of copper in air at 900°C, and found 
that the growth was approximately parabolic with 
different values of the rate constant applicable to 
different crystal faces. Parabolic curves chosen to 
fit these data yield values for the rate constant 
£RD{C(L)—C( 0)} as a function of the Cu face. 
For the (100) face, the value of fDAC is 7-5 x 
10 12 vac/cm-sec, considering the oxide to be CuO. 
Relative to this face, the values for the (123), (111) 
(211H110), and (210H221) faces are 0-88, H 
1*2, and 1*3 respectively. 

Experimental results such as these have shown 
the rate constant to be anisotropic with crystal face. 
The present work does not clarify the nature of the 
anisotropy, because f becomes one more unknown 
factor in the rate constant. The factor £ does depend 
on the metal-oxide work function, and it is well- 
known that the work function is anisotropic. Other 
sources of anisotropy are the atomic stacking and 
defect structure of the crystal face, which can affect 
AC, and an anisotropic D for non-cubic oxides, 
since the oxide film is epitaxially oriented with 
respect to the crystal face. 

(b) Intermediate and low temperature growth 

Several mechanisms have been proposed to 
justify or derive various forms of the logarithmic 
law since this type of growth is so common* 13-17 ) 
at the lower temperatures of oxidation. Some of 
these mechanisms are electron tunnelling,< 4B * b > 
nonlinear ion diffusion in a large surface charge 
field due to electrons, * 4c * d > space charge,* 7 ) 


variation of the boundary values of bulk concentra¬ 
tion with film thickness,* 1 ** W structure changes 
during growth,* 20 *) deactivation of the surface with 
increasing thickness,* 21 ) and place-exchange.* 8 *) 
None of these theoretical treatments has been 
successful in explaining large classes of experi¬ 
mental data, and several can be criticized on quite 
general grounds. 

The electron tunnelling mechanism of Mott* 4 ****) 
appears to be limited to thicknesses less than about 
50 A and is temperature independent. Both of 
these are contrary to experimental data.* 16 * 17 > The 
nonlinear ionic diffusion mechanism of Mott* 40 * 
(frequently referred to as the Mott-Cabrera theory) 
appears to violate equation (11) of this work for the 
maximum field which can be created by electronic 
surface charge, since the field given by equation (11) 
is too small for nonlinear ionic diffusion. On the 
basis of I, space charge effects are not expected to 
be the determining factor for the growth law; 
aside from this, the space charge model of Uhug* 7 > 
and especially the mathematical treatment are 
subject to criticism. A large variation of boundary 
concentration with film thickness* 18 * 19 ) is in¬ 
compatible with the strong driving force for mass 
transport provided by the large free energy of 
oxidation. The treatment of Grimley and 
Trapnell** 9 ) for this mechanism is not in agree¬ 
ment with equation (11) of this work for ■Emax 
and makes the questionable assumption that the 
equilibrium Boltzmann distribution is applicable 
to electrons in the growing oxide film. A change in 
structure with growth* 20 *) is quite possible; 
however, it would appear doubtful that this could 
affect growth systematically enough for different 
oxides to be the origin of logarithmic growth in so 
many metal-oxide systems. The deactivation of the 
surface with increasing coverage as conceived by 
Landsberg* 21) is plausible in the adsorption or 
nucleation stage, but does not appear to be appli¬ 
cable to more than one monolayer. The place- 
exchange mechanism of Eley and Wilkinson* 22 ) 
would not be applicable to more than about 3 
monolayers. 

Whatever the merits of the above mechanisms, 
the constant field approximation for L{t) < Lcrit 
and the field emission and tunnelling mechanism 
for L(t) > Lcrit in this work appear to be simpler 
and more straightforward. In addition, the 
formulae are applied to experimental data for 



A. T. FROMHOLD, Jr. 


131$ 

copper monocrystal* and good agreement is found. 
A great many careful and well-chosen experiments 
are needed, however, before any one or several 
mechanisms can be said definitely to be responsible 
for logarithmic-type growth. 

Young, Cathcart and Gwathmey* 17 ) studied 
the oxidation of copper single crystals over the 
temperature region 7(M78°C. Several Nth root 
laws were observed as well as logarithmic-type 
laws. Application of equation (18) for the constant 
field approximation to these data produced curves 
in good agreement for most temperatures and 
crystal faces. Figures 3 through 7 illustrate the 
agreement between curves drawn to fit the data 
and curves computed using equation (18). The 
70°C curves are shown in Fig. 3> and the agreement 
between experimental and computed curves is 
good for the (111) and (110) faces, but only fair for 
the (100) and (311) faces. At 106°C, Fig. 4 shows 
excellent agreement between computed and 
experimental curves for all four crystal faces. 



Flo. 3. Comparison of CusO growth computations at 
70°C with published experimental data. 



Fig, 4. Comparison of CuaO growth computations at 
1Q6°C with published experimental data. 




Fio, 5. Comparison of CuaO growth computations at 
130°C with published experimental data. 



Fig. 6. Comparison of CU 2 O growth computations at 
159°C with published experimental data. 


Figure 5 for 130"C shows excellent agreement for 
the (100), (110), and (311) faces, but a small 
deviation for the (111) face. Note that Fig. 6 for 
159°C shows about the same agreement as Fig. 5T 
At 178°C, Fig. 7 shows excellent agreement 
between the experimental and computed curves 
for all four crystal faces. The good agreement 
between computed and experimental curves would 
appear to be somewhat fortuitous in view of 
nucleation phenomena* 23 ) usually associated with 
very thin films. This may be the reason the fit 
tends to be better for the thicker films associated 
with higher temperatures. 

The set of values of Z)C(L(0),0) obtained from 
this curve fitting procedure is given in Table 1; 
a decrease in DC with decreasing temperature and 
anisotropy with crystal face can be noted. The 
values are in the neighborhood of 10 7 vacancies/ 
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TabU 1. Values of DC in Cu*0 obtained by fitting data of Young t 
Cathcart, and Gwathmey with constant field approximation (units 
of 10 7 vacancies I cm-sec) 


7\°C) 

(100) 

(in) 

(110) 

(311) 

70 

0-317 

0*141 

0-665 

0-252 

106 

9*50 

1 23 

0-850 

0-426 

130 

85-5 

5-73 

39*2 

5-20 

159 

45-2 

12*5 

0-984 

0-933 

178 

308-0 

25-5 

161 

81-7 



Fig. 7. Comparison of C 112 O growth computations at 
178°C with published experimental data. 

cm-sec. The product DC may be expected to vary 
as 

DC(L(0)fi) = D 0 Cq exp (~E D /kT) t (32) 

where Ed is the sum of the activation energy for 
vacancy diffusion and the free energy of formation 
of a vacancy at the reaction interface. Figure 8 
shows that this relation gives a good fit to the data 
for the (111) face. The fit is not this good for the 
(100) face and is poor for the (110) and (311) faces. 
The values of Ed and D 0 C 0 are given as a function 
of crystal face in Fig. 8. The CU 2 O plane parallel to 
the Cu face is taken from the structure work of 
Lawless and Gwathmey. < 24 > The values of DC 
increase with crystal face in the order (311), (HO), 
(111), and (100). This is the reverse of the sequence 
obtained from the data of Benard and Talbot^ 12 * 
for the three faces common to both sets of measure¬ 
ments. Order of magnitude values of DAC 


extrapolated from the high temperature data of 
Benard and Talbot to the low temperature region 
on the basis of an activation energy of 
20-40 kcal/mole,< eb - 20b > however, show reasonable 
agreement with the values given in Table 1. The 
values of Ed shown in Fig. 8 have an average of 
21 kcal/mole, which agrees well with measured 
values< 20b ) for these temperatures. The values of 
Ed were similar for the (100) and (111) faces and 

T(*K) 



Fig. 8. Values of Ed and Z>oCo for C 112 O direction normal 
to the given Cu faces. 
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Table 2. Homogeneous field in CugO obtained by fitting data of 
Young , Cathcart , and Gtcathmey with constant field approximation 
(units of 10 4 V/cm) 


T(°C) 

(100) 

on) 

(110) 

(311) 

70 

47'5 

64*7 

103*0 

1030 

106 

12*4 

13*4 

23*8 

24*9 

130 

7-84 

7*94 

28-6 

24*6 

159 

2*32 

3-94 

9 05 

10*4 

178 

116 

3*11 

21*8 

40-0 


for the (110) and (311) faces. This is interesting 
since these pairB of Cu faces have identical parallel 
CU 2 O planes, as noted in Fig. 8. 

The corresponding values of E* are given in 
Table 2; in general the value is about 10 6 V/cm, 
decreases with increasing temperature, and de¬ 
creases with crystal face in the order (311), 
(110), (111), and (100). The values of E* are less 
than the corresponding values of E mii x in all cases, 
provided a ratio of C(L)/C( 0) of the order of 
1000 is chosen. The relatively thick films together 
with the marked temperature dependence of E* 
for these data indicate that the trap mechanism is 
probably applicable. Figure 9 shows the application 
of equation (17) to E* for the (111) and (100) 
crystal faces. The fit for these two faces is much 
better than for the (110) and (311) faces. The 
agreement is particularly good for the (100) face. 
The single point in Fig. 9 for 323°K is taken from 
the data of Rhodin.O®) The values of Et—Ed are 
given for all faces in Fig. 9, and the average value 
is 0*35 eV. This signifies that the free energy for 
trap formation is of the order of 1*3 eV, since the 
average value for Ed is 0*93 eV. 

Rhodin< 16 ) observed logarithmic-type oxide 
growth on copper crystals between 78 and 298°K, 
with a transition to a cubic law at 323°K. Equation 
(18) for the constant field approximation gives 
an excellent fit to the 323°K curve for the (100) 
face; this is shown in the upper curve of Fig. 10. 
The value of DC(L( 0),0) is 33*8 x 10 7 vacancies/ 
cm-sec and the value of E* is Til x 10 fl V/cm. 
Of course the cubic growth law given by equation 
(25) for E = 2?max with tunnelling between traps 
also could be applicable. Therefore it appears that 
tunnelling between traps occurs for temperatures 
of 323°K and above, but at 323°K it is uncertain 


whether E = E* or E ~ E mfiX . It is significant 
that the rate laws for E = E* and E = E max have 
a smooth transition. 

The lower temperature data of Rhodin* 16 * 
cannot be fit with either the constant field approxi¬ 
mation or a cubic law. Equation (28) for linear 
tunnelling through the film with E = E m &x does fit 
the lower temperature data quite well. Figure 10 
shows the agreement for the (100) face for tempera¬ 
tures of 78, 195, 273 and298°K. The corresponding 


T CK) 



Fig. 9. Values of Et~Ed for CuaO for the direction normal 
to the given Cu faces. 
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values of L^ are 4, 7, 11, and 15A, and the corre¬ 
sponding values of r as defined in equation (29) 
are 13*0, 10*4,13*0, and 7*82 min. These values 
may not be unique, however, because there are 
only a few data points for L(t) < Loo/2 and 
Lcrit considered to be zero. Tunnelling 
through the oxide film with a linear dependence 
on field seems most appropriate for these data 
because the range of film thicknesses (4-15 A) is 
right for tunnelling, the temperature is low 
so that a small trap density is expected, <f>M is 
probably too large for a Fowler-Nordheim field 
dependence, and the maximum field at these low 
temperatures is probably less than E * for most of 
the growth. This seems to be the type of logarithmic 
growth due to tunnelling envisaged by Mott* 4 ** 
in his first hypothesis. The real difference between 
equation (28) and the work of Morr< 4tt ' b) is that 
for this case the tunnelling process is considered to 
be aided by a field; the aiding field is created by a 
second diffusing species, and therefore is tempera¬ 
ture dependent. This causes the limiting film 
thickness to be temperature dependent. 



Fig. 10. Comparison of low temperature Cu 2 0 growth 
computations with published experimental data. 


The same values of DC and E* were used in the 
numerical computations for Fig. 4 of I as are used 
for the corresponding curves shown in Figs 5 and 10 
obtained using the approximate equations. From 
this comparison, it can be seen that the exact 
equations and the approximate equations yield 
identical results in the small space charge limit. 

In summary, this analysis of logarithmic-type 
growth, based on diffusion of one species with 
tunnelling or field emission of the second species 
in the field created by the diffusing species, is 


successful in fitting intermediate and low temper* 
ture experimental data for the oxidation of copper 
crystals. The tunnel current appears to vary 
linearly with field for both intermediate and low 
temperatures, which indicates a <f>M greater than 
kT The tunnelling occurs from the metal crystal 
to the opposite surface of the oxide with E ■* 2? m *x 
for temperatures below 323°K (4 A < L(t) <; 15 A), 
and from the metal crystal to adjacent traps in the 
oxide and between traps with E * E* for tempera¬ 
tures between 343 and 451°K (30 A ^ L(t) 

< iooo A). 

5. CONCLUSIONS 

(1) . Coupled diffusion equations describing 
oxide film growth can be integrated for small space 
charge to yield simple relations between L(t) and 
t for the following three limiting cases: (a) equal 
ionic and electronic diffusion currents with a 
thickness dependent surface charge, (b) constant 
surface charge because of tunnelling or field 
emission of one species, with rate controlled by 
diffusion of the second species in this field, and 
(c) rate controlled by tunnelling or field emission 
processes induced by a thickness-dependent field 
created by the diffusing species. 

(2) In the high temperature limit, (la) is appli¬ 
cable and the rate limiting step is interpreted to be 
transport of the low mobility species in the presence 
of the electric field created by the high mobility 
species. This field adjusts itself to such a value that 
diffusion of the low mobility species is aided and 
diffusion of the high mobility species is opposed in 
the right amount to yield equal charge currents of 
the two species. The field varies as 1 /L(t) (i.e., <f> is 
constant), and the resulting growth is parabolic 
with a modified rate constant. Both k! and <f> 
increase in magnitude with increasing DAC and 
ratio of boundary concentrations for the electronic 
species, and decrease for corresponding changes 
for the ionic species. 

(3) In the intermediate temperature limit, (lb) is 
applicable. For small <f>M (<(>m < 0*01 eV), Fowler- 
Nordheim behavior of the emission or tunnel 
current with field can account for a field which 
does not depend significantly on L(t). For large 4>m 
(< f>M > 0*01 eV), a linear dependence of tunnel 
current on field combined with the assumption 
that tunnelling occurs between potential wells 
(traps) in the oxide accounts for a field which does 
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toot vary greatly with L(t). The following equation 
thus » derived for the relationship between L(t) 
and t ; 1 + j8/ « exp(o£(f)) - aL(t), where 

a m \idR*!D\ and £ = \%RnE+C\. Expansion of the 
exponential yields the simple parabolic law for 
•mall aL{f), Nth root laws for intermediate values 
of <x£(f)» ^d a logarithmic law for large values of 

(4) In the low temperature limit (as well as in 

the final growth stage of the intermediate tempera¬ 
ture limit), (1c) is applicable. The field varies as 
1 IL(t) and represents the maximum field which can 
be created by the diffusing species. Integration 
then yields a logarithmic law [L(t) oc log(l -W/£o)] 
for Fowler-Nordheim behavior, a modified ex¬ 
ponential relationship between L(t) and t for 
linear tunnelling through the film, and a cubic law 
[L(t) oc <*/*] for linear tunnelling between potential 
wells (traps) in the oxide. The introduction of Lm 
in the first two of these equations reduces them to 
the following forms: an exponential growth law 
[L(t) cc for Fowler-Nordheim behavior, 

and a modified exponential law [L(/) oc 1 — 
exp{-(L(t) IL with short rise time for 

linear tunnelling through the film. 

(5) The above equations provide a good fit to 
experimental data for copper monocrystals at high, 
intermediate, and low temperatures. The appro¬ 
priate mechanisms are diffusion of both species 
yielding enhanced parabolic growth at 1173°K 
(L(/) > 1000 A), linear tunnelling to traps in the 
film with constant field from 451 to 323'K 
(1000 A > L{t) > 30 A), and linear tunnelling 
through the film with a thickness dependent field 
from 298 to 78°K (15 A > L{t) > 4 A), 
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APPENDIX 1 

Alternate expressions for E 

(a) Diffusion of cation vacancies and positive holes in 
positive field. Equation (6) is applicable with Z e replaced 
by — Z t and with the concentrations at the oxide- 
metal interface interchanged with the corresponding 
concentrations at the oxide-oxygen interface. Physically 
this gives no additional information. It accounts for the 
fact that a positive hole (cation vacancy) is of opposite 
charge from an electron (cation), and that diffusion is in 
opposite directions requiring concentration gradients of 
opposite sign. The fact that the field is positive for this 
case implies that |/* # C«(L(9),0)i is much larger than the 
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corresponding quantity for cation vacancies. For both 
this situation and that of equation (6), the growth rat^ is 
enhanced compared to the rate for diffusion of uncharged 
particles. 

(b) Diffusion of cations and electrons in negative field. 
Equation (6) is applicable with all electronic parameters 
replaced by ionic parameters and vice versa- The fact 
that the field is negative for this case implies that 
|fi<Ci(0,0)| is greater than the corresponding product for 
electrons. The growth rate determined by ionic flow i 9 
less than for simple diffusion since the ions must flow 
against this opposing field. 

(c) Diffusion of cation vacancies and positive holes in 
negative field. Equation (6) is applicable with Z« replaced 
by — Zi t (i e replaced by w and vice versa, C*(0,0) 


replaced by C*(L(0),0), C«(L(0),G) replaced by Ci(0,0), 
and C<(0,0) replaced by CV(L(0),0). Again no additional 
information is obtained. The product 1 hC<{L( 0),0)| ia 
larger than the corresponding product for holes to give 
a negative field, and diffusion ia from the oxide-oxygen 
interface to the metal-oxide interface. Vacancy diffusion 
again is retarded by the field, 

(d) Diffusion of anions or anion vacancies. The above 
formulae are applicable. Diffusion of anions plus 
positive holes in positive (negative) field is formally 
equivalent to diffusion of cation vacancies plus positive 
holes in positive (negative) field. Diffusion of anion 
vacancies plu9 electrons in positive (negative) field is 
formally equivalent to diffusion of cations plus electrons 
in positive (negative) field. 
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Abstract—Electrical resistivity measurements are reported for nickel ferrites with a Ni:Fe ratio 
ranging from 1:2 to 1:1-88 and with manganese content of up to 2%. Specimens were prepared 
at sintering temperatures between 1100 and 125CEC under oxygen pressures ranging from 3 to 456 cm 
of mercury. It is concluded that the large increase in resistivity resulting from the manganese 
impurity which was first reported by Van Uitert< 1 > arises from the contribution of the impurity 
energy levels which lie approximately half way between those of Ni 2+ and Fe 24 \ The solubility limit 
for excess nickel in the ferrite lattice reported by Parker and Smith* 3 * i 8 strikingly confirmed by the 
present results. 


1. INTRODUCTION 

Nickel ferrite is a semiconducting substance 
which has a temperature dependence of resistiv¬ 
ity described by the usual equations p = p^ 
txp^/KT). Values of poo and e are very sensitive 
to the mode of preparation and according to the 
literature range generally between 10~ 3 and 
ICHQ cm and 0-15 and 0-45 eV, respectively. 
The reasons for this wide variation are fairly 
well established. Nickel ferrite is prepared by 
sintering the constituent oxides, carbonates or 
other volatile salts at an elevated temperature, 
usually above 1075°C. During the sintering pro¬ 
cess a certain amount of oxygen is lost from the 
material; except in samples which have delib¬ 
erately been compacted loosely (Paladinq* 3 )) the 
oxygen loss can only be partially restored during 
the cooling cycle. In specimens produced by 
conventional techniques this irreversible loss of 
oxygen depends very critically upon the maximum 
temperature reached and the oxygen pressure 
applied during the firing process and upon the 
rate of cooling from the maximum temperature 
down to about 1000°C. If the fractional oxygen 
loss is denoted as S, then 2S Fe 2+ ions per molecule 
are formed to preserve electrical neutrality, and 
the resulting ferrite may be described by the 
ionic formula NiJ 4 Fe®*^ Fe 2 * If S is 


appreciable the conduction mechanism is deter¬ 
mined by the activation energy of transfer of an 
electron from Fe 2+ to Fe 3+ ions in the crystal 
lattice (Jonker< 4 >) and this is approximately 
0*18 eV. It is found that ferrites, in which a small 
stoichiometric excess of iron has replaced nickel 
in the spinel lattice, or which have been rapidly 
cooled from above 1250°C, have values of c close 
to 0*18 eV and they exhibit marked «-type con¬ 
ductivity. Lord and Parker* 5 ) (to be referred to as 
I) have attempted to suppress the oxygen loss by 
sintering under oxygen pressures of up to 456 cm 
of mercury, but this pressure proved inadequate 
even at the lowest sintering temperature at which 
the ferrite forms completely. They were however 
able to demonstrate that the electron transfer 
Fe 2+ + Fe 3+ -^ Fe 3+ -f Fe 2+ need not dominate the 
conduction process in nickel excess ferrites; 
curves were obtained of e vs. oxygen pressure 
which contained a pronounced maximum, on 
the high pressure side of which the conductivity 
became p-type, corresponding to the transport 
of Ni 8 + holes. 

At about the same time it was established 
(Parker and Smith/ 2 ) subsequently referred to 
as II) that the activation energy maximum in 
nickel excess ferrites could be greatly enhanced 
by quenching specimens from a temperature 
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where the oxygen deficiency just converted all 
excess nickel tons to a valency two. In this way 
activation energies of nearly 0*7 eV could be 
obtained and it was concluded that in these 
materials the condition of intrinsic conduction 
was closely approached, i.e. where the current is 
carried by the activation of electrons from 
Ni^+Fe 3 * t0 Ni3+ + Fe 2+ . Parker and Smith 
further concluded from the result of electrical 
measurements that excess nickel can dissolve in 
the nickel ferrite lattice up to a limit corresponding 
to a Ni:Fe ratio of 1 '029 + 0*001:2 and that the 
oxygen loss at about 1220°C corresponds to a 
value of 8 of approximately 0 015. 

Van Uitert* 1 ) has demonstrated that the addi¬ 
tion of a small quantity of manganese or cobalt to 
otherwise stoichiometric or iron deficient nickel 
ferrite causes a large increase in the resistivity and 
this was subsequently confirmed by Parker and 
Lord< 6 > who showed that this rise is due to an 
elevation of c; under favourable conditions e 
could be raised to nearly 0*7 eV, a value very close 
to the highest obtained in undoped nickel ferrite 
by the sintering technique described in II. 
Van Uitert suggested that the role of manganese 
in enhancing the resistivity of nickel ferrites arises 
from its ability to exist readily in at least two 
valence states in the solid state. The manganese 
was thus supposed to act as a buffer which suppresses 
the tendency of the ferrite to form both Ni 3+ 
and Fe 2 + ions. The present investigation was 
undertaken to test the validity of this suggestion. 
It is hoped to show in Section 3 that the results 
obtained are not only in full accord with vanUitert’s 
qualitative hypothesis but that by combining 
the latter with the conclusions of I and II certain 
detailed features of the present results can be 
satisfactorily explained. 

2. EXPERIMENTAL DETAILS 

A range of nickel manganese ferrites was pre¬ 
pared with a cation composition as set out in 
Table 1, from spectroscopically pure NiO, 
FegOa and MnC >2 with a total impurity content of 
less than 1 part in 10 6 . From each composition 
specimens were prepared at sintering tempera¬ 
tures ranging from 1100 to 1250°C in 50°C inter¬ 
vals and at oxygen pressures of 3-456 cm of 
mercury. In order to preserve standard conditions 


the method of preparation of all specimens was 
identical to that described in I. 

After surface grinding, the resistivity of each 
specimen was determined at various temperatures 
from 20 to 400°C and € and pec were evaluated 
from a plot of log p against the reciprocal of the 
absolute temperature. These results are sum¬ 
marized in Table 2; although no further considera¬ 
tions are based on the parameter pao it has been 


Table 1. Ferrite composition NiiFe^MnyC^ 


Code 

A 

B 

C 

D 

E 

F 

G 

X 

1-98 

1-96 

1-94 

1-92 

1-88 

1*99 

1*93 

Y 

0 02 

0-02 

0-02 

0*02 

0-02 

0-01 

0-01 


included in the table to allow the evaluation of the 
actual resistivity in each case. The resistivity 
measurements could be made at various fre¬ 
quencies up to 5 Mc/s and in only a few speci¬ 
mens was appreciable dispersion observed as 
described by Koops.< 7 > In no case did this affect 
the accuracy of determining the value of c by 
more than 0-02 eV. A possible error of similar 
magnitude arises from the variation in results 
obtained for specimens sintered apparently under 
identical conditions on different occasions. It will 
be noted that a maximum error in individual 
points of about 0 04 eV does not affect the general 
trend of the graphs in Figs 1-10. 

The thermo-electric power of the specimens 
was measured with nickel contacts at several 
temperatures. It was generally found that the 
power is negative, corresponding to n-type con¬ 
duction (Jonker* 4 )) in the range in which the 
activation energy increases with oxygen pressure. 
It is p -type corresponding to hole conduction 
on the high oxygen pressure side of the activation 
energy maximum. The actual values of thermo¬ 
electric powers observed were reproducible to the 
order of magnitude only and did not follow any 
recognizable trend. This is probably due to 
imperfect thermal contact at the metal-ferrite 
interface with the apparatus available. It is now 
thought likely that similar results quoted by 
Parker and Lord* 6 ) may be in error even regard¬ 
ing the sign on account of possible oxide layer 
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Fig. 1. Activation energy c against logarithm of the 
oxygen-pressure (cm of mercury) during the sintering 
process. Sintering temperature 1100°C. 

+ composition D 
0 composition E 
V composition G 
• composition H corresponding to 
' NiO(Fea03)o-95 (from I). 



Fig. 3. Similar to Fig. 1 at 1200°C. 



Fig. 5. Activation energy f against oxygen pressure at 
1100°C 

O composition A 
A composition F 
• NiFeg 04 (according to I). 




Fig. 4. Similar to Fig. 1 at 1250 rj C. 



Fig. 6. Similar to Fig. 5 at 115(FC. 
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Fio. 7. Similar to Fig. 5 at 1200°C. 



Fig. 9. Similar to Fig. 8 at 1150°C. 


formation on the copper surfaces used in their 
experiments. 

It is only possible to conclude from the pre¬ 
sent thermo-electric measurements that the elec¬ 
tric current is carried predominantly by electrons 
below, and by positive holes above, the activation 
energy maximum in a material of given cation 
composition. 

A number of X-ray powder diffraction photo¬ 
graphs were taken and only the lines characteristic 
of the spinel structure could be detected. This is 
not an unexpected result since only NiO is likely 
to be present in reasonable abundance. All the 
prominent diffraction lines of cubic NiO coin¬ 
cide exactly with those of nickel ferrite. The 
spinel lattice parameter of a representative number 



Fig. 8. Activation energy € against oxygen pressure at 
1100°C. 

• composition B 
A composition C 



Fig. 10. Similar to Fig. 8 at 1200°C. 

of materials with and without manganese was 
determined with a back reflection camera and the 
results are summarized in Table 2. The accuracy 
of the measurements is approximately ±0*001 A 
and within this limit the results are in good agree¬ 
ment with those of Paladino< 3 > and other workers. 
The lattice parameter is not significantly dependent 
upon manganese impurity or nickel excess but it 
would appear to increase slightly with oxygen 
deficiency of the ferrites. This trend is only just 
outside the limits of the experimental error. 

Saturation magnetization measurements were 
carried out on several otherwise identical nickel 
ferrites with and without 2% manganese content. 
The results are of considerable complexity and 
detailed discussion would not be appropriate 



INFLUENCE OF MANGANESE ON THE ELECTRICAL CONDUCTIVITY OF Ni F**Oi 1$29 
Table 2. Activation energy « (eV) and poo (xlO*Q-cm). 


Firing 

temp. 

(° C ) 

Firing 
press, 
(cm of 
mercury) 

A 

* p ® 

B 

* fho 

C 

« fho 1 

Composition Code 

D E ,s 

€ poo * pm f 

c 

F 

poo 

i 

« 

G 

P *> 

1100 

3 

0-60 

3*9 

0*52 

8*7 

0*50 

14 

0-46 

14 

0*59 

2*3 

0-55 

3*4 

0*37 

10 

1150 

3 

0-24 

46 

0*26 

26 

0*29 

8*0 

0*43 

16 

0*44 

17 

0*34 

3*2 

0*31 

1*0 

1200 

3 

020 

28 

0*24 

28 

0*36 

51 

0*37 

14 

0*37 

5-8 

0*25 

2-8 

0*30 

14 

1250 

3 

— 

— 

— 

— 

— 

— 

0*30 

32 

0*34 

1*0 

020 

2*1 

0-24 

1*7 

1100 

15 

0-69 

2 3 

0*77 

1*2 

0*67 

2*5 

0*77 

11 

0*74 

M 

0-63 

2*6 

0*72 

14 

1150 

15 

048 

4-3 

0*40 

1*4 

0*43 

7*1 

0*49 

2*2 

0*50 

1*5 

0*34 

14 

050 

35 

1200 

15 

049 

6-3 

0*46 

6*5 

0*52 

7*8 

0*55 

2*8 

0*56 

1*3 

0*44 

2*9 

0*49 

1*8 

1250 

15 

0 49 

0-60 

0 31 

11 

0*25 

22 

0*33 

8*1 

0*30 

21 

0*32 

6 9 

020 

40 

1100 

76 

0*67 

4-8 

0*78 

1*8 

0*66 

M 

0*74 

M 

0*66 

2*2 

0*69 

9*1 

0*69 

1*1 

1150 

76 

071 

27 

0*64 

0*34 

0*61 

9*1 

0*68 

1*9 

0*65 

1*3 

0*67 

4*7 

0*71 

0 28 

1200 

76 

0-71 

5*9 

0*77 

0*13 

0*62 

2*4 

0*68 

2*3 

0*64 

2*9 

0 49 

13 

0*57 

15 

1250 

76 

0-48 

2*7 

0*73 

0*58 

0*66 

0*14 

0*41 

15 

0 51 

5*1 

029 

2*0 

0*40 

35 

1100 

228 

065 

1*5 

0*75 

4*5 

0*66 

0*89 

0*63 

0*81 

0*62 

0*93 

0*57 

5*4 

0*56 

1*4 

1150 

228 

070 

5*9 

0*72 

8*5 

0*65 

8*7 

0*63 

0*05 

0*65 

0*36 

0*74 

0*17 

0*53 

0*16 

1200 

228 

0 64 

12 

0*76 

2*4 

0*64 

1*3 

0*67 

1*3 

0*63 

3*0 

0*51 

45 

060 

19 

1250 

228 

0 50 

5*2 

0*72 

1*0 

0*65 

1*4 

0*69 

1*3 

0*68 

1*7 

0 55 

5*5 

0*68 

15 

1100 

456 

0 64 

M 

0*80 

13 

0*68 

2*6 

0*61 

1*6 

0*58 

0 15 

0*76 

Oil 

0*55 

017 

1150 

456 

0-67 

1*9 

0*75 

5*1 

0*70 

0*40 

0 64 

017 

0*61 

0-85 

0*64 

6*3 

0*51 

2*1 

1200 

456 

0-63 

5*4 

0*70 

4*3 

0*60 

1-9 

0*61 

12 

0*62 

0*58 

0*62 

3*8 

0 52 

1*8 

1250 

456 







0-63 

1*3 

0*64 

0-76 

0-59 

1*3 

0*54 

2*0 


in the present context. They are however con¬ 
sistent with a model of mainly Mn 8 + ions situated 


Table 3 


Material 

Sintering 

temp 

(°C) 

Oxygen 
pressure 
(cm Mercury) 

Lattice 

parameter 

(A) 

NiFe a 0 4 

1100 

1 

8*339 

NiFeaC >4 

1100 

456 

8*339 

NiFe«04 

1220 

1 

8*342 

NiO(Fe*Oa)o 95 

1100 

1 

8*341 

NiCHFeaO 8 )0'95 

1100 

456 

8*339 

NiO( FeiOs)o<■ 9 & 

1175 

15 

8*340 

NiO(Fe*Oa)o-95 

1220 

1 

8*342 

A 

1100 

456 

8*343 

A 

1200 

456 

8-337 

A 

1250 

15 

8*342 

E 

1100 

456 

8*339 

E 

1250 

3 

8*344 

E 

1250 

456 

8*338 


on the octahedral sites of the spinel lattice and 
aligned parallel with the B-site sub-lattice mag¬ 
netization. 

3. DISCUSSION 

The results in Figs 1-4 are all for materials with 
nickel excess at or beyond the value of the solu¬ 
bility limit reported in II, even if it is assumed 
that manganese has replaced iron on the ferrite 
lattice. The activation energy curves for composi¬ 
tions E and D containing 2% Mn are identical 
within the limits of experimental error at all 
four sintering temperatures. Materials G and 
H differ from E only by the fact that they contain 
1% and no manganese, respectively. It will be 
noted that the activation energy maximum shifts 
gradually towards higher oxygen pressures as the 
sintering temperature is increased, but does not 
depend upon the concentration of the manganese 
impurity. The latter appears to affect only the 


■V 
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width of the peak. In the case of the manganese- 
free nickel excess ferrite the maximum value of 
c ~ 0*7 eV has not been obtained, presumably 
because the latter extends over too narrow a pres¬ 
sure range to be achieved by this mode of speci¬ 
men preparation. As was shown in II activation 
energies closely approaching this value could be 
obtained by very careful control of sintering 
conditions at one atmosphere only. The manganese 
impurity thus broadens the transition region from 
n- to p-type conduction as a function of oxygen 
deficiency by an amount which increases with 
manganese concentration. 

Somewhat similar considerations may now be 
applied to the results of materials which are less 
iron deficient. It has already been shown in I 
that in stoichiometric nickel ferrite the activation 
energy increases steadily with oxygen pressure; 
this presumably reflects the fact that the sintering 
pressures which have been attained so far are 
insufficient to prevent an irreversible loss of 
oxygen in the nickel ferrites formed. Figures 
5, 6 and 7 illustrate these results and show similar 
curves for NiFe 2 -*Mna :04 with x = 0*01 and 
0*02. A description of the curves is similar to 
those of nickel excess ferrites with the only differ¬ 
ence that the activation energy maximum would 
correspond to somewhat higher sintering pres¬ 
sures than have proved to be technically possible 
so far even at the lowest sintering temperature 
of 1100°C. 

Figures 8, 9 and 10 show similar curves for fer¬ 
rites with a nickel excess below the solubility 
limit. It would be expected tliat these results 
should be intermediate between those for stoichio¬ 
metric ferrites and those with greater nickel excess. 
In fact the activation energy maxima appear to 
occur at the highest sintering pressure; a more 
detailed quantitative description can hardly be 
justified in view of the fact these materials exhi¬ 
bited the largest uncertainties with regard to dis¬ 
persion and reproducibility, mentioned in the 
previous Section. 

The contribution of manganese to the electrical 
properties of nickel ferrite can be conveniently 
described in terms of an energy level scheme pro¬ 
posed by JonkerW for cobalt ferrite. Following 
Jonker, we suggest that the electronic energy 
level* of nickel ferrite are represented by Fig. 11. 
& denotes the activation energy necessary for an 


extra electron to move along a line of Fe 8+ ions; 
£2 is the corresponding energy for a positive hole 
along the divalent nickel ions. In a perfect nickel 
ferrite crystal the Fermi level would lie half way 
in the gap and the activation energy of transport 
would be A+#l for electrons and A +£2 for holes. 
In a slightly oxygen deficient, but otherwise per¬ 
fect nickel ferrite, the electrons released from the 
anion vacancies would fill some Fe 2+ levels and 



Fig. 11. Proposed energy level diagram following the 
notation of Jonker.< 4 ) 

the Fermi level would rise near to the Fe 2 + level. 
The resistivity activation energy would then be 
approximately q h If, on the other hand, excess- 
nickel atoms are dissolved in the ferrite lattice 
with a concentration in excess of half the number 
of oxygen atoms lost, the Fermi level would fall 
close to the Ni 2 + levels and hole conduction with 
an activation energy q 2 would take place. The 
variation of oxygen pressure in the sintering pro¬ 
cess may thus be regarded as a convenient device 
for moving the Fermi level across the forbidden 
energy gap. Although this movement will in 
practice be rather gradual on account of the inevit¬ 
able imperfections and impurities in the crystal 
lattice it is sufficiently rapid that neither Jonker 
nor ourselves have been able to produce pure cobalt 
or nickel ferrite specimens for which the Fermi 
level may be regarded to lie half way in the gap. 
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We suggest that the introduction of a small 
manganese concentration introduces additional 
Mn levels into the energy gap. In the interest of 
simplicity and in accord with magnetic measure¬ 
ments the filled level is denoted as Mn< 2+ \ 
although only the position of the level and not 
the valency of the ion, iB relevant to the subse¬ 
quent discussion. The upward movement of the 
Fermi level with decreasing oxygen pressure is then 
arrested at the Mn< 2+ > levels and until all these 
levels are filled the activation energy for electrical 
conduction would be approximately ^i+2A — e' 
for electrons and £2 + ^ for holes, e is the height 
of the Mn< 2+ ) above the Ni 2+ level (Fig. 11). 

Unfortunately accurate numerical values cannot 
be assigned to the proposed energy level scheme 
since the actual oxygen loss under the various 
sintering conditions is not, at present, known. 
Without this information a determination of the 
electron and hole mobilities is not possible and 
these would be required for a calculation of the 
Fermi level from the resistivity data. All the results 
presented in the previous paragraph are however 
consistent with approximate values of 0*2 eV for 
qi, 0-3 eV for q<i, 0*5 eV for 2A and 0*2 eV for e'. 

4. CONCLUSION 

Electrical and magnetic measurements on 
nickel ferrites containing a small concentration 


of manganese suggest that Mn a+ replaces Fe* + on 
the octahedral sites of the ferrite lattice and that 
excess nickel can dissolve in nickel ferrite to a limited 
extent of approximately 3 % in good accord 
with an earlier estimate of 2*9% by Parker and 
Smith. Evidence is presented which indicates 
that the large increase in room temperature 
resistivity resulting from the manganese addition 
arises from the fact that Mn ions contribute 
energy levels which stabilize the position of the 
Fermi level in the energy gap between the Ni 2+ 
and Fe 2 * levels. 
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Abstract —The effect of electric fields of strengths up to about 50 kV/cm on the quadrupole lines of 
a series of halogenetad inorganic and organic compounds in the solid phase has been observed. In 
most cases, a doubling of the lines has been detected, and a general interpretation of this has been 
proposed. The shifts have been shown to vary linearly with the electric field, and a detailed analysis 
of the former, measured in structurally correlated molecules, has led to simple relationships being laid 
down between the Stark effect and the principal polarizabilities of the molecules involved. 


REsumE —On a observe F effet de champs Electriques d*intensity s’llevant jusqu'k 50 kV/cm sur 
les raies quadripolaires d’une sErie de composes inorganiques et organiques en phase solide. Dans la 
plupart des cas, on a mis en Evidence un dEdoublement des raies, dont une interpretation gEnErale 
a pu 6trepropos£e. Les dEplacements en frequence, qui varient linEairement avec Ie champ Electrique, 
ont £tE mesurEs dans les cas de molecules de structures apparentEes. L’analyse dEtaillEe de ce 
phEnomEne a conduit & FEtablissement d’une relation simple entre l'effet Stark et les polarisabilitEs 
principales des molecules EtudiEes. 


1. INTRODUCTION 

Des recherches effectives rEcemment par plusieurs 
auteurs* 1 * ont mis en Evidence un effet d’elargisse- 
ment des raies de RNQ lorsque les substances 
EtudiEes sont soumises k des champs electriques 
de l’ordre d’une vingtaine de kV/cm. Un tel 
effet, qui a EtE observe dans quelques cristaux 
ioniques tels que KCl^Oa, NaCPOa et NaBr 81 Oa 
et dans quelques cristaux moleculaires comme le 
pCeFUClg 5 avait d’ailleurs ete prEdit thEorique- 
ment par Bloembergen* 2 ) et a dEja donnE lieu & d’ 
intEressantes tentatives prEliminaires d’interpre¬ 
tation thEorique. II nous a paru toutefois qu’une 
connaissance complete du phEnomEne ne pour- 
rait s’edifier que s’il Etait possible de rEsoudre la 
structure de la raie Margie d'une part et, ceci une 
fois obtenu, d’Etendre l’analyse de Teffet a toute 
une sErie de molEcules structuralement apparen¬ 
tEes, Le but de cette note est done de montrer 
qu’en faisant usage de champs Electriques d’in- 
tensitE plus ElevEe que celle des auteurs prEcitEs, 
on obtient la resolution espErEe des raies quadri¬ 
polaires et qu’a partir des mesures effectuEes sur 


les composantes dans toute une sErie de cas, on 
peut mettre en Evidence certains des facteurs 
importanta qui rEgissent l’effet en cause. 

2. DISPOSITIF EXPERIMENTAL 

Les spectrographes radioElectriques utilisEs dans 
notre laboratoire, inspirEs des montages mis au 
point pour la premiEre fois par Dehmelt et 
KrOger, < 3 > sont tels que TEchantillon est localisE 
dans une self qui forme une partie du circuit 
oscillant d'un oscillateur k superrEaction. Des 
gEnErateurs de frEquences k dEcoupage extErieur 
operent k environ 1 pet cent de la frEquence de 
Toscillateur principal. L 1 oscillateur k superrEaction 
est lui-meme modulE en frEquence par un con- 
densateur vibrant, ce qui permet renregistrement 
de la dErivEe premiEre des raise d’absorption aprEs 
dEtection synchrone. Les domaines couverts par 
les deux spectrographes correspondent k des 
frEquences de l’ordre de 30-250 Mc/s qui permet- 
tent l’Etude des transitions quadripolaires des 
atomes de Cl 35 , de Br 79 * 81 et d’l 127 lorsque ceux-ci 
sont introduits dans des liaisons pas trop ioniques. 
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Pour permettrc TEtude de Teffet Stark, on in- 
troduit l’Echantillon dan* une cellule de verre de 
forme parallElipipEdique (lx5x0,4 cm) Bur les 
grandee faces de laquelle sont appliquEes les 
Electrodes. L'ensemble est introduit suivant 1’axe 
de la self du spectrographe de telle sorte que la 
direction du champ Electrique soit perpendiculaire 
k la direction du champ magnetique haute fre¬ 
quence. Pour pouvoir effectuer des observations k 
basse temperature, on plonge la cellule et ses 
Electrodes dans un dewar de forme appropriEe, 
le tout Etant introduit dans la self du circuit os- 
cillant. II est k noter qu’en vue d’Eviter des per¬ 
turbations de ce dernier, les Electrodes sont isolEes 
de leur alimentation par des bobines d’arrEt haute 
frEquence. Le gEnErateur de tension dont nous 
avons fait usage est du type doubleur de tension 
et permet d’obtenir des champs Electriques ex- 
ternes d'environ 50 kV/cm losqu’on tient compte 
de corrections dEpendant du caractEre inhomogEne 
du milieu ainsi constituE. Pour assurer le meilleur 
coefficient de remplissage possible, au lieu d’uti- 
liser une poudre cristalline de chaque Echantillon 
considEre, on fondait l’Echantillon dans sa cellule 
et on le soumettait ensuite a un refroidissement 
rapide suivi d’un recuit. Les mesures de frEquence 
ont EtE effectuees par interpolation sur les en- 
registrements a partir des harmoniques de decou- 
page d’un gEnErateur encadrant la raie quadri- 
polaire. 

3. STRUCTURE DES RAIES STARK 

Parmi les diffErents essais auxquels nous avons 
procEdE, c’est SnI* 27 qui nous a donnE les 
rEsultats les plus favorables. La F'ig. 1 represente 
revolution de 1’intensitE de Tune des deux raies 
quadripolaire9 de cette substance en fonction de 
l’intensitE du champ electrique extErieur. 

D’une maniEre genErale, lorsqu’on soumet la 
raie de rEsonance quadripolaire d’une substance 
quelconque a des champs Electriques d’intensites 
progressives s’Elevant jusqu’k environ 50 kV/cm 
on s’aper^oit qu’au lieu d’un simple Elargissement, 
comme l’avaient observE les auteurs antErieurs sur 
d'autres substances, on est en prEsence d’une 
Veritable structure des raies de rEsonance qui se 
manifesto par deux maxima d’intensitE, distribues 
aymEtriquement par rapport k la raie k champ nul, 
qv& Semblent sEparEs par une zone intermEdiaire 
ou ^absorption diminue et dont l’Ecartement 


s’accroit avec le champ d’une maniEre qui sera 
discutEe dans la suite. Cette distribution remarqu- 
able peut s’interpreter facilement si l’on suppose 
une distribution au hasard des cristallite9 formant 
1’Edifice de l’Echantillon. Dans ce cas, en effet, 



CHAMP NUL Hi4 kV/cm W/cm 




2$,5 kV/cm 39,9 kV/em 51.3 kV/cm 

Fig. 1. Effet Stark sur la raie situEe k 209,133 Mc/s de 
l 127 de SnL h 77°K en fonction de l’intensitE du champ 
electrique extErieur. 

on peut considErer que les liaisons contenant le 
noyau resonant sont distribuEes spatialement de 
maniEre isotrope. Dans ces conditions, si 1’on se 
refEre h un systeme d’axe triorthogonal oxyz 
tel que la direction oz soit perpendiculaire k la 
direction du champ magnetique excitateur, il est 
evident, puisque le champ Electrique a egalement 
la direction oz, que 1’intensitE et le dEplacement 
Stark seront maxima pour les liaisons dirigEes 
suivant oz, si l’on admet que l’effet en cause est 
le plus eleve dans la direction de la liaison chi- 
mique. D autre part, les liaisons situees dans le 
plan oxy donneront un deplacement Stark mini¬ 
mum et une intensitE maximum pour la direction 
oy, tandis que 1 effet sera nul dans la direction ox. 

La situation se reproduit symetriquement pour 
les liaisons alignEes en sens inverse. Cette image 
rEduite k une distribution tridirectionnelle im- 
plique done l’apparition de deux raies Stark 
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oorrespondant an diplacement maximum, symi- 
triquement diaposies par rapport k la raie k 
champ nul ct de deux autres raies, correspond ant 
au diplacement minimum, igaiement symitriques 
par report k la raie k champ nul. 

Toutefois, en raison de la distribution isotro- 
pique, les liaisons ayant des positions inter- 
midiaires doivent contribuer de manure inter- 
midiaire k 1’effet Stark et k I’intensiti de sorte 
que la raie d*absorption soumise au champ ilec- 
trique devrait presenter 1*allure reprisentie dans 
la Fig. 2. 



Fig. 2. (a) Allure de la courbe d'absorption th^orique 
Stark dans le cas d’une poudre cristalline. (b) Allure de 
la d6riv£e premiere correspondante. 


En comparant les Fig. 1 et 2, il semble bien 
que le modele que nous proposons soit virifii dans 
8es grandes lignes. 

4. RESULTATS EXPERIMENTAUX 
II est k remarquer tout d’abord que, pour 


chaque substance utiliaie, le champ ilectrique 
exteme a modifii en faisant usage de la for-* 
mule ci-apris de Lorentz, en vue de Testunation 
du champ local: Eioc-c+2/3 E, oil e est lacona- 
tante diilectrique de ^ substance. 

1 Dans plusieurs cas nous avons M conduits, en 
I* absence de donnies expirimen tales sur cette 
grandeur, k faire usage d’une valeur estimie, ce 
qui peut dans une mesure, probablement assez 
ligire, affecter les risultats. 

(a). Evolution de Veffet Stark en fonction du champ 
ilectrique local 

Involution de l’effet Stark en fonction du 
champ ilectrique local a iti observi pour Cl| 6 , 
Br| l , I 1 , 27 , />-C 6 H 4 Cl® 5 , />-C 6 H 4 Br 78 - 81 I p- C 6 - 
H^^ 27 , Snl* 27 . En fait, la dicomposition Stark 
que nous avons observie chez toutes ces molicules 
ne presente pas toujours le meme degri de riso- 
lution qui caractirise Snl 4 . C’est ainsi que pour 
CI 2 et Br 2 , Ton n’a observi qu’un ilargissement de 
la raie quadripolaire, tandis que pour l’iode et les 
molicules aromatiques, la qualiti des spectres 
obtenus itait intermidiaire. A titre d’exemple, la 
Fig. 3 reprisente l’effet Stark de CI 2 et de />- 
CetUB^. Dans le graphique de la Fig. 4 sont 
representis les effets Stark relatifs (Ay/vo) en fonc¬ 
tion du champ local. On constate que dans le 
domaine des champs ilectriques itudiis, la re¬ 
lation entre ces deux grandeurs est liniaire et 
que chacunes des droites extrapolees passe par 
Torigine. Que 1’effet Stark en cause soit liniaire, 
ou tout au moins approximativement liniaire, 
itait dejk en fait impliciti dans la thiorie de la 
distribution de 1’effet que nous avons donnie 
au Paragraphe 3. S’il s’agissait d’un effet quad- 
ratique, il est clair qu’on aurait en fait une forte 
dissymetrie dans la distribution des intensitis. On 



Fig. 3. Effet Stark k 77°K de Cl!* (k gauche) et de 
P-C 0 H 4 ! 1 (k droite) dans des champs respectifs de 
49,7 kV/cm et 54,7 kV/cm. 
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retrouve done ainsi unc nouvelle coherence entre 
k module de depart et lea observations. 

(b). Expression de Veffet Stark 

Les r&ultats r&um& au Tableau 1 ont 
obtenus k la temperature de 77°K et les colonnes 
3, 4, 5 et 6 repr&entent respectivement les lar- 
geurs relatives des raies, Peffet Stark relatif par 
uniti de champ dectrique, les ddplacements Stark 
absolus pour des champs locaux de 85 kV/cm et 
les constantes didectrique* des substances en 
cause, ou les aatdrisques indiquent les valeurs 


qui ont estates. II est k noter que la mesure 
du d^placement Stark (Av) est effectu^e & partir 
de la distance qui s^pare les sommets extremes de 
la dlrivde premiere de la courbe d’absorption. 
L’eteart obtenu est alors divisd par deux pour les 
raisons que 1'interpretation de la structure dis- 
cutee plus haut impose et Ton doit encore en 
soustraire une demi largeur de raie correspondant 
a la raie k champ nul pour tenir compte implicite- 
ment des perturbations apport^es a la postion des 
sommets de la courbe d’absorption proprement 
dite par le recouvrement des deux parties sym^- 


Ai? x io s 



Flo. 4. Emplacement Stark relatif de difftrentes substances en fonction du champ interne. 
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tjtqott de k rate totale. Cette fa 9 on de pnx^der des atoms de halog^nes eux-m£mes ou de it 
prds e c te notamment I’avantagc de permettre molecule tout enti&re dans laquelle ila sont in~ 
Intimation de l’effet en cause dans les cas (Cla, troduits. II faut d’ailleurs remarquer que de 
Bra), oil Ton n’a observe qu’un eiargiesement de telles grandeurs doivent 6trc etroitement K4e* 
k raie. aux variations, souq l’influence du champ, de 

^ « 

Tableau 1 


Compost 

77°K 

^Mc/b) 

& 

— xlO 5 
*0 

Av 

-x 10 10 cm/V 

Ak/Kc/s 85 kV/cm 


CIS* 

54,2475 

11 

3,8 

1,76 

3,5* 

Brj 1 

319,210 

14 

8,7 

24,6 

3,7* 

I*' 7 

334,39 

14 

16,4 

46,4 

4,0 

p-CtHtCU* 

34,7754 

6 

6,1 

1,83 

2,8 

p-CeHiBri 9 

271,125 

8 

9,7 

22,1 

2,9* 


226,49 

9 

9,7 

18,5 

2,9* 

p-CeHJS 87 

280,147 

11 

11,4 

27,2 

3,2 

Snli* 7 

209,133 

10 

23,8 

42,0 

3,4 


Dans tableau 1, Ton a omis d’inclure quelques 
r^sultats, de precision moins grande, en raison de 
la qualite des spectres relatifs aux molecules 
CeHfiBr 79 ’ 81 et C 6 H 5 I 127 . Toutefois, il est re- 
marquable que, dans les limites des erreurs de 
mesure, le Au/tJ.A E de ces substances est identique 
a celui qui caracterise respectivement le p- 
C 6 H 4 Br 79 ’ 81 et le p-C 6 H 4 I| 27 . II est k noter en 
outre qu’aucune difference mesurable d’effet ne 
se manifeste lorsqu’on passe d’un isotope k 
l’autre, comrae e'est le cas du paradibromoben- 
z^ne, 

5. INTERPRETATION DES RESULTATS 

Bloembergen et alS *> ont propose que les 
contributions les plus importantes a l’effet Stark 
proviennent de la variation du caract^re ionique 
et de Thybridation des orbitales de liaisons dans 
lesquelles les moments quadripolaires sont im- 
pliques. Toutefois, les relations que donnent ces 
auteurs paraissent d’une application difficile 
etant donne Tincertitude qui p^se sur la connais- 
sance des taux d^hybridation caracterisant les 
atomes d’halogene dans les derives organiques. 
Dans la phase initiale du developpement de cette 
question, il nous a done paru qu’une methode 
plus efficace consisterait peur-etre k tenter de 
rattacher les effets Stark k des grandeurs experi- 
mentales telles que les polarisabilites eiectroniques 


l’etat d’hybridation de ces atomes et du caractire 
ionique des liaisons correspondantes. 

Dans une premiere tentative de classification, 
nous avons choisi comme parametre variable la 
polarisabilite electronique de l’atome de halogene 
donnant lieu k la transition. Nous avons pu estimer 
celle-ci k partir de la connaissance du caractere 
ionique des liaisons correspondantes par inter¬ 
polation lineaire entre les valeurs fournies dans la 
literature pour les grandeurs caracteristiques 
de Tatome neutre et de Tion n^gatif correspon- 
dant. Dans le cas de l’atome d’iode introduit dans 
les moldcules />-CeH 4 l 2 , I 2 et Snl 4 , on deduit 
pour a e i des valeurs comprises entre 51 et 57 x 
10“ 26 cm 3 , e'est-k-dire une variation d’environ 
10 par cent. Or, les effets Stark correspondants, 
ainsi qu’on peut le voir d’aprfes le Tableau 1, 
varient dans cette m£me serie de composes, du 
simple au double, alors que Ton s’attendait plutdt 
a un effet proportionnel qui n’est en aucune fa^on 
realise dans l'exemple choisi. Dans ces considera¬ 
tions, la polarisabilite ionique a ete estimee comme 
devant jouer un role negligeable. Devant cet 
echec de Tinterpretation empirique des faits 
observes, il nous a paru qu’il fallait envisager 
non pas la deformation de Tatome lui-mfime, mais 
celle de Tedifice moieculaire tout entier. Comme 
1'effet Stark qui a ete mesure represente le de¬ 
placement maximum correspondant, selon la 
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throne propose, it un alignement des liaisons 
halogdnde* suivant la direction du champ, c'est 
done de la polarisabilitl mol^culaire suivant cette 
direction qu’il failait faire usage. 

Au Tableau 2 sont rassembldea les valeurs des 
polarisabilit^s principales des substances £tudi- 
de*.<M) 

Les valeurs accompagn&s d'un ast^risque ont 


estim&s par analogie avec les valeurs connues 
pour les d^riv& correspondants monohalogifcnds 
en tenant compte de revolution habituelle de 
celles-ci en passant aux composes para. 

Le graphique de la Fig. 5 exprime la d^pendance 
de l’effet Stark vis-fc-vis du grand axe de polariaa- 
bilitd bx. 

Dans ces conditions, on remarque que la diffi- 


Tableau 2 


Substances 

iixlOis 

b t x 10“ 

h X10“ 

Cl a 

66 

36 

36 

Bra 

96 

53 

53 

u 

180 

99 

99 

/.-C.H.C1, 

185* 

151* 

89* 

p-CflH4Bra 

206* 

168* 

99* 

p-CaHiia 

234* 

191* 

113* 

Snl4 

282 

282 

282 
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cuRA principalc recontr^c lors de la tentative Pan puisse affirmer d&s maintenant que I’&udc 


d*interpreter lea faits sur la base de la polarisabi¬ 
lite atomique est remarquablement surmont4e 
lorsqu’on considere la serie des petites molecules 
Q 2 , Bra, I 2 et Snl 4 oCi 1'on trouvc la relation de 
proportionnalite eep&^e entre les deux grandeur^ 
physiques en cause. 

Par contre, lorsqu’on considere la serie des 
molecules aromatiques de grandes dimensions, 
on s’aper$oit que la relation reste approximative- 
ment proportionnelle, mais que la droite corres- 
pondante ne se superpose pas k la droite principale 
caracterisant les molecules de petites dimensions 
et qu’elle se trouve en fait en dessous de cette 
derni^re. II semble done que la fa^on de proc^der 
surestime les polarisabilit^s dans ces cas particu- 
liers, ce a quoi il fallait s’attendre puisque les 
deformations eiectroniques subies par le noyau 
aromatique n’influencent le gradient de champ 
au noyau de halog&ne que d’une fa 9 on amortie. 

C’est pourquoi nous avons trace dans le meme 
graphique une courbe exprimant les effets Stark 
en fonction de la polarisabilite des liaisons qui 
ont calcul^es par Smith et Mortensen.< 5 > 
On constate qu’une relation de proportionnalite se 
reproduit, mais que la droite correspondante se 
situe syrndtriquement par rapport a celle carac¬ 
terisant les molecules de petites dimensions. On 
pourrait done conclure que l’effet reel se manifeste 
par une influence qui est a mi-chemin entre les 
deux modeles. 

6. CONCLUSIONS 

Au terme de cette analyse, il semble bien que 


de reflet Stark en spectroscopic quadripoUire 
pure doive - se reveler comme une methode 
fructueuse pour 1’etude de la polarisabilite des 
molecules en phasjp solide. Pour confirmer d6fi- 
nitivement la validite,du point de vue adopte ici, 
il conviendra non seulement de multiplier les 
observations dans des cas judicieusement choifiis, 
mais aussi d’aborder le problime des monocristaux 
de manure k verifier que les relations actuelles 
s’etendent k Interpretation des effets Stark 
correspondant aux autres directions principales 
caracterisant raniaotropie moieculaire. Des ex¬ 
periences dans ce sens sont actuellement en 
cours dans notre laboratoire. 
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Abstract—Neutron diffraction measurements of the intensity variation of certain sensitive Bragg 
reflections with radiation dosage, establish that the ferroelectric crystal structure of Rochelle salt 
is seriously affected by exposure to X-rays and y-rays. Previously, the remarkable changes in the 
ferroelectric properties of this crystal had been ascribed almost entirely to macroatructural changes, 
leading to hindered domain mobility. Also, optical studies have thrown new light on the differences 
in radiation effects in crystals irradiated within and outside the ferroelectric temperature range. 
In the first case, crystals irradiated to the point where hysteresis loops are no longer observable not 
only continue to show domain patterns in polarized light within the normally ferroelectric region, 
as had already been reported, but also show domains at temperatures well outside of that range. 
On the other hand, crystals subjected to equivalent dosage at temperatures below the lower Curie 
point show no domains at all—even in the middle of the normal ferroelectric temperature range. 
It is suggested that there are two basic types of damage which must be considered. One of these 
involves local damage centers, distributed more or less uniformly throughout the volume of the 
crystal, and producing structural effects at the unit cell level similar to those produced by intro¬ 
duction of impurity ions in the lattice. In the other case, previously existing imperfections (such as 
dislocations, e.g., but perhaps also including domain walls) become greatly reinforced by collection 
of diffusing damage products. The latter type introduces macroscopic clamping effects which 
hinder domain mobility and tend to stabilize the crystallographic phase existing during irradiation. 


INTRODUCTION 

While it has been known since the early observa¬ 
tions of Vigness* 1 ) in 1935 that Rochelle salt 
(NaKC 4 H 40 6 * 4 H 2 O) is sensitive to ionizing 
radiation exposure, only in recent years have 
systematic studies been made on the striking 
changes induced in the ferroelectric properties of 
the crystal. (2 “ 13 > Crystals irradiated in the absence 
of an external field within the ferroelectric tem¬ 
perature range show progressive changes with 


* Work performed under the auspices of the U.S. 
Atomic Energy .Commission. 

t Guest Scientist from Picatinny Arsenal, Dover, 
New Jersey. 

t At present a Guest Physicist at the Puerto Rico 
Nuclear Center, Mayaguez, P.R. 


radiation dosage in hysteresis loops, low-field 
dielectric constant vs. temperature curves, re¬ 
sonant frequencies, elastic constants, and various 
other properties. The hysteresis loops become dis¬ 
torted at low dosage, become split on continued 
irradiation, and finally degenerate into straight 
lines, as if the ferroelectric properties have dis¬ 
appeared entirely. The dielectric constant is de-r 
pressed and the peaks at first shift toward one 
another, then coalesce into a single broad peak, 
and finally the temperature dependence curve 
flattens out, again as if the ferroelectric phase has 
been completely destroyed. Nevertheless, mono¬ 
clinic twin patterns, characteristic of the ferro¬ 
electric domains, are still visible with polarized 
light long after the hysteresis loop has disappeared 
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—thus indicating that the ferroelectric monoclinic 
symmetry U retained even after heavy radiation 
dotage. This latter observation has led various 
investigators to regard the effects of radiation as 
being primarily macrostructural in nature, rather 
than related to changes in the crystalline structure, 
that is, to involve mechanisms leading to locking of 
domains instead of tending to induce a reversion 
to the non-ferroelectric orthorhombic symmetry. 

Crystals irradiated in the ferroelectric range 
under an a.c. field have shown somewhat different 
behavior. While distortions are produced in the 
hysteresis loops, and increases in coercive field are 
observed, the loops do not become split. The 
damage effects, at least for only moderate dosage, 
can be annealed out by heat treatment or by 
application of an a.c. field. Similar results are 
obtained with crystals irradiated above the upper 
Curie point. 

It has been pointed out* 4 * that the effects of 
radiation in Rochelle salt are somewhat similar to 
those obtained when one introduces impurities 
into the lattice, as when crystals are doped with 
Mo, Cu, and B, or in the mixed crystal series 
(e.g., the partial replacement of K+ by NHJ, Rb + , 
or Tl + ). The ferroelectric properties are drastically 
affected in all of these cases at low concentration 
levels of the impurity ions. Some similarity to 
irradiated crystals is of course to be expected, 
since the trapped damage products will also act as 
impurities, and due to the large local strains, 
should have pronounced effects on the ferroelectric 
behavior at even lower concentrations than in the 
case of chemically impure crystals. It is known, 
however, that chemically introduced impurities 
can affect the crystal structure at the unit cell level, 
and, in fact, can completely eliminate the ferro¬ 
electric monoclinic phase on substitution of only 
small percentages of the impurity ions. 

Despite the experimental fact that domains per¬ 
sist after heavy radiation dosage, and that a seem¬ 
ingly satisfactory explanation of the radiation effect 
is offered on the basis of hindered domain mobility, 
it seemed to us that possible crystal structural 
effects had not received adequate consideration. 
Partly this was because of what was mentioned 
above on chemical impurities, where definite struc¬ 
tural changes are observed, but the major reason 
had to do with certain differences in the X-ray 
and neutron diffraction patterns of Rochelle salt. 


CRYSTALLOGRAPHIC CONSIDERATIONS 

In the non-ferroelectric/orthorhombic phases of 

Rochelle salt the space group symmetry is P2i2i2. 
In passing through the Curie point, the symmetry 
changes to monoclinic P2i. The destruction of 
one set of the two-fold screw axes in this transition 
removes the condition that the (0 k 0) reflections 
with k odd must be zero. (Here we are choosing 
the monoclinic axes in the same way the ortho¬ 
rhombic axes are usually labeled/ 14 * rather than 
adhering to the conventional crystallographic 
choice of b parallel to the remaining 2\ axis.) These 
new reflections have never been observed in X-ray 
studies of the Rochelle salt structure/ 14 - 16 * and the 
prevailing view for sometime was that only the 
hydrogen positions were involved in the loss 
of orthorhombic symmetry. This assumption 
appeared to be supported at first by a neutron 
diffraction study of the structure/ 16 * but later 
work demonstrated conclusively that this is not the 
case.* 17 * The odd (0 k 0) reflections, while rather 
weak, are easily observable with neutrons for both 
hydrogenous and deuterated crystals. If only the 
hydrogen positions were responsible for these 
reflections, then the odd (0 k 0) neutron data 
collected from a deuterated sample should differ 
from data taken with an ordinary hydrogenous 
crystal by only a simple scale factor, but this is far 
from being true. Hence, at least some of the heavier 
atoms in the structure must deviate from their 
P2i2i2 positions, and even though the ferroelectric 
structure of Rochelle is very complex, and has 
never been completely solved* 17 * one would cer¬ 
tainly expect from the drastic differences in the 
hydrogenous and deuterated neutron data that at- 
least some of the odd (0 k 0)’s should be detectable 
in X-ray patterns. 

These considerations led us to believe that hin¬ 
dered domain models for irradiated Rochelle salt 
fall short of providing a fundamental explanation 
of the nature of the radiation effects, and that the 
crystal structure itself must be affected. The per¬ 
sisting monoclinic twin patterns seemed to rule 
out a radiation induced phase transition, but there 
still could be significant alterations in the magni¬ 
tudes or character of the ferroelectric atomic dis¬ 
placements. Neutron diffraction provided us with 
an especially convenient tool for investigating the 
truth of this hypothesis: by studying the odd 
(0 k 0) intensities as functions of radiation dosage. 
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If any appreciable intensity changes could be 
observed, then there could be no doubt that im¬ 
portant crystal structural changes were taking 
place. 

SPECIMENS AND PROCEDURE f 

Specimens of both ordinary and deuterated 
Rochelle salt were prepared in rectangular plate 
form with the ferroelectric a-axis normal to the 
plate* The plates on which most of the neutron 
diffraction work was carried out were all about 
1 x 0*5 x 0*2 cm 3 in size. The optical studied were 
made using thinner specimens, about lx0*5x 
0*07 cm 3 , which were carefully polished to good 
optical finishes. The deuterated samples were cut 
from a single large crystal supplied to us by 
Dr. S. Triebwasser of the IBM Research Center. 
The ordinary hydrogenous samples were cut from 
crystals grown from water solution of chemical- 
pure grade commercial stock. Representative 
samples were checked for normal behavior before 
irradiation by taking dielectric constant vs. tem¬ 
perature curves, and by observing hysteresis loops 
on an oscilloscope. Similar measurements were 
also made during the course of the irradiation 
experiments so as to be sure that the same effects 
were obtained as had been reported in the litera¬ 
ture, and to observe whatever correspondence 
might exist between neutron intensity changes and 
changes in ferroelectric behavior. 

Preliminary irradiation experiments were done 
using a copper target X-ray tube operated at 
30 kV and 10 mA. All subsequent work was done 
using a Co 60 y-irradiation source at an estimated 
dosage rate of 2*5 x 10 6 rep/hr. Except for some 
of the preliminary X-ray work, irradiations were 
made at 0°C and at liquid N 2 and dry iqe tempera¬ 
ture. With a crystal of suitable dimensions for 
neutron diffraction measurements it is likely that 
X-ray damage will be largely concentrated near 
the surface, while damage resulting from /-irradia¬ 
tion should be distributed uniformly throughout 
the volume. It has been reported previously 
that X-rays and y-rays produce similar effects in 
Rochelle salt. While one would expect the energy 
dependent effects to be of secondary importance, 
nevertheless the X-ray experiments were done as a 
check before proceeding with the more extensive 
Co 60 work. Substantially the same neutron diffrac¬ 
tion effects were obtained in both cases, so it was 


deemed safe to assume that conclusion* drawmap 
the basis of the Co* 0 experiments are applicable 
also to the case of X-irradiation. 

No measurable damage effects were expected to 
result from radiation exposure of the samples in 
the neutron beam, since thermal neutron energies 
are quite low, and since the fast neutron and 
gamma Contaminations in the beam are at very 
low flux levels. Nevertheless, a routine check 
experiment was carried out by exposing a deu¬ 
terated sample in the neutron beam for a period 
of time longer than the accumulated experimental 
time expended in the collection of diffraction data. 
No changes were observed in the dielectric be¬ 
havior of the sample or in the (050) intensity. 

The neutron diffraction measurements of in¬ 
tegrated intensities were made by the usual single 
crystal techniques. Several odd (0 k 0) reflections 
were examined using both hydrogenous and deu¬ 
terated samples with the same general behavior 
noted in each case. The most complete data were 
collected using the (050) of the deuterated crystal, 
since this peak showed the largest peak-to-back- 
ground ratio. While care was exercised to repro¬ 
duce the same experimental conditions during 
each measurement, the (050) and (080) reflections, 
which undergo little or no change in intensity with 
irradiation, were measured along with the (050) as 
reference checks. 

In the optical studies the domain patterns of the 
irradiated crystals were examined under polarized 
light over a temperature range of —30 Q C to 
+45°C. Each observation was checked by com¬ 
parison with an unirradiated crystal. 

OBSERVATIONS 

A. Neutron diffraction 

Typical results of the neutron diffraction 
measurements are shown in Figs 1 and 2. Deu¬ 
terated specimens were used in both cases, with 
the irradiation performed at 0°C for the curve in 
Fig. 1, and liquid Ng temperature in Fig. 2, 
Similar behavior was observed for the (070) 
reflection of the same crystals, and for other odd 
(0 k 0)’s in hydrogenous crystals. The intensity 
variation of the (050) reflection with dosage is 
plotted as a ratio of the (050) and the nearly con¬ 
stant (060) integrated intensities. The zero time 
points differ slightly in the two figures because of 
a somewhat stronger extinction effect for the (060) 
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tt&tetfcui for the crystal irradiated at 0®C. In both 
easel a marked dependence of the (050) intensity 
on irradiation time ts observed, with an appre¬ 
ciably greater effect for the 0°C irradiation. 



IRRADIATION TIME, Hr 

Fig. 1. Variation of the integrated intensity ratio (050)/ 
(060) with y-irradiation dosage for deuterated Rochelle 
salt. Irradiation temperature 0°C. Intensities measured 
at room temperature. 

It was found that the (050) intensity of an irra¬ 
diated crystal could be changed by applying a d.c. 
electric field. This is shown in Fig. 3. The (060) 
intensity remained unchanged. A virgin crystal 
failed to show a field dependence for its (050) 
reflection. 

In general, the observations of hysteresis loop 
behavior and changes in dielectric constant vs. 
temperature curves merely confirmed what had 
already been reported for crystals irradiated within 
the ferroelectric temperature range; however, it 
was of interest to compare the changes in ferro¬ 
electric properties with the neutron intensity 
changes for the same radiation dosage. Hysteresis 
loops of the 0°C irradiated crystals became dis¬ 
torted, but were not split into double loops, after 
about an hour of /-irradiation. Observations of 
changes in the odd (0&0) intensities were not 
statistically significant at this low dosage. After 
3 hr double loops appeared and distinct decreases 
were observable in the odd (0 k O^s. After 9 hr of 
inflation k was no longer possible to obtain a 
hysteresis Jjpqp, and the two dielectric constant 
jfcsks had coalesced into a single broad hump. At 



Fig. 2. Variation of the integrated intensity ratio (050)/ 
(060) with y-irradiation dosage for deuterated Rochelle 
salt. Irradiation temperature 77°K. Intensities measured 
at room temperature. 



Fig. 3. D.C. field dependence of (050)/(060) intensity 
ratio for y-irradiated deuterated Rochelle salt. Irradia- 
tion temperature 0°C. 


this dosage level the (050) intensity from a deu¬ 
terated crystal had decreased to about one third of 
ita initial value and its profile had become quite 
noticeably broadened. The broadening became 
more pronounced on continued irradiation, and 
for exposure times greater than 15 hr it became 
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difficult to decide if a proper integrated intensity 
was being measured. Even after 60 hr of exposure, 
however, the counting rate was still definitely 
above background at the peak position. 

B. Optical 

Since the decreases in the neutron intensities 
for the odd (0 k 0) reflections clearly indicated an 
alteration in the ferroelectric crystal structure, 
optical studies were carried out to see what changes 
if any^might be detectable in the domain structure. 

The first experiment merely confirmed what had 
already been reported. A deuteratcd crystal that 
had been irradiated 27 hr at 0°C, well beyond the 
dosage required to eliminate hysteresis loops, was 
examined at room temperature with a polarizing 
microscope. While the crystal had turned slightly 
yellow as a result of irradiation, the optical trans¬ 
parency was quite good, and domains were clearly 
in evidence, as were also the dark lines, or sudares 
(as they have been called in Japan* 9 *). The only 
observation which might be considered new was 
that the domain pattern seemed to have a some¬ 
what “faded” appearance, as compared to a virgin 
crystal. The pattern appeared to be similar to what 
one observed in an unirradiated crystal as the Curie 
point is approached, i.e., when the spontaneous 
strain is becoming small. This could have been an 
illusory effect, due simply to the yellow coloration 
of the crystal, but the visibility seemed sufficiently 
good to judge it as real. 

A crystal irradiated 64 hr at 0°C also showed 
domains and an even higher density of sudares, 
but at this heavy dosage level the optical trans¬ 
parency had become too poor to draw any con¬ 
clusions on “fading” of the domain pattern. 

Next, the domain patterns were examined as a 
function of temperature, since the behavior of the 
dielectric constant* 4 ' 9 * 12 * suggests that the ferro¬ 
electric temperature range shrinks with radiation 
exposure time, and this could offer an explanation 
for possible “fading” of the patterns, These studies 
led to unexpected but quite interesting results. 
Both the 27 hr and the 64 hr crystals showed 
domains over the entire range of measurement: 
- 30° to+45 °C. The temperature stage used did not 
permit us to go below — 30°C, and we were afraid 
the crystal might decompose, or partially de¬ 
hydrate, above 45 °C. Thus, while dielectric 
constant measurements indicate a shrinkage of the 


ferroelectric range, the domain observation* ahflW 
that the monoctmtc symmetry, characteristic of 
the ferroelectric phase, persists at temperatures 
well outside of the normal ferroelectric region. 

Since crystals irradiated outside the ferroelectric 
temperature range are known to behave differently 
than crystals irradiated at a ferroelectric tempera¬ 
ture, an investigation waa made to see if this also 
applied to the domain structure. A deuteratcd 
crystal was irradiated 20 hr at dry ice temperature 
(-78°C). Before irradiation, this crystal showed 
normal domain behavior when examined under 
polarized light over a range of temperature that 
included the two Curie points. After irradiation 
no domains could be observed over the entire range 
of measurement (again —30° to +45°C). Thus, it 
appears that the crystallographic symmetry a 
Rochelle salt crystal normally possesses at the 
temperature at which it is irradiated, becomes the 
stable symmetry at all temperatures (or at least 
from — 30°C up to decomposition)* 

DISCUSSION 

Our original purpose in undertaking the present 
study was to investigate the possibility of structural 
effects of ionizing radiation on Rochelle salt, and 
clearly it has been established that very definite 
and non-trivial effects can be observed after only 
moderate dosage. The fact that the major portion 
of this work was carried out with y-rays does little 
to limit the conclusions one may draw from the 
results. The preliminary work with X-rays demon¬ 
strated that, at least to a very good first approxima¬ 
tion, the effects of X-rays and y-rays are sub¬ 
stantially the same. This agrees with conclusions 
reached previously by other investigators.* 8 * 

Chynoweth has pointed out earlier in his paper 
on tri-glycine sulfate that X-ray dosages sufficient 
to produce large changes in ferroelectric proper¬ 
ties of that crystal are small compared to those to 
which a crystal is commonly subjected in the 
course of an X-ray diffraction structure analysis* 
and he was led to imply that appreciable structural 
effects might result in this and other radiation- 
sensitive crystals during a crystallographic study. 
There can be little question now, at least in the 
case of Rochelle salt, that this is indeed true. The 
dosage rate in an X-ray diffraction beam ranges 
from about 10 5 to 10 6 R/min, and in a very short 
time will damage a crystal to the extent of those 
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studied m the present paper.The retdts obtained 
in an X«tf*ry diffraction study still may be very 
useful and significant, but in detail they cannot be 
<^umcteristic of the fully polarized ferroelectric 
state. 

The dx. field measurements illustrated in Fig. 3 
are interesting, but at the moment it appears that 
further work will be necessary before a very con¬ 
vincing argument can be developed to explain this 
behavior. It is worth noting that in the case of the 
6 hr crystal, which shows a well-defined (050) 
intensity minimum, split hysteresis loops were 
still observable, whereas they were not observable 
for the 9 hr and 15 hr crystals. 

The domain studiea yielded some of the most 
interesting results of the investigation. It seems 
probable that the key to an explanation of these 
results must lie in clamping effects and the spon¬ 
taneous strain. There should be two basic types of 
damage to consider in the crystal: one in which 
there are stable local damage centers distributed 
more or less homogeneously throughout the 
volume of the sample, and one in which previously 
existing imperfections (such as dislocations, e.g.) 
have become greatly reinforced by collection of 
diffusing damage products. With a modicum of 
faith, one can then argue that the latter type intro¬ 
duces macroscopic clamping effects which tend to 
stabilize the crystallographic phase existing during 
irradiation, and the distributed damage centers 
produce microscopic effects, or let us say effects 
at the unit cell level. 

The clamping, which, depending upon the 
temperature of the crystal during irradiation, may 
be either orthorhombic or monoclinic, offers a 
logical explanation for hysteresis loop distortions 
in the lightly irradiated crystals. One would expect 
greater hindrance of domain mobility in the case of 
sMftoclinic clamping since the clamping of a given 
domain favors a particular polar direction. Also, a 
crystal irradiated in the ferroelectric temperature 
range has many more imperfections to trap damage 
products, since every domain wall can be con¬ 
sidered as a sort of imperfection. In the case of 
orthorhombic clamping, a reasonable speculation 
is that before sufficient domain hindrance can be 
btiit up, the microscopic effects become dominant, 
aftd the loops never become truly split. 

can one say about the local damage centers 
l^d foxeroscopic effects? Certainly the local strain 


in the vicinity of such a center must cause a much 
greater disturbance than a substitutional impurity 
such as Tl + or NH+, and we already know that 
small percentages of these ions are sufficient to 
destroy the ferroelectric properties of Rochelle salt. 
Whatever the crystal chemical peculiarities of 
Rochelle salt are that normally cause the mono- 
clinic phase to be stable over its limited tempera¬ 
ture range, it seems logical to assume that the local 
damage centers tend to upset these stability condi¬ 
tions, and the crystal “wants” to stabilize its ortho¬ 
rhombic symmetry. If the crystal is orthorhombic 
while being irradiated, there is nothing to prevent 
this from happening, but if it 19 monoclinic this 
tendency must compete with the development of 
monoclinic clamping. The net result in the latter 
case is a decrease in the spontaneous strain within 
the normally ferroelectric region, but a “frozen-in” 
monoclinic strain outside of this region. This 
postulated strain behavior is illustrated in Fig. 4. 



!ig. 4. Suggested changes in the spontaneous strain foe 
a Rochelle salt crystal y-irradiated within the ferro¬ 
electric temperature range. 

The qualitative argument presented above 
would be very difficult to prove in a general 
theoretical treatment. It is consistent with both the 
neutron and optical observations reported in the 
present paper, and seems to offer an explanation 
for the dielectric behavior as well. Some additional 
experimental evidence in its favor appeared in the 
recent paper of Krueger et alM 3) Their measure¬ 
ments, including double-crystal X-ray rocking 
curves indicated an increase of crystal “perfec¬ 
tion , i.e. decrease of spontaneous strain, for 
moderate radiation dosage. 
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Abstract —The optical modes of the perovskite structure are characterized by the displacements 
of five inequivalent sublattices. The motion of these sublattices is completely determined by seven 
sublattice couplings. Neglecting the three smallest couplings, three of the remaining couplings can 
be determined from the observed optical frequencies of SrTiOa. These three couplings are then used 
to calculate the relative displacements of the sublattices. This is done as a function of a parameter $ 
which is proportional to T—T e . Two possible sets of solutions are found; one corresponds to a 
description of the ferroelectric mode as discussed by Slater, and the other to an alternate proposal of 
Last. It is found that the high frequency mode is a vibration of the oxygens against one another, 
while the two lower optical frequencies involve the motion of a fairly rigid oxygen framework. No 
suggestion is made as to which description (5 or L) is the proper one for the ferroelectric mode, 
but it is shown that neither is exactly correct for T ^ T c - 


1. INTRODUCTION 

It is now generally agreed that the interesting 
paraelectric properties of ferroelectric materials 
having the perovskite structure result from the 
temperature dependence of a low-lying transverse 
optical mode. Indeed, one can understand quali¬ 
tatively, the origin of the Curie-Weiss behavior of 
the dielectric constant, nonlinear response, and 
electromechanical behavior in terms of a general 
Born-Von Kirmdn lattice dynamical approach/ 1 ) 
A more detailed and quantitative understanding 
of these and other related phenomena has been 
frustrated however by our lack of knowledge con¬ 
cerning the actual ionic motions associated with 
the “soft ferroelectric mode” and other optical 
modes of the material. There have been attempts 
to calculate the optically active frequencies and 
assign the motions associated with these frequen¬ 
cies prior to the correct experimental observation 
and assignment of these frequencies. Rajagopal 
and Srinivasan< 2 > have obtained the infrared 
active frequencies of SrTiOg making use of the 
observed elastic constants to determine the 
couplings between the ions. DvorAk and 
Janovec/ 3 ) calculate these couplings using a pro¬ 
cedure described by Fowler. The results of these 

* Work supported in part by the Electronics Research 
Directorate of the Air Force Cambridge Research 
Center, Air Research and Development Command. 


investigations are illuminating, however, the fre¬ 
quencies obtained do not compare favorably with 
the observed frequencies/ 4 ) and hence the dis¬ 
placements associated with the various modes are 
unreliable. 

In this work the equations of motion are 
written in a manner similar to those appearing in 
the work previously mentioned; however, use is 
made of the observed frequencies to determine 
the displacements associated with each infrared 
active mode. Two possible sets of solutions are 
found; one corresponds to a description of the 
ferroelectric mode as discussed by Slater/ 6 ) and 
the other to a proposal of Last/®) The two 
solutions, however, exhibit one similar feature, 
namely the high frequency mode is a vibration of 
the oxygens against one another while the two 
lower frequencies involve the motion of a fairly 
rigid oxygen framework. 

2. CALCULATION 

The perovskite structure has live atoms in the 
unit cell and therefore a total of fifteen branches 
compose its spectrum. Three of these are of the 
acoustic type. Another three are of a torsional 
type and optically inactive. Of the nine remaining, 
six are transverse (doubly degenerate) optically 
active vibrations and three are optically inactive 
longitudinal vibrations. The long wavelength 
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optically active modes can be characterized by 
the relative motions of the five inequivalent rigid 
sublatfticeft* Due to the cubic symmetry of the 
Structure and the fact that three of the sublattices 
are composed of oxygen atoms, it is easily seen 
that if one restricts attention to vibrations along 
one of the cartesian axes (displacements are con¬ 
sidered to be along the [ 100 ] direction), there are 
in general seven sublattice couplings. Since there 
are three observed optical frequencies (SrTiOa),< 4 > 
one can choose three of the sublattice couplings 
different from zero and have a completely speci¬ 
fied problem** One can thus solve for these sub- 
lattice couplings and then for the relative motion 
of the sublatticea for each mode.-f This calcu¬ 
lation has been carried out for the sublattices as 
labelled in Fig. 1 and for the following couplings: 

ki: Og-Ti coupling, 

k%: O2--O3 and O2-O4 couplings, 

A 3 : Sr-Oa and Sr -04 couplings. 



O Sr 
O 0 
• Ti 


Fig* 1. Unit cell for the perovskite structure (SrTiOg). 
The springs represent the couplings considered in the 
calculation. Displacements y are considered to be along 
the [100] direction. 

We have chosen a coupling between oxygens, a 
strontium-oxygen coupling, and a titanium-oxygen 
coupling. Three of the couplings that have been 
neglected involve only nearest neighbor bond 
angle forces (no central forces). The remaining 


* The O8-O4 coupling only enters into the expression 
for the torsional frequency and therefore cannot be one 
of the three couplings chosen. 

t These couplings implicitly include the effect of the 
local field, Lc. the sublattice coupling constants repre¬ 
sent all effective harmonic contributions to the coupling. 


strontium-titanium coupling involves a central 
nearest neighbor interaction which can be shown 
to be small.< 8 > 

The equations of motion can now be simply 
written down: 

myi — - 2 kiyi + 2fny2 
W2J2 = 2Aiyi-(2Ai + 8A2)>'2+4A2>'3+4A2j4 
m$yz — 4A2y2-(4A2+4A3)y3+4A3y5 0) 

my4 = 4A2y2~(4A2-f 4A3)y4+4A3j5 

wys = ^hyz+Ahyt-Zhyi, 

where the nu and are the mass and displacement, 
respectively of the atom at site t. Since the atoms 
at sites 2 , 3 , and 4 are identical, we set m2 = m = 
tha = m. When yt = yi e ,<rf is substituted into 
equation (1), the lefthand side of each of these 
equations is replaced by —tinyi o> 2 . The eigen- 
frequencies are now obtained by setting the deter¬ 
minant of the coefficients equal to zero. This 
5 x 5 determinant is readily evaluated, with the 
result: 

Q[fl - 4(A 2 + ks)] [G*- Q2( a * x 4.+ ykz ) 
-j-n(SAiA2 + €&iA3+VA2A3)—JL1A1A2A3] = 0, 


where we have written Q, for mco 2 and 

a = 2(1 +/>) e — 8(1 +p + 2 q+ 2 pq) 

0=12 v = 32(1+3^) 

y = 4(1 + 2$) - ^(p + q + lpq) 

8 = 8 ( 1+3 p) 

p — m/mi 

q = m/m 5 . 

The solution represented by the first factor on 
the left-hand side of equation (2) corresponds to a 
uniform translation of all the atoms, that is, the 
acoustic mode mentioned previously. The solution 
represented by the second factor has a frequency 
given by eu 2 = 4 /m (A2 + A3). The corresponding 
displacements are given by: y 1 = y 2 = y b — 0, 
ys + 3*4 = 0 . This is then the torsional mode dis¬ 
cussed before. Finally, the three positive fre¬ 
quencies which one obtains from the third factor 
of equation (2) correspond to the measured 
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transverse optical frequencies. The relative dis¬ 
placements corresponding to these solutions are: 

yz/yi = -(^-2*0/2*! 
ys/yi = yt/yi = -[^l+Myx) 

x (a-2ki-$k 2 )]/&k 2 (3) 7 

js/yx ” 

Denote the three measured frequencies by 
Qi, Q 2 , and fls (Qi > O 2 > ^ 3 ). We now wish to 
find what values of Ax, k 2i and A 3 correspond to 
these frequencies. From equation (2) it is immedi¬ 
ately observed that: 

f 2 i + O 2 4- Q 3 = aAi 4- /?A 2 4- yk$ 

4- 12x^3 4- = SA 1 A 2 4- eAxAs+ vk 2 k§ (4) 

= JU-A1A2A3. 

One can now solve this set of three nonlinear 
equations for Ax, A 2 and A 3 as a function of Dj, Q 2 
and Q 3 . After eliminating any two of the variables 
(say Ax and k 2 ) it is found that one must solve a 
sixth degree equation for the third variable (say 
A 3 ). This must then be solved by numerical tech¬ 
niques. 

We take for Ox, 0 2 and £^3 the values for SrTi 03 
given in Refs 4. These measurements were made 
at room temperature. Since the interesting para- 
electric properties of the perovskites result from 
the temperature dependence of the low-lying 
optical frequency, we shall study what effect this 
has on the couplings and hence the displacements. 
In order to do this we shall assume that the two 
high optical frequencies are temperature inde¬ 
pendent and remain at their given room tem¬ 
perature values. We introduce the temperature 
dependence of the low frequency mode through 
a parameter O ~ 7 1 — T Cy T c being the Curie 
temperature.Thus we shall write that Ha ~ <£. 
The frequencies Qx, Q 2 and D 3 are then given by: 

lCMDi = 28-2998 
KHD 2 = 3-0077 
IO- 4 Q 3 = 0*94929 O. 

Both the £1 and A are given in units of 
rad 2 g sec -2 . At room temperature (300°K) 
0 has the value 0-7656. The value of m has been 
taken as 16-0 times the mass of the proton in 
grams andp and q are given by 0-3340 and 0-1826, 
respectively. 


3. RESULTS AND DISCUSSION 
When the sixth degree equation resulting frostt 
the simplification of equation (4) is solved with 
the room temperature values for the frequencies* 
only two real solutions are found. As the para¬ 
meter <D is increased above the room temperature 
value, it is found that for <I> £ 0-8 no real solutions 
exist. That such a situation should arise is not too 
surprising, in that, having fixed two frequencies 
(Dx and D 2 ) there is no a priori reason to expect 
to be able to find stable configurations as one 
arbitrarily varies the third frequency (fla). When 
is decreased, it is found that at <I> « 0*7 a 
second set of real solutions appear, and that at 
« 0-5 a third set of real solutions appear. We 
shall concern ourselves here only with the two 
solutions which exist at room temperature. In 
Fig. 2 we plot our resultB for the three couplings 



Fig. 2. The coupling constants, ki t kt and As in units of 
rad 8 g see -2 as a function of the parameter 0(~ T— To) 
for the two solutions retained (“5*' and “I"). 
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A| And tt a function of 0(^7-TV). We 
Abril disti ng ui s h between the two solutions by 
superscripts u S f * and “JL”; the reason for this will 
become apparent when the atomic displacements 
ate d iscuss e d . 

The relative atomic displacements correspond¬ 
ing to the three optical frequencies can now be 
obtained. In Fig. 3, we plot the relative displace¬ 
ments, 7 */yi, ytlyit yslyit for both solutions which 



Fio. 3, The relative displacements ya/yi, ya/yu and 
yttyi for the two solutions (‘‘5” and U L") for the low 
optical frequency mode as a function of T c ). 


correspond to the low frequency “ferroelectric” 
mode. One can now see the reason for the labels 
f, £ M and “5”. As O 0 (T-+T c ) y the displace¬ 
ments labelled U S” are: 

S: >2 « yz « y4 * ys # yu 

that is, the titanium ion vibrates against all the 
retraining ions. This is just the description of the 
ferroelectric mode discussed by Slater and 
others, <*> Similarly, for the "L” solution we find: 

L:yi « yt «= yz - >4 # ys> 


that is, the strontium ion vibrates against all the 
remaining ions. This is a proposal for the ferro¬ 
electric mode considered by Last.W Thus, both 
possibilities are seen to fall out of the calculation. 
When 0^0, neither simple model is seen to be 
adequate. However, it should be noted that it is 
possible that neither solution (S or L) is the proper 
one at T ** T c . If one includes all seven couplings, 
alternate solutions may appear. 

In Figs 4 and 5 we show the relative displace¬ 
ments y 2 lyu yz/yi andyg/yi for the “Last” solution 
which correspond to the intermediate and high 
optical frequencies, respectively. Figures 6 and 
7 show the relative displacements yily 2 , ya/y2 and 
yi/yz for the “Slater” solution and for the same 



w* «« solution corresponding to the int 

mediate optical frequency mode as a function 
O(^T-Tc). 
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two frequencies. The displacements of Figs 6 and 
7 are relative to y® since y\ -*■ 0 as & 0. Note 

the breaks and changes in the scales of Figs 5 
and 7. 

We thus see that the high frequency mode is a 
vibration of the Os sublattice against the Os and 
O 4 sublattices which are rigidly fixed. This is in 
agreement with the assignment made by Spitzer< 4 ) 
and in disagreement with the Last< 6 > assignment. 
The two lower frequency motions essentially in¬ 
volve a fairly rigid motion of the entire oxygen 



$(~T-T C ) 300°K 

Fig. 5. The relative displacements ya/yi, ya/yi, and 
y&lyx for the “Last” solution corresponding to the high 
optical frequency mode as a function of Tc). 

Note the breaks and changes in the vertical scale. 

framework (O2, Os and O4 sublattices). This is 
consistent with the observed ionic displacements 
from the cubic phase of ferroelectric materials of 
the perovskite structure as the material becomes 
polarized. Since this indicates that oxygen- 
oxygen couplings are relatively strong, it is there¬ 
fore reasonable that the highest frequency mode 
is a vibration between the oxygen sublattices. The 


two otter modes involve little reUtive motion crf 
the oxygen sublattices, so that it is again reasonable 
that their frequencies are both removed from the 
highest frequency, as has been observed.<41 That 



4>(-T-T c ) 300*K 


Fig. 6. The relative displacements yi/ys, ys/yt and 
ys/ya for the “Slater” solution corresponding to the 
intermediate optical frequency mode as a function of 



$(~T-T C ) 300°K 


Fig. 7. The relative displacements yi/ya, ya/ys, and 
ys/ya for the “Slater” solution corresponding to the 
high optical frequency mode as a function of ^ 7 1 — 7*). 
Note the breaks and changes in the vertical scale. 
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thk high frequency it a common feature of the 
petovtkite structure can be teen from reflectivity 
spectra; 

The torsional mode is infrared inactive. How¬ 
ever, the torsional mode frequency has recently 
been measured by Cowley*®) by means of in¬ 
elastic neutron scattering. Cowley finds this fre¬ 
quency to be 5*00 xlO 13 rad sec -1 . Using the 
room temperature values of ki and *3 from Fig. 
2 (<t> « 07656) the torsional frequency is found 
to be 6*09 x 10 18 rad sec -1 and 6*35 x 10 13 rad sec * 1 
for the “Last” and “Slater” solutions, respectively. 
It is quite encouraging that the torsional fre¬ 
quency calculated on the basis of our simplified 
model falls in the right frequency range 
(<tfi>o> 2 ’>a> 2 > and that it is within 
about 25 per cent of the measured value. With 
this additional piece of information, tuat is, the 
measured torsional frequency, one could consider 
an additional coupling. One then would have 
four equations in four unknowns {k\> k$ and £ 4 ). 
Since the O3-O4 coupling enters only into the 
expression for the torsional frequency* it would 
be trivial to consider it as the fourth parameter, A 4 . 
Then, all of our previous results concerning the 
optical modes are still true and the observed and 
calculated torsional frequency now exactly agree. 
The value of k 4 obtained in this way is negative, in 
agreement with what one expects.* 3 > Alternatively, 
the fourth parameter could be taken to be the 
bond angle coupling between the titanium and 
Os and O4 oxygen atoms. Preliminary results for 
this case indicate that our conclusions concerning 
the high frequency mode are again obtained. The 
question now arises as to whether it is possible to 
find any additional experimental information which 
would enable us to uniquely determine the three 
neglected couplings. The three measured elastic 
constants in these materials immediately suggest 
themselves. Indeed, a procedure such as this was 
considered in Ref. 2. The elastic constants are 
however determined by the long wavelength 
acoustic motion of the lattice. This is motion in 


* This fourth parameter is taken into account in the 
equations of motion by adding + and 

— k 4 yt to the right-hand sides of the third and 
fourth lines of equation (1), respectively. For the 
optical modes ya ** y< so that £4 drops out of the 
equations of motion. The torsional frequency is now 
given by a# 8 #* 4/»<(*•+As+ 
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which each of the inequivalent sublattices is not 
rigid and hence, can be of little help in determin¬ 
ing the sublattice couplings. We have calculated 
the elastic constants however using the initial 
three sublattice couplings obtained as springs be¬ 
tween nearest neighbors. At room temperature 
the values obtained in this way are only about 
20 per cent of the measured values .* 01 This is not 
unreasonable, since the long range driving forces 
contribute most for the long wavelength optical 
modes. Couplings determined for these modes 
should therefore be smaller than the couplings 
for the acoustic modes. At the present time, we 
have no answer to the question of how to determine 
the additional couplings. 

In conclusion then, the model considered here, 
although admittedly a simplification, enables one 
to make some simple, reasonable statements con¬ 
cerning the nature of the atomic displacements 
associated with the infrared active optical modes. 
The question of which solution, i.e., the “Last” or 
“Slater” one, represents the actual situation for 
the ferroelectric mode cannot be answered tty the 
work presented here, although it does show that 
neither should be expected to exactly prevail at 
temperatures other than the Curie temperature. 
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Abstract—The temperature variation of the ferromagnetic exchange parameter D in the spin wave 
dispersion relation E = Dk 2 has been measured to high precision by the spin wave resonance method 
in a 81-19 permalloy film. D was found to vary as T to the 2*5 ± 01 power from 0 to 80°K in 
accordance with the theory of spin wave interactions; at higher temperatures D follows a 3/2 tem¬ 
perature variation. The effects of thermal expansion are shown to be negligible. The value of D at 
' 0°K from s.w.r. is 0*47 x 10~ 2B erg cm 3 and from the Bloch law is 0*41 x 10 -s ® erg cm®. On the 

assumption of a localized model, the respective exchange integral values are/ = 277 A and J * 244 A. 


1. INTRODUCTION 

Since the original description by Bloch of the 
magnetization in terms of spin waves, experi¬ 
menters^ have attempted to make precise deter¬ 
minations of the temperature variation of the 
magnetization while theorists have tried to explain 
the observed deviations from the simple T 3 ^ 2 
dependence which is generally regarded to hold 
at low temperatures, or interpret the deviations as 
evidence of inapplicability of the model. With the 
introduction of spin wave interactions into the 
Bloch focalized electron spin wave model,< 2 > a 
term proportional to T 4 appears as a correction to 
the T 3 / 2 magnetization law. The origin of this 
term can be seen in a physical way from a semi- 
classical picture of spin wave interactions, < 3 > which 
predicts a temperature variation of the exchange 
parameter D (D is defined through the dispersion 
relation Ek — Dk 2 , where Ejc is the energy of 
excitation of a spin wave with wave vector k) 
proportional to T 5 / 2 . When this is re-inserted into 
the first order Bloch law, 


M 

Mi 


l f T \3/ 2 

-'At) • 


* Operated with support from the U.S. Army, Navy 
and Air Force. 


it leads to Dyson’s expression 


M 


r / T \>/« 


where structure-dependent terms have been 
omitted. It would be exceedingly difficult to 
determine the spin wave interaction term from 
magnetization data; however, it has proved to be 
possible to determine second-order exchange 
interactions from a measurement of the tempera¬ 
ture variation of D itself by the spin wave res¬ 
onance s.w.r. method.f There is no general 
agreement on the proper theoretical description of 
a ferromagnetic metal; however, in the spirit of 
Herring and Kittel,< 6 ) there should be some 
validity in interpreting the present results in terms 
of the Bloch-Dyson model. 

In the following Sections a brief description is 
given of the experimental apparatus and tech¬ 
niques, and a careful analysis is made of the data. 
Because of the small magnitude of the effect, the 
possible influence of thermal expansion on the 
exchange parameter must be especially considered* 


t Earlier results by this method on a 95 per cent 
Ni-5 per cent Fe film were inconclusive because of 
insufficient precision in the experimental techniques 
(Ref. 4.) 
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Secondary results are the determination of the 
exchange integral from s.w.r. and from the Bloch 
magnetization law, giving two value* that are 
consistent. 

2. EXPERIMENTAL PROCEDURE 

In the spin wave resonance method, W the micro- 
wave absorption spectrum of a thin film is re¬ 
corded as a function of the d.c, magnetic field 
which is perpendicular to the film plane. A given 
recording contains sufficient information to estab¬ 
lish that the spin wave peaks selected obey the 
square-law dispersion relation, to obtain their 
separation in magnetic field, to compute the 
exchange constant (provided the film thickness is 
known), and to determine the value of the field for 
the main ferromagnetic resonance. In order to 
determine values of the saturation magnetization 
and the ^-factor, it is necessary also to measure the 
magnetic field for resonance for the geometry in 
which the d.c. field is parallel to the surface of the 
film. To proceed this far, standard techniques are 
satisfactory. However, in order to study second- 
order exchange interactions, one must measure 
the change in separation between adjacent spin 
wave peaks. Since this involves the small change 
(10 per cent from 0 to 300°K, or 0*5 per cent from 
0 to 80°K) in the difference (~500 Oe) between 
two large quantities (~ 11,000 Oe), special care in 
instrumentation is required. 

To maintain the temperature constant to within 
10*1°K from 1*5 to 300°K for periods of at least 
10 min, i.e., the time required to record a spectrum, 
a quadruple dewar system was designed and con¬ 
structed, The X-band microwave cavity was en¬ 
closed in a copper dewar which had a heating 
element (10 W) wound on its outer surface. The 
amount of thermal contact between the cavity 
and the inner dewar was controlled, and largely 
determined, by the amount of helium exchange 
gas that was present in the dewar. The copper 
dewar was surrounded by a brass-bottomed stain¬ 
less steel dewar, thermal contact being made by a 
fixed brass rod between the bottoms of the dewars 
and by the controlled atmosphere. The assembled 
temperature arm, in turn, fits into a standard glass 
double dewar system which could be placed in the 
3J in. air gap of an electromagnet. By varying the 
vapor pressure above the cryogenic fluid sur¬ 
rounding the steel dewar, the pressures of the 


two exchange gases, and the thermal energy sup¬ 
plied by the heating element to the copper can, it 
was possible to control and stabilize the tempera¬ 
ture satisfactorily over the entire range. The tem¬ 
perature itself was determined by a variety of 
means. Thermocouples were used over the entire 
scale, but in conjunction with a platinum resistor 
above about 40°K and germanium and carbon 
resistors below 20°K. The temperature-sensing 
elements were fastened to the copper X-band 
cavity directly across the thickness of the copper 
from the film. 

A n.m.r. gaussmeter was modified so that as the 
d.c. magnetic field, from a 22-in. Varian electro¬ 
magnet, was swept from high field (te15,000 Oe) 
to low field (tel 1,000 Oe) values in a period of 
approximately 6 min, a series of n.m.r. pips with 
a nominal spacing of 70 Oe, was superposed on the 
abscissa of the absorption recording. For well- 
defined spin wave peaks it was possible to obtain a 
precision of ±0-2 Oe in the determination of the 
absolute value of the magnetic field required for 
each resonance, while for the main peaks, due to 
their broadness, the precision was + 1 *0 Oe. 

In practice, with proper perpendicular orienta¬ 
tion of the sample with respect to the d.c. magnetic 
field, once the temperature became sensibly con¬ 
stant for a minute or two, an absorption spectrum 
was recorded as a function of the field, at constant 
microwave frequency. From approximately 2 to 
300° K more than 60 such recordings were made. 
For the parallel field case, because of the insensi¬ 
tivity of the resonance to temperature, 10 measure¬ 
ments were sufficient to obtain a smooth relation¬ 
ship between the magnetic field and temperature. 
The latter measurements were precise to + 1*0 Oe 
and were made in separate runs so as to avoid 
constant reorientation of the film in the d.c. 
magnetic field. 

Additional errors of the same order of magnitude 
as those already mentioned above were introduced 
by small deviations from perfect orientation and by 
temperature fluctuations caused by turbulence in 
the cryogenic bath surrounding the temperature 
arm, especially above 100°K. 

As is well-known to workers in the field, different 
evaporated magnetic films do not always have the 
same magnetic properties. These differences arise 
from many complex factors associated with the 
evaporation process, some of which are not well 
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understood. The selection of the magnetic film 
sample in the present experiment was based on the 
following criteria: bulk values for the saturation 
magnetization and ^-factor, and a large number of 
well-resolved spin wave peaks. 

3. ANALYSIS OF DATA AND RESULTS 
The permalloy film used was a 81 per cent 
Ni-19 per cent Fe film of 5,040 ± 100 A thickness. 
At room temperature the exchange constant 
Aifilyh = 2 AjM) was found to have a numerical 
value of 0*93 x 10“* erg/cm. Measurements of the 
perpendicular and parallel fields for the main 
resonance gave a magnetization 47rAf of 10,400 ± 30 



Fig, 1 . Temperature dependence of saturation mag¬ 
netization of an 81-19 permalloy film determined by 
ferromagnetic resonance measurements, compared with 
a T z > 2 relation. Slope is 1*5 ± 0*1 from 0 to 80°K. 

Oe at room temperature and a spectroscopic 
splitting factor £ = 2-08 + 0-01 which was constant 
over the whole temperature range of the experiment. 
The probable error associated with 4t tM and g is 
due to the uncertainty in calculating the exchange 
shift in if 11 and H _L (The exchange shift is the shift 
of the magnetic field for ferromagnetic resonance in 
a material with non-zero conductivity referred to 
the condition of zero conductivity, due to the 
effect of gradient of r.f. magnetization. See e.g., 
Ref. 17). The magnetic anisotropy in the plane of 
the film was less than 2 Oe at room temperature. 

The experimental dependence of the magnetiza¬ 
tion on the temperature from 0 to 300°K shown 
in Fig. 1 was obtained by fitting smooth curves to 
the perpendicular field data (more than 60 points) 
and to the parallel field data (10 points) from 


2 to 300°K and substituting pairs of values into the 
appropriate ferromagnetic resonance expressions. 
From 0 to 80 D K the curve thus derived can be 
accurately fitted by the expression M Mo 
[1-7*76 x HMr 3 / 8 ]. From approximately 90 to 
300°K, the temperature dependence is 1*8 ±0*1. 

The data for the temperature dependence of the 
exchange parameter D were obtained in a similar 
fashion as those for the temperature dependence 
of the magnetization: that is, separate smooth 
curves were drawn for the magnetic field Value for 
resonance as a function of temperature for two 



Fig. 2. Separation d of the sixth and seventh odd spin 
wave peaks (counted from the main resonance) as a 
function of temperature. The quantity d, which is 
proportional to Z), is defined in text. 

adjacent odd spin wave peaks from 3*2 to 300°K. 
Each curve was based on more than sixty pieces of 
data. The resultant spin wave peak separation, 
extrapolated to 0°K, is shown in Fig. 2. In a spin 
wave resonance experiment the magnetic field 
separation between odd peaks is given by 

4 D / TT \ 2 

[/>+!] - i, 

where L is the film thickness. Since the ^-factor 
was found to be temperature independent, the 
separation of two spin wave peaks as a function of 
temperature is proportional to the temperature 
variation of the exchange parameter D. In order to 
obtain the power dependence of D on tempera¬ 
ture, the data of Fig. 2 are displayed on a log-log 
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{dot in Fig. 3. There are two diatinct region* in 
which a ttrtight line fit* the data well: 

D - D 0 (l-ar 2 & ± 01 ) for T < 80°K 

D m DiQ-bTi *** 1 ) for T > 90°K. 

4 . DISCUSSION OF RESULTS 
4.1 Magnetization 

To what extent do the experimentally deter¬ 
mined apin wave interactions, when substituted 
Into the relation AAT/Mo oc ( TD ) 3 2 , correct the 
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FiO. 3. Log-log plot of peak separation vs. temperature. 
In the low temperature region slope 19 5/2, at higher 
temperatures it is 3/2. 

fit of the magnetization data shown in Fig. 1 ? The 
answer is that in the region where D varies as 
2"*^*, that is between 0 and 80°K, the correction is 
of insignificant magnitude, which is consistent 
with the fact that no correction is required over 
that range. Above 80°K, the discrepancy in Fig. 1 
is reduced by only 20-25 per cent. 

4*2 First-order exchange interactions 

The present a.w.r. data give D = 0*44 x 10*~ 28 
trg cm* at room temperature and D = 047 x 10~ 28 
«rg an* at 0°K. An independent value of D t from 
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measurements on the same sample, can be cal* 
culated from the coefficient in the Bloch law, 



where fi B is the Bohr magneton, g is the spectro¬ 
scopic splitting factor, and £(*) is the Riemann 
zeta function; the result, taken from the data of 
Fig. 1 between 0 and 80°K, is D *■ 041 X 10 28 
erg cm 2 . The significance of this comparison is 
that the experimentally determined spin wave dis¬ 
persion coefficient gives correct numerical results 
when inserted into the Bloch law, which is derived 
only from a statistical treatment of spin wave 
excitations. 

If, further, a specific localized model is assumed, 
the exchange integral J can be calculated from the 
relation D = \SJzp 2 = 2 Ja*S for a f.c.c. crystal, 
where *S is the effective spin value, z is the number 
of nearest neighbors, p is the interatomic spacing 
and a is the lattice spacing. Then J = 277 k from 
s.w.r. near 0°K. 

On some occasions in the past* 7 ’ 8 * the over¬ 
simplified viewpoint has been adopted that J 
could be calculated at a particular temperature 
by substituting measured values for D and S 
(i.e., M/gfis) from the relation D = £ SJzp 2 . On 
this basis J is approximately independent of tem¬ 
perature because the most important numerical 
contribution to A D comes from the range where 
D varies as T 3 / 2 while S also has roughly a T 3 / 2 
dependence. This explains the assertion in pre¬ 
vious works that J is temperature independent in 
cobalt* 7 * and nickel.* 8 * 


4.3 Second-order exchange interactions 
Up to 80°K, the theoretically predicted (Dy¬ 
son, * 2 * Oguchi,* 9 * Brout-Engi.ert,* 10 * Keffer- 
Loudon* 3 *) temperature variation of D due to 
spin wave interactions is verified experimentally. 
The experimental data lead to D = Z> 0 (1-15 x 
10 - 8 7 , 5/2) > while the theory gives the coefficient 
0-27 x 10~ 8 from the expression 


D = D 0 



A simple effective long-range exchange interaction 
r ^ 7-5p would formally account for this dis¬ 
crepancy. However, such an effective parameter is 
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inconsistent with the result of correlating J de¬ 
duced from the Curie temperature and /p 2 from 
8.w.r. It is conceivable, though, that the apparent 
discrepancy could be reconciled through the in¬ 
troduction of a long-range interaction such as the 
Ruderman-Kittel-Y osida type. 

The possible effects of thermal expansion must 
be examined since the experimentally measured 
quantity d is proportional to DjL% ac Dja 1 and 
the theoretically desired quantity D is propor¬ 
tional to J(a)d 2 . The coefficient of thermal expan¬ 
sion, 0, of pure nickel between 0 and 80°K can be 
expressed as /} = 8 x 10“ 10 T 2 from the data of 
Nix and MacNairJ 11 ) Using |3 for pure nickel, the 
maximum fractional thermal expansion over the 
80°K range where the T 6 / 2 relation holds is less 
than 3 x 10~ 5 compared with &d/d = 5 x 10~ 3 over 
the same range. Below the Curie temperature of 
nickel, £ for high-nickel permalloy is smaller than 
jS for nickel. < 12 > 

The subject of the dependence of the exchange 
integral J on the lattice parameter, a, is complex 
and only qualitative arguments can be given. It is 
known that for Ni-Fe alloys of high nickel content 
the Curie temperature (and thus J) increases as a 
decreases. < 18 > The following argument leads to the 
conclusion that for 81-19 permalloy the inverse 
power dependence of J on a is small. The Curie 
temperature for 81-19 permalloy is slightly below 
the maximum occurring in nickel-iron alloys at 
about 70 per cent nickel. < 14 > This maximum 
apparently corresponds to the maximum of the 
Bethe-Slater exchange energy curve, < 1B ) and 
consequently 81-19 permalloy falls near the peak 
of the Bethe-Slater curve on the side where the 
slope is negative and not too steep. Thus 
D oc J(a)a 2 is probably not highly dependent on a. 
Irrespective of the above qualitative argument, 
since the experimentally determined A djd is 
5 x 10" 3 between 0 and 80°K and Sa/a is less than 
3 x 1CH> over the same range, the T 5 / 2 spin wave 
interaction term is more than one order of magni¬ 
tude larger than thermal expansion effects up to 
n = 13 in the proportionality J cc a ±n . Of course, 
an attempt could be made to deduce the strain 
dependence of J directly by measuring s.w.r. in 
strained films. However, such experiments are 


difficult to carry out, especially at low tem¬ 
peratures. 

Recently neutron scattering experiments at 
Harwell^ 1 ®) have been carried out to measure the 
effective exchange interaction D as a function of 
temperature in nickel. *T^e Harwell group can fit 
ita data to a T^ 2 dependence over a range extend¬ 
ing from 4°K to near the Curie temperature, but 
with quite a large uncertainty associated with the 
low temperature points. Comparison of the results 
with the present s.w.r. experiment is not conclu¬ 
sive because of the relative difficulty of obtaining 
accurate neutron scattering data at low tempera¬ 
tures—precisely the region where the spin wave 
interaction treatment is valid. 
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TEMPERATURE IN DILUTE SUPERCONDUCTING ALLOYS 
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Abstract —A semi-empirical formalism is developed to account for the detailed dependence of the 
superconducting transition temperature of dilute alloys on solute concentration. A mismatch of 
solute and solvent ion sizes causes small strain fields in the regions surrounding the solute ions. 
The precise change in transition temperature, AT C , for a particular solute concentration, N$> is 
derived by averaging the strain over the entire sample and reducing the strain field by a factor 
exp{oc — (riff), where a is a constant of order unity, f is the coherence distance, and r«rf is the total 
length of the strained region within (. The length, r 9 ti t is proportional to N} /8 . It is found that the 
strain is proportional to A R, the difference in ionic radii. Previously reported data on the effects pro¬ 
duced by various solutes in tin, indium, and aluminum are explained in terms of this model. 


1. INTRODUCTION 

Experiments have shown that the transition tem¬ 
perature, T c, of an alloyed superconductor differs 
from the T c of the solvent by an amount which 
depends on the concentration and nature of the 
solute. So far, the variation of T c for sufficiently 
low density has been explained. In this paper an 
approximate theory for the effects of larger con¬ 
centrations is developed by using a semi-empirical 
approach introduced by Claiborne and Ein- 
spruch (1 > in their analysis of the temperature 
dependent ultrasonic absorption peaks in niobium- 
zirconium alloys. It was found necessary to con¬ 
sider the change in energy gap, Aeo, due to a local 
strain field extending over distances, ro, somewhat 
shorter than the coherence distance, f. The Aco 
arising from a macroscopic strain (A L/L), with 
L a length greater than £, has been theoretically 
predicted by Morel W and his values for [d log 
eo/d log L] are in good agreement with meas¬ 
ured changes in the transition temperature, 
Tc, due to changes in volume, where T c is pro¬ 
portional to co- However, the Aco due to localized 
strain must be greatly reduced because of the non¬ 
local nature of the electron-electron pairing inter¬ 
action. Claiborne and Einspruch postulated that 
when ro < the magnitude of Aco, averaged over 
the region defined by £, must be reduced by the 


empirical factor *(ro) == exp{oc—fr" 1 } where a 
is a constant of order unity. The form of the 
function x(ro) was suggested by the non-local 
nature of the superconducting state; its inclusion 
in the theory led to results consistent with 
experiment. 

Lynton et and Chanin et alS A) have 
measured the change of the transition temperature, 
A T Ct as a function of solute concentration in the 
tin, indium and aluminum systems. With the 
exception of gallium in indium, it was found that 
for small solute concentrations (^0*1 per cent) 
the transition temperature of each system decreased 
linearly, with slope — 2*7xl0~^ (°K cm), as a 
function of the inverse of the electron mean-free 
path, /<. Pippard< 5) and Anderson< 6) have dis¬ 
cussed possible origins of this mean-free path 
effect. Following the notions of Pippard and 
Anderson, Tsuneto^ has made a detailed cal¬ 
culation of the dependence of T c on l 9 and has 
found that indeed T c should decrease linearly with 
until hr^rksTc < 1, where t is the normal 
impurity-limited electron relaxation time, h is 
Planck’s constant, and ks is the Boltzmann con¬ 
stant. At this point there should be a rapid change 
in slope, then T 0 should decrease logarithmically 
with /“ x . However, the data indicated that after 
the initial linear region (region a) the variation of 
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Ttf with i^ 1 it strongly dependent on the particular 
volute involved (region &). As discussed by Bar¬ 
deen and Schmbffer,< 8 > the solutes for which the 
valence is higher than that of the solvent (AZ > 0) 
emit in a strong increase in TV with an increase in 
concentration, while those with (AZ < 0) result 
in a strong decrease in TV. In terms of charge 
density and density of states, the origin of this 
behavior is not clear. 

2. DEVELOPMENT OF THEORY 
It will be shown below that a consideration of 
the strain field about each solute ion which in¬ 
cludes the empirical function y(ro), leads to a 
relation between the density of solute ions N s and 
A T e which agrees remarkably well with the 
available data in region b, First, however, some 
qualitative features of the experimental data 
should be pointed out. In Fig. 1, A T c data for 
several solutes in indium are plotted vs. p l & (= 
iVy 8 AT^ 8 ) where No is the number of indium 
ions per unit volume in the pure state (see Ref. 4). 



FlO. 1. A7V(°K) vs. for various solutes in indium 
(data from Ref 4). Symbols for the solutes are given in 
Khe figure. The numbers in parentheses are the values 
Of A/? in Angstrom units for the respective solutes 
(Ref. 10). 


The Ai? values listed in Fig* 1 are defined by 
A R^Ro-R, where Rq is the radius of an indium 
ion and R is the radius of a solute ion. It can be seen 
that: (1) the absolute magnitude of the slope of 
A7V is a rapidly increasing function of p 1 **; (2) the 
sign of A R seems to determine whether A TV is an 
increasing or decreasing function of p ~ 1/s in region 
b ; and (3) the absolute magnitude of the change in 
A7V for a given change in pV* is approximately 
proportional to the absolute magnitude of A/?. 
This suggests that A T c depends on the mismatch 
between solute and solvent ion sizes rather than 
the difference in valence.* 

Consider the highly idealized case of a one¬ 
dimensional solid solution which contains solute 
ions uniformly distributed at points X( with 
separation d Assume that any non-local 

effects are terminated at exactly from the 
position of any solute ion and that the average 
strain associated with each solute ion extends 
to exactly +7*0 from each x/, Consider first the 
low density limit d > f + ro* This case is equi¬ 
valent to the one which is assumed in Ref. 1. If 
x(ro) is a correct statement of the non-local effect 
of a strain field of short extent, then one would 
expect the observed change in TV for a bulk sample 
to be 


where 


A T c 


-[ 


d log T e 


d log L 


To 

I* L ’ 


( 1 ) 


id-' X ‘ +B ‘ 

= 2 1 C«(*—*«) dx exp{a-fr(T 1 }* (2) 

<-1 

Xi~Bi 


£<(*-*<) is the strain due to the presence of fhe 
*'th solute ion, and the interval [- B u B t ] is suffi¬ 
ciently large to include all non-zero values of 
£i(x“-#*). The average strain about the ith solute 
ion is defined to be 


*t+^( 

C = (2| ?<(*-*<) d*. (3) 

x,-n. 


* Recently Dr. W. DeSorbo of the General Electric 
Research Laboratory has pointed out the correlation 
between the size of the solute atom and the transition 
temperature as well as the correlation with several other 
characteristics of the superconducting state [Bull. Amer 
phy,. Soc., II, 7, 534 (1962) and G.E. res. Lab. Ret. 
No. 63-Rl-(3249M) February 1963. 
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Equation (2) is equivalent to 

14" 1 

AL = 2 2roexpfa-fr" 1 }, (+) 

i -i 

where it is assumed that the exponential can be 
taken outside the integral. If £< = £ for all i, 

A L = exp^-^- 1 }. (5) 

The change in transition temperature is 

AT C = U(2r 0 d-') exp{a-^-l} (6) 

Thus, in the limit d > £+ro f one would expect 
A T t to be proportional to Ny 3 . In view of the 
experimental observation that AT C is proportional 
to A R, it will be postulated that £ — a(ARjRo) 
where a is a constant. 

It has long been recognised (cf. Pippard^) that 
the interaction responsible for the superconducting 
state must involve only electrons contained within 
a shell in fc-space defined by Ak ~ [ksTckpE- 1 ], 
where the subscript F refers to the Fermi level. 
The coherence distance arises from a statement of 
the uncertainty principle, i.e., £ ~ AfrK The 
function x( r o) was introduced as an attempt to 
express the fact that any effect arising from an 
interaction over a distance shorter than £ must be 
greatly reduced. If d < £ —ro so that more than 
one solute ion is located within the interval 
[—£ + x<, £ + #{], then the function x must be 
modified to include the correlated effects of the 
additional strained regions within the interval. 
Now, the Cooper pair can be thought of as a wave 
packet spread over a distance 2£. The uncertainty 
principle requires that any attempt to localize a 
Cooper pair within one particular strained region 
(2ro 2£) must fail. Therefore, it follows that the 
net effect of introducing additional strained 
regions within ± £ of any xi must not be a function 
of the exact coordinates of the strained regions but 
must be dependent only on the total extent of 
strain within 2£. On the basis of this qualitative 
argument it is asserted that x( r o) must go to 
x( r etf) where r e n is the sum of the distances over 
which each strained region extends within + £ of 
any solute ion. 

The variation in T c with Ny 3 for the bulk 
sample can be derived by considering r e tf as a func¬ 
tion of A^y 8 for the interval + £ about any one of 


the solute ions. In the tow density limit, d > £+r©, 
for which equation (5) was derived, r©t* ** *©» 
When N 8 is increased so that d goes from (£+*©) 
to (£—ro), r e ff increases from r© to 3r©. Similarly, 
when d goes from (l|2X£+ro) t0 Utt 

increases from 3ro to ? Sr©* In general, when 
»^ 1 (£-ro)>d>(n-hl)~ 1 (£+r©), « being a positive 
integer, r eft *= (2»+l)ro; and when d goes from 
* -1 (£+ro) to n-^l-ro), r e ff goes from (2n-l)ro 
to (2« + l)ro- In the limit that £ > r © and > 1, 



Fig. 2. Log (AT*IAR ■ p~ 1/z ) vs. p~ 1/z forthe solvents (a) 
tin (b) indium, and (c) aluminum. The symbols used 
for Fig. 1 refer to the same solutes as seen on line (b). 


r ett ~ (^ _1 >o, and x(r eff ) ~ exp{a-dr~ 1 }. The 
relation between A T c and N, in this limit is 

[ d lop TA 

T e l(2r 0 )Nl /a exp{ct - 

° 8 ( 7 ) 

Note that in this limit AT C is independent of £; 
but, for small n, x( r eff) is strongly dependent On £. 
Unfortunately, in practice it would be essentially 
impossible to obtain the completely uniform dis¬ 
tribution of solute ions necessary to observe the 
predicted variation of r eff with N e in the low density 
limit. However, region b of the experimental data 
should correspond to the limit £i _1 > 1, and 
equation (7) should be valid. 

3. COMPARISON OF THEORY AND DATA 

In Fig. 2 \og[AT*J(AR) * p~ 1 ^] is plotted vs. 
p-VS, where AT* = AT C -AT 3 and AT* is the 
extrapolated AT C at N g = 0 ignoring the mean- 
free path effect in region a. From a consideration of 
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Txuneto'i cikuhtion, A7* should be approxi¬ 
mately equal to the A T c at which h^rksTc 
becomes less than unity* It should be noted that 
the exponential term should dominate the loga¬ 
rithmic dependence of A T c on l $ in region b. 
For any one solvent the log plot in Fig, 2 should 
give the same straight line for each solute, and the 
slope S should be (iVJ^ro)"** The data plotted in 
Fig. 2 seem to indicate a common linear depen¬ 
dence on fT V* for several solutes in each solvent. 
The slope seems to depend only on the particular 
solvent as one would expect. 

There were only two cases out of the eighteen 
solutes in which the S and magnitude of A T c 
determined from the data were significantly 
different from the S and magnitude of A T c 
determined from Fig. 2, i.e., bismuth in indium 
and germanium in aluminum, Lynton et a/.< 3 > 
have pointed out that there will be a change in T c 
with a change in density of states. This fact can be 
seen easily from the BCS relation !T e oceo = 
kjt&D exp{ —[if^FtO)]* 1 } where F(0) is the inter¬ 
action constant for the formation of Cooper pairs. 
Undoubtedly, the correct expression for &T C as a 
function of N 8 must be a combination of 
Tsuneto’s relation, Equation (7) and a term in¬ 
volving the explicit dependence on the density of 
states. It is possible, therefore, that the cases for 
which equation (7) is not valid are those cases for 
which the effect of the direct variation of the 
density of states becomes too large to be neglected. 
Another possible reason for the failure of equation 
(7) would be that the solid solution approximation 
is not valid for some solutes. Thus, we see that for 
the majority of cases equation (7) gives a reason¬ 
able approximation to the data. 

The values of S determined from Fig. 2 are 
listed in the first column of Table 1. Calculated 


values of ro are listed in the second column. The 
ratios of the estimated ro to the nearest neighbor 
distance, A, are also given. Obviously, a ratio of 
r 0 to A which is less than unity is not meaningful. 
However, one would expect the perturbation in¬ 
troduced by the mismatch in ion sizes to extend 
over only a few nearest neighbor distances, thus, 
the order of magnitude of the values of ro are in 
fair agreement with this notion. In addition, one 
would expect the extent of the local strain fields 
to be greater in those materials which have a large 
modulus of elasticity. A comparison of the ro values 
with the moduli of elasticity reveals such a trend. 

When Ng is sufficiently large so that d ~ 2ro, 
the strain field permeates the entire crystal. One 
would expect that an additional increase in con¬ 
centration would only tend to increase the average 
strain; and, therefore, the variation of A7^ with 
iVj /3 should become approximately linear. For 
most of the solutes studied by Chanin et al, and 
Lynton et al. measurements were not taken at 
high enough concentrations for this change in 
behavior to be observed. However, for aluminum, 
which has the smallest 5, the data for the solute 
Mg does seem to indicate a change from exponen¬ 
tial to a much slower variation of A T c with 
(see Fig. 3). If one attempts to determine a 
from the iVj /3 at which this change in slope occurs, 
one finds that a ~ 1*5. The strain (aARfRo) in¬ 
troduced by each impurity ion can be evaluated 
and is ~ 0*002. These magnitudes are certainly not 
inconsistent with the model. 

In conclusion, it should be pointed out that 
although a consideration of the non-local nature of 
the electron interaction led to the exponential 
factor x( r )> the final result (equation 7) is in¬ 
dependent of f. Therefore any model w'hich leads 
to an exponential dependence of A T c on ATj 1/s 


Table 1 


Solvent s ro (A) r 0 A~i (10" dyne ( 10 " dyne 

cm-*) cm- 2 ) 


In 1 12 2-6 0-8 1 1 * 

Sn 0-88 3*4 1*1 4 . 3 * 

Al 0-11 21 7*3 71* 


* Metals Handbook (edited by Lyman Taylor), 8 th ed., Vol. I, p. 48. Amer Soc of 
Metals, Metals Park, Ohio (1961). 
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will achieve the same result. Conceptually, how¬ 
ever, it seems logical to approach the problem 
from the standpoint of strain fields associated 



Fig. 3. ATcCK) vs. p 1/z for Ag, Ge and Mg solutions in 
aluminum. 

with impurity ions and to include the coherence 
effect. The important result of the present simpli¬ 
fied model is the functional form of A T c = 
aN l J z exp{— bNj 1 ^}. Certainly, the emphasis 
which should be placed on the actual detailed 
predictions for the constants a and b are debatable 


as would be the case with any such empirical model. 
However, the dependence of a on A R seems to be 
justified experimentally and gives weight to the 
strain field interpretation; the exponential depen¬ 
dence of AT c on iV;V 3 seems to lend some weight 
to the form chosen for 'x(ro); finally, the variation 
of ro with the elastic properties of the solvent seems 
to give qualitative support for the simplified model. 
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Abstract—We have measured the jump in the specific heat at the superconducting critical tempera¬ 
ture of lead. We find (AC)t c = 57-5 ±0*6 mj-mole™ 1 - 0 ^ 1 , which is substantially higher than the 
previous calorimetric determination by Clement and Quinnell but which is in good agreement with 
the value obtained by Decker et al. from the temperature dependence of the critical field. Our result 
is relevant to the question of the energy dependence of the energy gap parameter A(e, T) in the 
BCS theory of superconductivity. We conclude that A(e, T) rises with e, for small c, in qualitative 
agreement with the calculations of Culler et al. 


1. INTRODUCTION 

As part of a program to measure the thermo¬ 
dynamic properties of lead and mercury by calori¬ 
metric methods we have made a careful determin¬ 
ation of the jump in the specific heat at the tran¬ 
sition temperature of lead. The specific heat 
jump in lead has been observed previously by 
Clement and Quinnell* 1 ) who measured C n and 
C 8 near T c and derived AC by extrapolation. 
They found a value of 52*9 mJ-deg“ 1 -mole~ 1 
which is in substantial disagreement with the 
value 58*1 derived by Decker, Mapother and 
Shaw* 2 ) from magnetic measurements. The 
discrepancy is outside the stated ranges of error 
in the two experiments. Since Clement and 
Quinnell did not observe the transition directly 
it was decided to remeasure the specific heat in 
the neighborhood of the transition with a high 
resolution technique. In addition, Keesom and 
Van der Hoeven* 3 ) recently found a substantial 
discrepancy below 4*2°K between the electronic 


* This research was supported in part by the Ad¬ 
vanced Research Projects Agency through contract 
No. SD90; and in part by the U,S. Army Signal Corps, 
The Air Force Office of Scientific Research, and 
The Office of Naval Research, through the Research 
Laboratory of Electronics, Massachusetts Institute of 
Technology. 


specific heat, C f5 , of lead and the predictions of 
the Bardeen, Cooper, and Schrieffer (BCS) 
theory.* 4 ) Their result also disagrees with the 
extensive investigation of the critical field curve 
of lead by Decker et al. Resolution of the dis¬ 
crepancy between these measurements must await 
a precise determination of C e8 over a wider range 
of temperatures than has heretofore been em¬ 
ployed. However the jump in the specific heat can 
be used to check the result of Decker el al by 
means of the well known relation 


VT C 

(AC) r = —— 

47T 


(dR c\ 8t 

wn T ; 


The size of AC is also of interest because it can 
be used to study the energy dependence of the 
BCS gap parameter A(e, T). In the weak coupling 
approximation this dependence is ignored. This 
appears to be valid for metals like tin and alumi¬ 
num where the agreement between theory and 
experiment is relatively good. In the case of lead, 
on the other hand, where the ratio of T c to the 
Debye d is five times as large as for tin, a higher 
order of approximation is required. Recently two 


t In what follows the subscript “TV* will be dropped 
for convenience. Unless otherwise specified we will 
always refer to the jump at T c . 
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solutions of the BCS integral equation have been 
published which take into account explicitly 
the energy dependence of A, the first by Swi- 
HARt< 5 > and the second by Culler, Fried, Huff, 
and 8CHRIBFFER.W These two calculations pre¬ 
dict opposite signs for the initial variation of 
A(c, T) with energy* The sense of this variation 
can be determined experimentally from the size 
of AC, and we shall show that our measurement 
supports the theory of Culler et ah 

TECHNIQUE AND ESTIMATE OF ERRORS 

The steady warming method described by Cochran (7) 
was used to measure the specific heat with resolution 
comparable to the width of the transition. In this method 
the specimen is heated at a constant rate while the time 
intervals between successive nulls of a carbon resistance 
thermometer bridge are measured. The only modifica¬ 
tion to the apparatus described in Cochran’s paper 
is the use of a phase-sensitive detector and magnetic- 
amplifier-driven relay to make a well defined mark 
on the strip chart record at the moment the bridge 
passes through null. With the elimination of human 
error in judging the location of the null on the chart the 
mtyor source of random error was variation in the con¬ 
tact resistance of the bridge switches. With 1 U steps 
between nulls, corresponding to the desired tem¬ 
perature resolution, milli-ohm variations in the switches 
correspond to 2 per cent variations in AC. Only with 
careful wiping after each switch setting were the ran¬ 
dom errors kept small. The only important source of 
systematic error was the thermometer calibration. The 
corrections for the addenda and for the heat developed 
in the heater leads introduced negligible uncertainty 
by comparison. In order to calibrate the thermometer 
its resistance was measured as a function of bath 
pressure at about 20 points in the range between T9 
and 4‘2 degrees, and in addition the transition tem¬ 
perature of lead was used as a fixed point. For this 
purpose a small ellipsoid of pure lead was attached to the 
thermometer as a permanent part of the addenda, The 
transition was measured by a low frequency mutual 
induotance technique. This transition coincided with 
the center of the specific heat jump to within a milli- 
degree even though the two specimens were taken 
from different batches of nominally 99-999% pure lead. 
(This suggests the use of lead as a practical secondary 
standard fixed point for the awkward region between 
4 and 12 degrees.) To was assigned the value 7*193°K 
taken from the gas thermometric measurements of 
Franck and Martin/ 6 * It was found by Least squares 
analysis that the entire set of calibration points could be 
fitted to an expression of the form 

1 B 

— « -4(log/?+C)H- D 

T K 8 ' (log R+C) 

with an r.tms. deviation of 1 to 2 millidegrees and an 


error at the lead point of less than a millidegree. In 
order to estimate the systematic error introduced by the 
choice of this form for T(R) several other functions 
were tried and the values of dRjdT were compared. As 
a result of this study we estimate that absolute errors in 
the slope derived from the chosen equation were less 
than 1 per cent at the transition temperature of lead. 

The specimen was cast in vacuum from 334 g of 
99 . 999 % p Ure lead. No attempt was made to grow a 
single crystal but since the melt was cooled slowly 
from one end to avoid a casting “pipe” it is quite likely 
that the crystalites were very large. The sharpness of 
the observed transition (< 0*006°K) was taken as 
evidence of sufficient purity for meaningful measure¬ 
ment of AC. The earth’s magnetic field was compensated 
to within 0'01 G. 

3. RESULTS 

The specific heat in the neighborhood of the 
transition is shown in Fig. 1. The data displayed 
here are the result of some fifteen passes through 



Fic. 1. The specific heat of lead vs. temperature near 
the transition temperature. The solid lines represent 
least-squares fits to the data on each side of the transi¬ 
tion which have been extrapolated to obtain (A C)t . 

the transition region made on two separate occa¬ 
sions and involving separate and independent 
thermometer calibrations. A systematic difference 
of 0-3 per cent between these runs has been re¬ 
moved in the figure by slipping one set of data 
over the other by a constant amount. For the 
sake of clarity some of the points have been 
omitted. Measuring intervals of 0-006°K were 
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used. AC was calculated separately for each run 
by fitting straight lines to the data in the 0*1 degree 
intervals on each side of the transition, extra¬ 
polating to the midpoint and subtracting. The 
two values of AC found in this way differed from 
each other by less than the probable error iri 
each. The net result of the statistical analysis is 
AC = 57*5 ±0*6 mj-deg" 1 mole" 1 . This is in 
good agreement with the result of Decker et al. 
and in substantial disagreement with the estimate 
of Clement and Quinnell. The total specific heat 
is in good agreement with previous results. Near 
7*5°K our measurements fall about 2 per cent 
below those of Keesom and Van den Ende< 9 > 
and lie about 3 per cent higher than the values 
given by Clement and Quinnell. 

4. DISCUSSION 

The excellent agreement between our measure¬ 
ment of AC and the value calculated from the 
critical field curve supports the thermodynamic 
consistency of the measurements of Decker et al. 
at temperatures near T c . In particular, there can 
be no doubt that H c rises above the value given by 
a parabolic law, at least near T c . This is mani¬ 
festly incompatible with a T 3 dependence for 
C eSy which is equivalent to the parabolic critical 
field curve. A much more complicated critical 
field curve than has heretofore been observed 
would be required to reconcile our result with 
the T 3 dependence observed at lower temperatures 
by Keesom and Van der Hoeven. 

As we mentioned above, AC can be used to 


examine the energy dependence of the gap 
parameter in the BCS theory. According to 
Swihart the BCS expression for the specific heat 
jump, modified to allow for the energy depen~ 
dence of A, is , , 



5 = A(0,T)/A(0,0) 
t - TjT c 
x = c/k T Cy and 
y = A(c,0) A(0,0). 

A(e, T) has the usual definition in relation to the 
BCS energy parameter E , 

E= [ e 2+A (2) 

In the original BCS approximation A is not a 
function of c, y = 1 and 7=4. Using 4*18 for 
2A(0,0)//cT c U°,n) 3 . 0 6 mJ-mole-^K- 2 for yW, 
and the BCS value (d8 2 jdt)t**i = —3*03 we obtain 
AC = 44*0 mJ-mole _1 -°K _1 for lead. This is 
compared with the various experimental results 
in Table 1. As a second approximation we take 
y = 1 from which it follows that 

/ -Kl + 27r 2 a/3), (3) 


Table 1. Observed and calculated values of AC for Lead 


Source 

(AOr^mJ-mole-^K- 1 ) 

I 

BCS Calculation 

44-0 

0-500 

Clement and Quinnel (Calorimetric) 

52-9 

0-602 

Decker et al. (Magnetic) 

58-1 

0-660 

This work 

57*7 ±0*6 

0*655 

Culler et al. Calculation 

(a) using Debye 6 = 96°K 

(b) using effective temperature from tunneling 

50-0 

0-568 

results 

* 

O' 

o 

-0-7 

Swihart Calculation 

42-3 

0-481 
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neglecting terms of the order of x 4 and higher. 
Therefore the deviation of the specific heat jump 
from the BCS approximation has the same sign 
as a, from which we conclude that a> 0. That is, 
A(e, T) rises with e at constant T, at least for 
small c. At larger energies the effect of the expo¬ 
nential terms in / may be expected to dominate 
the integral, thereby obscuring any further 
variation of A with *. 

Swihart^ and Culler et c/. (fl) have recently 
published two solutions of the BCS integral 
equation for A (c, T) which involve more compli¬ 
cated interactions than the original theory. 
Swihart’s solutions show an initial decrease of 
A(t, T) with e. On the other hand the solutions 
of Culler et al. show an initial increase of A with 
e in agreement with our observations. The degree 
of quantitative agreement can be estimated as 
follows. Near e = 0 the results of Culler et al. 
can be written as A(e)/A/(0) = 1 -f ^(e/^) 2 , where 
6 is the Debye temperature. Equation (3) can then 
be rewritten 



Taking A ~ 3-62 from Fig. 3 of their paper (using 
C = 0*5 and k = 0*891) and using 96°K for 0,( l2 > 
we find I «= 0*568 and AC = 50*0. About 40 
per cent of the discrepancy between the observed 
and the BCS (weak coupling) value has been re¬ 
moved. The agreement can be improved by taking 
larger values for A in (3') t that is by assuming a 
stronger interaction. The value we have taken, 
however, corresponds to the strongest interaction 
which Culler et al. have used. As an alternative 
approach one can observe that the density of 
states vs. energy curve predicted by Culler et al. 
has peaks separated by about k6 and that a quali¬ 
tatively similar structure has been deduced for 
the density of states of lead from tunneling experi¬ 
ments. However the observed structure corres¬ 
ponds to phonon energies of about J&M 13 * 14 > 
If we take this energy to be characteristic of the 
electron-phonon interaction rather than kd y then 
from ( 3 ') we find I ~ 0*7 and AC ~ 60, in better 
agreement with experiment.* 


• Professor Schrieffer has informed us in conversation 
that he is in the process of making a more exact calcula¬ 
tion of the electronic specific heat of lead. 


It is a consequence of the general form of the 
dependence of A on e that AC will always exceed 
the BCS value. The question arises then, to what 
extent do other superconductors reflect this. 
It has been known for some time that as a general 
rule the electronic specific heat lies above the 
BCS prediction near T c . The extent of this is 
most simply characterized by the extent to which 
(AC) exceeds the BCS value. According to 
Equation (1) this is equivalent to comparing values 
of the integral I deduced from experimental 
values of AC, y and A(0, 0) with /bcs — We 
have done this for Al, Sn, In, V, and Pb for which 
direct measurements of AC and A(0, 0) have been 
made. Figure 2 is a plot of / — /bcs vs. 7^/0 for 
these metals, and also for mercury (using AC and y 
derived from the critical field curve).( 15 > Within 
the limitations imposed by the uncertainty in the 
data we can draw three conclusions. First, the 
“well behaved” superconductors have essentially 
the same value of I . This observation is especially 
interesting in the case of indium and aluminum. 



Fig. 2. The integral I of equation (1) derived from 
experimental measurements of (AC) T , y and A(0 0) 
minus the BCS value. The error bars C are due to dis¬ 
agreements between various values of A(0, 0) and to the 
errors assigned to that quantity by the various investi¬ 
gators. The point labelled “C-Q” is from Clement and 
Quinnell’s measurement of AC. 
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Indium has a very large value of A CjyT c> com¬ 
pared to tin, say, but it also has a very large 
A(0, 0)1 kT c which just compensates for this in 
the expression for /, For aluminum the reverse 
is true, A CjyTc is small, but so is A(0, 0)kT e . 
Secondly, this roughly constant value for I lies 
well above the BCS value. In terms of the previous 
discussion we can interpret this to mean that 
A(e, 0) rises with € as a general rule amongst the 
pure soft superconductors. Finally, we see that 
mercury remains an anomalous case. It is quite 
possible that either y or AC is in serious error, 
both of these quantities having been derived from 
the critical field curve. Calorimetric measure¬ 
ments are in progress to check this possibility. 
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Abstract—Metallic lanthanum hydride samples having atomic ratios H/La of 1*8, 1 96, 2-03, 2*11, 
2* 15 and 2-36 are not superconducting at 1* 1°K. LaHiue moreover is not superconducting at 0*33°K. 
Extensive n.m.r. measurements made previously by Schreiber on the same samples provide consider¬ 
able information on their electronic structure. The lack of superconductivity is compatible with the 
density of states information obtained from the n.m.r. data, and is consistent with a split d-band 
model of the hydrides. It is also consistent with Matthias* empirical rules. 


INTRODUCTION 

Superconductivity in the lanthanum hydrogen 
system has been investigated by Ziegler and 
Young/ 1 ) by Matthias/ 2 ) and by Cherry et a// 3 ) 
Ziegler and Young investigated a single sample, 
LaH 2 45 and found no superconductivity above 
1-80°K. The lanthanum from which their sample 
was compounded had, however, a transition tem¬ 
perature of only 3-5°K, indicating substantial 
paramagnetic impurity. Matthias found no super¬ 
conductivity in several transition metal hydrides, 
including some lanthanum hydrides. Cherry et al. 
examined only extremely dilute solutions. 

Samples of LaH^, with x ^ 1 -95 are two phase, 
consisting of cubic La metal and LaHi. 05 . 
Structurally, the composition LaFL can be 
visualized as f.c. cubic La with all the tetrahedrally 
coordinated interstitial sites occupied by hydrogen 
(Fig. 1). Physically, however, LaH 2 should be 
regarded as an intermetallic compound with the 
CaF 2 structure, since little or no solubility of 
hydrogen occurs at hydrogen concentrations less 

* Research supported in part by the U.S. Air Force 
Office of Scientific Research and the National Science 
Foundation. 

t Now at Northwestern LTniversity, Evanston, 
Illinois. 


than 1-95. The reason for departure from LaH 2 
stoichiometry is not fully understood, but is some¬ 
times ascribed to dissolved gaseous impurities. 



O Lanthanum ions 
® Tetrahedral hydrogen ions 
• Octahedral hydrogen ions 

Fig. 1. Crystal structure of LaHa. 
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Furthermore, the n.m.r. work of Schreiber* 4 ' 5 > 
shows conclusively that the electronic structure of 
LaH 2 differs quite radically from that of La, 
though both are metallic. Compositions from 
LaH 2 to LaHg should be possible in principle, 
corresponding to various degrees of occupancy of 
the octahedrally coordinated interstitial sites in 
the face-centered cubic lattice. In practice the 
maximum hydrogen concentrations attainable 
correspond approximately to the formula LaH 2 &* 
The hydrides with H/La less than about 24 are 
metallic; those with the lowest hydrogen concentra¬ 
tion the most metallic. Compositions near LaHg 
are semiconducting. If superconductivity is present 
in any of the hydrides, it should be most pro¬ 
nounced in compositions with low hydrogen 
concentration, since the electron/atom ratio is 
highest in this case. There is also reason to believe, 
as we shall see below, that the density of electronic 
states at the Fermi surface increases with decreas¬ 
ing hydrogen concentration. 

No superconductivity above 1 *1°K was observed 
in any of the six samples investigated. The single 
phase sample with the lowest hydrogen concentra¬ 
tion, LaHi- 98 , was measured to 0-33°K, also with 
negative results. We will show that this might 
have been predicted on the basis of Schreibcr’s 
n.m.r. work. From the point of view of Matthias’ 
rule,* fl > superconductivity i9 marginal, since the 
number of valence electrons per atom is 1 5 or 
lower. 

EXPERIMENTAL 

The preparation and purity of the samples has 
been described previously.< 4 • Each sample con¬ 
sisted of several grams of fine powder (0-l-10/i) 
enclosed in a pyrex tube under an atmosphere of 
argon-hydrogen. The tubes were opened to air for 
a few seconds in the course of replacing the argon- 
hydrogen with helium (the helium was used to 
insure thermal equilibrium at low temperature). 
The sample measured in the He 3 bath was open to 
the bath, but was handled 90 as to prevent 
deterioration prior to measurement. The 
characterization of the samples, i.e., the H/La 
atomic ratio cited, is based on known amounts of 
material reacted. The n.m.r. results leave little 
doubt that the samples are homogeneous. 

The superconductivity checks to 1*1°K were 
made by monitoring the inductance, at 1 kc/s, of a 


coil containing the sample tube. In this method the 
onset of infinite conductivity results in perfect 
diamagnetism, excluding the measuring field from 
the volume of each grain and lowering the induc¬ 
tance of the coil. The particle size must be larger 
than the superconducting penetration depth unless 
the particles are in good electrical contact with each 
other. The validity of the superconductivity 
measurement was checked experimentally with a 
sample of dehydrided lanthanum powder 
(La metal+ La 2 0 3 ) having the same particle size 
distribution as the hydrides. A transition was 
observed at 5-0°K, approximately the expected 
temperature. 

The single measurement to 0*33°K was made in 
a He 3 bath with the sample in one coil of a highly 
sensitive matched coil arrangement operated at 
100c/s.< 7 > 

RESULTS AND DISCUSSION 

As mentioned earlier, none of the hydrides 
became superconducting dow f n to the lowest 
temperature reached (just below 1*1°K except for 
LaHi.90, for which it was 0 , 33 f K). The samples 
included LaH2 36, LaH^.is, LaH 2 n, LaH 2 -o3 
LaHi eo and one sample which was approximately 
10 at.% La and 90 at.% LaHi.95. The La transi¬ 
tion was not observed in the tw'o phase sample but 
this does not affect our confidence in the validity 
of the negative results on the other samples, since 
neither the percentage of La metal nor the extent 
of possible oxidation were accurately known. 
Furthermore, mixing a superconductor with a 
much larger amount of a nonsuperconducting 
metal would be expected to depress T c . 

It is possible to infer,* 4 * 5 > from the temperature 
dependence of the spin-lattice relaxation time, 
that the density of states Nq (E f ) at the Fermi 
energy in lanthanum dihydride is only about 
25 per cent of its value in La metal. To explain this 
and other data on the hydrides the hypothesis 
has been put forward that the hydrogen ions 
constitute a periodic perturbation which results 
in a splitting of the 5^-band of La into two sub¬ 
bands, Sd yi at lower energy, containing 4 electronic 
states/atom being separated by a finite gap from 
5d E , the (unoccupied) sub-band at higher energy 
with 6 states/atom. This hypothetical band scheme, 
illustrated in Fig. 2, is similar to a split </-band 
hypothesis put forward earlier by Martin and 
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ReEsM in connection with the zirconium hydrides. 
It can be seen by inspection (Fig. 2) that increasing 
the H/La ratio (i.e,, putting more electrons into 
the Sd y sub-band) will rapidly decrease the density 




Fig. 2, Possible changes in the band scheme of La 
caused by alloying with hydrogen (schematic). 


of states at the Fermi energy, to values well below 
the value for LaHs. Thus T e should decrease 
rapidly with increasing hydrogen concentration. 
We can make a rough estimate of T e for LaHa 
(or, more precisely, LaHi. 95 ) from the fact, 
mentioned above, that JVo(£/) for LaH 2 is about 
one quarter as large as for La, if we blindly apply 
the BCS formula: 

ol6d exp[—(2VoF) -1 ] 

where 6jy is the Debye temperature, a is a constant 
of order unity and V is a parameter related to the 
strength of the attractive electron-phonon inter¬ 
action. If V is assumed (for no particular reason) 
to be the same for La and LaH 2 , and any variation 
in S D is neglected, then the ratio of T c (La) to 
T c (LaH 2 ) is about 20, leading to a predicted T 0 
of 0*25°K for LaH 2 . 
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Evidence for hindered rotation of the BeF4 
ions in ferroelectric (Glycme)a BeF^ 

(Received 22 April 1963; revised 28 June 1963) 

Hoshino, Okaya and Pepinsky* 1 * proposed an 
order-disorder type theory of the ferroelectric 
transition in (glycine) 3 S 04 (TGS), involving re¬ 
arrangement of the glycine and associated rotation 
of the SO 4 ions. Various aspects of this theory 
have later been confirmed by critical X-ray 
scattering and proton magnetic resonance work 
both in TGS and in its isomorphs (glycine)gBeF 4 
(TGBe) and (glycine^SeG* (TGSe ). 2 ~ 4 So far, 
however, rotation of the SO 4 ions (or of the BeF 4 
or Se 04 groups, respectively) has not been 
verified directly. The purpose of this note is to 
report the results of a F 19 magnetic resonance 
absorption study in TGBe, bearing direct evidence 
for hindered rotation and “freezing in” of the 
BeF 4 ions in the ferroelectric phase. 

Measurements have been made of the F 19 mag¬ 
netic resonance spectra from — 175 up to +100°C 
both on a single crystal and on a powdered sample 
of TGBe. The angular dependence of the single 
crystal spectra showed marked anisotropy. On 
cooling below the Curie temperature (Tc), only a 
very small change in the line width and second 
moment at certain orientations could be detected 
in the single crystal spectra. No significant change 
was found in the powder spectra. 

Some 50°C below Tc, however, a well defined 
line width transition, centered at 0°C, sets in 
(Fig. 1 ). The second moment of the powder 
spectra increases from 5 at 23°C to about 12*5 G 2 
at — 50°C. At still lower temperatures, below 
— 130°C, a second line width transition occurs. 
The spectra become very broad, indicating a large 
intermolecular proton-fluorine contribution to the 
BeF 4 second moment. 

The low temperature line width transition nearly 
exactly coincides with the onset of NH 3 motions 
as observed in the proton magnetic resonance 
spectra. (2 » 3 > Thus this transition is evidently due 
to the averaging out of a part of the interionic 
fluorine-proton interactions due to hindered 
rotation of the NHa groups. 

The high temperature line width transition 


(Fig. 1 ), on the other hand, occurs in a tempera¬ 
ture region, where no proton line width transition 
wap found and may thus be assigned to BeF 4 
motion. Evidently it is diie to the averaging out 



Fig. 1. Line width and second moment of the F 19 
magnetic resonance absorption in powdered TGBe 
as a function of temperature, 


of the residual part of the interionic proton- 
fluorine interactions, as well as of the intraionic 
contribution to the BeF 4 second moment as a 
result of the onset of hindered rotation of the 
BeF 4 ions. Appreciable molecular disorder thus 
exists in the ferroelectric phase far below Tc. 

Though only a rough estimate of the character¬ 
istic frequency of molecular motion can be ob¬ 
tained from line width measurements, our data 
1379 



1380 


LETTERS TO THE EDITOR 


indicate, that the characteristic frequency of mole¬ 
cular motion may well lie in the 10 7 c/s region at 
Tc. Since magnetic resonance line width data are 
insensitive to any change in the frequency of 
molecular motion, that does not pass through a 
rather narrow frequency range (10M0 6 c/s), de¬ 
termined by the rigid lattice width, the absence of 
any drastic change in the F 1 ® spectra on cooling 
below Tc can thus be well understood.* 5 > 

Nuclear Institute , “J. Stefan ” R. Blinc 

Ljubljana , I. ZupanCi^ 

Yugoslavia 
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Interstitial mobility in NaCl* 

(Received 26 April 1963; revised 10 June 1963) 

The classical Born theory of ionic crystals, as de¬ 
veloped by Mott and Littleton* 1 * (M.L.) for 
lattice imperfections, has been used recently to 
discuss the activation energies for ionic movement 
via vacancy mechanism, and the importance of the 
choice of repulsive potential in these calculations 
has been repeatedly stressed, * 2-3 ) We have used 
this model, with both the Born-Mayer (B.M.) 
and the Born-Mayer-Verwey (B.M.V.) re¬ 
pulsive potential,* 2 * to calculate the activation 
energy for movement of interstitials in NaCl. 

The total energy E t of the imperfect crystal 
consists of contributions from Coulombic E Ci re¬ 
pulsive E f , and polarization energy E v of the 
lattice. It is convenient, in calculating these terms, 
to divide the crystal into four groups of ions; 
group O consisting of the mobile interstitial placed, 

• Work supported by the United States Atomic 
Energy Commission and the National Science Founda¬ 
tion. 


in a symmetrical position {at which the origin of 
our co-ordinate system is chosen), at the cube 
centre configuration (c.c.c) or the face centre con¬ 
figuration (f.c.c). Group I, taken to be the nearest 
neighbours of group O, for the c.c.c. consists of 4 
cations and 4 anions with a radial displacement of 

771 V( 3 ) r o and £1 V(3) ro respectively (from their 
normal sites) i.e. in the ( 111 ) direction, with r 0 
as the anion-cation separation in perfect lattice. 
Similarly the group I for the f.c.c. consists of 2 
cations and 2 anions radially displaced by 771 \/ (2) ro 
and £1 V(2) r o i n the (110) direction. Group II 
now chosen to include all the nearest neighbours 
of group I, for the c.c.c. consists of 12 cations and 
12 anions again with a radial displacement of 

772 ^/(ll) ro and £2 \/(ll) ro respectively. For the 
f.c.c. group II consists of (a) 4 cations and 4 
anions (lying in the plane of groups O and I) with 
a radial displacement of 773 i/( 10 ) ro and £3 \/( 10 ) ro 
in the (1,3,0) direction and (b) 4 cations and 4 
anions with a radial displacement of 772 \/(6) ro 
and £2 1 /( 6 ) ro in the (1,1,2) direction. The rest of 
the lattice, with the ions in their normal sites, is 
taken as group III. 

For both configurations the Coulombic and re¬ 
pulsive energies (i.e. the sum of self energies of 
groups O to III and their mutual interaction) 
were calculated exactly. For charged interstitial 
the polarization energy contribution from groups 
II and III was calculated in the M.L. continuum 
approximation,* 1 ) by attaching dipoles of moment 
{Af± rj F{} where F* is the field at site i due to the 
interstitial and M± a non-dimensional constant 
involving the polarizabilities and the dielectric 
constant. f Ihe crystal symmetry simplifies this 
part of the calculation and the overall contribution 
from these groups depends only on the dielectric 
constant and a known lattice sum* 4 * of the type 
L 1 jr t . For the neutral interstitial however, F< 
is taken to be the field due to the displacement 
dipoles of group I, and the individual terms are 
summed. In calculation of the polarization energy 
of group I the monopole field on these ions was 
calculated exactly, thus giving us the dipole 
moments on these ions. The interaction of these 
dipoles, amongst themselves and, with the pre¬ 
viously assumed dipoles of groups II and III were 
also taken into account. 

The long range displacement parameters 772, £2, 
773 , £3 were calculated in the M.L. continuum 
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last 


approximation and arc found to be insensitive to 
the choice of repulsive potential; (for the neutral 
interstitial we have again used the numerical 
values of these long range displacements, since 
these gave us a lowering of the energy of the 
crystal for both c.c.c. and f.c.c.). The energy 
of the crystal thus obtained was minimized on an 
IBM 7090 computer with respect to yi and ft (in 
steps of 0*02). The minimum energy configuration 
ft and the various energy terms, for both 
types of repulsive potential, are given in Table 1, 
with the following choice of numerical values for 
the parameters that enter in the calculation. 


( 1 ) . The separation of the total energy of the 

crystal into its various components is artificial, 
since each term varies rapidly with 771 , ft 
where as the total energy Et is a slowly vary¬ 
ing function with a flat minimum. 

(2) . The effect of the ‘harder B.M.V. potential is 

to give us a larger Et for each configuration 
(and for the activation energy AJJ). In this 
connection it is important to note the indirect 
part played by the harder potential, in that it 
alters the crystal configuration, thus giving 
us a substantially higher Coulombic energy 
E c . It is pertinent to mention that the close 


Table 1. The energy E (in eV) relative to the perfect lattice and the displacement parameters of cations rf 
and anions £ for cube centre (c.c.) and face centre (f.c.) configurations , calculated with the B.M.V. 
potential The corresponding results with the B.M. potential are given in brackets and A E (in eV) is 

the activation energy for movement. 


Interstitial 

Configuration 

C.C. 

Na+ 

f.c. 

ci- 

c.c, f.c. 

Cl° 

c.c. f.c. 

Er 

2*99 

3*38 

7*57 

9*15 

4*9+ 

5*59 


(2-81) 

(401) 

(6*56) 

(7-09) 

(5-11) 

(5-22) 

E c 

-2-90 

-1*72 

-3*98 

-2*79 

-0*70 

-0*49 


(-4-08) 

(-4-16) 

(-4-72) 

(-3-93) 

(—1*15) 

(-0-91) 

E P 

-2*35 

-2*66 

-1*97 

-2*58 

-0-36 

-0*35 


(-2-15) 

(-3-06) 

(-1-73) 

(-2-32) 

(-0*69) 

(-0*78) 

E t 

-2*26 

-1*00 

1*62 

3*78 

3*88 

4*75 


(-3-42) 

(-3-21) 

(0-11) 

(0*84) 

(3*27) 

(3-53) 

A E 


1*26 

216 

0*87 



(021) 

(0-73) 

(0-26) 

01 

0-06 

0*12 

0*02 

0*10 

0*08 

0*12 


(0-08) 

(0*16) 

(0*00) 

(0*06) 

(0-12) 

(0*20) 

ft 

0-00 

0*10 

0*12 

018 

010 

0*16 


(-0*02) 

(0*00) 

(0'14) 

(0*22) 

(0-12) 

(0*20) 

172 







ft 

±0*005 

±0*012 

£ 0*005 

+ 0*012 

0*005 

0*012 

7?3 







ft 


±0*006 


+ 0*006 


0*006 


Ionic radii (in A); r+= 0*98; r- = T81; 
r C i°=l-56 

Ionic polarizability (x 10 24 cm 3 ): a+ = 0-26; 
a_ = 2*97 

B.M.potential^exp ([r<+rj-r]/p): b — 0*229 
x 10“ 12 ergs; p = 0*345 A 
Dielectric constant = 5*62 and r 0 = 2-814A 
We remark here that: 


proximity of groups O and I ensure the 
corresponding 771 (for Cl~ interstitial) and ft 
(for Na + interstitial) to increase with increas¬ 
ing hardness of the cation-anion repulsive 
potential. In all other cases, where the hard¬ 
ness of repulsive interaction between groups 
O and I is unaltered, the 771 , ft values decrease, 
as expected, with increasing hardness. 
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(3) . Hatcher and Dienes,* 5 * with a slightly 

different numerical values for the parameters 
(and by a different method, with r# <= £ 2=773 = 
fa « 0), obtain a value of 0*5 eV for the 
activation energy of Cl°. A corresponding 
calculation gives us 0*35 eV. However, their 
calculation of the activation energy in a rigid 
non polarizable medium, appears to be over¬ 
estimated by about 0*13 eV and taking this 
correction into account the agreement is fair. 
These authors in their calculations note that 
A E for Cl° is insensitive to the choice of 
C1°-C1" interaction. The present calculation 
indicates that A E is sensitive to the hardness 
of the crystal, illustrating the importance of 
the choice of cation-anion repulsive inter¬ 
action when their separation is less than ro- 

(4) . M.L. by a method* 1 * different from above 

(and with a potential whose hardness lies be¬ 
tween the B.M. and B.M.V.) obtained 
0*47 eV for the activation energy of Na+ 
interstitial, and as expected is within the 
extremum values quoted here. However, the 
energies of each configuration are vastly 
different and the discrepancy is not clear; 
these authors do not give the full details of the 
minimum energy configurations. 

{5). Mobility of Cl” interstitial was not known 
previously and the present calculation indi¬ 
cates a very low mobility for it. Here again we 
must note that the B.M. repulsive potential, 
for the interaction between the Cl" inter¬ 
stitial and a Cl” belonging to group I, may be 
inadequate. 

(6). With the known values* 2 * for the energies to 
extract a cation and anion from a perfect 
lattice, and with a value of 7-88 eV for the 
cohesive energy, the energy of formation of a 
Schottky pair in NaCl with B.M. and B.M.V. 
potentials are l*39eV and 1*77 eV respec¬ 
tively. Using the present values for the Na+ 
interstitial in the c.c.c., the energy of forma¬ 
tion of Frenkel (cation) pair with the corres¬ 
ponding potentials are 1*36 eV and 2*63 eV 
respectively. Thus the B.M.V. potential 
favours the Schottky pair (this was also noted 
by M.L. with their values), and the B.M. 
potential predicts the cation Frenkel pair to 
be as favourable. The experimental evidence 
however is for Schottky pair with an energy 


of formation of about 2 eV, giving us yet 
another support to the validity of B.M.V. 
potential. 

(7). It has been pointed out* 6 * that the Cl° inter¬ 
stitial and a Cl" belonging to group I may 
tend to form a molecule, thus lowering the 
energy of the crystal, with a resulting favour¬ 
able orientation in the (110) direction. In this 
connection we note that with the B.M. 
potential (which gives an activation energy of 
only 0*26 eV for Cl° in symmetrical position) 
the fact that the field in the (110) direction is 
larger than that in the (111) direction may lead 
to a favourable (110) orientation for the mole¬ 
cule. It is not clear, at this moment, what the 
corresponding results will be with the harder 
B.M.V. potential, which gives us a much 
larger value of 0*87 eV for the Cl° activation 
energy in the symmetrical position. 
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Optical spectra of several d 1 -electron systems 

{Received 21 May 1963) 

Optical spectra of crystals containing rf 1 -electron 
ions are of considerable theoretical interest in that 
their transitions violate the usual selection rules. 
Furthermore, the development of crystal (ligand) 
field theory! 11 is dependent on optical and electron 
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paramagnetic resonance (e.p.r.) studies on simple 
^-electron systems. Thus far, spectra have only 
been observed^* for a few transition ions that 
appear as dMons in some complexes. In this 
Letter we report the spectra of Sc(III) 3d 1 > 
Y (III) 4 d 1 , and La (III) 5 d 1 and suggest our 
experimental procedures can be extended so as to 
observe many transition ions in one-electron con¬ 
figurations. 

Several single crystals of CaF 2 were grown con¬ 
taining 0*1 mole per cent of Sc 3+ , Y 3+ , La s+ , Ti 3+ , 
V 64 ', and Mo 6+ . The dopant was added either as 
an oxide or fluoride. Except for Ti 3 + (3^) these 
ions in their most stable valence state contain no 
^-electrons. The d-electrons are added by irradi¬ 
ating the crystals with ~10 6 rad of 2 MeV elec¬ 
trons from a Van de Graff generator/ 8 * In most 
cases the reduced valence of these ions is meta¬ 
stable for a period of several days. Prior to irradi¬ 
ation these crystals exhibit no optical absorptions 
between 180 m/x and 8/x. After irradiation all 
materials show four characteristic absorption 
bands between 200 and 800 The absorption 
spectra for Y(4d 1 ) and La(5d 1 ) in CaF 2 are shown 
in Fig. 1. Also shown is the spectrum of Ti(3 d l ) 
which was not irradiated. Similar spectra are 
observed for these ions in SrF 2 and BaF 2 - At this 
point we note that none of these materials exhibit 
color centers and that color centers previously 
reported* 41 in CaF 2 are due to Y contamination/ 8 * 
We also report that several transition ions show 
intense cathodo- and thermoluminescence. 

When a trivalent impurity substitutes for the 
cation ii> alkaline earth fluorides, some method of 
charge compensation must occur. The excess 
charge can be compensated by (1) an interstitial 
F" ion along either a [100] or [111] direction, (2) 


a substitutional O*- km at an anion site, and (3) 
a substitutional monovalent ion along either a 
[100] or [111] direction. Every method of compen¬ 
sation produces an axial crystal field at the 



WAVELENGTH (m M ) 

Fig. 1 . Absorption spectra of Ti 3+ , Y 2+ , and La a+ in 
CaF* single crystals. The absorption bands are given in 
Table 1. 

impurity. Tetra- and pentavalent impurities re¬ 
quire a combination of these compensators. It is 
of interest to note that e.p.r. alone can not dis¬ 
tinguish between compensators with the same 
spatial orientation. However, e.p.r. in conjunction 
with dielectric relaxation measurements can 
identify the compensator uniquely/•* 

In the case of Y(III), several crystals were 
grown doped with Y 2 OS, YFa, NaYF 4 , and Y 
metal. For each method of charge compensation 
the spectra are nearly identical. These and other 
experimental results are shown in Table 1. For 


Table 1. Absorption bands of several d 1 -electron systems . 


Ion 

System 

Host 

Compensator 


Absorption bands in mp 


Ti 

3d 1 

CaF* 

0-*, 

[111] 

334 

414 

430 

572 

Sc 

3d 1 

CaFa 

o-», 

[111] 

236 

310 

428 

662 

Y 

4 d 1 

CaFa 

F- 1 , 


234 

346 

402 

582 

Y 

4d* 

CaFa 

o-», 

[111] 

230 

336 

402 

582 

Y 

4 d 1 

CaFa 

F- 1 , 

[111] 

236 

336 

402 

582 

Y 

4 d 1 

CaFa 

Na +1 , 

V IVBh 

232 

349 

402 

582 

Y 

4 d 1 

SrFs 

F-i, 

■1 1 ! 3 Bl 

250 

400 

480 

625 

Y 

4 d 1 

BaFa 

F-i, 

m 

270 

460 

550 

670 

La 

Sd x 

CaFa 

F- 1 , 

[100] 

271 

351 

421 

678 


F 
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etch system the host lattice, compensator, and 
moat probable orientation of the axial crystal field 
is given. Similar apcctra are observed for V(V) 
sad Mo(VI). Jorgensen#* has observed this type 
of spectra in a low symmetry, vanadyl complex. 

The energy level diagram for a ^-electron in a 
crystal with coordination number equal to eight 
is shown in Fig. 2. With axial distortion, caused by 



(«) (b) (e) \4) 

FREE SPIN-ORBIT WEAK AXIAL STRONG AXIAL 
ION COUPLING FIELD FIELD 


Flo. 2. Energy levels for a ^-electron in CaFi single 
crystal. The spin-orbit and crystal field splittings are 
shown in (b) and (c). The level diagram shown in (d) 
is consistent with our experimental data. 

the charge compensator, the e-orbitals lie much 
lower than the f-orbitals; and one should expect 
three optical absorptions, Now, the fourth optical 
transition may be due either to the Jahn-Teller 
effect or a crystal field splitting of the ground state 
orbital doublet. This splitting may occur if the 
interaction of the charge compensator is sufficiently 
strong so as to distort the initial cubic symmetry 
at the impurity site. Griffiths et al. have shown 
that the ground state orbitals, in low symmetry 
complexes, can be substantially split by strong 
crystal fields. For Fig. 2(d), where four Kramers 
doublets are separated by a large energy A from 
the ground state, only one e.p.r. should be ob¬ 
served. The f-value should be smaller than free- 
spin by a small orbital correction of the order A/A 
(i.c., g ** 1 *99) where A is the spin-orbit coupling 
coefficient. Using a 23 *4 Kmc/s spectrometer at 
4*2°K, only one strong resonance was observed at 
g m 1*994 ± 0*005 for several CaF 2 (Y) samples. 
The c«p.r. shows complex, hyperfine structure 
which is interpreted^ as interaction between the 
4 ^-electron and several fluorine nuclei. 

The optical and e.p.r. data are consistent and 
indicate all orbital degeneracy is removed for 
dP-electrons in compensated, alkaline earth 


fluorides. The data cannot indicate which orbital 
is the ground state, whether the excited orbitals 
are mixed, or the exact cause for the large splitting 
between the e-orbitals. The data does show the 
energy level diagram consists of five Kramers 
doublets, four of which lie an energy A ~ 16,000 
cm' 1 above the ground state. 
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Electrical conductivity of sodium bromate 
crystals 

(Received 9 April 1963; Revised 21 June 1963) 

The results of our investigations on the electrical 
conductivity of sodium bromate crystals in the 
temperature range 50-320°C are briefly reported 
here. A plot of the logarithm of the conductivity, 
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o, vs. the reciprocal of the absolute te mp era t ure 
(1/7*) has revealed three distinct regions (see Fig. 
1) of differing slopes. A sharply enhanced con¬ 
ductivity seta in above 315°C. This appears anomo- 
lous since no phase transition is reported to occur 


•c 



Fig. 1. Electrical conductivity of NaBrOs crystals. (Runs 
on several samples both while heating and cooling.) 


for this, crystal.* 1 ^) Our doubts regarding the 
melting point of sodium bromate received con¬ 
firmation in the recent work by J. Jach* 3 * on its 
thermal decomposition, who reported a sudden 
increase in the rate of evolution of oxygen at 
331 °C. Our present results however indicate that 
an enhanced rate of decomposition may start early 
at 315°C as judged from the sudden increase in 
electrical conductivity. 

The crystals employed in these measurements 
were grown from solution using material of chemi¬ 
cal purity. Slow growth extending over a period 
of a few weeks produces crystals in tetrahedral 
form. Our attentpts to modify the habit yielded 
plate like crystals by rapidly cooling hot saturated 
solutions. Samples for measurement were pre¬ 
pared in the form of plates triangular or square, by 


!JS$ 

cutting the pyramidal crystals with a moistened 
thread. The surfaces erf the crystals were polished 
on a wet chamoi leather and then painted with 
colloidal graphite. The samples thus prepared 
were mounted between the studs of a micrometer 
screw gauge; brass diads 9 overed with aluminium 
foils served as electrodes. A general Radio 1230-A 
electrometer type direct current amplifier or a 
Philips GM6020 vibrating reed type dx. volt¬ 
meter was used to measure the resistance of the 
samples. Since the crystals show too high a re¬ 
sistivity 10 14 Q cm) at low temperatures to 
permit an easy alternating current measurement, 
and since the factors against employing direct 
current methods do not appear to be so strong* 4 * 
we have carried out the present work with direct 
current voltages. The crystals were found to obey 
Ohm’s law and effects of polarization were not felt. 
The conductivity changes over eight orders of 
magnitude in the temperature range 50-320°C. 
The readings taken on different samples both 
while heating and cooling were reproducible within 
the accuracy of the resistance measurement which 
is from 5 to 10 per cent. As a rule, the crystal in 
its mount is to be first heated at 250° C for 2 hr 
and annealed before measurements are made. 

Conductivity data on four of the samples were 
plotted in Fig. 1. The regions II (298-182°C) and 
III (162-50°C) were made to fit into straight lines 
by the method of least squares (the lines are drawn 
in Fig. 1) giving slopes of 1*1 and 04 eV respec¬ 
tively. The electrical conductivity in the tempera¬ 
ture range 182-298°C can be represented by 
o = 0*0016 exp( — T1 eV/Arjfl"* 1 cm" 1 . One pos¬ 
sible interpretation of the regions involves a 
tentative identification of region II as due to in¬ 
trinsic conduction by positive ion vacancies ana¬ 
logous to that found in the halides of alkali 
metals.* 6 * It would appear then that the 04 eV 
energy of activation may provisionally be asso¬ 
ciated with jumps of positive ion vacancies which 
would be present in sufficient concentration as 
divalent metal ions of lead and iron are present in 
the samples to the extent of 5 x 10" 6 mole frac¬ 
tion, A similar investigation* 6 * in this laboratory 
on NaClOs crystals gave a slope of the order of 
0*38 eV in the low temperature region. Following 
the arguments in use for the ionic conductivity of 
alkali and silver halides* 7 * one may estimate the 
energy of formation of the defect responsible for 
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electrical conduction in this crystal to be 1*4 eV, 
Jack in Ref. 3 reported a sudden increase in the 
rate of evolution of oxygen between 331 and 
339°C whereas a sharp enhancement of conduc¬ 
tivity was observed for our samples above 315°C. 
When heated above 323°C our crystals were found 
to become powder* in the mount. This region I of 
high conductivity (310~323°C) may arise due to 
one or all of the following reasons: (i) presence of 
free oxygen produced by thermal decomposition 
in the ionic, atomic, or molecular form (ii) presence 
and motion of bromide ions which will be more 
mobile than the bromate ions (iii) motion of the 
bromide-bromate eutectic boundaries. The dis¬ 
crepancy about the temperature range of dis¬ 
continuity may be partly due to the differences in 
the impurity content of our samples and those used 
by Jach. Perhaps the difference can also be partly 
accounted for by the fact that the electrical con¬ 
ductivity depends on the oxygen or bromide ions 
in the crystal while Jach’s results correspond to 
the liberation of oxygen from the crystal. 

Department of Physics, C. Ramasastry 

Indian Institute of Technology , Y. V. G. S. Murti 
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' Two-dimensional antiferromagnetism in 
cupric formate tetrahydrate single crystal 

(Received 17 June 1963) 

From optical absorption measurements Mook- 
HERji and Chhonxar* 1 * showed that the behaviour 
of cupric formate tetrahydrate should be similar 

* The aluminium foils were found to become part of 
the powder. 


to that of cupric acetate monohydrate and from our 
unpublished susceptibility data on cupric formate 
tetrahydrate crystal in state of solution they sug¬ 
gested a value of -130 cm- 1 for exchange integral. 
Also the mean moment value for the crystal pow¬ 
der of the salt = 1-67 1-64 B.M.,(»> 

at 288 7°K) is less than the spin-only value. Present 
measurements on magnetic anisotropy by the 
method of Krishnan and Banerji* 4 * and the 
absolute susceptibility in a convenient crystal 
direction by a sensitive quartz microbalance* 5 ) 
gave the mean magnetic moment as T69 B.M. 
at 300°K for the cupric formate tetrahydrate 
single crystal. This value is also lower than 
the spin-only value though higher than 
the powder values as reported by previous 
workers. * 2 * 3 * This low moment value also suggests 
that the magnetic behaviour is similar to cupric 
acetate monohydrate* 6 * and we must postulate 
some sort of exchange interaction between adja¬ 
cent copper atoms. X-ray analysis* 7 * shows that 
cupric formate tetrahydrate is not a binuclear com¬ 
plex like cupric acetate monhydrate and we must 
rule out the possibility of any direct spin inter¬ 
action between adjacent copper atom. Large Cu- 
Cu distance (5-8 and 6*2 A) make us reject the 
chances of super exchange of Kramers type. To 
account for this low moment value Martin and 
Waterman* 3 ) have suggested a super exchange in 
cupric formate tetrahydrate through the inter¬ 
mediary of formate group. The delocalized i r- 
electron cloud arising from the overlapping of 
2p ff -(^)~2p ff “(C)-2/) ff (0) atomic orbitals associated 
with the resonating -O-CH = O/O = CH-O - 
anion system has been assumed to be the cause^of 
the postulated superexchange. 

The detailed crystal structure studies of single 
crystals of this salt is given by Kiriyma, Ibamote 
and Matsuo* 7 ) show that the crystal has a layer 
structure parallel to (001). In such layers one 
formate ion is coordinated to two copper atoms 
and each copper atom is surrounded by four 
oxygen atoms of four different formate ions in an 
approximately square configuration. There are 
two molecules linked with each cupric ion one 
above the layer and the other below it. These 
water molecules are sandwiched between these 
layers. In these layers Cu-Cu distance is 5*8 A. 
Despite this large distance we can conceive of 
super exchange in these layers because of the part 
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played by die formate ion. But in a direction per¬ 
pendicular to this plane no such mechanism exists. 
Therefore we must expect two dimensional anti- 
ferromagnetism in (001) plane and paramagne¬ 
tism in the direction perpendicular to this plane 
where large inter layer distance (6*2 A) discounts 
the chances of any interlayer exchange. 



Fig. 1. 


Our measurement on single crystals of cupric 
formate tetrahydrate show that the moment value 
in (001) plane are nearly isotropic « 1 *60, less than 
the spin-only value and nearer the moment value 
for cupric acetate monohydrate. The moment 
normal to (001) plane is &T87, a value very 
nearly equal to that of other cupric salts. < 0 > These 
values ^lso suggests that at least normal to (001) 
plane we should not think in terms of super exchange. 

Our measurements of magnetic anisotropy show 
that the (001) plane is approximately isotropic 
(anisotropy in this plane is only 37*2xl0“ 6 
e.g.s. units as compared to about 400 x 10" 6 e.g.s. 
units in a perpendicular plane). Also the angle 
between tetragonal axis and the 6-plane is very 
small (#8°). Therefore we can adopt without 
much approximation the expression for as 
given by Bleaney and Bowers. W Thus taking 
g± = 2 and substituting our susceptibility value 
at 300°K we get exchange integral J — — 82 cm -1 . 
This value of J corresponds to a critical tempera¬ 
ture of 74°K, This explains why no maxima could 
be detected in the susceptibility versus temperature 
curve down to 80°K by Martin and Waterman* 2 * 


or by ua. The value of / as suggested by Mook¬ 
herji and Chhqnkar^ corresponds to a critical 
temperature 118 0 K* This value is evidently high 
and may be attributed to the fact that they utilised 
mean moment value and assumed am isotropic 
exchange integral. Recently Haseda^ has r e p o rted 
the existence of a maxima at 62°K which is in good 
agreement with our value. Further trend of our 
measurements with variation of magnetic suscep¬ 
tibilities of the crystal with temperature show that 
K ± may reach a maxima at a temperature slightly 
below 80°K while 1C, shows no such indication. 
These facts also go to suggest the existence of a 
two-dimensional antiferromagnetism. 

Details will be published elsewhere. 

Physical Laboratories , A. MooKHERJI 

University of Burdtoatt , S. C. Mathur 
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Compounds with the C33 tetradymite-type 
structure 

(Received 5 August 1963) 

According to Pearson* 1 * four compounds only 
have the rhombohedral/hexagonal C33 tetrady- 
mite-type structure, namely BigTegS (tetradymite), 
Bi 2 Te 3 , BigSea and SbgTea. At an earlier date 
however, Ramsdell* 2 * claimed the identification of 
a C33 type structure for AsgSej, 



letters to the editor 


' im 

Dormg ftudici in these laboratories of the two 
-f) f*m* bimmtb-telhiritnn and antimony-td- 
iurium, it was shown that wide ranges of solid 
s o h l t iop alloys with the C33 structure exist in 
both systems.*** These alloys represent the solid 
sehtrion of bismuth in Bi 2 Tej and antimony in 
8b|Tes respectively. As an extension of these 
investigations, the systems bismuth-selenium and 
arsenk^selemum have been investigated to deter¬ 
mine if similar ranges of solid solution exist. For 
completion a limited examination was also made 
of the antimony-selenium system, although 
SbtScj itself is reported to have an orthorhombic 
structure, different from the C33 type.< 4 > 

Little published information is available on the 
two systems bismuth-selenium and arsenic- 
selenium. Semiletov and Pinsker* 5 * report that 
in the bismuth-selenium system three inter¬ 
mediate phases exist—BigSeg and BisSe 4 which 
have the C33 structure, and BiSe which has the 
NaCl-type structure: the structure-cell dimensions 
of the alloys with the C33 structure increase with 
increasing Bi-content. The existence of an alloy 
BiSe with an NaCl-type structure is doubtful: 
8bmiletov< 6 * claimed that BiTe also had this 
structure, but this claim was not substantiated in 
the later investigations of Brown and Lewis* 3 * 
referred to above. The limited information which is 
available on the arsenic-selenium system indicates 
that it is difficult, if not impossible, to prepare 
AsflSea in a crystalline form.* 7 * 

The various samples were prepared from cal¬ 
culated quantities of the pure elements by the 
thermal agitation technique described pre¬ 
viously. In most preparations the alloy was 
obtained essentially in the form of a coherent mass 
of fine crystals, which could be easily crushed and 
annealed before final X-ray examination. Con¬ 
ventional powder diffraction techniques were em¬ 
ployed, using an 11*46 cm diameter camera and 
CuKoc radiation. 

The results obtained during the present study 
may be described as follows: 

(a) Bismuth-selenium system 

The diffraction patterns of three alloy prepara¬ 
tions of compositions Bi 2 Ses, BiuSe 9 and Bi 2 Se, 
showed that a range of solid solution alloys with 
the C3| structure exists in this system. These 


patterns indicated that the bismuth-rich limit of 
the solid solution range lies at some composition 
between 40 and 45 at.% Se. The selenium-rich 
limit was not examined in any great detail, but the 
limited experimental evidence obtained was con¬ 
sistent with the conclusion that it lies close to the 
composition Bi 2 Se 3 . The changes in the structure¬ 
cell dimensions between the approximate limiting 
compositions are shown in Table 1: 


Table 1 


Composition 

flHex(A) 

ch«(A) 

<ui(A) 


BiaSes 

4-13s±0‘01 

28-64±0-01 

9*84 

24-4 

BinSes 

4-22 6 ±0-01 

28-80±0*01 

9-90. 

24-8 

Natural 





BiaSes (8) 

4-133 

28*62 

9-823 

24-3 


(b) Arsenic-selenium system 

An alloy of composition As 2 Se 3 was not obtained 
in a crystalline form. The product invariably had a 
glassy uniform appearance, was brittle, and did not 
fracture in the manner normally associated with 
compounds having the C33 structure. The diffrac¬ 
tion pattern obtained from the product of a pre¬ 
paration at a temperature in excess of 250°C cor¬ 
responded to that of a non-crystal line glass phase— 
probably a selenium glass. No change in constitu¬ 
tion was effected after annealing a crushed sample 
for 28 days at 130-140°C. With temperatures of 
preparation below 250°C, appreciable quantities ~ 
of free arsenic were observed in the sample. These 
results agree with the work of Uphoff and 
Healy* 7 * who reported in their investigation of the 
pseudo-binary system As 2 Se 3 -As 2 Te 3 that all alloys 
except AsgTeg were amorphous. 

(c) Antimony-selenium system 

One alloy composition only was attempted, 
namely SbSe. Although incomplete reaction was 
achieved, the distribution of reflections observed 
in the diffraction pattern obtained from the result¬ 
ing frit approximated to the distribution expected 
for the reported orthorhombic structure of 
SbgSes. 
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Hm* it can be seen that under the condition* of 
preparation used in the present investigation there 
is a continuous range of solid solutions with the 
C33 structure in the bismuth-selenium system. 
This range extend* from the composition BijSe* 
to approximately BiuScs. No analogous solid solu¬ 
tions are formed in the systems arsenic-selenium 
and antimony-selenium. 
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J. D. Fast: Entropy. Philips Technical Library, N. V. 
Philips Gloeilampenfabrieken, Eindhoven (1962). pp. vii 
+ 313 57*. 6 d. 

The present volume is, according to the preface, 
an expansion of an earlier book that discussed the 
basic principles needed to calculate the entropies 
of monatomic and diatomic gases. Solid-state 
problems are now discussed also, and the book 
amounts to an elementary text of thermodynamics, 
statistical mechanics and quantum mechanics. 
The scope is, therefore, so wide that the author’s 
disclaimer of any attempt at rigor is hardly needed. 
Whether this has led to a compensating clarity of 
treatment is discussed below. 

The first chapter, “The Concept of Entropy in 
Classical Thermodynamics,” deals with the First 
and Second Laws. The concept of “heat” is unde¬ 
fined, and the equation 

dt/= dQ + dW 

is said to be the “mathematical formulation of the 
First Law” and “at the same time, the defining 
equation for the internal energy.” This is typical 
of older treatments and will only convince students 
that they are caught in a vicious circle. The for¬ 
mulation due to Born is much more satisfactory; 
the law of conservation of energy is stated for 
adiabatic processes, and heat is defined as the 
difference between the energy change and the 
work in non-adiabatic processes. 


In Chapter II, the Boltzmann hypothesis for 
the entropy is introduced, and the most probable 
distribution of a collection of identical oscillator* 
is shown to be plausible by a special method. The 
Boltzmann distribution is immediately rederived 
for a general system composed of independent 
sub-systems. Here the restrictions on the applica¬ 
bility of the final formulae could have been made 
more explicit. 

Various equilibrium situations, mostly in con¬ 
densed systems, are discussed in Chapter III, 
“Applications of the Concept of Entropy.” This 
title would lead one to expect that the Second Law 
would be applied in its simplest form, without 
further preliminaries. Of course, it turns out that 
since the entropy is not very useful as a thermo¬ 
dynamic potential, the author is obliged to begin 
by defining the Helmholtz and Gibbs free energies, 
whereupon the discussion follows conventional 
lines. 

In the remaining half of the book the statistical 
part of the first half is done again, but more care¬ 
fully. An attempt is made to give the necessary 
quantum mechanical foundation, and the distri¬ 
bution laws are derived for fermions, bosons and 
classical particles. The canonical ensemble is 
briefly described, and the general formulae are 
written down relating thermodynamic functions 
to the partition function of a system. When these 
formulae are related to the earlier ones for systems 
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of independent sub-systems, the factor Nl ia put 
In, 1nrt neither here nor elsewhere are just the 
right words found to explain the simple underlying 
idea. 

The last Sections of the book describe the 
calculation of entropies of simple gases from 
spectroscopic data. 

One can share the authors enthusiasm for the 
elegance and power of statistical mechanics and 
thermodynamics, but not his impatience with the 
difficulty of acquiring a working knowledge of 
them. With his eye fixed on the results he knows 
so well, he neglects time and again to lay the 
groundwork needed for understanding the inter¬ 
mediate steps. For example, at the earliest possible 
place (Chapter II, Section 2.15), the heat capacity 
of JVfi is calculated at a number of temperatures in 
the harmonic oscillator-rigid rotator approxima¬ 
tion. The computation uses the equipartition law 
for the translational and rotational contributions, 
but this law is not heard of until 175 pages later. 
Moreover, the results are compared, not with 
experiment, which might have been illuminating, 
but with “exact*' values calculated from the 
observed spectra by a method described near the 
end of the last chapter. 

The choice of subject matter is somewhat 


peculiar for a book aimed at practical calculations. 
The thermodynamics of chemical equilibrium is 
confined to 13 pages. Part of this is given to 
examples, and in the rest, partial molar quantities 
arc mentioned but not defined, a number of ideas 
such as “standard state** are inserted as needed, 
and not more than a hint is given of deviations from 
ideal behavior in gaseous mixtures. The thermo¬ 
dynamics of solutions is omitted entirely, preclud¬ 
ing a statistical derivation of Henry's law (but 
room is found for “Fuel Cells and Heat Pumps”). 
Although many pages are devoted to the details of 
numerical computation of thermodynamic func¬ 
tions of simple gases, their use in chemical equi¬ 
librium is only sketched, and but a single para¬ 
graph is allotted to the Debye solid. 

“ Entropy ” cannot be recommended as a text for 
systematic study of the fields it purports to cover: 
illustrations, however numerous, cannot replace 
careful exposition of fundamentals, and this in 
turn is a lengthy task, if one wants to go from first 
principles to the boundaries of active research. 

Argonne National Laboratory , Lester Guttman 
Solid State Science Division , 

Argonne , 

Illinois 
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THE MICROSCOPIC KINETICS OF STEP MOTION IN 

GROWTH PROCESSES ‘ - 
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Abstract —Equations are developed which describe the motion of steps in diffusion controlled 
growth and dissolution processes. It is found that finite trains of steps break up in a pairwise fashion 
at the rear of step trains. Applications of the present model to cases of macroscopic step or facet 
formation by the coalescence of single steps are discussed. 


1. INTRODUCTION 

The model* 1 * of a surface consisting of low index 
terraces separated by monatomic steps containing 
kinks has been extensively applied to kinetic pro¬ 
cesses including crystal growth,* 2 * evaporation,* 3 * 
electrodeposition,* 4 * oxidation,* 5 * etc. In general, 
these treatments have dealt with the dependence 
of the kinetic rate in question on step spacing, but 
have not considered in detail the time dependent 
change in step spacings as the process occurred, 
Frank* 6 * (see also Cabrera and Vermilyea* 7 * 
and Chernov* 8 *) has developed a continuum 
kinematic theory of step motion based on Light- 
hill and Whitham’s* 9 * theory of traffic flow on 
highways. When the rate of say dissolution 
depends only on step density, Frank's theory 
describes the orientation profile as dissolution pro¬ 
ceeds and hence describes the kinetics of change 
of step spacings. Frank’s general formulation of 
the problem* 10 * includes solutions for cases where 
the dissolution rate depends on factors other than 
step density (e.g. time dependent impurity adsorp¬ 
tion) but these cases, several of which have been 
described in the literature,* 6 * 11 * 12 * are difficult to 
analyze quantitatively. When q , the step flux at a 
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point on a dissolving surface, is a function only of 
k , the step density at that point, Frank’s theory 
predicts that (i) points of a given orientation (given 
k) will move in a straight line as dissolution pro¬ 
ceeds, (ii) the straight line trajectory will be parallel 
to the normal of a polar diagram of the reciprocal 
dissolution rate at the same orientation, (iii) if a 
bunch of steps of spacing less than that on the 
surrounding surface forms, the bunch will develop 
a discontinuity at the leading edge if (d^/dA 2 ) is 
positive, at the trailing edge if (d 2 qldk 2 ) is negative, 
(iv) the average step density in a bunch decreases 
with time,* 12 * and (v) the discontinuities at the 
edges of the bunches move with a velocity Aj/AA, 
where A q and AA are the change in q and A respec¬ 
tively, at the discontinuity. 

The above conclusions are quite useful in pre¬ 
dicting macroscopic changes in surface profiles as a 
function of time, particularly for continuous trains 
of steps. Indeed predictions (i) and (ii) above have 
been verified for two cases of crystal dissolu¬ 
tion.* 14 * 16 * However, since the continuum kine¬ 
matic theory characterizes all steps in a small 
bundle by the same density A and flux q , it cannot 
adequately describe any changes in step distribu¬ 
tion that depend on large or qualitative differences 
in the behavior of adjacent step intervals. (The 
situation is very analogous to the inadequacy of 
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continuous acoustical waves to account for the 
optical spectra of a crystal involving a contrary 
motion of adjacent atoms.) 

In this paper, step motion is described by a 
system of differential equations, each one cor¬ 
responding to a step or to a step interval or terrace. 
The treatment agrees with the continuum kine¬ 
matic theory to first order in cases where the steps 
may be described by a continuum model (i.e. q 
and *). There are however important discrepancies 
between continuum kinematic theory and the 
present theory when there are sharp differences 
between the behavior of alternate terraces such as 
occur in small finite trains and near the trailing 
end of a semi-infinite train. 


Thus for the case illustrated in Fig, 1, we have 
Vi = /(oo)+/(«i) 

V2 = /(«l) + /( e 2) 

V< = /(«<-l) + /( c 0 0) 

Vn = /(«n-l)+ /(<»)• 

We assume initially only that /(e) is monotonic 


Vn — 



Fig. 1. Cross-section of a dissolving crystal surface showing steps A separated by terraces of 
spacing « and moving with velocity v. 


& EQUATIONS OF STEP MOTION AND GENERAL 
INTEGRALS 

The model for a kinetic process progressing by 
step motion is depicted in Fig. 1. In the absence of 
such effects as impurity contamination, all of the 
processes (growth, etc.< 2 ~ 5 >) mentioned above that 
are proposed to occur by a step mechanism are 
likely to be controlled by diffusion of atoms or 
molecules to or from the advancing steps. When 
this is so, the velocity v of a given step will increase 
monotonically with increasing distance e to either 
adjacent step; when a continuum description 
applies this case corresponds to a negative 
(d^/dA 2 ) in Frank's formulation. We shall restrict 
ourselves to this case in this Section and Section 3, 
but shall examine other cases in Section 4. 

We assume the velocity v of a given step A 
depends only on the distance c to the two adjacent 
steps and that this dependence can be expressed 
by the sum of a given function evaluated for the 
two distances.* 


* Aa shown in Fig. 1, A< is the name of a given step 
while w the spacing of the terrace ahead of the step A { . 


increasing with e and is bounded by /(oo). The 
preceding assumptions are quite general and 
should describe a number of physical situations. 
They apply, for example, when the steps act as 
ideal line sources (sinks) at which a constant con¬ 
centration of adsorbedf terrace atoms id main¬ 
tained (on both sides).This is certainly the case 
at equilibrium when the steps are not moving. It is 
an adequate approximation when the steps^are 
moving slowly enough so that their net loss (gain) " 
of atoms is small compared with the flux ex¬ 
changed with the terrace at equilibrium; the latter 
condition should hold in the expected case that the 
fractional concentration of adsorbed atoms on 
terrace sites is small (see Appendix I). 

Introducing the function g(c) = /(oo)—/( c ), so 
that g( oo) = 0, and noting that the time rate of 
change of step spacing is given by e n = v n +i — v n 

1" An adsorbed atom is an atom which is on a terrace 
but which is not adjacent to a step. Such an atom is 
bound to the terrace by only about half the condensation 
energy. As pertains to growth (or evaporation) processes 
as discussed here, the adsorbed atoms are the same 
element as those of the growing solid. 
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~ £(«n-i)-£(*»+i). we rewrite 
the set of equations (1) as 

ei = -gift) 

«2 = g(*i)-g(*9) 

«3 = gfa)-g(u) (2) 


e n -l ~ g(c n - 2)- 


A second integral, valid for any n, follows from 
multiplying the jth equation of equations (2) by 
g(tj) and adding; one obtains the second invariant 
condition 


/ 


or 


where 


2" sl f l)*3 " °> (S) 

j-l 

j m n~l 

2 (?(«,) = C', (6) 

/-i 


The monotone decreasing function g(e) is also 
depicted in Fig. 2. If^(f) becomes zero above some 
finite value €r we will speak of this value as the 



de 



Fig. 2. The velocity functions /(e) and £(c). 


range of influence of steps on each other or simply 
as the range; otherwise the range is oo. If n (the 
total number of steps) is even, an integral of 
equation (2) can be deduced immediately by sum¬ 
ming over odd terraces. 

Thus 

jHn/2)-l 

2 *2j+i = 0, (n even), (3) 

)~0 

so that 

2 « 2 i+i = C, (n even), (4) 

o 

where C is a constant. 


and C' is a constant. The function G(c) is shown in 
Fig, 3; it must be monotonic increasing with e. 
Also since (d 2 G/dc 2 ) — (d^/dc) < 0, G is a convex 
function of e. We assume that 

00 

G (°°) = f g( e ) de 

exists and therefore bounds G(c). This is true for 
the functions g(c) usually consideredas they de¬ 
cay at least exponentially for large c. 

3. BEHAVIOR OF SMALL STEP TRAINS 
A. The case n = 2 comprises a pair of steps 
which according to equation (4) travel with a 
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constant spacing ci *= C. From equation (1) their 
velocity is less than that of a single step by the 
amount/(oo)-/(«i)» 



TO 

Fig. 3. The functions G(«) ; G(oo ) = /*(,) dt. 

0 


B. The case n = 3 comprises three steps 
separated by two terraces. Equations (6) and (2) 
reduce to G(€j)-f G(* 2 ) = C\ i\ = —g(( 2)1 i% — 
The latter equations show that ti never 
increases and €2 never decreases. Integrating from 
initial value of ei at t = 0 to a final value at t 
we havef 



*1 

- fd t iMG->(C'-C( tl ))]}. (7) 


In the limit t = oo, the integral must be in¬ 
finite. This is possible for a positive value e* of 
only if the denominator g in equation (7) equals 
zero for c* i.e., if the argument G^fC' — G(«J)] 
» oo or C' — G(«*) * G(oo); otherwise (the 
lower limit of integration) decreases to zero at or 
before t * oo, the two steps coalesce to form a 
double height step and equation (7) no longer 
applies. Now as «i and therefore G(ei) decrease 
toward zero, C'—G(ei) can clearly increase to 
G( oo), for some value **, only if C' > G(oo). 


t Since the function G is a monotone increasing 
function it has a unique inverse, G~ l . 


This condition is also sufficient since the initial 
value of C'-G(€i) cannot exceed G(oo), i.e., 
C'-G(eJ) — G(«°) < G(oo). Therefore the neces¬ 
sary and sufficient condition for €\ to decrease to a 
finite limiting value (e*) as t -► oo is thatj 

C > G(oo). (8) 

Equation (8) will always hold, for example, if the 
first step starts out very far from a pair (which it will 
then overtake) i.e., C' — G(oo)-bG(tg) > G(oo); 
furthermore the conservation of C f implies 
for this case that = e* since C' = G(*J) 
+ G(*°) = G(oo)+G(«°) = G(e{) + G(«') «G(.J) 
-hG(oo); the latter equality follows from the re¬ 
mark that when has reached the constant value 
e*, ej as £(e 2 ) must be zero which requires that e 2 
either be 00 or exceed the range cr, giving in either 
case G(e£) = G(oo). Thus the faster moving single 
step joins the middle step of the pair and displaces 
the leading step which escapes forward; the initial 
and final pair have the same spacing. 

For a typical case, that of evaporation< 3 > or 
crystal growth 


/(e) = A tanh (e/S), and 

G(oo) = ^81n2, (9) 

where 8 is the root mean square distance of surface 
diffusion of an adatom on a terrace,* 2 ’ 3 ^ A = 
^max/2, and t> max is the velocity of an isolated 
step determined by the diffusion parameters in 
the system in question, e* can be determined, 
when C’ > G{ 00 ), from the expression 


G(e*) = C'-G(oo). (10) . 


e* values are computed for several cases in Table 1. 
It is seen that the step A* always captures the step 
A 2 , and that the terminal spacing is either finite or 
zero. In every case in which equation (9) holds, 
— 00. 


C. The case n ~ 4 comprises four steps separated 
by three terraces. Here equation (2) gives - ii = 
*3 “ £(* 2 ) and €2 = £(* 1 )—£( f s); the two integral 
invariants given by equations (4) and (6) are 


t It is easy to see that the solution is 
the values » eg. 

§ In the notation of the Appendix A 
8 = 2 V(DIE). 


symmetric about 
» 1 V (ED) and 
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Table 1. Terminal step spacings e[for a train with n = 3. Collapse refers to the case when 
ci reaches zero and the terrace collapses to a doable height step . 



Initial ledge spacing 

C' (in units of AS) 

4 

1 . 


* 1 

1 

collapse 

2. 

«; = «!> s 

4 

-0*347* 

collapse 

3. 

8 > * e» < 8 

1 

4. 

«; > 8 > <2 

2/(1-..“) 

»;-exp(-2«;/«) 

5. 

c;<8<<; 

2/(i-.;> 

«;—exp( —2.J/8) 

6. 

«;>.;> 8 

4/[l + exp(-2.;/S)] 

*J — 0 *5{exp( — 2<f /*) 4- exp[( — 2.J + «*)/8J} 

7. 


4/[l +exp( —2<;/8)] 

** —0*S{exp(—2«J/8)+exp[(—2*J +*“)/•]} 


ci +«3 = C and G(€j)-|-G(e 2 ) + G(e 3 ) — C f respec¬ 
tively. The first equations show that ei never in¬ 
creases and €3 never decreases. Also since €2 = 
g( € i)—g(C— *i)» e 2 decreases if ei > C/2 and in¬ 
creases if ci < C/ 2 ; since ei cannot decrease to a 
limiting value larger than C/2, as shown below, 
€2 must always end up by increasing. 

Utilizing the expression ci = — G(ei) 

— G(C-ei)]} in a development analogous to 
equation (7), one easily finds for the present case 
that the critical condition for a positive limiting 
value e* of ci (and therefore of €3 = C— e*) is that 
the equation 

C'-[G(ei)+G(C-ei)] = G(oo) (11) 

have the solution ei = e* > 0. Since the left hand 
side of equation ( 11 ) is simply G(ea)» it cannot 
exceed G(oo) for any starting value eg. Further¬ 
more, differentiation of the bracket and utilization 
of the monotone character of g(e) shows the bracket 
to have its maximum value at ei = C/2 about 
which it is symmetric. Therefore as decreases, 
the left hand side of equation ( 11 ) decreases if 
ci > C/2 and increases if <?i < C/2. It follows 
immediately that e*, if it exists, must lie below C/2 
and that the necessary and sufficient condition for 
its existence is that 

C > G(C) + G(oo). (12) 

Again, at the limiting value ei = **, the left hand 
side G(e 2 ) of equation ( 11 ) must equal G(oo), that 
is, €2 ^ *R corresponding to a split of the initial 
group of four steps into two pairs which do not 
interact; furthermore, since c* < C /2 < the 
leading pair travels faster than and escapes the 


trailing pair. Additional conclusions are the 
following: 

(a) Given eg and eg, equation (12) shows that 
there is a minimum value of eg below which ei 
will go to zero and a double height step will form. 

(b) If eg = eg = eg — C/2, e£ is finite only if 
3G(C/2) > G(C) + G(co), or, in the case of the 
special function of equation ( 9 ) if ej 5 : 1*1 8. 

(c) For the special function of equation (9): 
If eg > 8 , eg > 8 , is finite for any eg whereas if 
eg 8 , eg S t e[ is finite only if G(e 2 ) > G(oo), 
i.e., €2 > 8 . 

In any case the four steps break up in a pairwise 
grouping, with the leading pair escaping the trail¬ 
ing pair, and the trailing pair approaching either a 
finite e^ or collapsing to a double height step. 

4. BEHAVIOR OF LARGE STEP TRAINS 

A. Some general conclusions 

Qualitatively the above results indicate that a 
finite evenly 9 paced train will start pairwise group¬ 
ing from the rear and spreading from the front. 
To develop a consequence of this conclusion, which 
will be confirmed in detail below, we note that 
since G(e) is convex,! the sum of the G(c<) for a 
group of terraces of non-uniform widths e< cannot 
exceed the value obtained when all widths are 
equal to the average width e; it must be less than 
this value if the non-uniformly spaced steps are 
within the range of influence of each other. Thus, 
assuming that the stepB are initially of equal width 


t That is d*G/de B ^ 0 the equality holding only if 
g(c) is zero corresponding to the case in which the steps 
are out of range (i.e., € > **). 
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€® « ^ and arc within range we have 
nG(i) > G(n)+G(* 2 ) ••• G(« w ) = C = &G(€°) 

(13) 

the equality now holding only if n = *2 •••*« — «°* 
Since, however, a non-uniform spacing (pairwise 
bunching) develops at the rear, equation (13) shows 
that the average spacing of the steps must increase, 
i.e., c > c°. Furthermore, for the even train case, 
the sum and therefore the average of the odd 
widths is constant (C); therefore the increase 
in i must be entirely due to an increase in the 
average of the even terrace widths in this case. 
Additional conclusions for the even train case that 
follow from equation (4) are (i) that the spreading 
of odd pairs in front must offset their shrinkage 
toward the rear since the sum of the odd ledge 
widths remains fixed; (ii) the escape of the leading 
step from a long even train is impossible unless 
some terraces collapse; for example, the distance 
between the two leading steps cannot exceed C 
unless all other pairs have collapsed; (iii) the 
approach of a step from — 00 to an odd train will 
displace the leading step to +00 according to 
equations (4) and (6), an example being the case 
ft = 3 above. 

B. Phase velocity of a periodic disturbance — disper¬ 
sion relations 

Consider an infinite train of step9 whose spacing 
c n varies only slightly about some mean value 
we do not necessarily assume, however, that 
e ff varies slowly with n. 

By expanding the function g(e n ) about e and 
keeping only first order terms we may rewrite the 
«th member of equation (2) as the differential- 
difference equation 

= (H) 

where the prime denotes differentiation of g. 
Equation (14) would be exact if g were linear in the 
range of c about i under consideration. Consider 
the traveling sinusoidal wave given by 

i+t e i * t e ivn 

» i e ivln+(u/vH} (15) 

where £ c, and where v = 2n/A is an adjusted 


wave number, A being the wave length expressed 
in units of e. As written, the wave evidently has a 
phase velocity of (w/v) i toward smaller n (left). 
Substitution of equation (15) into equation (14) 
gives iw = (e ( " - e~ iv ) = sin v. 

Therefore the phase velocity t' w of the wave with 
respect to the steps is given by 



Using equation (1) and the definition of g, we find 
that the speed of the traveling wave to the right 
(larger rt) with respect to the crystal is given by 


( sin v\ 
~~v~) 
d-u /sin v\ 

-•<*>•*» hr) 


(17) 


where the second version is written in the notation 
of the continuum kinematic theory, v{k) = 2/(e) = 
2f(\/k) being defined as the velocity of the steps 
as a function of their density k = 1/e. For v 1, 
representing a wave whose wavelength is many 
step spacings, (sin vjv) ^ 1 and equation (17) 
agrees with the expression v w = v + k(dvfdk) from 
the kinematic theory which evidently does not 
yield any dispersion; as v increases however our 
expression shows an increasing dependence of Vw 
upon wavelength through the factor (sin vjv) which 
finally becomes zero for the pairwise grouping 
given by v = 7 t(A = 2); for this case v w = v 
which corresponds to the immediate conclusion 
from equation (2) that a train of steps whose 
alternate spacings are equal must move as a rigid 
unit. Figure 4 shows a plot of v' w as a function of 
v for a given value of e. The dispersion relations 
(16) and (17), arising out of the present discrete 
treatment, are analogous to the dispersion rela¬ 
tions for lattice waves arising out of the discrete 
treatment of atomic vibrations, relations that are 
entirely missed by the continuum approach of 
elasticity theory. 

Neither the continuum kinematic theory nor the 
present modification of it including dispersion 
leads to a spontaneous growth of an initial spatial 
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Fig, 4. Dispersion relation for a wave of nearly uniform 
spacing. 

undulation in density in an infinite train; the 
Fourier components of the undulation are merely 
propagated with their appropriate velocities v w 
with no change of amplitude. Furthermore, con¬ 
sideration of higher orders in the expansion leading 
to equation (14) does not modify this conclusion 
in any essential way; the higher order terms are 
easily seen to introduce non-linearities that have 
the effect of weakly coupling harmonic waves so 
that an initial sinusoidal wave becomes somewhat 
unsymmetric due to the growth of higher 
harmonics. 

C. Description of pairzvtse grouping by partial 
differential equations 

Since we wish to distinguish odd and even inter¬ 
vals the notation is changed from e to u for odd 
terraces and to w for even terraces as shown in 
Fig. 5. The terrace widths are functions of 
terrace index and time u(n } t ), tv(n , f) according to 


equation (2). If u and w are taken to vary slowly 
with index, a supposition which still permits a 
drastic pairwise grouping, then equations (2) can 
be written 

u(n t t) — -( dg/dtv)(dwf$n ) * - p(to)(dtvldn ). (18) 
and 

w(n 9 1) = -(d g/du)(dujdn) m - p{u)(duldn) (19) 

If the terrace width varies slowly for the entire 
train, #(n, t) & tv(n, i) and the above equations 
reduce to’*' 

u - —p(u)(dujdn). (20) 

When applied to a small sinusoidal variation in 
spacing of wavelength long compared to the inter¬ 
step spacing, equation (20) yields the result given 
by equation (16) or alternatively given by the 
continuum kinematic theory. Again, equation (20) 
may be applied directly to the front of a semi¬ 
infinite train, and results equivalent to Frank’s^ 
result will obtain. However, at the back of the 
train both the u and tv equations must be retained, 
a necessity not noted in the above kinematic 
treatments, < 6 “ 8 > 

We take the particular case, of a linear function 
for g(e) of range shown in Fig. 6 and given by 

g( € ) = (e R - € )g( 0)/e* = **-€), (21) 

so that p(e) = —c for c < cr and p(e) = 0 for 
e > €r. Therefore, for € < €r , 

u = c(dwjdn) t and tv = c(du/dn) (22) 

yielding 

u — c 2 (d 2 ujdn 2 ) and w~ c 2 (d 2 wjdn%), (23) 


* Relating the expressions in equation (20) to 
Frank’s (6 > q and A, we note that u =® A -1 , (du/dn) ■» 
(du/dx) (dx/dn) = (duldx)u t so that equation (20) may 
be written (plk)(dkIdx) + (dkjdt) — 0. This is equivalent 
to Frank's continuity equation where p ® k(dqldk)> 


-u(2)—- 

-u(l)—- w 0)— --- 

- u(0)— —w(0)—,-1_I- 1 


Fig. 5. Notation distinguishing odd terraces, u and even terraces, w. 
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Thus in the Unear range of j(e), and when u and 10 
change slowly with «, each obeys the standard wave 
equation. 



FlO. 6. Particular g{t) for partial differential equation 
solution. 


The solution of equations (23) for an initial con¬ 
dition of a semi-infinite step train of equal spacing 
u * w = €o proceeds by superposition of solu¬ 
tions to satisfy the boundary condition that applies 
to the rear, namely 

(<*/&)»-o « -*H0, 01 = 0. 01- ( 24 ) 

A solution that satisfies equation (22) (as may be 
verified by substitution) is given by the following 
superposition of traveling waves of strength 

«(», f) = €o for t < n/c 

t 

“ <o+ J n/c)d*' for t > n/c 

nl* (25) 

to(n t t) *= eo for t < n / c 

t 

*= «o— J — n/c)dt‘ for t > n/c 

9 \tc 

where the form of <f> may still be determined from 
the boundary condition. Substituting equation (25) 
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into the boundary condition (24) we obtain 

t 

<m = J m *']. ( 26 ) 

Differentiating with respect to /, we find <f>' = 
— c<f> so that the solution of equation (26) is 

<f>(t) = c(€ o-€R)e~ et . (27) 

Equation (27) determines <f> as a function of its 
argument L Substituting this function into 
equation (25) and carrying out the integrations we 
obtain for the final solution the expressions 


u (n, t) = €o * < n/c 

= eo + (*o-*/?)[!-exp(H-c*)] t > n/c 

w(n, t) = e 0 t < n/c 

= «o-(eo-««)[!—cxp(«-ct)] t > n/c. 

(28) 


Equations (28) show that the alteration of spacing 
propagates into the train like a wave with aft index 
velocity of c = — g\c) and a front at n = ct.* The 
odd intervals («) behind the wave front decrease 
with time and with increasing distance behind the 
front at any given time; the even intervals (w) 
behind the wave front increase with increasing 
time and with increasing distance behind the front 
at a given time. The limiting values of u and w for 
very long times are given immediately from 
equations (28) as 

“("«°°) = 2f °- e * (29) 

w(n, oo) = c R . 

This result shows the preceding description to be 
valid for all times only if u(n , oo) = 2*o — *r > 0 or 

*o > j (30) 

which guarantees that the steps in a pair do not 
coalesce. Tentatively assuming this to be true, we 


* It is interesting to note that a finite time is required 
for the propagation of spacing alterations in spite of 
the fact that the velocity of a step is assumed to be 
instantaneously determined by the distance to the two 
neighboring steps. Note further that the velocity 
(LT^ 1 ) of the wave with respect to the steps is approxi¬ 
mately c • cq. 
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sec from equations (29) that the limiting arrange¬ 
ment is a pairwise grouping of steps in which the 
terminal spacing of steps within a pair (odd inter¬ 
val) is 2eo— *r and the terminal spacing between 
adjacent steps of two neighboring pairs (an even 
interval) is so that the pairs do not influence 
each other; the sum of consecutive even-odd inter¬ 
vals remains 2 to = (2e<>— €r)+€r. The limiting 
speed v P of the train of pairs is 

v v =/(2eo-«*)+/(€/e) =* 2c<r 0 (31) 

The description of the front end of a train ini¬ 
tially having the uniform spacing eo requires the 
solution of only one equation since u ^ zv \ namely, 

du cu 

7 ~ = c — (32) 

dt dn 

subject to the boundary condition 

(?) (33) 

\ct / n =0 

where the index n now starts at zero at the front 
interval of the train and increases going toward the 
rear. Proceeding in the same way as above, the 
solution is found to be 

u(n, t) = co t < tijc 

= co + (e J R-€o)[l-exp(n-c*)] t > n/c 

(34) 

Equation (34) again describes a wave like propaga¬ 
tion of the alteration of interval spacing with an 
index velocity c and a front at n = ct . This time 
the alteration is evidently an elongation of all inter¬ 
vals behind the advancing wavefront to a terminal 
value of €r which places the steps just out of range. 
The terminal velocity v s of this train of isolated 
steps is from equations (1) and (21) 

v 8 = 2c**- (35) 

The preceding results show that a finite equally 
spaced train will start pairwise grouping from the 
rear and spreading from the front. Thus under the 
assumed interaction, and still supposing cq ^ ejj/2, 
so that coalescence does not occur at the rear, and 
co < €r , so that interaction occurs, a finite train 
must break up into two groups; the paired group 
in the rear traveling at velocity v p [equation (31)] 
and the group of isolated steps in the front travel¬ 


ling at the higher velocity v 8 [equation (35)]; the 
two groups must continue to separate with the 
relative velocity 

V = v 8 -v p - 2 c(e*-*<>), (36) 

We now drop the assumption that co ^ €rJ2 and 
consider briefly the other extreme case in which 
c o < «r/ 2. Equation (34) will still describe the 
essential features of spreading at the front end of 
the train, but the situation at the rear of the train 
will be considerably modified from that described 
in the preceding discussion due to the possibility 
of the coalescence of steps to form multiple steps* 
We characterize multiple steps by assuming (i) the 
original order of steps must be preserved because 
of the prohibitively high energy associated with any 
undercutting of one step beneath the one ahead of it 
which would produce an overhanging layer of 
crystal; (ii) the velocity of a multiple step (made of 
n monatomic steps) is determined by the assump¬ 
tion that the n-step represents the same boundaiy 
condition to the diffusion problem as a single step 
but must lose n-times more material to move the 
same distance, thus, 

V{n) = ~[/(0+/(0] (37) 

n 

where c- and c + are the distances to adjacent 
steps (single or multiple) on either side; and (iii) 
the stability of the «-step is determined purely 
kinematically by the requirement that if dissociated 
from the multiple step the last of the steps move 
faster and the first move slower than V(n — 1). 

Under the preceding assumptions, it is clear that 
the last step of a semi-infinite equally, closely 
spaced train (eo <§ cr/2) will sweep forward collect¬ 
ing steps until it is slowed down to the velocity of a 
single step in the train; thus assuming the spacing 
of the single steps ahead of the «-step is approxi¬ 
mately unaltered,* the number of steps n it will 
collect is given by the equation 

-[/(®)+/(*o)] = 2/(e 0 ) (38) 


* This approximation should be fairly good for 
«o ^ *rI 2 since any given terrace ahead of the advancing 
multiple step will, according to equation (28), alternately 
tend to expand or contract depending on whether it is 
an even or odd number of terraces ahead of the advancing 
multiple step. 
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or 


/( 00 ) 

n z - 

2/<«o) 

the last approximation holding for large rt. For the 
particular function given by equation (8), equation 
(38) becomes 

« at ——. (39) 

Zeo 

This multiple n-step should be kinematically 
stable at the rear of a semi-infinite train; in any 
finite train, however, spreading would always 
propagate backwards from the front end and cause 
the n-step to eventually dissociate. 

In a large n-step, the diffusion of atoms from an 
interior step of the group out to the terrace may be 
a difficult step in which case equation (38) is an 
inadequate specification of the behavior of the 
multiple step.* 

5. RECONSIDERATIONS OF THE CONTINUUM 
KINEMATIC THEORY 

A. General comparison with the present theory 
In view of the above results, it is clear that the 
step kinetics depend on the discrete dependence of 
v on <odd and tevenj so that the kinematic theory 
does not correctly describe the quantitative step 
kinetics in this case. For the above example the 
q(k) curve would be as shown in Fig. 7. Thus for 



FlO. 7. q(h) for the special case of ^(e) shown in Fig. 6; 
hjt ■■ ( 1 /« a ). 


• It follows from a development similar to that pre- 
aented in Appendix I that equation (38) will be valid as 
long as ( VID ) <^(1 /»* <*>)» where D now refers to the 
•urfoce diffusion coefficient on the step surface. Noting 
that V the above condition reduces to (v m «/Z>) 

oo), a condition which should be valid in most 
cases of growth or evaporation. 


this case, as long as k < kjt = I/***, the kinematic 
theory would predict that the entire step train 
would follow a trajectory of dy/dx equal to zero, 
and that the velocities of the discontinuities at the 
leading and trailing edges of the finite train would 
be equal. Contrary to this prediction, the above 
analysis shows that the train breaks up into two 
trains which have different limiting spacings and 
which continuously move apart with increasing 
time. 

Thus, the present treatment reproduces macro- 
scopically the Frank conclusions (iii) and (iv) (see 
Section 1) that bunching will start at the rear of a 
step train, and that the average terrace spacing in 
the train will increase. In addition the present 
theory adds the conclusion that pairwise bunching 
occurs, and that only average even terrace widths 
increase. Further, clearly at the rear of a finite 
train, the step velocities and orientation trajec¬ 
tories depend explicitly on the values of eodd and 
e e ven* Therefore Frank’s treatment, wherein v (and 
hence q) is supposed to be a function only of the 
average spacing (e 0 dd + *even)/2, would not, in 
general, give the correct quantitative time depen¬ 
dent charge in surface topography at the rear of a 
step train. 


B. The continuum kinematic theory condition for step 
pile-ups or macroscopic steps 
As noted in Section 2, our condition for diver¬ 
gent behavior of step trains is that (d 2 G/d€ 2 ) is 
negative which requires that (dv/dc) is positive. 
Frank’s< 6 > equivalent condition is that (d 2 qjdk 2 ) is 
negative. Noting that q = vk , Frank’s critical 
condition, (d 2 q/dk 2 ) equals zero over a range of 
becomes 


d^ d^ 

77 - v + k 77 = const. (40) 

dk dk 


However, as shown by Frank, W the wave velocity 
(dqjdk) equals v when (dqjdk) is constant, so that 
equation (40) reduces to the critical condition 


dt; 

dA 


= 0, 


(41) 


or noting that k = (l/ c ) } 


dv 

— = 0 
dc 


(42) 
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Abo, if equation (42) is valid then Frank's condi¬ 
tion, (d^/d* 2 ) m zero over a range of is valid. 
Thus Frank’s critical condition and ours are 
identical, and can be stated: step trains will even¬ 
tually diverge as described in Sections 2 and 3 if 
( dvjde ) is positive, but pile-ups at the head of a 
step train will form if (d©/d«) is negative. 

Now conclusion (iv) of the kinematic theory 
(see Section 1) and the implication in the discus¬ 
sion of Reference 6 [that steps can continue to 
move through step bunches without convergence 
even when (d^/dA 2 ) is positive] appear to be in¬ 
consistent both with the kinematic theory and 
with the present treatment. Clearly, the present 


Now a region of density k 2 with a local perturba¬ 
tion Ai, as shown in Fig, 8, would form a bunch 
with velocity*®) 


©ft tte 





the steps ahead of the bunch would escape so that 
*i 0, q\ 0 , and k 2 would increase to a value 
kp At this point the front of the bunch would 
move with a velocity according to equation (43) of 
v b = q’Jk'p Also the step velocity in the bunch 
would be © = Thus in agreement with the 

above conclusion, a step pile-up occurs, the 



Fig. 8. q{k) for a clean dissolving crystal and one con¬ 
taminated by time dependent impurity adsorption. 


formulation requires that when (d©/dc) is nega¬ 
tive, any step which has ahead of it a spacing e 
greater than the spacing of the steps behind it will 
move with a lower velocity than the trailing steps, 
will thus cause a pile-up of steps behind it, and 
cause a macroscopic step bunch to form. No 
single steps will move through the bunch, and also 
the average step spacing in the bunch will decrease 
with time, contrary to the statements in References 
6 and 13. 

We shall now show that this latter conclusion is 
indeed consistent with the kinematic theory. A 
typical q(k) curve for a diffusion controlled process 
is shown in Fig. 8. Now if time dependent impurity 
adsorption, say, as proposed by Frank,*®) hinders 
step motion, then the q(k) curve will be changed as 
shown also in Fig. 8. A short range attraction 
between single steps would have a similar effect. 


average step density in the pile up increases to a 
limiting value k and no single steps move through 
the step pile-up. 

Therefore, any factor such as impurity adsorp¬ 
tion or inter-step attraction which leads to a nega¬ 
tive (dv/de) will lead to pile-up or macroscopic step 
formation, and the macroscopic step will com¬ 
pletely block single steps. 

6. SOME COMPARISONS WITH EXPERIMENT 

As mentioned previously, there have been a 
number of experimental observations of growth 
(and dissolution or evaporation) steps and measure- 
ments of growth rates that confirm the mechanism 
invoked here of a diffusion controlled growth pro¬ 
cess (References 2-8, see also the review in Refer¬ 
ence 19). There are not many data with which to 
compare our predictions for small groups of steps 
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because rottot observations have dealt with con¬ 
tinuous trains of steps. However in one instance, 
Verma* 20 * has observed a set of pairs of steps which, 
for comparison with the present model, apparently 
are separated by a terrace of spacing greater than 
so that the terrace spacings arc maintained at 
different constant values for each of the odd and 
even terrace sets. 

There have been a number of observations of the 
formation of macroscopic steps under growth or 
evaporation conditions.It seems likely, con¬ 
sidering the environments in the experiments in 
question, that most of these steps formed because 
of impurity adsorption leading to a negative (dv/de) 
as discussed in Section 5B. Other conditions/ 12 * 
such as the formation of a stacking fault by the 
advancing step, could also have led to a negative 
(dv/dc). 

Finally, it is possible that in some instances 
macroscopic steps were formed by the mechanism 
leading to equation (39). Under low supersatura¬ 
tions or undersaturations the operation of step 
sources produces steps spaced such that co ^ 8/ 2 ’ 3 * 
The formation of a finite train by means of source 
termination in such a case will not produce a large 
macroscopic step according to equation (39). 
However, under high undersaturations or super¬ 
saturations, dislocation step sources produce steps 
spaced such that 8 e at the source. Termination 
of a source* under these conditions will produce 
a finite train that can produce a macroscopic step 
according to equation (39). As a possible example, 
suppose 2 • 10 3 steps spaced 10 atomic spacings ao 
apart, and 8 = 2* 10 4 <ao* According to equation (39) 
a macroscopic step would build up to a height of 
~ 10 8 steps at which size spreading from the front 
would start to gradually decrease the step height. 
Further, according to equation (28), for the velocity 
function of equation (9), the spreading from the 
front will propagate backwards through the train at 


* A dislocation source may be terminated when the 
dislocation slips away or when, in evaporation or dis¬ 
solution, the surface receding along a dislocation line 
reaches a dislocation node. An alternative method of 
producing a bunch that resembles a finite train involves 
a sudden change from a high to a low undersaturation 
(supersaturation) at a source; this results in a bunch of 
steps of small spacing, corresponding to the high super- 
saturation, b ehin d which will be another train of much 
larger step spacing, corresponding to the low super- 
saturation. 


an index velocity c = (d g/de) « 4/8. Thus a time 

r' = 10*8/4 (44) 

will be required for the spreading to reach the 
macroscopic step. Using equation (A.7) for A «= 
ax/2, taking 8 ** 2 \/(D/E) y and noting that 
c 0 E = J, where J is the growth or evaporation 
flux, one can rewrite equation (44) as 

r' = Wc r /[(c,/co)-l]J. (45) 

In a typical growth or evaporation experiment 
(c r jj) ~ 1 sec, so that t ~ 10 s sec. Thus a ledge 
may form according to equation (39) and exist for a 
time appreciable compared to experimental ob¬ 
servation time (where typically a macroscopic ledge 
would have an observation time of 10-10 2 sec). 
It is possible that this mechanism may explain 
results such as those of Newkirk* 21 * of McNutt 
and Mehl/ 22 * and particularly those of Lemmlein 
and Dukova* 23 * who not only observed macro¬ 
scopic steps formed around a dislocation spiral- 
source but also observed that a rapid change from 
high to low supersaturation produced larger macro¬ 
scopic steps and vice versa in agreement with the 
predictions of the above postulations for finite 
train formation. 
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APPENDIX I 

Conditions for the Validity of the Approximations* to the 
Diffusion Problem Implied by equations (1). 

We first determine the conditions under which the 
motion of the step may be ignored in solving the 
diffusion problem, by considering the rigorous steady 
state solution for a single step. Choosing the step as the 
origin of coordinates, the following equation must be 
satisfied by Ac = c — c«, where c is the concentration of 
adsorbed atoms and c t is the value of c far from the 
step: 


1 d 2 A c d&c 

D -+u-r£Ac = 0 (Al) 

dx* dx 

where D is the surface diffusion coefficient of adsorbed 
atoms, v the steady state velocity toward positive x of 
the step, and E the coefficient giving the net fraction of 
adsorbed atoms leaving the surface per unit time. Sub¬ 
stituting A c — const e a * we obtain Da 2 + w —E = 0 
which has the two solutions 



* These approximations are inherent in all of the 
kinetic treatments of growth and dissolution treated 
here< 2 ~ 8 > and elsewhere (see the review by Hirth and 

Pound). (U > 


Therefore the general solution of equation (Al) is 

Ac » « exp(x + x)+S expfcrx) (A3) 

For positive x we must choose nr and for negative x 
to assure that Ac becomes zero far from the step. 
Futhermore, at the step we assume the concentration is 
maintained at the value to characteristic of a surface in 
equilibrium with its vapor. (Note c, « (j>lp*)co where 
p is the partial pressure of the vapor of the substanoe in 
question maintained above the solid and fa is the value 
of p at equilibrium.) From the preceding boundary con¬ 
ditions the constants a and b in equation (A3) may be 
evaluated; the result is 

for x > 0 c+ = c,+(co-c,)exp(or*) 

x $ 0 c~ = c, + (c 0 —c t ) exp(a+*). ^ 

The velocity t; of the step is determined by the flux of 
atoms out into the terrace which in turn is determined 
by the concentration gradients at the step. Since the 
advance of a unit length of step by a unit distance for¬ 
ward sweeps out a square within which the number of 
atoms changes by e r (e.g., from cr +co to eo) where Cr 
is the reticular concentration of atoms in the receding 
layer, we must have 

««» 

Substituting (A4) into (A5) we obtain 

D 

v - —(co-<>)(a + -a") 

c r 


D(cq — Ct) 


MiH 1 - 


Solving this expression for vjlD and introducing the 
abbreviation 


Co-c 8 
7) = -. 

c r 

We have finally 

V(£/P) 

2D V V0-V 2 )' 

This expression for the velocity of the step clearly shows 
that the condition under which the motion of the step 
may be neglected in solving the diffusion problem is 
that [17I « [((co-c,!)/cr] 1. In this case equation(A7) 

gives vl2D £ 1 ? V{EID) which is precisely the result 
obtained from equation (Al) if the middle tens corre¬ 
sponding to the motion is neglected. A sufficient con¬ 
dition for v <C 1 is that co/cr ^ 1 signifying that at equi¬ 
librium the adsorbed atoms occupy a small fraction of 
the poeeible surface sites. It is also possible, however, 


(A 6 ) 

(A7) 
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14<H 


that ^ ^ 1 for Co Z c r provided only that the under* 
saturation it vmall to that r* % Co. The largest possible 
value of is unity for which the velocity becomes in¬ 
finite according to equation (A7). Near this limit 
Co £ c r so that the layer of adsorbed atoms and the 
original crystal layer are almost indistinguishable and 
the step (line of demarcation) can move extremely fast 
with very little shifting of atomic positions. 

Near the limit 17 ■■ 1 , the approximate width of the 
exponential tail of diffusing atoms is * 

in the forward direction and 

vH-iWPHP-- 

in the trailing direction. Thus the forward distribution is 
greatly foreshortened and the trailing distribution greatly 
elongated compared with the value of ( DjE ) 1/a which 
they both have when v} 4^ 1. As a consequence, a given 
step exerts a much stronger influence on the motion of 
another step that trails it by a certain distance than on 
one which leads it by the same distance. For example, 
the leading member of a pair of Bteps separated by 
several times — l/a“ will travel with approximately 
the free velocity whereas the trailing member will travel 
much slower. This clearly accentuates the tendency, 
already present at 17 1 , for a leading step to escape a 
group. 

We next justify the use of the steady state rather than 
the rigorous time dependent solutions of the diffusion 
equation for steps interacting according to equation (9) 
when 1 ? 1 by showing that a given step moves only a 

•mall fraction / of the interstep spacing co during the 
relaxation time r required to establish the steady state. 
Now r £ {< 0 ) 2 ID so that 

, VT V /e 0 \ / € 0 \ 

(A8) 


where equation (9) and the definitions in the accom¬ 
panying footnote have been used to substitute foT v 9 
and where the inequality is valid since the steps were 
assumed to interact so that co ^ 8 , and since 17 1 by 

hypothesis. If y is not small compared with unity, the 
time dependent solutions must be used and time lags 
will occur in the propagation of disturbances in step 
spacing over and above those we have found to arise 
from equations ( 1 ). 

Finally, the assumption implied in equations (1) and 
used explicitly in the first part of this appendix that the 
concentration of diffusing atoms is maintained at the 
equilibrium value of co at the step despite the motion of 
the step and the net loss of atoms it experiences is 
justifiable provided the net flux j n of atoms lost by a 
moving isolated step is small compared with the equi¬ 
librium flux exchanged between the step and the 
terrace at equilibrium. To an order of magnitude 
je £ [(co 0 o)/t*J where r” is the average jump time of a 
diffusing atom on the terrace; on the other hand £ c r v 
so that the ratio of fluxes is given by 

C f vr" c r va 0 

jn/jr. = - a — 

coao co D 

- •rafecsK') ” 

where we have used the expression D £ [(<zo) 2 /t"] and 
have substituted for t jD from(A7) [using 8 « 2 V(D/E)]. 
Now [(co — c,)/eo] < 1 so that if rj is not too close to unity 

inti, < «o/8. (A10) 

If, as is likely^ 19 * (because the desorption free energy 
which determines E is generally large compared to the 
activational free energy for surface diffusion on a low 
index terrace), 5 is many times a 0 so that j n lj € 1, our 
approximation is upheld. In the case of evaporation, 
this simply means that the escape of an atom from a 
terrace into the vapor is the rate controlling step, diffusion 
on the terrace being much easier, so that a step easily 
maintains the equilibrium concentration co on the 
adjacent element of terrace. 
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Abstract —The pressure-volume-temperature relationship for solid xenon has been determined to 
20 kbars pressure from 20 to 160°K. Approximate values for the zero pressure thermal expansion 
and bulk modulus are given, along with their pressure dependence. The extrapolated absolute zero 
P-V isotherm cannot be fitted by a theoretical curve based on a Lennard-Jones 6-12 potential, and 
the solid appears to be more compressible at high pressures than the theory would predict. The 
temperature-dependent contributions to the equation of state are small and cannot be determined 
with precision. The thermal pressure P* is approximately independent of volume at constant 
temperature, although it appears to decrease slightly with decreasing volume. This implies that 
the bulk modulus tends to decrease with increasing temperature at constant volume. Various 
inconsistencies in the thermodynamic data and definitions of the Grueneisen constant are 
discussed. The only general conclusion which can be drawn is that for temperatures greater than 
&d the Grueneisen constant is apparently a linear function of the molar volume at constant 
temperature. 


INTRODUCTION 

The heavier solidified inert gases (Ne, A, Kr, Xe) 
form perhaps the simplest system of solids, and, 
hence, afford one of the most fruitful systems for 
which a comparison of experimental and theoreti¬ 
cal equations of state may be made. In theoretical 
work it is common to assume a Mie-Lennard- 
Jones type of interaction with the attractive 
energy varying as r -fl and the repulsive energy as 
r -m where r is the atomic separation, and m is of 
the order of 12. Correlation or many-body effects 
are usually ignored. Recently, Bernardes has sum¬ 
marized quite elegantly the type of calculations 
which lead to the volume dependence of the 
cohesive energy at absolute zero/ 1 * 2 > These calcu¬ 
lations are complicated by the rather large nuclear 
zero point motion effects for the lighter solids. 
The comparison of calculations of this type with 
experiment is difficult, since it is not obvious that 
the non-ideal gas values of the two constants for a 

* Contribution No. 1323. Work was performed in the 
Ames Laboratory bf the U.S. Atomic Energy Com¬ 
mission. 

tPresent address: The Minnesota Mining and 
Manufacturing Company, St. Paul, Minnesota. 


potential of this type also should apply to the 
solid. They can be used, however, to obtain 
reasonable values for the molar volume and 
cohesive energy at absolute zero. If, on the other 
hand, these two experimental quantities are used 
to evaluate the L-J constants, and hence the shape 
of the P-V curve at absolute zero, satisfactory 
agreement is found between theory and experi¬ 
ment wherever the data exist.W It also is possible 
to calculate the cohesive energy more rigorously 
using a Hartree self-consistent field approach, 
neglecting correlation effects. Excellent agreement 
with experimental values of the cohesive energy 
are found.< 4 > These calculations have not been 
carried out so as to give the volume dependence 
of the cohesive energy, however. This type of 
calculation is perhaps much more satisfactory 
than one based on a L-J type of interaction in 
that no adjustable parameters are needed, and 
hence the success obtained gives some justification 
for neglecting many-body effects. 

The calculation of the temperature and volume 
dependence of the thermodynamic functions is 
more difficult, and this has been done recently 
by Horton and LeechW for a number of different 
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values of m. A comparison of their calculations 
with the experimental data for argon and krypton 
showed definite discrepancies which led them to 
believe that the Mie-Lennard~J ones type of 
interaction could not describe adequately the law 
of force between inert gas atoms in the solid, and 
that perhaps a modification of the type proposed 
by Guggenheim and McGlashan**) would be 
necessary. 

The available thermodynamic data for these 
solidified inert gases are for zero pressure, with 
the exception of some P-V data given by 
Stewart.* 7 ’ ®) The pressure dependence of the 
thermodynamic functions may be obtained from 
a combination of the zero pressure heat capacity 
as a function of temperature and the equation of 
state [V(T,P)} data. Solid xenon was chosen as 
the subject for our initial high pressure equation 
of state studies on inert gas solids for two basic 
reasons. First, no P-V data exist for this solid at 
any temperature. These data should be of con¬ 
siderable interest since the effects of zero point 
motion are so small for this solid that it is almost 
a “classical” solid. That is, the cohesive energy 
can be obtained approximately by summing over 
the two-body forces and ignoring kinetic energy 
(zero point motion) effects. If the basic theories 
of the binding in the solidified inert gases at abso¬ 
lute zero are correct, they should be most applic¬ 
able for this solid where quantum effects are 
smallest. Secondly, the Debye temperature for 
solid xenon (0j> * 50°K) is only a fraction of its 
triple point temperature (16rK).* 9 > Hence, xenon 
should form a “classical” solid in another respect, 
since at temperatures above roughly 100°K its 
lattice vibrational modes should be fully excited, 
and the Law of Dulong and Petit should be 
obeyed. The available experimental high pressure 
techniques are crude, and it is important that the 
lattice vibrational energy make an appreciable 
contribution to the total energy of a solid if tem¬ 
perature effects on the equation of state are to be 
observed. The ratio of the triple point temperature 
to Qd forms a useful criterion for this purpose, and 
indicates that solid xenon should show greater 
effects than any of the other inert gas solids. 

The objective of the experiments which will be 
described below was to obtain P-V-T data for 
solid xenon for comparison with specific theories 
for both the P-V behavior at absolute zero and 


for the pressure dependence of the lattice vibra¬ 
tional properties. In addition, a realistic picture 
of the high pressure-high temperature equation of 
state of solids can be formed only if there exist 
data for a number of different solids which are 
obtained over a range of fairly high relative com¬ 
pressions and temperatures. The present data for 
solid xenon can be combined with those previously 
obtained for sodium* 10 ) and with unpublished data 
for cesium metal* 11 ) to form general guidelines 
for understanding the high temperature-high 
pressure behavior of solids. 

EXPERIMENTAL DETAILS 
The apparatus and general procedure which 
were used in these investigations have been 
described in some detail elsewhere.** 10 ) In princi¬ 
ple, a solid sample of a plastic substance is placed 
in a cylinder, the ends of which are closed by 
pistons. The piston-cylinder-sample combination 
is mounted in the jaws of a press, the tension and 
compression members of which extend to a 
hydraulic ram at room temperature. When a force 
F is applied to the pistons, the pressure on the 
sample is given by FjA where A is the piston area. 
Roughly, a force of 10 tons produces a pressure of 
25 kbars on a £ in. dia. sample. Friction forces are 
large, and must be compensated for by taking data 
at both increasing and decreasing pressure. The 
changes in length BL of the sample with applied 
force are measured by means of a dial indicator at 
room temperature which senses by means of 
quartz rods the relative motions of the pistons. 
The friction forces at low temperatures can be as 
great as 5 per cent of the maximum applied 
pressure, while the “press corrections” (cylinder 
dilation and piston compression) are of the order 
of 10 per cent of the observed changes in length 
for a compressible substance like xenon, and are 
known to a few percent. The changes in length of 
the sample with applied force, when corrected for 
friction and sample holder effects are then directly 
proportional to the changes in molar volume of the 


* During the course of this work, a check of the 
rcsium transition pressure at room temperature (22*5 
kbars) was made, and it was found that the pressure 
scale used in previous measurements was in error by a 
uniform 3 per cent, the quoted pressures being too low. 
Hence, the earlier data should be corrected before being 
used. ^ 
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Fig. 1. The high pressure sample holder which was used for solid xenon. Not shown are the jaws 
of the press, and the connection of the capillary to a source of gas or vacuum at room temperature. 


sample material with pressure. The press assembly 
was constructed so that its temperature could be 
maintained constant to within a few tenths of a 
degree for hours at a time at any temperature 
between 20°K and 200°C. 

The above procedure is quite straightforward 
when the sample material is a solid at room tem¬ 
perature, Another approach is necessary for 
samples which solidify only at low temperatures. 
The type of sample holder which was used is 
shown in Fig. 1, and is similar to that described 
elsewhere.Earlier work by Stewart had 
shown that other solidified inert gases had small 
shear strengths at low temperatures/ 7 ) and it was 
assumed that xenon also would satisfy the plas¬ 
ticity requirement. In Fig. 1, a sintered tungsten 
carbide cylinder has one end closed by a cylindrical 


rod of tungsten carbide, and is enclosed in a brass 
case. The end of the rod is supporte4 by the thin 
steel disc at its base, and a vacuum tight seal ia 
made by applying a thin layer of stopcock grease 
to all mating surfaces before the lower set of three 
screws are tightened. A thin brass disc (0*010 in. 
thick) was placed in the top of this assembly, 
and a second cap fastened into place to form a 
vacuum-tight sample holder assembly which 
could be evacuated (or filled with a liquid or a gas) 
through the capillary. 

This assembly was then placed in the press, the 
capillary was attached to a valve system at toom 
temperature, the sample holder was evacuated 
and isolated with a valve at room temperature, 
and it and the press were cooled to the boiling 
point of liquid xenon (165°K). At this time, a 
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valve was opened at room temperature and 
approximately the correct amount of xenon gas 
necessary to produce a solid sample of length 
equal to the cylinder diameter was condensed as 
liquid into the sample holder. The press was 
cooled further to a temperature of about 150°Kto 
solidify the liquid and force was applied to the 
upper piston to punch it through the brass dia¬ 
phragm and to compact the sample. The small 
triangular extrusion rings shown in the cylinder 
in Fig. 1 prevented the extrusion of the sample 
during the experiment. 

A serious difficulty in an experiment of this 
kind involves the determination of the length of 
the sample. It is difficult to meter precisely the 
amount of gas which is condensed, and it is not 
always certain that some solid is not formed in the 
capillary. The method which was used in these 
experiments was rather indirect, and subject to 
error, but was used for lack of a satisfactory sub¬ 
stitute. The distance of the top of the diaphragm 
from the top of the bottom piston was known to 
some precision. A dial gauge reading was taken 
before the diaphragm was broken, and the motion 
of the piston was followed on the dial gauge as the 
sample was compacted after the breaking of the 
diaphragm. The length of the sample then could 
be calculated by subtracting the piston motion 
from the distance of the diaphragm from the 
bottom piston. It was not possible to obtain a 
zero pressure dial gauge reading due to friction 
effects, so in general the pressure on the sample 
was increased and then decreased during the com¬ 
paction, and a dial gauge reading (corrected for 
friction) obtained at a standard 150°K and 1 kbar 
pressure. Hence, the length of the sample at 
1 kbar and 150°K [Li(150°)] was determined. This 
procedure was verified through the use of a 
similar procedure to determine the length of in¬ 
dium samples, which then could be measured at 
room temperature. The precision of the length 
measurement was of the order of 10~ 3 in. The 
zero pressure length of the sample was obtained 
by extrapolating the P-V isotherm at this pressure 
to aero pressure using the procedures outlined 
below. 

The xenon gas which was used in these experi¬ 
ments was obtained from the Linde Corporation 
mi was stated to be 99*99 per cent pure, or better. 
Every effort was made to insure that the samples 


were not contaminated, but it is believed that the 
results should not be sensitive to impurities of a 
few tenths of a percent or less, if they existed. 

DATA ANALYSIS AND RESULTS 

The data for solid xenon consisted of four 
series of “runs”, each series involving a different 
sample. Two samples were measured in a 0*250 in. 
dia. cylinder, and two in a cylinder of twice the 
cross-sectional area, 0*354 in. dia. The maximum 
pressures used in each case were 20kbars and 
14 kbars, respectively. The sample lengths varied, 
but were generally of the same order of magnitude 
as the cylinder diameter. The dial gauge which 
was attached to the ends of the sample holder 
pistons by quartz rods (see Fig. 1) indicated 
changes in sample length due both to temperature 
and to pressure. The actual data for a given “run” 
were taken in the form of dial gauge readings as a 
function of increasing and decreasing pressure at 
constant temperature. These were corrected for 
friction and sample holder distortion so as to 
represent actual changes in sample length with 
pressure at constant temperature.* 10 > In the 
absence of dial gauge zero shifts due to a jarring 
of the apparatus, a direct comparison of the dial 
gauge readings for different runs on a given sample 
also gave the thermal expansion of the sample, 
since the thermal expansion of the sample holder 
was shown to be negligible.* 10 ) The length of the 
sample at 1 kbar and 150°K was known, as was 
the corrected dial indicator reading at this 
point, so it was possible to use the dial indi¬ 
cator readings to obtain directly the length of 
the sample as a function of both temperature and 
pressure. In order to compare directly the data 
taken with the four samples, the length data for 
each sample were normalized by dividing by the 
length of the sample under our standard conditions 
1 kbar and 150°K, to give L(P,T)/Li(150). If the 
molar volume at 1 kbar and 150°K is known (or 
can be determined as outlined below), these 
relative data can be converted directly into the 
desired P-V—T relationship, since the sample 
length is directly proportional to its volume (if 
the cylinder area remains constant). 

The data for each sample have been converted 
to molar volumes in this way, and are given in 
Table l. It must be emphasized that the molar 
volumes for each series of runs on a given sample 
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(LI through L6, for instance) are directly pro¬ 
portional to the length of the sample as measured 
experimentally, with the only adjustable parameter 
bring the conversion factor between Li(150) and 
the molar volume* Hence, one could read “sample 
length in arbitrary units’* for “molar volume in 
cm®” in the captions. 

There was a difficulty, however, in that a com¬ 
parison of the data for the LI through LV series 
with the other Beries showed a consistently 
different behavior which could be explained if 
the initial length determination for this sample 
were in error by three per cent. Hence, the length 
of this Bample was determined by forcing the data 
obtained on it to agree with the other three series 
at 12 kbars. It also was evident that the dial 
indicator had been jarred between LIV and LV, 
so an arbitrary additive adjustment was made to 
the data taken for this run. It is perhaps worth 
noting that the relative precision in the deter¬ 
mination of the length of the sample should be 
comparable with the relative precision with which 
the total changes in length with pressure can be 
determined, or of the order of 0*3 per cent. The 
precision of the data given in Table 1 is limited by 
the sensitivity of the length determination 
(2 x 10“ 4 in.) for the smaller molar volumes 
(± 0*3 cm 3 for the L series, ± 0-05 cm 3 for the S 
series), while for the larger molar volumes it is 
limited by the pressure determination (± 0-03 
kbars for the L scries, ± 0*06 kbars for the S 
series). This implies that in the low pressure 
region near the triple point a scatter of the data in 
excess of 0*1 cm 8 /mole would not be excessive. 
An inspection of the data given in Table 1 shows 
that they are consistent to within these limitations. 

The difficulties involved in an absolute deter¬ 
mination of the densities of the samples which 
were used in these experiments have been com¬ 
mented upon. It is, however, important for 
theoretical comparisons that the final results be 
expressed in terms of molar volumes. The zero 
pressure lattice constants of solid xenon have 
been determined by X-ray measurements for 
temperatures below about 120°K.< 12 * 18 > 14 > Our 
data do not extend to zero pressure, so a direct 
comparison is not possible. However, earlier work 
has shpwn that most P-V data may be fitted by a 
relationship given by Birch 

P - (3Bo/2)(y 7 -> 5 ) [1 - fly 1 -1)1 (1) 


where Be is the bulk modulus at P = 0, £ is an 
adjustable constant, andj? = (Vo i/P) 1 ^* where Vq 
is the volume at P = 0. In this case, VojV = 
L(f,P = 0)/L(7\P). Out data for L(T,P) were 
fitted to this expression using a least squares 
program and an IBM 7074 computer. In this 
program, Bo and £ were taken as adjustable para¬ 
meters and an extrapolated value of L{T } P » 0) 
was selected by an iterative process.* 

The results of this extrapolation are given in 
Table 1. In practice, two least squares fits were 
made to the data. The first involved only the data 
up to and including 8 kbars, while the second 
included all the data. The values of To(T,P = 0), 
Bo and £ t as well as the r.m.s. deviation of the 
experimental pressures from equation (1) are 
given for both extrapolations in Table 1. The less 
reliable “all data” results are given in parentheses. 
Except for two of the high pressure runs, the 
r.m.s. deviations are within our expected experi¬ 
mental precision. Considerable scatter is evident 
in the temperature dependence of both Bo and £ 
as given in Table 1. 

If the resulting normalized values of 
L(T,P = 0)/Li(150) are fitted to the X-ray data 
at one point and a conversion factor calculated, 
the shape of the resulting Vo(T) curve is uniquely 
determined, and should agree with the X-ray 
data for other temperatures. This fit was made at 
77°K and a comparison of our extrapolated zero 
pressure data with the X-ray data of Eatwell and 
Smith< 13 > (dashed line) and Sears and Klug < 14) 
(open circles) is shown in Fig. 2. Our precision is 
much less than that of the X-ray determinations, 
but the agreement as to shape is gratifying* and „ 
gives some justification for our extrapolation. 
Sears and Klug mention an unexplained dis¬ 
crepancy which appears to exist between their 

* Equation (1) was rewritten as 

P ™ Po + [A(y 7 ~ v 5 ) -C(v 7 “.v 5 )(v 2 — 1)], where A — 
3Bq/2 and C = 3i?o£2. A value of L(T t P « 0) was 
assumed for a given run, and a least squares fit of the 
data to the above equation was made with Po t A and C 
as the adjustable parameters. Pq is now the pressure at 
which the sample length is equal to the assumed value 
HT,P = 0) if an incorrect choice of the initial length 
was made. If the magnitude of Po were greater than a 
certain value (about 0 01 kbats), the zero pressure 
length of the sample was corrected by the computer 
using the value of A, and the least squares fit was rerun. 
This process continued until a satisfactory value of the 
zero pressure length was found for which P 0 » 0. 
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TEMPERATURE, °K 

Fig. 2. The molar volume of solid xenon as a function of temperature at zero pressure. 


data and those of Eatwell and Smith. Indeed, our 
data appear to agree better with an extrapolation 
of Sears and Klug’s data than with an extrapolation 
of Eatwell and Smith’s data. 

The game least squares program gave calculated 
values of the bulk modulus B =* —(dP/d In V)t as 
a function of volume, using the best values of Bo, 
f and Vo. These calculations indicated that B was 
independent of temperature at constant volume 
to within a few per cent, although (as will be dis¬ 
cussed later) this conclusion cannot be strictly 
true. Figure 3 gives a summary of these calcula¬ 
tions for various volumes, together with error 
bars which indicate the scatter from run to run at 
constant volume, and the differences obtained in 
the two least squares fits. 

The first column of molar volumes in Table 1 
was obtained by* a smoothed, visual extrapolation 
to absolute zero of the composite data (plotted as 
isobars). This, then represents the best average 
which can be made using the low temperature 


data from various samples to obtain a curve which 
can be compared with theoretical predictions. 

DISCUSSION 

The equation of state at absolute zero 
The theoretical treatment of the properties of 
the inert gas solids at absolute zero has in general 
involved only two body forces as given by the 
Mie-Lennard-Jones potential. More specifically, 
the 6-12 form of this potential has been commonly 
used although Horton and Leech< 6 > have in¬ 
vestigated the effects of varying the exponent in 
the repulsive term. This type of potential can be 
expressed in reduced form as; 

V(r) = (4) 

where e and a are a characteristic energy and 
length, respectively. The effects of zero point 
motion are appreciable for these solids, and its 
importance can be expressed qualitatively in 
terms of a quantum parameter, introduced by 
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MOLAR VOLUME,cm 3 

Fjg. 3. The bulk modulus for solid xenon as a function of volume at both absolute 
zero and high temperatures (150°K), 


de Boer, A = W/Zmeo 2 . Here, m is the mass of the 
atom, and e and a are the coefficients in equation 
(2). Bbrnardes recently has given an explicit re¬ 
lationship for the thermodynamic properties at 
absolute zero of the heavier inert gas solids, 
expressed as a law of corresponding states in¬ 
volving a power series in A.$) In such a relation¬ 
ship, it is convenient to measure energies in units 
of c, length in units of o, and, hence, pressures in 
units of c/o 8 . Quantum effects are small for solid 
xenon (A » 7 x 10“ 3 ), and for this solid Bernardes* 
relationships in terms of these reduced units 
become: 

= E* ok = 8-61(1 — 5-34A+16A 2 ) 

« 0-829 (3a) 

VojNoe* = F* = 0-916(1 +2-02A+5A 2 ) 

- 0-929 (3b) 


flo(<J®/e) = B* = 75(3 — 9-4A+28A 2 ) = 70-05 

(3c) 

P(V )(<!»/•) = P* = 24-3F*-5-28-9F*-3 
+ 114AF*-W3 (3d) 

« 24-3 F*~ 5 —28-1 V*~ 9 . 

Here, Fo and Bo are the molar volume and bulk 
modulus at absolute zero and zero pressure, and 
equation (3d) gives the P-F relationship at 
absolute zero. 

Various procedures are possible for the com¬ 
parison of theory and experiment. In general, it 
is not obvious that the values of e and a as deter¬ 
mined from non-ideal gas data will be applicable. 
It is more systematic to use values of these para¬ 
meters which have been obtained in a fashion 
similar to that in which they will be used. Hence, 
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we choose to use the experimental value of the the pressure-volume relationship at absolute aero, 
cohesive energy at absolute zero (3830 ± 50 This is shown in Fig. 4, where the experimental 
cal/mole)* 18 * and the molar volume at absolute isotherm (solid line) is compared with the thbO* 
zero (34-72 cm 8 )* 14 * to calculate values of retical (crosses). The agreement is not good 
«(= 3-21(+ 0-04)x 10 -14 ergs) and o(= 3*96x except at low pressures. The zero pressure 
10” 8 cm) which then can be used to analyze our bulk modulus calculate*} from equation (3c), 
experimental P-V relationship. These values of Bo « 36*2 (± 0*5) kbars is in excellent agree- 
€ and a agree well with those given by Bjernardes* 2 * ment with the experimental value, 36 ( ± 1) kbars.* 



2z r } J 

!_ 1 _I - _ .1 _J_J_U i_I_i_i__.1 _ J._I 

-2 0 2 4 6 6 10 12 14 16 19 20 

PRESSURE, K BARS 

Fig. 4. Experimental P-V isotherms for solid xenon at both 
absolute zero (extrapolated) and 150°K. A theoretical isotherm 
for absolute zero also is given. The extrapolation of the ex¬ 
perimental isotherm to negative pressures (needed for thermal 
pressure determinations) was obtained using equation (1) with 
Bo = 36 kbars and £o * — 2. 


and Boato and Casanova,* 17 * but differ slightly 
from the non-ideal gas values. The limitations on 
this type of approach have been discussed by 
Boato and Casanova.* 17 * 

The conversion factor for the pressure units 
becomes c/o 3 = 0*517 ( + 0*005) kbars, and 
for the volume units, Nov* = 37*37 cm 8 , 
where No is Avogadro’s number. These can be 
used with equation (3d) to predict the shape of 


This is indicated also in the close agreement 
between the extrapolations to negative pressures 

* The Birch function does not appear to fit these 
extrapolated T = 0 data extremely well. The com¬ 
pressibility data (Fig. 3) imply that Bo =* 36(±1) kbars 
ia preferable to the Birch value given in Table 1. Care 
must be exercised in using the Birch function to extra¬ 
polate these data either to negative pressures or to 
pressures greater than 20 kbars. 
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M obtained using equation (3d) and the Birch 
function (Fig- 4)- Horton and Leech have com¬ 
mented on the indication from the thermodynamic 
data that perhaps the Lennard-Jones type of 
potential, summed over all neighbors, gave too 
large an attractive forced 6 * Our data indicate 
too large a repulsive term; the solid actually 
being too compressible at high pressures. The 
reason for this is not known. 

Temperature-dependent contributions to the equation 

of state 

The basic temperature-dependent contributions 
to the equations of state of the solidified inert 
gases involve the lattice vibrations. It is customary 
to consider the contributions of the ground state 
and the excited states as being independent; that 
is, the Helmholtz Free Energy of the solid is 
written as: 

F(T t V) « U 0 (V)+F*(T y V). (4) 

Here, C/o(F) is the cohesive energy at absolute 

zero, and F * is the phonon contribution to the free 
energy. Now the pressure, entropy, and internal 
energy are given as: 

P(T t V) « -{dFldV) T = -dU 0 ldV-(dF*/dV) T 

= (5) 



Flo. 5. The temperature dependence of the thermal 
pressure P* for solid xenon for three selected molar 
volumes. 


S(T y V) - -(dF/BT) v - -(*F*I*T) r, (*) 

V{T,V) = -TW/T)/0T) f = U*{V) 

+ U*(T t V). (7) 

The asterisks here signify quantities which 
approach zero as the temperature approaches zero. 
The thermal pressure P* is obtained easily from 
our measurements, as is illustrated in Fig. 4 where 
the isotherms for both absolute zero and 150°K 
are plotted. The thermal pressure is given by the 
separation at constant volume of the isotherm for 
a given temperature from the isotherm at absolute 
zero. For volumes greater than those of the solid 
at zero pressure at absolute zero, the Po{V) curve 
must be extrapolated to a negative pressure at 
that volume, as is indicated in Fig. 4. The volume 
dependences of all of the thermodynamic func¬ 
tions are contained in P*(T,V), since: 

(dS/dV) T « (tPIVT)v - ( dP*/BT) v , ( 8 ) 

and 

{<)U*/dV) T = T(dP*/dT) v -P*. (9) 

Hence, it only is necessary to know P*(T y V) to 
obtain changes in the entropy, lattice vibrational 
energy, and, hence, free energy, with pressure. 

Figure 5 shows the thermal pressure for solid 
xenon as a function of temperature at constant 
volume as obtained for several of the runs and 
3 molar volumes. The points were derived from 
the data given in Table 1 with no smoothing. The 
precision of each point is of the order of ±0-1 
kbars. The pressure at 30 cm 3 /mole is roughly 
10 kbars. The dominant features exhibited in 
Fig. 5 and common to a detailed analysis are, first, 
that above 100°K (dP*l'oT) v = 16 ± lbars/°K, 
independent of volume, and, second, that 
(tP*jBV)x is quite small and is always positive. 
A temperature-dependent contribution to the 
bulk modulus can be calculated as 
B* — — V(dP*jdV)T. Above 100°K, this contri¬ 
bution is independent of temperature and volume 
within experimental error and is given by 
B* — —1*5 + 0-7 kbars. At zero pressure and 
150°K, this represents roughly 10 per cent of the 
observed bulk modulus, but it rapidly becomes 
less important as the molar volume is decreased 
(Fig. 3). This conclusion is not at variance with 
the values of the bulk modulus as obtained from 
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analysis because of the scatter which was ob¬ 
served. It is to some extent an amazing conclusion 
that as the thermal energy is added to the solid at 
constant volume, the solid becomes more com¬ 
pressible. 

The volume dependence of the thermodynamic 
functions are beat discussed in terms of the 
Mie-Grueneisen equation of state. Two possible 
approaches are contained in the following defini* 
tions of “Grueneisen” constants* 3 * 

Yc(T,V) = (3B 0 V/C v = (i V/C v )(dP*/dT)v , (10) 

and 

y u (T,V) = P*V/U*. (11) 

These two expressions give identical values of y 
which are independent of temperature only if the 
lattice properties of the solid can be described in 
terms r of a characteristic temperature 0 which 
is dependent on volume only. In this case, 

y = — d In 0/d In V. 

Both of these expressions involve a knowledge 
of the zero pressure thermodynamic properties of 
the solid. The zero pressure thermal properties 
from 20°K to the triple point can be obtained 
from the heat capacity measurements of Clusius 
and Riccoboni,* 9 * A summary of their data is 
given in the third column in Table 2. The tem¬ 
perature dependence of both the entropy and the 
enthalpy as calculated from these data are given 
in the next columns. The temperature dependence 


of the enthalpy involve# two contributkma; the 
first is due to the phonon energy and the second 
is due to an increase of the lattice potential energy 
as the lattice expands. This latter contribution can 
be estimated from the variation of the cohesive 
energy with volume, or the area under the extra¬ 
polation of the Po(K) curVe to negative pressures 
shown in Fig. 4. The values of U* (the phonon 
energy) as calculated in this manner are given in 
Table 2 also. While these are true phonon energies, 
it is not legitimate to compare directly the tabu¬ 
lated values of U* for different temperatures, 
since because of thermal expansions they refer to 
different molar volumes. 

Zero pressure values of the thermal pressure 
(as derived from Table 1), the bulk modulus [as 
obtained from Fig. 3 and Vt&T)] and the thermal 
expansion are included in Table 2, The thermal 
expansion data below 75 °K are those given by 
Sears and Klug,* 14 * while the two sets of values 
given above 75°K are due, first, to the data in 
Fig. 2, and, second, to the thermodynamic re¬ 
lationship = ( dP*ldT)v = 16 bars (see Fig. 5). 
The agreement between these two sets of data is 
not spectacular, but is satisfactory and gives an 
indication of the precision of the individual de¬ 
terminations since the latter relationship is merely 
a geometrical requirement for consistency. 

The data in Table 2 can be used to calculate 
y u = 2*9 (± 0*1), roughly independent of tem¬ 
perature at zero pressure. This is in agreement with 
the low temperature values of y suggested by 
Bernardes* 2 * and Horton and Leech.* 5 * The 


Table 2. A summary of the smoothed zero pressure thermodynamic properties of solid xenon, the sources 

of the data are given in the text. 
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values of y t show a considerable variation from 
2*0 at 20°K to a maximum of 3*2 at 75°K to 
21 at 150°K, all at zero pressure. One of the 
problems involved in attaching any significance 
to these deviations concerns a lack of information 
about the value of CHowever, since its Op is of 
the order of 50°K, solid xenon should be essentially 
a classical solid above 75°K with a value of C v 
close to 6 cal/mole-deg. If one attempts to calcu¬ 
late C v from C p and the data in Table 2, using the 
relationship 

c,- c,/(i+ft*n 02) 

it is found that a value of y c = 2'3 (± 0*1) is 
necessary to give the classical value above 75 °K. 



Fio. 6. The volume dependence of the Grueneisen con¬ 
stants for solid xenon. 


This is dose to the low temperature value y c found 
by Beaumont et al ., for solid krypton/ 18 ) Thus, 
there is a discrepancy between the values of y u 
and y Ct and, indeed, an apparent thermodynamic 
inconsistency involving most likely the values of 
/9 and B given in Table 2. It is difficult to know 
how much importance to attach to this dis¬ 
crepancy. If there is a significant contribution to 
the specific heat and thermal expansion due to 
vacancy formation, such discrepancies should be 
expected to appear. These effects have been 
observed for both argon and krypton/ 1 ®) and 
could, by analogy, be serious for solid xenon. The 
only data which are at all pertinent to effects such 
as these for solid xenon are the activation energies 
for self-diffusion in liquid and solid xenon which 


have been determined by Yen an<f Norberg, 
using n.m.r. techniques/ 10 ) 

An interesting question involves the volume 
dependence of the Grueneisen constant. For tem¬ 
peratures well above Op, both C v and U* should 
be independent of molar volume, and C v should 
be independent of temperature. An inspection of 
the 17* values in Table 2 shows that above 100°K, 
At/*/AT = 5*90 cal/mole-deg, even though the 
molar volume has increased by 5 per cent in this 
interval. Experimentally, we find that both P* 
and (8P*ldT)v are, to a first approximation, inde¬ 
pendent of molar volume at constant temperature. 
Hence, one can conclude from the definitions of 
both y u and y c [equations (10) and (11)] that these 
constants should be roughly proportional to the 
molar volume for solid xenon. This is indicated 
schematically in Fig. 6. Another demonstration 
of this fact can be seen in Fig. 5. If U* is inde¬ 
pendent of volume at constant temperature, then, 
from equation (9), T(£P*/e>r)r = P*, and P* 
should be linear in the temperature at constant 
volume. Indeed, this is what is observed for 
V = 36 cm 3 /mole (Fig. 5). 6 decreases at smaller 
molar volumes, and some (small) dependence of 
U* on V is observed at constant temperature. 

A Grueneisen constant also can be defined for 
an isotropic solid in terms of the 9hape of the P-V 
isotherm. A relationship given by Slater* 20 ) can 
be written as: 

XsL = O*5O(0B/flP)-l/6, (13) 

where B is the bulk modulus. A more complex 
definition of a similar y has been proposed by 
Dugdale and MacDonald* 21 ) which in general 
gives smaller values than the above relationship/ 10 ) 
The values of B given in Fig. 3 were plotted as a 
function of pressure and (dBjdP) was determined 
from this plot by graphical differentiation. The 
resulting values of ysL are shown also in Fig. 6. 
While the magnitudes of the two y*s differ slightly 
the volume dependence is roughly the same. This 
is in contrast with the results for sodium, and 
implies that the shape of the frequency spectrum 
for solid xenon is not affected appreciably by 
volume changes/ 10 ) 

A Debye temperature d D can be defined from 
the experimental values of the entropy listed in 
Table 2 and the tabulated Debye functions/ 22 ) 
The results of such a calculation are shown in 
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fig. 7 as the P *= 0 line. If now, changes in en¬ 
tropy are calculated from an integration of 
equation (£), the variation of 0q with volume at 
constant temperature can be determined. It is 
interesting to note that the temperature depend¬ 
ence of at zero pressure disappears when the 
values are corrected to the value of the molar 
volume at absolute zero and zero pressure. The 
values of Bj) for smaller molar volumes are in¬ 
cluded merely for information purposes. It is 
difficult to place more than qualitative significance 
in calculations of this type, since the heat capacity 



TEMPERATURE , *K 

Fig. 7. The temperature dependence of the Debye tem¬ 
perature 6u for solid xenon. 0d is defined here from the 
Debye entropy function. 

data only extend down to slightly below 0£>/2 
(approximately). Similar data for argon and 
krypton,< ]8 * 23 > as well as theoretical calculations^) 
indicate that Bd for solid xenon should rise con¬ 
siderably at low temperatures to a value near 
65°K. ‘ 

CONCLUSIONS 

The present work should be regarded as a first 
effort, and cannot pretend to give more than 
semi-quantitative experimental data for com¬ 
parison with theory, except at very low tempera¬ 
tures. To be really useful, high pressure P-V-T 
data must be at least an order of magnitude more 
precise than the present data. Zero pressure 
thermodynamic data, however, such as specific 
heat, thermal expansion, and possibly compressi¬ 
bility, should be easier to obtain and again are 
lacking for xenon in the detail which is needed. 
The discrepancies in the X-ray data are not under¬ 
stood, and these data do not extend to sufficiently 


high temperatures. Bulk thermal expansion 
measurements would be extremely useful for 
comparison with the X-ray data since (as for 
argon)< 18 > one should observe quite large contri¬ 
butions due to vacancy formation. These effects 
ai$o appear in the specific heats for argon and 
krypton at high temperatures, < 18 > and a useful 
comparison could be made with data such as the 
n.m.r. determinations of the activation energy 
for self-diffusion as determined for solid xenon by 
Yen and Norberg. (1B) Heat capacity data at lower 
temperatures are needed for comparison with 
theoretical predictions of low temperature Bd* s. 
Indeed, no specific heat measurements have been 
made for the heavier inert gas solids which extend 
down into the true T 8 region, which is, unfortu¬ 
nately, well below 1°K. Unusual effects have been 
found for solid helium at these temperatures at 
small molar volumes, and these might also appear 
for the other inert gas soIids.< 24 > The interrelation¬ 
ship of these various zero pressure thermo¬ 
dynamic properties is expressed in the definition 
of y c [equation (10)], and in the need for thermal 
expansion and compressibility data to correct 
high temperature C p data to C v [equation (12)]. 

One possible solution to these difficulties of 
obtaining data for comparison with theory would 
be to measure C v directly as a function of tem¬ 
perature at constant volume, as has been done for 
solid helium.< 24 * 26 > These experiments would be 
most interesting, but also quite difficult for the 
heavier inert gas solids (such as krypton and 
xenon) due to the large molar volume and, hence 
the small specific heats/cm 8 in the classical 
(T > Bd) region where the heat capacity of the 
high pressure bomb would be large. Certainly, 
the present work should serve as a guide in 
planning such experiments. 

Most of the above comments apply to all of the 
heavier inert gas solids, and echo comments of 
Beaumont et alS w It would appear that experi¬ 
mental work on this class of solids, where theor¬ 
etical calculations of the thermodynamic proper¬ 
ties are the most feasible, has been neglected due 
to obvious (and hidden) experimental difficulties. 
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Abstract— The preparation of the tetragonal spinels in the series (1) Cu,Mn 3 -*Oi (0 ^ x ^ 0,2),(2) 
Zni+arMnj-xCU (0 < x ^ 0,2), (3) Mg*Mna_x04 (0 ^ ^ 1) and (4) Zn*Mna^j 04 (0 < x <1) 

is described. 

Studies of the crystal symmetry as a function of composition and of electrical conductivity as a 
'function of composition and temperature, are reported. All the compositions exhibit a thermal 
hysteresis of the electrical conductivity in the range of the tetragonal to cubic transition. 

Analysis of crystal-chemical and electrical properties leads to the probable cation distribution 
formulae for each system. 

The electrical conductivity involves the hopping mechanism of electrons between octahedral-site 
Mn 3f and Mn 4+ ions. 

In the systems (1) and (2) the presence of Cu a+ and Zn a+ ions in the octahedral positions together 
with the equivalent distorting power of the octahedral Cu 2-f and Mn 3+ ions has been established. 


1. INTRODUCTION 

Aminoff/ 1 ) Mason< 2 > and Bertaut< 3 > have pointed 
to the existence of a tetragonal distortion of the 
crystalline lattice with c/a > 1 for oxide compounds 
with a spinel structure MnaO^j, ZnMn 2 04 , 
CuFe 204 . This distortion is due to the presence 
of Mn 3+ or Cu 2+ ions in the octahedral sites of the 
spinel lattice. < 4<5 > 

This distortion was also made evident by means 
of X-rays, for systems formed of solid solutions of 
cubic and tetragonal spinels. < 6 - n > In CuCr 2 04 , 
the opposite distortion (c/a < 1) was discovered, (S0 > 
and 9olid solutions of tetragonal spinels with 
c/a > 1 and c/a < 1 were then studied. < 12 > 

X-ray measurements allowed to follow the 
variation of the c/a ratio with temperature and the 
transition from the tetragonal phase to the cubic 
phase that occurs at temperatures depending on the 
nature, on the concentration and on the distribu¬ 
tion of the catiofts in the octahedral and tetra¬ 
hedral sites of the spinel lattice. 12 “ 14 > 

For Mna 04 , ZnMn 2 04 < lfi ) and for the system 
CoxMna-x 04 ,W it has been possible to show that 


in the tetragonal-cubic transition range of tem¬ 
perature, a thermal hysteresis of the electric re¬ 
sistance is noticed, and thermodifferential analysis 
indicates the existence of an endothermal 
process. < 9 * 16 > 

The explanation of the mechanism of tetragonal 
distortion for compounds containing ions of the 
transition metals followed two different paths. 
Goodenough and Loeb< 4 > attribute the tetra¬ 
gonal distortion to the tendency of the Mn^ and 
Cu 2+ ions placed in the octahedral sites of the 
spinel lattice, to form coplanar square covalent 
bonds. 

Dunitz and Orgel< 6) explain the mechanism of 
distortion, based on the general theory of the 
crystalline field. The 3d orbitals of a cation of the 
iron group placed in an octahedral crystalline field 
undergo a splitting into a lower triplet and a higher 
doublet. Due to the Jahn-Teller effect,< 17 > the 
doublet states cannot be degenerated, so that in the 
case of orbital degeneracy the elementary octa¬ 
hedron is deformed, acquiring axial symmetry 
(c/a > 1). A similar phenomenon also occurs in 
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the ca« df the ion* of this type placed in the tetra¬ 
hedral site* of the apinel lattice, however, with an 
opposite distortion ( cja < 1). 

An analysts of the electronic configuration of the 
cations in the 3d transition series points to the 
Cu a+ and Mn 3+ ions in octahedral coordination, 
as having the states of doublet degenerated, where¬ 
from their diatortioned quality also results. 

The variation of distortion with the concentra¬ 
tion of the distorting ions and with temperature is 
generally treated as an order-disorder pheno¬ 
menon. Bulk tetragonal distortion appears when¬ 
ever the concentration of the distorting cations is 
sufficient to allow the formation of ordered chains 
of a cooperative distortion and the temperature is 
sufficiently low to prevent this order from being 
disturbed,* 17 - 1 ^ A more satisfactory view was pre¬ 
sented by KanamoriW who showed that Jahn- 
Teller stabilization is dynamical above the transi¬ 
tion, static below. This view is supported in (31). 

The results of the researches carried out so far 
seem to confirm the character of first-order phase 
transformation of the tetragonal-cubic transition. 
They likewise agree satisfactorily with theory, with 
respect to the variation of the cja ratio with tem¬ 
perature and with the concentration of the dis¬ 
torting ions in the octahedral sites of the spinel 
lattice, t®- 20 ) 

However, the influence of the non-distorting 
ions in the octahedral sites, as well as the influence 
of distortion and its variation with temperature on 
electrical conduction in these compounds have 
only been investigated to a small extent. 

The comparison of the results obtained through 
X-ray analysis and measurement of electrical 
conductivity allows valuable information to be 
obtained on the distribution of cations in spinel 
compounds and consequently the elimination of 
the models which do not simultaneously fulfill 
the requirements imposed from both structural 
and electrical conduction considerations. 

Likewise, the effects caused by the presence of 
two strongly distorting ions in the lattice of tetra¬ 
gonal spinels have not, so far been investigated. 

The researches carried out by the authors aimed 
to: 

(a) Study the crystalline structure and the elec¬ 
tric conduction of spinel structure oxydic systems 
containing two types of distorting ions. 

(b) Investigate the influence of the Zn 2+ and 


Mg 2+ ions placed in the tetrahedral sites on the 
distortion of the apinel lattice. 

(c) Investigate the influence of the non¬ 
distorting Zn 2+ ions placed in the octahedral sites 
of the spinel lattice, on tetragonal distortion. 

(d) Study electrical conduction before, during 
and after the tetragonal-cubic transition. 

(e) Investigate the influence of the ions intro¬ 
duced in octahedral sites on electrical conduction in 
the tetragonal spinel lattices. 

In view of realizing these aims, 18 oxide com¬ 
pounds were prepared, grouped in 4 systems: 
CujMna-zC^ with 0 ^ x ^ 0*2; Zni+ z Mn 2 -a ;04 
with 0 ^ x ^ 0*2; withO ^ ^ 1 

and Zn^Mns ^04 with 0 < x ^ 1. 

The values of the compound parameter x were 
limited in view of obtaining pure tetragonal phases 
without any interference of other phases which 
could, through their presence, have distorted the 
experimental results. 

2. EXPERIMENTAL 

2.1. Synthesis 

The oxide samples were prepared by firing the 
co-precipitated oxalates at 400°C. The powders 
thus obtained consisted of a mixture of superior 
oxides.< 22 > For the X-ray structural analysis and 
the electrical measurements in the 20-100° C 
range, pellets were pressed and then sintered in air 
at a temperature ranging between 900 and 1250°C, 
then rapidly cooled to room temperature. After 
sintering, the samples were chemically analyzed, 
the concentration of the metallic ions and of the 
active oxygen being determined. 

For electrical measurements at high tempera¬ 
ture, samples were prepared by sintering a drop of 
oxide mixture with a greater proportion of binder, 
on two 0-1 mm diameter platinum wires. After 
sintering, the wires were cut off in such a way as to 
leave one on each part of the sample, to play the 
part of metal electrodes. 

The X-ray analysis made on both types of sample 
yielded the same results. 

The temperature and duration of the sintering 
treatment were so chosen for each system that the 
compounds obtained should present a single phase 
of the tetragonal spinel type. 

Silver electrodes were deposited by evaporation 
in vacuum on the pellet-type samples on which 
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electrical measurements were carried out at tem- From the variation j e a i rt M l y 

peratures between 20 and 10Q 6 C. ture on portion® corro*^^ ^dr ■ \’ ■ 

temperature interval*, the eoneluafon wasreached 
22. X-ray structural analysis that resistivity variea according to an exponential 

The compounds of the systems shown were law and consequently an activation energy of the 
analyzed by X-ray diffraction with the aim to cohduction process can defined, 
determine with accuracy the lattice parameters. The electrical measurements at temgfetatuse* 

The CrKa radiation, filtered through a vanadium within the 20~100°C range allow to determine the 
filter, was used. The choice of a soft radiation was resistivity at room temperature (pw) dod the 
necessary in order to have only a small number of activation energy of the conduction process 
diffraction lines and thus to index them more (AE). 

readily. The Debye-Scherrer method was used, At high temperatures, besides the determindtion 
the substance in fine powder form being intro- of the activation energy (A£*) the variation of 
duced into 0*5 mm Lindemann glass capillaries, resistance was also studied in the domain of 
A 57*6 mm diameter chamber with circular dia- transition from the tetragonal phase, stable at room 
phragms was used in view of obtaining a reduced temperature, to the cubic phase, stable at high 
time of exposure. temperatures. 

The measurement of the diffraction rings was To establish the tetragonal-cubic transition tetn- 
made with a Kirem coincidence ruler capable of perature, the exploration of the hysteresis cycles 
reading 1/100 mm. After applying the film con- obtained was effected by travelling through cycles 
traction correction, the determination of the a and whose maximum temperature was gradually in- 
c lattice parameters was made by means of the creased up to the maximum cycle. For tempera- 
graphic method of successive approximations sug- tures lower than the transition temperature the 
gested by Lipson and Wilson< 21 > which requires variation of resistance with temperature is re- 
the measurement of several lines at various angles, versible, while beyond this temperature larger and 
An accuracy of ± 7 x 10~ 4 A was thus reached for larger cycles appear, tending at the limit towards 
determining the lattice parameters. the maximum cycle. This phenomenon indicates 

the existence of a temperature range in which the 
2.3. Electrical conductivity transition occurs, the width of this range being 

The dependence of the electrical resistance on dependent on the compound. The lower limit of 
temperature was measured in the temperature this interval has been chosen as the transition 
ranges 20-100°C and 700-1300°C. temperature (7 1 *). 

The measurements in the 20-100°C range were The carrier sign was determined by means of a 
made in a Hoppler-type thermostat on the pellet- thermoelectric sounder, all the samples presenting 
type samples fixed in a device ensuring the electri- a p-type conduction, 
cal contact through pressure. 

For the high temperature measurements, the 3. RESULTS OBTAINED AND THEIR 

samples fixed on a quartz stand were placed in a DISCUSSION 

tubular furnace, the temperature being measured The main results obtained are shown in Figs 
by means of a Pt-PtRh thermocouple. The 1-27 where the values of the active oxygen con- 
quartz support on which the samples were placed centration (per cent active O), the tetragonal^- 
consisted of a 15 mm diameter 800 mm long tube cubic transition temperature (T*), the activation 
on which 40 mm long quartz cross-bars had been energies at room temperature (A E) and at the 
fixed. Platinum wire conductors on which the tetragonal cubic transition temperature (AE # ), the 
samples situated in the central region of the tube resistivity at 20°C (pgo) and the axial ratio (cfa) at 
were fixed, were then stretched on the cross-bars, room temperature are plotted as functions of com- 
The Pt-PtRh thermocouple was also placed in the position or temperature, 
same manner. 

The electrical resistance was measured by 3.1. The CusMna-a^ system 
means of a Wheatstone bridge. It has been shown in a previous study of this 
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tystm* 48 * that in order to obtain tetragonal mono- 
phasic compound*, the compound parameter * 
should be limited to the value * 0-25 since for 

greater values of x a second phase, having a mono- 
clink structure (crednerite) is obtained besides the 
main phase. 

The results obtained for the dependence of the 
eja ratio and of the electrical resistivity on the 
composition and temperature can be interpreted 
by assuming that the Cu 2+ ions are placed in the 
octahedral sites of the spinel lattice according to 
the formula Mn 2 + (Cu 2 + Mn4+Mn®l 2a; ) O 4 . There 
is a whole series of structural arguments pointing to 
the preference of the Cu 2+ ions for placing them¬ 
selves in the octahedral sites of the spinel lattice, 
via.: 

(a) The Cu 8+ ions have quite a strong tendency 
to place themselves in octahedral sites, a fact made 
evident by cation distribution X-ray analysis on 
Cu ferrite.^ 8 ' 18 * At room temperature CuFe 2 C >4 is 
an almost inverse spinel (91 per cent inverse). 
Moreover, Cu 2+ and Mn 34 have, according to 
Refs 5 and 26 the same ratio of energetic sta¬ 
bilization in the octahedral and in the tetrahedral 
sites (3/2). 

(b) It is only the placing of the Cu 2+ ions on the 
octahedral sites of the spinel lattice that can ex¬ 
plain the alow decrease of the axial ratio (Fig. 1), 
the Cu 8+ producing, in this case, a tetragonal dis¬ 
tortion with eja > 1 equivalent to the one pro¬ 
duced by Mn 8 + *Cu a+ localized tetrahedrally, pro¬ 
ducing the opposite distortion (eja < 1 ), would on 
the. contrary result in the tetragonal distortion de¬ 
creasing rapidly with the increase of the Cu 2+ con¬ 
tent. This is what happens for CuFeaOa where the 
increase in temperature causes the migration of the 

ions on tetrahedral sites, producing a very 
steep decrease of tetragonal distortion.* 12 * 

The slow decrease of the axial ratio in the system 
Cu»Mn 9^£04 can be better justified by formula 
Mrf^(Cu?^MnJ + Mn|i #Jt )04 than by formula 
MnJt Jff M^ f (CuJ + Mn^i r )04 which assumes the 
appearance of the Mn s+ ions in the tetrahedral 
sites of the spinel lattice. These ions would produce 
an opposite distortion ( eja < 1 ) and in this case 
the axial ratio would decrease rapidly with the 
increase of the Cu content. This fact can be seen 
in AOKl's paper< 9) in the case of system 
Cq*Mi %-^04 for which a rapid decrease of 
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Fig. 1. Unit cell dimensions vs. composition for the 
system CuiMn3_jc04* 

tetragonal distortion was found by cation distri¬ 
bution X-ray analysis. 

Considering formula 

Mn2+(Cu* + Mn 4 J Mn^ 2 l )0 4 

as valid, one can see that the only non-distorting 
ions in the octahedral sublattice are the Mn 4+ 
ions. 

In Fig. 1 , the variation of the axial ratio with the 
proportion of non-distorting ions is presented, in 
the case of system Cu^Mns-aC^. 

In Fig. 2, the variation of the transition tem¬ 
perature with the proportion of Cu 2 + ions is 
shown. It can be seen that Tf decreases linearly 
as the proportion of non-distorting Mn 4+ ions 
increases, according to the formula suggested 
above. 

The shape of the hysteresis cycles is but little 
changed (Fig. 3), the temperature range in which 
the transition occurs increasing, this being one 
more argument in favour of the hypothesis which 
places the Cu 2+ ions with an effect similar to the 
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Tlte most conclusive ailment in favour ed the 


Mb 1 * kme, in the octahedral sites of the spinel 
lattice, the only change occurring being the slow 
decrease of the proportion of distorting ions. 



Fig. 2. Transition temperature vs. composition for the 
system Cu x Mna-x 04 . 



Fig. 3. Thermal hysteresis cycles of the electrical re¬ 
sistance (log R vs. 1/T x 10 8 ) for the systemCu*Mna-*C> 4 . 
Characteristic temperatures are indicated with arrows. 


suggested formula i% however, the way In Which 
the electrical parameters p^Xh AS and Aff vary 
with the composition (Figs 4-6). Indeed, these 
quantities which have** initially, high values (for 
x =* 0, i.e. for MnsOa, pttf m l*2x 10*, A£ « 149, 



Fig. 4. Log pio«c vs. composition for the system 
CugMns-aCU. 

AE' = 3*10), decrease very rapidly with the in¬ 
crease of the proportion of Cu 2 +, a fact that can 
only be explained by the mechanism of electrical 
conduction for the oxides with a spinel structure 
suggested by Verwey,* 25 ) through the appearance 
in the octahedral sites of the spinel lattice, pf two 
types of ions of the same metal, but at different 
valencies, the electrical conduction taking place by 
jumps of the electrons between two neighboring 
ions which thus change their valence. This process 
probably occurs in the way described by Yama- 
shita and Kurosawa,* 28 ) Le. through jumps 
caused by the interaction of the autolocalized 
holes with the lattice vibrations, leading to an 
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expo n ential dependence of mobility and, indirect¬ 
ly, of electrical conductivity, on temperature* 
Since the anaJyrit of active oxygen only shows 
wy small deviatidna from stoichiometry (Fig, 7), 
the only way in which the steep change of resis¬ 
tivity can be explained is the appearance of the 
Mn*+ ions in the octahedral sites of the spinel 
lattice, occuring concomitantly with the increase 
of the proportion of Cu a+ ions, the electronic 
jumps between the Mn*+ and the Mn 4+ ions thus 
becoming possible according to the formula 
Mn^CuJ^Mn^Mnll 2 x ) 04. Arguments in favour 
of this formula are also the recently published 
results on the system Ni-sM^+xO^ 29 * 



x 

Fio. 5, Activation energy A E vs. composition for the 
system Cu*Mna_®04 (temperature range: 20-100°C). 

3.2 The system Zni+gMns-sC^ 

As it has been shown,< 4 > Zn 2+ has a powerful 
tendency to place itself tetrahedrally. It was of 
course endeavored to see whether it can be made to 
enter in the octahedral sublattice in the case where 
the tetrahedral sublattice is completely occu¬ 
pied. With this in mind, it was endeavored to 
obtain monophasic compounds in the system 
Zni+aMns-^Oa * 

The Xnray analysis made evident, in the x < 0 -2 
domain, the existence of a single tetragonal spinel 
phase, a fact which is an argument in favor of the 
placing of the Zr&*- ions on the octahedral sites, 
according to the formula 

Zp^ZnfMnfMnS^O*. 


The variation of the transition temperature, of 
resistivity, of activation energy, of active oxygen 
content and of the shape of the hysteresis cycles 
with the composition is presented in Figs 8-14. 

It can be seen that the transition temperature 
decreases with the increase of the zinc content. 
Likewise, f> 2 o , A E and AE' present a continuous 
decrease, a fact which can be interpreted in the 
sense of the discussion in paragraph 3.1, assuming 
the structural formula Zn 2+ (Zn“ + MnJ + Mn*i 2aJ )04 
as valid. 



Fig. 6. Activation energy AE' vs. composition for the 
system CujMna^a;04 (below the transition temperature). 
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Fig. 7. Oxidizing power vs. composition for the system 
Cu*Mn3-.i04. 
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Fig. 9. Transition temperatures vs, composition for the Fig. 10. Log /Jao®p vs. composition for the system 
system Zm+*Mn2_*04. Zm+*Mna_*04. 




Um fcf. ROSENBERG, P. N1COLAU, R. MANAILA and P. PAtJSESCU 


Indeed* in this case, the octahedral sublattice of 
the spinel lattice presents a variation with com¬ 
position similar to that of the system Cu^Mns-sCU 
the Zn*+ ion having now replaced the Cu®* ion. 
The decrease of resistivity and of the activation 
energies is less rapid in this case than in 3-1, 
because the system starts with ZnMi^Oi for 
which the values of these quantities are much 
smaller than those for M 113 O 4 in the case of the 
system mentioned. 



Fio. 11. Activation energy A E vs. composition for the 
system Zni+*Mni_ x 04 (temperature range: 20-100°C). 

3.3. The systems Zn^Mna-*^ and Mg^Mns^C^ 

The cations Zn 2+ , Mg a+ have the tendency to 
place themselves on the tetrahedral sites of the 
spinel lattice where the former forms covalent 
bonds and the latter forms ionic bonds with the 
oxygen.* 4 * 8 > 

One notices in Fig. 15 a slight decrease of the 
c/a ratio with the Mg concentration going from 
1*162 (Mns0 4 ) to M50 (MgMn 2 0 4 ). The de¬ 
crease of the axial ratio is due to the fact that at the 
treatment temperature of 1200°C a fraction of the 
Mg® + ions is probably on the octahedral sites, thus 
reducing the proportion of distorting Mn 3+ 
ions.* 84 ) 

The system Zn^Mna-arOs having the structural 
formula Zn 5 + MnJl jr (Mn| + ) 0 4 presents a more 
pronounced decrease of tetragonal distortion 


(Fig. 8 ), reaching down to cfa « 1*144 for 
ZnMn 20 4 . This decrease is explained by the fact 
that Zn 2 * tetrahedrally placed weakens the octa¬ 
hedral bonds which cause distortion, in accord with 
Goodenough’s theory. 



system Zm+jMn 2 _x 04 (below the transition tempera¬ 
ture). 
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Fro. 13. Oxidizing power vs. composition for the 
system Zm +x Mns_* 04 . 
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for the system Zni+xMna_x04. Characteristic temperatures are indicated with arrows. 

8 y 8 tem Zn z Mn 3- x 04 this temperature presents a 
more irregular variation (Fig. 22 ). 

For these two systems the shape of the hysteresis 
cycles is about the same for all the compounds 
(Figs 17 and 23), the tetragonal-cubic transition 
generally occurring within a narrow temperature 
range, as for MnaO^ excepting the last com¬ 
position of each system Mg^Mn^C^ and 
Zn^Mns-sCU where the temperature range in 
which the transition occurs is much larger. 
Probably in these compounds a fraction of the 
Mg 2+ and Zn 2+ ions migrate to the octahedral sites 
of the spinel lattice. 

The quantities p 20 > AE and AE' (Figs 18, 19, 20 
and 24, 25, 26 respectively) generally have very 
high values which continue along both systems at 
about the level for MngCU, a fact which indicates in 
general a steady octahedral sublattice for both 
systems, i.e. the octahedral sublattice at M 113 O 4 
formed of only Mn 3+ ions. For the system 
MgjMna^CU a slight decrease of the electrical 
parameters can be noticed, probably due to the 
migration of the Mg 2+ ions in the octahedral sub¬ 
lattice and to the forming of the Mn 4+ ions to 
maintain electrical neutrality, a fact which can 
improve electrical conduction. For the system 
Zna;Mn 8-*04 only the compound ZnMngOi pre¬ 
sents much smaller values of the electrical para¬ 
meters than the other compounds of the system, on 
account, probably of the same phenomenon. 


The tetragonal-cubic transition temperature for 
the system Mg^Mna-sCU decreases linearly with 
the composition parameter (Fig. 16), while for the 



Fig. 15. Unit cell dimensions vs. composition for the 
syBtem Mg*Mna_*04. 
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Fig. 18. Log pao°c vs. composition for the system MgsMns.^Qi. 



Fig. 19. Activation energy A E vs. composition for the system Mg*Mns_®C >4 
(temperature range: 20-100°C). 



Fig. 20. Activation energy Ai?' vs. composition for the system Mg*Mn8_*04 
(below the transition temperature). 
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The contest of active oxygen in the samples of 
these systems generally presents deviations from 
stoichiometry (Figs 21 and 27), a fact which 
probably also explains the more irregular varia¬ 
tions of the electrical resistivity and activation 
energy. 


4. CONCLUSIONS 

All the spinel compounds studied in the 
systems Cua-Mna-a .04 (1), Zni+^Mna-jcC^ (2), 
MgsMns-sC^ (3), Zn-cMna-^CU (4), present at 
room temperature a tetragonal distortion of the 
crystalline lattice. 
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Fio. 25. Activation energy A E vs. composition for the system ZnxMn3-x04 
(temperature range: 2(M00°C). 



Fto. 26. Activation energy kE' vs. composition for the system Zn x Mn 3_*04 
(below the transition temperature). 


In the system (1) the Cu 2+ ions place themselves 
on the octahedral sites of the spinel lattice, con¬ 
tributing to the distortion by a quantity equivalent 
to Mn 8 +, the structural formulae of this system 
being Mn z+ (Cu* + Mn 4 /Mn^) 04 . 

In system (2) compositions were obtained where 
the Zn* + ion placed itself octahedrally, the struc¬ 
tural formula of the system being probably 
Zn? + Mnf + (Zn5 + MnJ + Mn|l aB )0 4 where « + < = 
x+1 and t approach 1* 


All the compounds studied show in the variation 
of electrical resistance with temperature a thermal 
hysteresis in the range of transition from the tetra¬ 
gonal to the cubic structure. The more the per¬ 
centage of non-distorting ions in the octahedral 
sublattice increases, the more deformed the 
hysteresis cycles and the larger the temperature 
range in which they extend. 

The dependence of the transition temperature 
on the percentage of non-distorting ions is linear, 




, preparation! electrical conductivity and tetragonal DISTORTION | 
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X 

Fig. 27. Oxidizing power vs. composition for the system Zn^Mna.^. 


in agreement with the predictions of Wojtowicz’s 
theory, a fact bringing an extra argument for con¬ 
sidering the tetragonal-cubic transition as a phase 
transformation of the 1st order. 

From the resistivity and activation energy 
measurements it has been possible to show that, 
at least qualitatively, the electrical properties of the 
compounds studied can be interpreted by means of 
Verwey’s hypothesis on the mechanism of electri¬ 
cal conduction in the oxide compounds with a 
spinel structure. The gradual increase of the 
quantity of Mn 4+ in the octahedral sublattice for 
the compounds of systems (1) and (2), causes the 
decrease of resistivity and activation energy, since 
the possibility of transition between ions of the 
same type but of different valencies, located in the 
equivalent sites of the spinel lattice (the octa¬ 
hedral ones) thus increases. 

In exchange, in systems (3) and (4), resistivity 
and activation energy are less sensitive to the 
gradual replacement of the Mn 2+ through Zn 2+ or 
Mg 2+ ions in the tetrahedral sublattice. 

From the dependence of electrical conduction on 
temperature, a confirmation is obtained of the 
structural formulae suggested for the compounds 
studied in agreement with the results reached on 
basis of the X-ray-structural analysis. 
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Abstract —The heat capacities of four 0-quinol clathrates of CO, yCO * 3C*H4(OH)s, having 
compositions in the y = 0-4-0-8 range, have been measured from 15° to 300°K in an adiabaticaUy 
operated calorimeter. 

At 298*15°K, the molar heat capacity and entropy of clathrated CO are 9-76 and 20*94 cal 
deg* 1 mole* 1 , respectively. The pressure isotherm constant for the reaction CO(g) ^CO^-qaino u #), 
is p(t — y)ly ** XWc — 8*9 atm. 

The heat capacity in the 15-40°K range is interpreted in terms of a three-dimensional harmonic 
oscillator (>> *=» 104*3 cm* 1 ) for the vibrational motion of CO in the cavity and a two-dimen¬ 
sional hindered rotator with Vo «= 745 cal mole* 1 . 

At 298T5°K, the thermodynamic properties are correlated by the use of the classical cell model 
for the rattling motion of CO corrected for the effect of hindered rotation. Agreement between cal¬ 
culated and observed properties is obtained for Ze(/A) 1/a = 390 and a «= 3 *22 A for the interaction 
parameters of the cavity wall, and Vo 2867 cal mole -1 for the potential hindering the rotation of 
occluded CO. 

The apparent increase of potential with temperature perhaps results from increased alignment of 
the CO molecules with the cavity walls. 


INTRODUCTION 

In a preliminary communication* 1 ) the molar heat 
capacities of CO and N 2 in their respective £-quinol 
clathrates have been given graphically for the 
15-100°K range, and an interpretation of the data 
has been offered in each case based on a model 
consisting of a three-dimensional isotropic har¬ 
monic oscillator for the rattling or vibrational 
motion of CO in the host cavity and a two dimen¬ 
sional harmonic oscillator for the librational 
motion. For clathrated CO the librational fre¬ 
quency was found to be 43*1 cm -1 and the barrier 
restricting the rotation was calculated to be 691 
cal mole -1 . 

This paper now presents the complete results of 
the measurements of the heat capacities of four 
j9-quinol clathrates of CO of various compositions 
for the 15-300°K range from which the molar 
heat capacity and entropy of clathrated CO have 

* Supported in part by a grant from the National 
Science Foundation. 

t Present address: Manlabs, Inc., Cambridge, Mass. 


been obtained. In addition, an interpretation of 
these data and the vapor pressures of /3-quinol 
clathrates of CO at 25 °C is given in terms of the 
van der Waals< 2 > theory for the vibrational motion 
of CO enclosed in the host cavity, and the proper¬ 
ties of a two-dimensional hindered rotator for 
which the appropriate partition function and sta¬ 
tistical thermodynamic equations have been 
derived. 

EXPERIMENTAL 

The clathrates of CO employed in this work were 
prepared under isothermal conditions by subject¬ 
ing a slurry of doubly vacuum sublimed Eastman 
hydroquinone (99*99 per cent by CelV ion titra¬ 
tion)* 8 ) in n-propyl alcohol to a predetermined 
constant pressure of CO gas (Matheson, 99*5 per 
cent) in a thermostated high pressure autoclave. 
The slurry was agitated by rocking the bomb for 
several days at 25*0±0*1°C to insure synthesis of 
homogeneous samples. Following die conversion 
of the a-hydroquinone to the 0 -quinol clathrate 
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of CO by the net reaction: 3 *-quinol (#) + yCO#) 
m 3 /J-quinol '^CO^), where is the fraction of 
cavities filled or number of moles of gas occluded, 
the mother liquor was filtered from the dathrate 
crystals in dtu under the prevailing equilibrium 
pressure and the clathrate partially dried by cir¬ 
culating CO at the same pressure through the bed 
of crystals for about 1 hr in order to avoid reversal 
of the above reaction. The product was then 
quickly removed from the reaction vessel and 
placed on a high vacuum line to remove last traces 
of solvent. Infra-red spectra and X-ray powder 
diagrams confirmed the presence of the /?- 
structure. Prior to calorimetric use, the samples 
were stored in a vacuum desiccator maintained 
below 25°C. The gas content of the clathrates was 
determined by fusion of a weighed amount of 
sample in a calibrated vacuum manifold provided 
with a constant volume manometer for pressure 
observations. Pressures of the order of 0*5-0 *8 atm 
were measured to ± 0*005 cm with a Gaertner 
cathetometer. 

During the course of the preparation of the 
clathrates, the pressures for the equilibrium: 
CO(f) ^ CO^.quinoi, s) were also observed 
and were used to'calculate the 25°C pressure iso¬ 
therm constant Km°c - i 3 (CO)(l -y)/y- (2) 

Strictly speaking, the observed pressures must 
be regarded as tentative equilibrium pressures 
since in all cases the “equilibrium” preparations 
were approached from only one direction and, 
accordingly, cannot yet be regarded as true 
equilibrium preparations until a more rigorous 
equilibrium study is completed. 

The heat capacities of four CO clathrates, having 
46*0, 62*6, 75*7 and 81*0 per cent of the cavities 
filled, were measured from 15 to 300°K in an 
adiabatically operated calorimeter and cryostat 
which have been described previously.* 4 * The ice 
point was taken as 298*15°K and one defined 
calorie was taken as 4*1840 abs J. 

RESULTS AND DISCUSSION 

The pressure isotherm constant at 25*0°C, cal¬ 
culated as the slope of the plot of P( 0 bs) vs. yj 1 — y 
at low pressures (Fig. 1), was found to be 8*9 ± 0*3 
atm. The three phase pressure at y = 0*34 was 
calculated to be 4*6 atm, assuming the validity of 
the van der Waals theory for the composition of 
the clathrate for the three-phase equilibrium.< 2 > 
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Although the dependence of P % or fugacity, on 
y/l—y deviates from linearity above ~ 10atm, 
these deviations cannot yet be properly attributed 
to the breakdown of the isotherm function or the 
effect of pressure on the stability of the /J-quinol 
lattice, since the systems were not rigorously tested 
for equilibrium. 

The experimental heat capacities of the clath- 
rates of CO are given in Tables 1-4. No dis¬ 
continuities were found in the 15-300°K range. 
From 15 to 120°K, the heat capacity of each clath¬ 
rate is curved substantially towards the T axis 
while above 120°K, C v is almost linearly depen¬ 
dent on temperature. Since the heat capacity of 



Fic. 1, Equilibrium pressure isotherm for CO^) % 
C'G^-quinoi, *)• Lower left segment of dotted line—region 
of instability of clathrate relative to a-quinol and CO 
gas. Complete dotted line—apparent low pressure 
limiting slope. 

enclosed gas is obtained from the difference of 
large numbers, the measurements of heat capaci¬ 
ties in temperature regions of interest were often 
repeated to insure reproducible results. The 
average deviations of the data from a smooth curve 
amounted to about ± 0-1-0 2 per cent above 90°K 
and increased to about ± 0*5 per cent below 50°K. 

Two of the samples lost a small amount of CO 
presumably during the soldering operations on the 
loading port of the calorimeter. This was evi¬ 
denced as a small anomaly near the triple point of 
carbon monoxide (~66°K). Sample 3 with a final 
y value of 0*757 had an initial value of 0*771 
before loading the calorimeter while the y value of 
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Series I 


Series I — cqtttd. 

r°K 

Cp 

T°K " 

Cp 

57*54 

27-62 

217*94 

7605 

61-03 

28*92 

223-65 

78*05 

64-41 

30*10 

229-45 

80*00 

67*71 

31-22 

235-15 

81 -88 

70-94 

32-26 

240-93 

83-78 

75-19 

33-66 

246-78 

8S-70 

80-12 

35-18 

252-50 

87-61 

84-63 

36-49 



89-08 

37-76 

Series II 


93-63 

39-00 

T° K 

Cp 

9814 

40-16 

242-09 

84*18 

102-32 

41-36 

247-62 

86*05 

108-29 

42-99 

253-39 

87-96 

114-15 

44-71 

259-20 

89-81 

118-56 

45-97 

264-87 

91-68 

123-29 

47-34 

270-64 

93*67 

■ 128-34 

48-80 

276-50 

95-78 

133-36 

50-23 

282-44 

97*64 

138-39 

51-66 

288-50 

99-74 

143-62 

53-13 



148-90 

54-69 

Series III 

154-27 

56-38 

r k 

Cp 

159-71 

57-97 

13*28 

1-91 

165-04 

59-62 

14-96 

3-14 

170-45 

61 *19 

16*37 

4*26 

175-65 

62-86 

18-79 

6-17 

181-06 

64-54 

21H6 

8-29 

183-64 

65-42 

23-46 

9-79 

188-97 

66-98 

25-29 

11-01 

194-72 

68-70 

26-90 

1204 

200-68 

70-65 

28-74 

13*10 

206-53 

72-48 

31*02 

14*49 

212-28 

74-37 

33*48 

16-00 



Ul'-contd. 

Cp 

35*89 

17*44 

38*21 

18*77 

40*44 

1?*98 

43*20 

21*43 

46*72 

2307 

50-65 

24*80 

54-74 

26*53 

59*23 

28-26 

64*27 

3006 

Series IV 

T° K 

Cp 

15-26 

3-41 

16-76 

4-58 

18-66 

6-11 

21-00 

7-96 

23-29 

9*67 

25-69 

It *31 

28-48 

12-95 

31-57 

14-88 

34-54 

16*66 

37-83 

18-55 

41-31 

20-38 

44-67 

22-10 

48-55 

23-89 

52-85 

25*70 

Series V 

T° K 

Cp 

273*93 

94-82 

279-84 

96-80 

285-62 

98*76 

291-49 

100*76 

297-75 

103-04 


sample 4 went from 0-816 to 0*810. When more 
care was taken to keep the calorimeter cool during 
soldering operations, subsequent samples did not 
undergo any decomposition. The heat capacity 
data have been corrected for the presence of solid 
and gaseous CO as well as for the heat effect 
associated with the sublimation of the CO. These 
corrections did not exceed 0-2 per cent below 
50°K and 0*1 per cent above 70°K. The molar 
heat capacity of the enclosed CO in the clathrate 
was obtained from the slope of the heat capacity- 
composition isotherms, i.e., plots of the heat 
capacity of 3-/3 quinol. yCO against y t for selected 
temperatures. With few exceptions the points fell 
on a straight line for each temperature in the 


15-300°K range with the deviations falling within 
the range of the experimental uncertainties of the 
observed values for C P . Values of the molar heat 
capacity of the clathrated CO obtained in this 
manner for selected temperatures are given in 
Table 5 along with smoothed values for the same 
temperatures. The dependence of the heat capacity 
on temperature is illustrated in Fig. 2. 

The heat capacity of 3 moles of 0-quinol at 
selected temperatures is also listed in Table 5 and 
has been determined from the y = 0 intercepts of 
the heat capacity-composition isotherms for 
selected temperatures. 

The entropy of each of the CO clathrates at 
298T5°K was evaluated in the usual fashion by 
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TabU 2. Experimental heat capacity of carbon monoxide dathrate No. 2.3CeH*(OH)a • 0-626 
GO in cal Ay -1 3 moles p-qsattoM (0-1230 moles of dathrate in the calorimeter) 


Series I Series V — contd. Series VIII 


TK 

Cp 

rK 

c P 

rK 

C v 

5916 

29*41 

1911 

6*81 

210*70 

75*36 

62*03 

30*50 

21-60 

8*80 

221*31 

78*74 

65*11 

31*62 

23-74 

10*52 

227*74 

80*90 

68*39 

32*75 

25-83 

11*94 

234*03 

82*97 

71*94 

33*85 

28-32 

13*50 

240*20 

85*16 

75*55 

34*98 

30-96 

15*16 



79*22 

36*13 

33-42 

16*77 

Series IX 

83*04 

37*40 

35-88 

18*33 

T° K 

Cm 

87*32 

38*67 

38-34 

19*67 

58*36 

'-'P 

29-13 

91*95 

39*99 

40-97 

21*18 

61*17 

30*17 

96*40 

41*21 

43-80 

22*73 

64*08 

31*31 

100*93 

42*42 

46-73 

24*14 

67*17 

32*34 

105*62 

43*84 

49-74 

25*55 



110*28 

45*11 

52-79 

26*91 



115*07 

46*59 

55-96 

28*17 

Senes X 

120*13 

48*07 

59-32 

29*45 

T°K 

c P 

125*32 

49*58 

62-85 

30*81 

187*93 

68*03 

130*54 

50*97 

66-60 

32*14 

193*69 

70-02 

135*78 

52*56 



199*87 

71*91 

141*03 

53*88 

Series VI 

206*24 

73*89 

146*31 

55*56 

T K 

C p 

213*70 

76*52 

151*61 

57*16 

19*07 

6*71 

219*72 

78*51 



21*58 

8*75 

225*80 

80*40 

Series II 

23*92 

10*57 



T° K 

C p 

26*6? 

12*44 

Senes XI 

149*47 

56*46 

29*52 

14*26 

r k 

C P 

154*66 

58*20 

32*07 

15*84 

178*16 

65*22 

160*07 

59-75 

34*53 

17*46 

183*42 

66-92 

165*52 

61*47 

40*11 

20*74 

189*02 

68*63 

170*86 

62*86 

43*01 

22*31 

194*88 

70*35 

176*26 

64*62 

45*99 

23*78 

200*84 

72*24 

181*71 

66*27 

49*17 

25*29 

206*84 

74*30 

187*22 

67*83 

52*58 

26*80 

212*87 

76*10 

192*77 

69*68 



219*11 

78*08 



Series VII 

225*37 

80*13 

Series III 

T° K 

C p 

231*56 

82*35 

T° K 

C P 

190*16 

68*94 

237*69 

84*31 

54*97 

27*80 

195*79 

70*63 

243*88 

86*36 

57*91 

29*06 

201 *93 

72*70 

250*15 

88*31 

60*94 

30*10 

207*88 

74*51 

256*32 

90*36 



213*86 

76*40 



Series IV 


219*71 

78*26 

Series XII 

T°K 

c P 

225*60 

80*18 

TK 

C v 

15*02 

3*37 

231*92 

82*28 

188*14 

68*25 

16*03 

4*29 

238*47 

84*46 

193*78 

70*03 

17*20 

5*18 

244*99 

86*58 

199*65 

71*86 

19*18 

6*84 

251*35 

88*74 

205*72 

73*65 

21*46 

8*77 

257*54 

90*87 

211*99 

75*77 

23*57 

10*37 

263*62 

92*82 

218*14 

77*75 



269*71 

94*81 

224 42 

79*78 

Series V 


275*99 

97*06 

230*97 

82*14 

r k 

Cp 

282*35 

99*27 

237*39 

84-13 

13*93 

2‘67 

288*60 

101*07 

243*69 

86*20 

15*64 

3*90 

294*57 

103*30 

249*87 

88*39 

17*06 

5*10 

299*98 

105*77 

256*13 

90*14 
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Table 3 . Experimental heat capacity of carbon, monoxide clathratt No. Z. 3 C#H«(OH)a • 0-757 
CO m cal def 1 3 moles /S-^uhmH ( 0-1275 mdes af datkratein the calorimeter) 


Seriei J 


Series IV 

Series VII 

T° K 

c P 

nc 

Cp 

TK 

c 9 

53-91 

28-31 

226-17 

?1 81 

14-91 ' 

3*51 

56*67 

29-38 

232-07 

&3-71 

16-31 

4-70 

59*24 

30*44 

237-97 

85 53 

18*33 

6*39 

61-82 

31-43 



20-69 

8*36 

64-57 

32-43 

Series V 

22-50 

9*91 

67*81 

33*71 

T K 

C p 

24-16 

11-13 

71-55 

34-91 

235-74 

85*09 

25-88 

12-38 

75-35 

35*99 

242-03 

87*18 

28-13 

13-90 

79-21 

37*28 

248*22 

89*22 

30-95 

15-78 

83-32 

38-60 

254-29 

91-08 

34*28 

17'97 

87-68 

40*06 

260-63 

93*32 

37*47 

19*95 

92-29 

41-34 

266-92 

95-35 

40-83 

21-85 

97-13 

42-65 

273-02 

97-48 

44-51 

23-86 

102-00 

44-07 

279*23 

99-46 

48-18 

25-61 

106-74 

45-42 

285-52 

101-60 

51-94 

27*53 

111*63 

46-87 

291-91 

103-92 

55-77 

29*05 

116-92 

48-47 



59-44 

30*52 

122-31 

49-97 

Series VI 



127-53 

51-55 

T° K 

Cp 



133-34 

53-30 

54*72 

28-60 

Series VIII 

139-40 

55-08 

58-27 

29-99 

YK 


144-94 

56-61 

62-06 

31-66 

16-32 

4*71 



65-80 

32-98 

18-22 

6*30 



69*50 

34-19 

20-41 

8-15 



73-23 

35-34 

22-33 

9*74 

Series II 

76-82 

36-37 

24-26 

11-23 

T°K 

C P 

80-23 

37-89 

26-89 

13-04 

143-22 

56-17 

85-02 

39*18 

30-04 

15-20 

148-75 

57-91 

89-05 

40-51 

33-31 

17-32 

154-67 

59-53 

93-48 

41-59 

36 83 

19-56 

160-33 

61-09 

98-33 

43*05 

40-45 

21*67 

165-80 

62-82 

103-27 

44*44 

4463 

23-84 

171-55 

64-59 

105-89 

45*12 

49-13 

26*14 

177-30 

66-38 

110-85 

46-67 



182-90 

68-15 

115-95 

48-13 

Series IX 

188-71 

69-93 

12118 

49-70 

r°K 

Cn 

194-73 

71-67 

128-37 

51-77 

54-94 

'-'P 

28-65 

202-70 

74-22 

134-09 

53-23 

58-45 

30*13 

208-49 

76-13 

139-95 

55*22 

62-06 

31*47 

211-92 

76-99 

145-62 

56-75 

65-99 

33-02 

217-79 

78-86 

151-17 

58-46 

70 00, 

34*47 



156-92 

60-28 

74-05 

35-70 



162-69 

61*94 





168*34 

63-62 



Series III 

174-07 

65-43 

Series X 

T° K 

C P 

179-85 

67-25 

T° K 

c P 

215-60 

78-15 

188-18 

70-02 

280-60 

99-97 

221-33 

79-93 

194-12 

71*75 

286-55 

102*03 

227-28 

81-90 

199-95 

73-57 

292-26 

103-99 

236-43 

84-93 

205*97 

75-49 

298-47 

106-30 
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Tabled. Experimental heat capacity of carbon monoxide clatkrate No. 4. SCeH^OHJg * 0-810 
CO in cal deg~ l 3 molet ft^qtanoh 1 {0*1355 moles of clatkrate in the calorimeter) 



Series / 

Series 11 (continued) 

Series III (continued) 

T° K 

Cp 

T°K 

Cp 

r°K 

Cp 

56*16 

29*53 

157-96 

60*76 

282*27 

101 *20 

59-07 

30-80 

163-40 

62-48 

288*54 

103*17 

61*95 

31*95 

168-69 

63*97 

294*37 

105*44 

64*87 

33-06 

174-16 

65*67 

299*77 

107*29 

67-69 

34*05 

179-85 

67*52 



70*58 

34*92 

185-52 

69*24 


7416 

36*05 

191-07 

70*93 

Series IV 

mars 

78-74 

37-51 

196-51 

72*70 

1 

\*P 

83-80 

39*27 

202*18 

74*70 

52*99 

28-20 

88-99 

40*92 

208*09 

76-61 

56*05 

29-51 

94-09 

42*25 

213*88 

78*14 

59*06 

30-77 

99-13 

43-71 

219*88 

80-26 

62-06 

31-98 

104 14 

45*11 

226*38 

82*37 

64-90 

33-08 

109-82 

46*78 

232*81 

84-22 

67*82 

34-09 

115 82 

48*53 

238-82 

86-25 

70-78 

35-10 

121-20 

50*13 

73 -76 

35-94 

126*43 

51-64 





132*13 

53-27 

Series Ill 

Series V 

138*28 

54-77 

T° K 

Cp 

T°K 

Cp 

143*98 

56-57 

239-21 

86*74 

14*35 

3*25 

149*21 

58-22 

245-07 

88-55 

15*62 

4*06 



251*14 

90-52 

16*75 

5*05 

Series II 

257-07 

92-76 

18-75 

6-77 

TK 

c P 

263-22 

94*83 

21-25 

8-96 

147*41 

57-72 

269-57 

96-77 

23*34 

10-79 

152*64 

59-26 

275-91 

98*64 

25*37 

12-24 


the graphical integration of C p -log T plots from 
1479°K to 298-15°K and from 0 to 14-79°K by 
extrapolating the heat capacity data with the 
function: 

C p - 3[3(240/r)n+3(817/T) B ]+y[3(140/r) K 
+ 2(62 /T) b ] 

which represents C p for 3CeH4(OH)2 jyCO over 
the 15-60°K range to within ± 1 per cent. The 
terms in the first bracket consist of three Debye 
and three Einstein functions per mole of /?-quinot 
whereas the second bracketed expression applies to 
the y moles of guest CO with which are associated 
one three-dimensional Einstein function for the 
vibrational or “rattling” heat capacity and one two- 
dimensional function for the librational motion. 

The molar entropy of clathrated CO at 298*15°K 
obtained from an entropy-composition isotherm at 
this temperature was found to be 20’94 ±0*20 


cal deg- 1 mole- 1 , assuming the validity of the third 
law of thermodynamics for these clathrate systems. 
From they = 0 intercept of the same isotherm, the 
entropy of three moles of £-quinol at 298*15 °K was 



Fig. 2. Molar heat capacity of occluded CO in the 
0-quinol clathrate. 
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Table 5. Smooth values of the heat capacity of the GO datkrateii* cal 

deg - 1 3 moles fi-quinol' 1 at Selected temperatures , * • 


T°K 


c 




y as 0 -460 

0-626 

0*757 

< !l 0-810 

15 

3'20 

3 40 

3-56 

3*65 

20 

7*17 

7-54 

7*79 

7-90 

25 

10*82 

11-37 

U-56 

11-96 

30 

13-91 

14 56 

15-17 

15-32* 

35 

16*94 

17-76 

18*40 

18*65* 

40 

19-75 

20*68 

21 *41 

21*70* 

45 

22-27 

23-30 

24*41 

24-42* 

50 

24-53 

25-66 

26-55 

26-87 

55 

26-63 

27-83 

28-70 

29*05 

60 

28-55 

29-74 

30-78 

31-15 

65 

30-31 

31-59 

32-70 

33-10 

70 

31-96 

33-25 

34-35 

34-80 

75 

33-48 

34-82 

35-94 

36-30 

80 

35-15 

36-38 

37-52 

37-89 

90 

37-98 

39-43 

40-63 

41-06 

100 

40-72 

42-20 

43-52 

44*08 

110 

43-49 

45-12 

46-42 

47-00 

120 

46-52 

48-02 

49*33 

49-88 

130 

49-39 

50-91 

52-27 

52*68 

140 

52-14 

53-73 

55-14 

55-52 

150 

55-02 

56-66 

58-18 

58-44 

160 

58-05 

59-74 

61-08 

61-38 

170 

61-06 

62-74 

64-12 

64-38 

180 

64-26 

65-73 

67-37 

67-53 

190 

67-30 

68-80 

70-40 

70-63 

200 

70-42 

72-04 

73-45 

74-00 

210 

73-62 

75-24 

76-58 

77-14 

220 

76-90 

78-44 

79-76 

80-26 

230 

80*19 

81-71 

83-04 

83-50 

240 

83*51 

84-94 

86-59 

86-73 

250 

86-82 

88*30 

89-78 

90-23 

260 

90-08 

91-63 

93-10 

93-75 

270* 

93-44 

95*03 

96-42 

96-91 

280 

96-88 

98-40 

99-86 

100-28 

290 

100-24 

101-88 

103-22 

103-86 

298-15 

103-20 

104-84 

306-21 

106-72 

300 

103-86 

105-48 

106-84 

107-37 


•Interpolated values. 


found to be 100*28 cal deg' 1 to be compared with 
100*4 and 99*8 cal deg* 1 , reported by Parsonage 
and Staveley< 6 > for the entropy of 3 moles of 
j9-quinol based on the heat capacities of the 
clathrates of methane, and argon respectively. 

The heat capacity of clathrated CO at low tem¬ 
peratures 

It is assumed that the heat capacity of clathrated 
molecules at low temperatures is composed of two 


contributions which, to a rough approximation, are 
taken to be separable,**) These contributions 
consist of the three-dimensional oscillations of the 
center of mass or so called rattling motion, and the 
two-dimensional librations of the molecular axis 
in a hindering potential of the form, V » 
(Fo/2)(l-cos 20). It has been found previously* 1 ) 
that these contributions, to the harmonic oscillator 
approximation, accounted for the heat capacity 
from 15 to 80°K if the rattling frequency was taken 
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as 97*3 car* and the librational frequency as 
%3’ltnH, corresponding to a barrier K© » 691 
cal mole” 1 restricting the rotation. 

The proper analysis of the heat capacity data 
should take into consideration the anharmonicity 
of the rattling motion as well as the hindered rota¬ 
tional behavior of the guest CO molecules which 
previously has been approximated as a librational 
motion with the associated heat capacity of a two- 
dimensional harmonic oscillator,* 1 * For the latter 
motion wt now introduce the more realistic two- 
dimensional hindered rotator model and associated 



Fio. 3. Comparison of smoothed molar heat capacity of 
occluded CO in the 0-quinol clathrate with the calculated 
heat capacity. 

(a) Upper left curve: Ctoui «*■ Ca°H.o.( v * 104-3 
cm* 1 ) + CVu,r.(Fo ** 745 cal mole" 1 ). 

(b) Upper right curve: Ctoui * Cc’CA/ + Cs°h.r.(Fo 
«* 2867 cal mole -1 ). 

(c) Lower left curve: C* e h.r. with Vo ■* 745 calmole" 1 . 

(d) Lower right curve: Ci°b.r. with Vo « 2867 cal 
mole^ 1 . 

O—Smoothed experimental heat capacity; A—lower 
left; C«Kj»-Cs°H.o.(i/-io 4 * 8 cin~J) ■>Crot; A —lower right: 
CVot C.*p-CccAr (heat capacity of CO according to 
classical cell model with A /A « 3906° and (K*/F) 2 
» 0-95). 

equations for use in the calculation of its contribu¬ 
tions to the thermodynamic properties of clathrated 
guest diatomic molecules. 

The partition function of the two-dimensional 
hindered rotator has been obtained by an approxi¬ 
mation method analogous to the procedure first 
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used by Pitzer and GwznN< 7 > for the one¬ 
dimensional case, the internally restricted rotation 
of co-axial tops, and later by Hill* 8 * for similar 
type problems of localized adsorption. 

The approximation consists of writing the parti¬ 
tion function for the hindered rotator in the form 
Qhf = Qf qqmolqe, where Qf is the classical 
phase integral for the rigid rotator in the potential 
field, and q qm0 and q c are partition functions for a 
quantum mechanical and a classical harmonic 
oscillator, respectively, in two dimensions. The 
derivations of the partition function and thermo¬ 
dynamic functions are given in the appendix and 
result in functions for the two-dimensional hin¬ 
dered rotator which are sums of contributions of a 
two-dimensional harmonic oscillator with a fre¬ 
quency v — (l/7rc)(Fo/2/) 1/2 plus functions ex¬ 
pressed in terms of probability integrals in the 
form extensively studied by Miller and 
Gordon;* 9 * 

x 

F(X) = exp(-X) 2 J exp(y z ) dy 
0 

where X = (Vo/kT) 1 ? 2 in our case. 

Thus for the heat capacity of the two dimensional 
hindered rotator: 


RX 

(i) 

47-(JC) 

where C Qm o is the heat capacity for a two- 
dimensional harmonic oscillator. Although this 
equation presumably takes into account the effect 
of hindered rotational motion of guest diatomic 
molecules over the entire temperature range of 
concern, an accurate calculation of the contribution 
of the rattling motion to the heat capacity is some¬ 
what less certain. 

At low temperatures we assume again that the 
vibrational motion of the CO molecule in the host 
cavity may be described as a three-dimensional 
isotropic harmonic oscillator. On this basis, with 
v = 104*3 cm -1 for the rattling vibration and a 
barrier, Fo = 745 cal mole -1 , hindering the rota¬ 
tional motion, the heat capacity is well accounted 
for in the 15-40°K range as indicated in Fig. 3 
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In 1 comparison with the previous analysis,the 
frequency of the rattling motion has been increased 
by 7 cm -1 and the barrier increased by 54 cal 
mole- 1 . 

It is to be noted, however, that this analysis 
accounts for the heat capacity only up to 40°K 
whereas the previous analysis/ 1 * based in part 
on the harmonic oscillator approximation for the 
Itbrational motion, accounted for the heat capacity 
from 15° to ~90°K. 

It may be that the latter correlation of the heat 
capacity to as high a temperature as 90°K by the 


use of the harmonic oscillator approximation was 
fortuitous since presumably the hindered rotator 
model, which approaches the harmonic oscillator 
model at low temperatures, should be more 
appropriate at higher temperatures where Kbrsttan 
becomes free rotation to an increasing extent with 
increasing temperature* Accordingly, assuming the 
validity of equation (1), it would appear that this 
semiempirical analysis is an overly simplified 
approximation which fails to take into account 
complexities that become significant above the 
vicinity of ~40 a K. 


Table 6. The partial molal heat capacity of clathrated CO and the heat 
capacity of three moles of fi-quinol at selected temperatures 


T° K 

Cco(obs.) 

(cal deg^ 1 mole -1 ) 

Cco (smoothed) 
(cal deg“* mole -1 ) 

C P 

(cal deg -1 3 moles' 

15 

1*20 

1*20 

2*66 

20 

215 

2 IS 

6*18 

25 

311 

3 11 

9*39 

30 

4 04 

4*04 

12*06 

35 

4*90 

4*90 

14*69 

40 

5*68 

5-68 

17*16 

45 

6*23 

6*23 

19*40 

50 

6-72 

6*72 

21*44 

55 

7*10 

713 

23*34 

60 

7-48 

7*48 

25*07 

65 

8-01 

7-79 

26*61 

70 

816 

8*06 

2818 

75 

8*22 

8*30 

29*66 

80 

8-52 

8 52 

31*06 

90 

8-90 

8-90 

33*90 

100 

9-23 

9*20 

36*47 

110 

9*43 

9*44 

39*21 

120 

9*65 

9*67 

42 03 

130 

9*87 

9*86 

44*76 

140 

9*90 

10*01 

47*58 

150 

10*06 

1012 

50*40 

160 

10*15 

10 18 

53*39 

170 

10*23 

10*22 

56*36 

180 

1005 

10 23 

59*58 

190 

10*26 

10*22 

62*52 

200 

10*17 

10*17 

65*76 

210 

10*04 

10*12 

69*00 

220 

1001 

10 03 

72*24 

230 

9*85 

9*97 

75*58 

240 

9*89 

9*92 

78*85 

250 

9*89 

9*86 

82*21 

260 

10*09 

9*84 

85*41 

270 

9*93 

9*80 

88*86 

280 

9*98 

9*79 

92*22 

290 

9*74 

9-78 

95*79 

298 15 

9*78 

9*76 

98*72 

300 

9*75 

9*76 

99*42 
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Jifce thermodynamic properties of clathrated CO at 

25°C 

Consideration of the high molar heat capacity 
10 cal degr 1 mole" 1 ) of occluded CO in the 
range 100-300°K compels one to abandon the 
assumption of free rotation of CO for which the 
combined rotational and vibrational heat capacity 
trf CO in the host cavity would not exceed R. 
It tt in fact necessary to assume that the barrier 
restricting rotation in the high temperature region 
is substantially larger than the barrier of 745 
cal mole” 1 found in the low temperature region 
since the heat capacity associated with a restricted 
rotator of the latter nature has already fallen to 
~2*3 cal mole -1 at 300°K, and in this sense is 
essentially a free rotator at 300°K. Accordingly, 
since we are dealing with hindered rotation, the 
assumption of separability of the rotational and 
rattling motions is, strictly speaking, not valid, a 
possibility anticipated by van der Waals.*®> 

For the present, we propose an interpretation of 
the heat capacity and entropy data for clathrated 
CO, and the pressure isotherm constant, based on 
the classical equations of van der Waals* 2 ) for the 
thermodynamic properties of clathrates of mona¬ 
tomic, or freely rotating polyatomic, molecules cor¬ 
rected for restricted rotation by the use of the 
equations presented in the appendix for the two- 
dimensional hindered rotator. Thus, for the total 
molar heat capacity of clathrated CO: 

C = Cct’Af + CVh.r (2) 

where the last term is given by equation (1) and 
Cccat 18 molar heat capacity of the occluded 
molecule according to the classical cell model:* 2 ) 

Cccm “ 

*r 1 ‘5 + (A/A m V*/ Vf( 1 /g 2 )[( V*{ V)*ggn 

- H v*/ Vfgg lm +4 (V*l Vfg,g m ]; (3) 

A * ZiU a* 1 / 2 ; V* =[(a+aco)/2] 3 ; V - 2 

(with a, the cavity radius = 3-95 A* 2) ); and the "g 
functions” are complicated integrals dependent on 
the dimensionless parameters A /kT and F*/F. 
too and oco are the characteristic energy para¬ 
meter! of the familiar Lennard-Jones expression 
for pure CO, and i and a are the average cor¬ 


responding parameters for the Z atoms comprising 
the cavity wall. 

Application of equation (2) to determine 
and, accordingly, the barrier restricting the rota¬ 
tion of guest CO molecules, depends on a know¬ 
ledge of the parameters A jkT and V*jV and 
hence on Zi l > 2 and a for the lattice as well as 
eco and oco for the guest CO molecule. Although 
values for the latter based on second virial coeffi¬ 
cient data are available* 10 ) it is necessary to assign 
values to Zi l > 2 and d which will not only account 
for the heat capacity but the other thermodynamic 
properties as well. 

In order to facilitate the determination of the 
appropriate set of the dimensionless parameters, 
A jkT and V*jV t the “g functions” which are 
dependent on these parameters have been cal¬ 
culated with an IBM 7090 computer at closely 
spaced intervals of A jkT and F*/F over a range 
of values that encompasses those for the usual guest 
molecules of clathrate systems. In turn, the parts 
of each of the thermodynamic functions dependent 
on the same dimensionless parameters have been 
computed for the same selected values of the para¬ 
meters. The resulting values of the u g functions” 
which we have obtained are in good agreement with 
the previously published tables* 11 ) limited to a 
narrower range of A \kT and V*V. 

Application of equation (2) for the heat capacity 
and the corresponding equations for the entropy 
and the equilibrium pressure of formation of the 
CO clathrate then involves an iterative procedure 
in which the assignments are made for A/kT and 
V*/V and the hindering potential Vo which will 
account for the experimental values for the heat 
capacity, entropy and the pressure isotherm 
constant. For the best correlation of the observed 
data, we find (V*/V) 2 = 0-95 and A/k = 3906° 
from which we obtain Z(ejk) 1 / 2 = 390 and 
&= 3'22 A for the lattice cavity parameters 
based on the use of € CO jk = 100*2° and aco = 
3*763 A for the interaction parameters for CO.* 10 ) 
For the barrier restricting rotation we obtain 
Vo = 2867 cal mole -1 which is approximately four 
times the barrier indicated by the heat capacity 
data at low temperatures. However, in view of the 
naive model assumed and the semiempirical 
approaches used in determining the barriers, the 
conclusion that the barrier is dependent on tem¬ 
perature is admittedly tentative. 
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Table 7. CmpmsM of the observed an<f a/caiafft/* T - 

properties of CO t» fAe p-qwnol clathrate at 25®C ' 


Property 

Observed 

* * 

Calculated 

K ** p(i —y)jy atm 

^■9 

8*89 

C cal deg' 1 mole -1 

9*76 

9*64 

S cal deg' 1 mole -1 

20*94 

19*83 


* Based on Z(ijk)^ m 390; «j - 3 *22 A; Ko = 2867 cal mole'*. 


For the proposed “best” assignment the calcu¬ 
lated properties are given in the final column in 
Table 7 for comparison with the observed proper¬ 
ties listed in the second column. Although very 
good agreement exists for the pressure isotherm 
constant and the heat capacity at 25 °C, the calcu¬ 
lated entropy is ^— 5 per cent too low. 

To some extent the direct contrasting of the 
“low” and “high” temperature barriers restricting 
the rotation of guest CO is probably not justified 
since the basis for the calculation of the contribu¬ 
tion to the vibrational heat capacity is different in 
the two cases and C ro t is accordingly obtained by 
two different procedures. Nevertheless, it appears 
quite likely for the following reasons that the bar¬ 
rier indicated for the “high temperature region” is 
significantly larger than the barrier restricting 
rotation in the “low temperature region”. 

The interpretation of the data at 25 °C leading to 
a barrier of ~2*9 kcal is in qualitative agreement 
with the spectroscopic observations of Ball and 
McKeai^* 12 * who have observed strong absorption 
for the /3-quinol clathrate of CO at 2133 cm- 1 in 
the region of the forbidden Q branch of CO with 
quite uncertain indications of P and R branches. 
It is difficult to reconcile the “low temperature” 
barrier of 745 cal mole" 1 with the spectroscopic 
data at room temperature since for this low barrier 
more pronounced P and R branches would be 
expected. Moreover, it is only possible to account 
for the rather large heat capacity of clathrated CO 
in the vicinity of 300°K by the use of a large 
barrier unless we assume that drastic modification 
of the host lattice* is occurring for which there is no 
evidence. 

The low value obtained for the barrier restricting 
the rotation of clathrated CO in the region of low 


temperatures is consistent with the values found 
by a variety of methods for the barriers for other 
diatomic molecules in their respective clathrates. 
Magnetic data* 13 - 14 * indicate barriers of 127 cal 
mole" 1 for O 2 * 13 * and ~420 cal mole" 1 for NO;* 14 * 
pure quadrupole resonance spectra* 16 * and heat 
capacity data* 1 * for clathrated N 2 indicate 960 and 
511 cal mole -1 , respectively, for Vq at low tem¬ 
peratures. With the exception of the higher value 
for the barrier for N 2 , based on the temperature 
dependence of the pure quadrupole resonance spec¬ 
trum of N 2 in the jS-quinol clathrate of Na,* 16 * the 
barriers restricting rotation of these molecules, and 
CO, in the corresponding clathrates increase more 
or less regularly as indicated in Fig. 4 with in¬ 
creasing d, the collision diameter, which is a 
measure of “snugness of fit” of the guest molecule 
in the cavity. Alternatively, for this group of dia¬ 
tomic molecules, including CO, the restricting 
barrier increases with increasing quadrupole 
moment in a regular manner as shown graphically 
on the left side of Fig. 4. Accordingly, a barrier 
of -1 kcal, or less, restricting the rotation of CO 
in the clathrate at low temperatures would appear 
to be quite reasonable in comparison with the 
barriers for other diatomic molecules in their £- 
quinol clathrates at low temperature, 

The apparent increase of the restricting barrier 
with increasing temperature is also plausible from 
a theoretical point of view and has been anticipated 
by van der Waals,* 6 * For the excited vibrational 
states of the occluded CO in the host cavity, the 
probability density will be larger near the cavity 
wall in comparison with the ground state. Hence 
with increasing temperature an increasing fraction 
of CO molecules will be aligned along the host 
cavity wall and accordingly be subjected to higher 
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bamers restricting rotation than is characteristic 
off the ground Mate. 

In view of the apparent dependence of the 
netricting harrier on temperature as well as die 
uncertainty associated with the extent of anhar- 
morocity of the vibrational motion of the guest 
molecules in the cavities, an accurate interpretation 
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Fio, 4. Dependence of barrier restricting rotation of 
diatomic molecules in £-quinol cl a th rates on (a) quad- 
rupolc moment, Q-left; (b) collision diameter, o-right. 
Quadripole moments: A —Gordy W m Smith W. V. 
and Trambahulo R., Microwave Spectroscopy , p. 345. 
Wiley, New York (1953); O-Jansen L. and deWktte 
F. W., Physica 21, 83 (1955); • Hill R. M. and Smith 
W, V., Phys. Rev. 82, 451 (1951); Collision diameters— 
Ref, 10. Vo data: CO —this research; Na—Ref. 1; 

NO (approx.)—Ref. 14; Os—Ref. 13. 

of the dependence of the heat capacity on tempera¬ 
ture in the intermediate range is precluded at this 
time. Nevertheless, we find that the apparent bar¬ 
rier of 2867 cal mole -1 accounts fairly well for the 
heat capacity of clathrated CO, down to 250°K as 
illustrated in Fig. 3, below which the calculated 
rotational heat capacity is too small by ~6 and 
10 per cent at 200 and 180°K, respectively. 

As an alternative to the calculation of the vibra¬ 
tional heat capacity, Cccm, according to the classi¬ 
cal cell model, it is of interest to note that the model 
employed to account for the heat capacity at low 
temperatures, but with a different assignment for 


the vibrational frequency and potential restricting 
the rotation of CO, accounts accurately for the 
heat capacity and entropy of the occluded CO at 
25 °C and holds reasonably well for the heat 
capacity down to ~120°K. For a vibrational 
frequency, v = 74 cm" 1 for the three dimensional 
isotropic harmonic oscillatory motion of CO in the 
cavity and a restricting barrier of 2027 cal mole -1 , 
the calculated heat capacity and entropy are 
9*78 cal deg -1 mole -1 and 20*97 cal deg" 1 mole* 1 , 
respectively, at 25°C, essentially in exact agree¬ 
ment with the observed values. Hence by this 
approximation as well, the barrier restricting rota¬ 
tion in the high temperature region appears to be 
in the vicinity of 2 kcal mole -1 . 
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Vleck. Thus, the position? of tf m S' sati 
S = 7r are positions of equal minimum potential 
energy, which is in accord with the relative orients* 
tion of the diatomic molecule with respect to the 
oxygen hexagons of t}ie cavity. < 15 > Thus the 
cMtiical Hamiltonian for rotation becomes: 


H 


Pi { pi 

21 + 2/sin*d 


+(J/2)To(l—cos 29) 


(A2) 


The classical integral can be written as: 


APPENDIX 

The two-dimensional hindered rotator 
The rigorous formulation of the equations for 
the hindered rotational properties of a clathrated 
diatomic molecule (or a diatomic molecule in its 
condensed state) necessitates the summation over 
the eigen values of the spheroidal wave function/ 1 ®) 
Since this would be a sizable task even with high 
speed computers, it was considered adequate to 
utilize the approximation technique for the con¬ 
struction of the quantum mechanical partition 
function for the hindered rotator as described 
by Pitzer and Gwinn/ 7 > This technique has also 
been used by Hill< 8} for the problem of localized 
adsorption and hindered rotation on an adsorbing 
surface. 

The approximation consists in writing the parti¬ 
tion function for the hindered rotator in the form: 

(Al) 

I qe 

where Qf is the classical phase integral for the 
rigid rotator in the potential field, and q qm0 and 
q c are partition functions for a quantum mechanical 
and a classical harmonic oscillator, respectively 
(in two dimensions, in this case). Thus, as sum¬ 
marized by Hill,< 8 > in the limit as VojkT oo, 
Qf must approach a classical oscillator, q Ct so that 
Qh.r. approaches q qmo . On the other hand, as 
VojkT 0, qqmo approaches q c so that £>n.r. 
becomes Q/. In order to formulate Qf in this case, 
it is assumed that one can employ the axially 
symmetrical function, 

V * (1/2)F O (1“CO820) 

as discussed by Meyer, O’Brien and Van 


j 2# jr co oo 

Qf= 2tfS!S j cx P(-Hl k 'ndp l) dp 4 dM4< i A2) 

0 0 -oo —oo 

Substitution of (2) into (3) and integration over the 
momenta and <f> yields: 

2ir*IkT ? 

Q f - - exp{-Po/*r(l— cos20)}sin0d0 

h% 0 (A4) 

The factor 2 in the denominator of (3) arises from 
the fact that there are two positions of equal 
minimum potential energy in the cavity. By use of 
the following transformations: 

(1/2)(1 — cos 26) = l-cos20 

z = cos 0 

Vo/kT * X 2 

(4) becomes: 

2 n zikT 1 

Qf = — — —exp(-AT 2 ) |exp(OT)d* (A5) 

which can be further simplified by defining the 
new variable y * Xz and redefining the limit of 
integration. Thus: 

WIkT exp(-*2) f 

Q f = —--- I exp(y 2 ) dy (A6) 

In order to investigate the limiting properties 
of (6) as Vo/kT approaches infinity, use is made 
of the relation between the barrier Vo and the 
librational frequency, (l/wXVo/21) 1 ^ Thus, if one 
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define* tfaeterm [(&fiIkT)j}F] at B, then: 

*ty*r - B{kv!hTf or B *> Xfy (A7) 
Substitution of (7) into (6) gives: 

Qt = ZXqeF(X) (A8) 

x 

F(X) - exp(-**) f expO*) 4? (A9) 

<> 

The F(Jt) function has been studied extensively by 
Miller and Gordon 1 ®) and its limiting properties 
and numerical integration have been given by these 
workers. The relations of immediate use here are 
the following: 

)\mXF{X) = 1/2 (A10) 

cLF(X) 

—-=1-2^) (All) 

dX 

Thus, when the limit of (A8) is taken as X -> oo, 
g; is q c which justifies the correct asymptotic 
behavior of Qf. If (A8) is substituted into (Al), one 
has finally; 

Q h .r . - 2 XF(X)q gmo (A12) 

From equation (All) and the usual statistical 
mechanical relations, the following relations for 
the thermodynamic functions are obtained: 

F« — RT(\n In F(X) + In 2) + F flWl0 (A13) 

t/« ~RT[l/2+(l/2)X/F(X)-X*]+U gm o (A14) 
S m -R[l/2+(l/2)X/F(X)-X*] 

+ R[ In X+ In F(X)+ In 2] + S qmo (A1S) 

C m (1/2 )R[X*/F(X)-1] 

-[(1/4)RX/F(X)][1 +X/F(X)] + C gmo 

(A16) 

Values of the function F(X) for selected values 
of X 9 taken from the extensive listing of Miller 
and Gordon, <*> are given in the second column of 
Table A-l. In columns 3 and 4 the heat capacity 
and entropy functions in equations (A16) and 
(AIS)* exclusive of the harmonic oscillator con¬ 
tributions, are tabulated for selected values of X , 
where X m {VolRT)M 2 It is seen that for small X, 
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the function C(X) approaches -Sealdeg-* 1 
mole- 1 so that equation (16) approaches R t the 
value for free rotation. On the other hand, for 
large X, the function C(X) vanishes so that the 
major contribution to the heat capacity arises 
from the quantum mechanical oscillator. The func¬ 
tion C(X) has a maximum in the vicinity of X « 
2*4. Since the harmonic oscillator term for inter¬ 
mediate values of X has almost attained its limiting 
value (liberational frequencies for clathrated 
molecules are known to lie in the 20-60 cm™ 1 
range) the total hindered rotational heat capacity 
can rise above the 2 R value for the classical oscil¬ 
lator for appropriate values of Vo and /. 

It is noted with interest that below the maximum 
of the heat capacity curve, equation (A 16) is in 
quantitative agreement with the heat capacity 
calculated by multiplying PitzerV 7 > tables by 2. 
However, above the maximum (which is of the 
order of 4*3 cal deg' 1 mole -1 ) the rotational heat 
capacity curve defined by equation (16) falls to R 
faster than the Pitzer function, for the given value 
of Vq and I. (See Fig. 5.) 



Fig. 5. Comparison of the two-dimensional hindered 
rotator heat capacity function with 2x Pitzer's function. 
Vo * 745 cal mole-* 

I =s 14-55 x 10 -4 ° g cm 2 
Upper curve; Pitzer’s function. 

Lower curve; Two-dimensional hindered rotator. 

It is found that the entropy decrease from free 
rotation calculated from equation (15) is of the 
order of one e.u. greater than that calculated from 
twice the value of Pitzer’s tables, for barriers and 
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Table A-l. The heat capacity and entropy functions cf the hindered rotator 
C(X) - Ct.r-Crw and S(X) - S^r-Srpto where X~ (F 0 /*T) 1 ' 1 . 


X 

TO* 

cwt 

.. 1 1 

mx)t 

0 00 

0 000000 

-1*987 

— CO 

0*20 

0 194751 

-1*987 

-7006 

0-40 

0*359943 

-1-982 

-4-254 

0-60 

0*474763 

-1*963 

-2*652 

0-80 

0*532101 

-1*907 

-1-536 

100 

0*538080 

-1-786 

-0*6799 

1-20 

0-507273 

-1*564 

-0*0916 

1*40 

0*456507 

-1*217 

+ 0*3420 

1-60 

0*399940 

-0*7562 

0 6086 

1 *80 

0*346773 

-0*2480 

0-7280 

2 00 

0*301340 

+0*2033 

0-7317 

2*20 

0*264511 

0*5053 

0*6615 

2*40 

0*235313 

0*6320 

0*5594 

2*60 

0*212165 

0*6221 

0*4586 

2-80 

0*193551 

0*5410 

0*3718 

3*00 

0*178271 

0*4417 

0*3042 

3*20 

0*165462 

0*3534 

0*2532 

3-40 

0*154524 

0-2850 

0*2146 

3*60 

0*145042 

0*2340 

0*1849 

3*80 

0*136721 

0*1970 

0*1616 

4 00 

0*129348 

0-1690 

0*1429 

4*20 

0*122761 

0-1473 

0*1276 

4*40 

0*116835 

0*1302 

0*1146 

4*60 

0*111472 

0*1161 

0*1041 

4-80 

0 106593 

0*1044 

0*0941 

5*00 

0*102134 

0-0946 

0*0865 

5*50 

0*092493 

0*0754 

0-0703 

6*00 

0*084543 

0 0620 

0 0581 

6*50 

0*077868 

0*0519 

0-0488 

7*00 

0*072181 

0 0449 

0 0424 

8 00 

0*063000 

0*0332 

0*0317 

10 00 

0*050254 

0 0217 

0*0199 


* Ref. 9. 

f C(X) - 0-9935[X*IF(X)-\]~04%7S[XIF(X)][\+(XIF{X)] 
t S(X) = -0-9935tl + X/F(AT)-2X 2 ] + 4-576[lo«ioA:F(X)+0-3010]. 


moments of inertia relevant to clathrated diatomic 
molecules. 

For the theoretical equilibrium pressure for the 
reaction X%(g) ^ ^ 2 <s-quinoi, *) van der 
Waals< 2 > assumed free rotation of guest molecules 
in the lattice cavities and obtained: 


kT exp {W { ^kT} y 
2na 3 g I —y 


= Kry/I-y (A17) 


where a = 3-95 A, the average radius of the cavity; 
g is a complicated integral dependent on the 
dimensionless parameters AjkT and V*IV,W { q) is 


the potential energy of the guest molecule at r » 0 
the center of the cavity; and y is the fraction of 
host cavities filled by the guest molecules. On 
taking into account the restricted rotational be¬ 
havior of diatomic molecules in the host cavities 
equation (17) becomes 


P T = 


2 X 

F(X) q qmo 


K r 


y 

l -y 


(A18) 


Note added in proof 

Stavbley [Advanc. Chem. Series: Nonstoichiometric 
Compounds 39, 218 (1%3)] has estimated Vo ** 1200 
cal mole^ 1 baaed on unpublished data of Grey and 


% 
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Stavvfey. To aome extent the difference between the Staveley's estimate which has been made with the use of 
barrier estimated by Stateley and that obtained in this the tables of Pitzer and Gwinn< 7 > is expected to be less 
research may result from a lade of agreement with respect than the “high temperature* * barrier reported in this 
to the experimental heat capacity data or the assignment work since Ci°n.r., calculated by equation (1), is less 
of parameters employed in the calculation of Cccir than 2 x Ci®&. r . (where CW.r. is given by Pitzer and 
according to equation (2), However, it is to be noted that GwinN< ? >) above 80°K as indicated in Fig. $ for CO. 
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ON THE THEORY OF ACCOMMODATION 
COEFFICIENTS—III 

CLASSICAL PERTURBATION THEORY FOR THE THERMAL ACCOMMODATION 

OF LIGHT GASES 

F. O. GOODMAN* 

Royal Aircraft Establishment, Famborough, Hants., England 
(Received 22 April 1963) 


Abstract—A new classical theory of thermal energy exchange between gases and solid surfaces is 
proposed. A perturbation method is used and, because of the inherent errors in this method, the 
theory is restricted to light gases and small thermal accommodation coefficients. Realistic interaction 
potentials of the Morse type between the gas atoms and the solid surfaces are used; detailed considera¬ 
tion is given to finding the best possible values of the relevant interaction parameters for the systems 
considered. The experimental data with which the theory is compared are for the interaction 
systems He/Ni, He/W, He/Pt, Ne/Fe and Ne/W; it is shown that in each of these cases adequate 
quantitative agreement of the theory with experiment is obtained. 


1. INTRODUCTION 

Papers K 1 ) and IP 2 ) of this series were published 
under the general heading “The dynamics of 
simple cubic lattices”. In view of the intended 
content of this and subsequent papers it seems 
natural to continue numbering in sequence, but 
to change the general heading to “On the theory 
of accommodation coefficients”. The first of the 
author's papers cited above will be referred to 
hereafter simply as I. 

The thermal accommodation coefficient (here¬ 
after abbreviated to “ac”, or simply to “a”) is a 
measure of the efficiency of energy exchange 
between a gas and a solid surface in contact with 
the gas. The meaning and importance of a have 
been discussed adequately before (see for example 
Ref. 3), but it may not be out of place to give here 
a brief discussion of the differences between the 
theoretical definition used in this paper and the 
experimental definition of a. In any experimental 
set-up, a is usually defined as follows: Let be 
the temperature of the solid surface and let Ti be 
either the temperature or an “average tempera¬ 
ture” of the gas atoms impinging on this surface. 
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Similarly, let Ta be an “average temperature” of 
gas atoms reflected from this surface. Then a is 
defined by Ti—Ts = a(7i— T%)\ this definition 
involves two “averaging” procedures, and these 
are over the initial and final gas velocity distribu- 
tions to obtain 7i and TV From the point of view 
of the theoretical calculations in this paper, we 
shall concern ourselves with just one impinging 
gas atom to which we assign an “effective initial 
gas temperature” 7\ and an “effective final gas 
temperature” 7V Our solid surface will always be 
initially at 0°K, and the theoretical a which we 
shall compare with the corresponding experimental 
ones is defined by Ti—T$ = «7i. 

Several of the definitions and results of I will 
be used in this paper, and it is unnecessary to 
discuss them all in detail here. For example, a 
detailed description of the three-dimensional 
(“ff-dimensional” will hereafter be abbreviated- 
to “«D”) semi-infinite lattice to be used in this 
paper is given in I, as is the derivation of its 
“velocity response function” Xd{t) which we shall 
abbreviate to X(f). This lattice is an artificial one 
with nearest-neighbour only central and non¬ 
central forces; the motions of this lattice in the 
x, y and z directions are independent of one 
another. 
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In I w« were concerned with wmc qualitative 
aspects of the accommodation of He, Ne, A, Kr 
and Xe on W. In this paper we shall attempt to give 
a quantitative discussion of the accommodation of 
the two lightest of these gases, He and Ne, on 
several metals and we shall show that agreement 
with experiment is possible using a simple classical 
model. The theory will apply only to clean surface 
conditions, the effects of surface impurities on the 
lattice motion* 2 * and on the values* 3 * of a being 
by now well-known. The hope is that the experi¬ 
mental data we use are in fact clean-surface values 
of a; it is of course very difficult to judge this for 
any particular data in the literature. Most experi¬ 
mental data so far obtained have probably been 
dirty-surface data; this problem is discussed more 
fully by Wachman.* 8 * 

The experimental data we have chosen to use 
are those of Raines* 4 ) for He/Ni, Eggleton and 
Tompkins*®* for Ne/Fe, Thomas and 
Schofield* 6 * 7 * for He/W and Ne/W and that 
for He/Pt cited in Table 1 of Ref. 3. In some of 
these cases it has been claimed that Devonshire's 
quantum theory* 8 ) gives agreement with experi¬ 
ment; the validity of these claims will be discussed 
later, 

A brief survey of previous types of theory would 
perhaps be desirable at this point; for more 
detailed discussions the reader is referred to the 
survey by Gilbey* 8 * and again to that by 
Wachman.* 3 ) 

(i) . Classical hard spheres 

The first theory of acs was of this type and was 
published by Baule* 10 ) some 50 years ago; 
both the solid (lattice) and the beam of gas atoms 
are assumed to be composed of hard spheres. 
Although useful for rough calculations, this type 
of theory clearly cannot be expected to yield quanti¬ 
tative agreement with experiment. 

(ii) . Continuum themes 

Landau* 11 ) in 1935 proposed a theory in which 
the solid Was treated as a continuum and a classical 
perturbation method was used. He considered a 
perturbation by a purely repulsive exponential 
field between the gas atoms and the solid which 
may be represented by 

v(z) * Ae'*** (1.1) 


However, this theory is probably not valid for any 
experimental conditions; reasons for this are 
explained on p. 276 of Ref. 8. In any case, the 
theory disagrees with experiment. 

(iii). The quantum theory 

The quantum theory of acs is due to Devon¬ 
shire,* 8 ) and is based on a first order perturbation 
approach. The interaction potential used was of 
the Morse type which includes an attractive 
potential well and is the form of potential we shall 
use in this paper (see (2.2) and Fig. 2a). Before 
continuing further, it is necessary to point out 
that it is shown in Section 4 that a proper con¬ 
sideration of the relevant parameters yields a value 
of the Morse a of about 1 ’6 A -1 for the systems to 
be considered. The method used is the well- 
known* 12 ) “combination-rule” method for deter¬ 
mining the interaction parameters for unlike atoms 
(e.g., for Ne/W) from the corresponding para¬ 
meters for like atoms (e.g., for Ne/Ne and W/W) 

It may seem at first sight that Devonshire’s 
theory has had some success, * 4 * 7 - ®) but bearing 
in mind the value a « 1 *6 A" 1 discussed above 
there are important objections which cannot be 
overlooked: 

(a) Using this “realistic” value of a it seems pos¬ 
sible to make the quantum theory agree with some 
of the experimental data on acs which clearly 
pertain to dirty-surface conditions; these values 
of a are far higher than those we nowadays believe 
to be correct. Although the value a = 1 *6 A -1 
has not been used before, an example of this agree¬ 
ment with high values of a is Devonshire's* 8 ) fit of 
data for He/W in which he takes a = 2 A~ 4 .and 
D = 0. These values of a seem to range from 
a ft 0-025 at 100°K to a ft 0-055 at 300°K; they 
should be compared with the corresponding mod¬ 
ern* 6 - 7 ) values of a < 0-02 from 100°K to 300°K. 

(b) When the quantum theory is used in con¬ 
junction with what are considered to be “clean- 
surface” values of a, then values of a much smaller 
than 1-6 A -1 are obtained. These much smaller 
values of a will be recognized in this paper as 
“unrealistic” values. Examples of this are the 
value a a 0-75 A -1 for He/Ni used by Raines* 4 ) 
and the values a « 0-7 and 0-8 A" 1 respectively 
for He/W and Ne/W used by one of Thomas’ 
co-workers.* 7 ) 

An example of an unrealistic value of a being 
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used to fit dirty-surface data ia afforded by the 
value a » 0*7 A" 1 for Ne/W used by Devon¬ 
shire;^) from 100°K to 300°K these values of a 
all seem to be about 0-075 and should be compared 
with the corresponding modem< 7 > values of 
a « 0-05 at 100°K falling to a« 0*04 at 300°K. 

The reasons for this unsatisfactory situation 
regarding Devonshire's theory are not clear; 
the answer may be that the previous calculations 
are incorrect. The author, having done no calcula¬ 
tions whatever using this theory, is in no position 
to judge this matter. It is significant, however, 
that Gilbey* 18 > has been unable to reproduce the 
numerical results of the above authors in most 
cases, and has been unable as yet to get a satis¬ 
factory agreement with experiment. 

(iv). Classical lattice theories 

These are the theories of Cabrera,* 14 ) 
Zwanzig* 15 ) and the author;* 1 ) both ID* 14 * 16 * 1 ) 
and 3D* 1 ) lattice models are used. Of the models 
used in these theories the one which at first sight 
seems most realistic is the 3D “trapping model” 
developed in I. However, in all cases the theoret¬ 
ical acs are far higher than the experimental ones. 
Hurlbut* 10 ) suggests that a reason for this may be 
that experimental results are derived from a condi¬ 
tion in which all incident angles are possible; in 
his opinion it seems physically plausible that at 
oblique incidence, conditions are less favourable 
for the transfer of energy than in the head-on 
collisions used throughout the theory. In the 
author’s opinion, the most serious approximation 
was the impulsive nature of the interaction poten¬ 
tial used (see Fig. 6 of I). This impulse is very 
efficient at transferring energy and is unlike any 
realistic interaction potential. The impulse was in 
the “attractive” part of the potential, and we shall 
show in this paper that when a more realistic 
potential is considered the attractive part in fact 
contributes very little to the energy transfer. If 
any part of a real interaction is impulsive, then it 
will be in the repulsive part for very small separa¬ 
tions of gas atom and solid. Thus the trapping 
model is almost the opposite of what is to be 
expected in nature. 

In fact, the collisions of gas atoms with solid 
surfaces are in general “slow” or “languid”. This 
means that in general the “collision times” are 
considerably larger than the inverse “natural 
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frequencies” of the solids. This was pointed out 
by Zwanzig/ 15 ) and from this he concluded that 
for a sufficiently slow collision the energy of 
compression (of the solid) is dissipated as fast as 
it is produced and in general high acs result. This 
conclusion was a direct result of his use of a ID 
lattice model; when a 3D lattice model is used the 
opposite conclusion is reached. That ie, for 
sufficiently slow collisions the energy of compres¬ 
sion is not dissipated at all and the collision is 
effectively conservative. This is due to the fact 
that a 3D lattice is capable of remaining in equili¬ 
brium under the action of a slowly-varying force, 
whereas a ID lattice is not. In fact it is shown in I 
that the equilibrium displacement y(f) of a surface 
atom of our 3D lattice model under the action of a 
slowly-varying force f(t) is given by 

(3D case) y(t) w 0-34/(*)/* (1.2) 

where k is the lattice spring-constant. It follows 
that for a sufficiently slowly-varying force the 
velocity of the surface atom y(t) is given by 

(3D case) y(t) 0 (1.3) 

and very little energy is transferred to the lattice. 
The ID lattice has no such equilibrium position, 
and in fact will “give away” indefinitely under the 
action of a constant force /o, the constant velocity 
of its surface atom being given by 

(ID case) y(t) & /o/(*»*) 1/2 (1.4) 

where m is the mass of a lattice atom. Thus a 
slowly-varying force is very efficient at transfer¬ 
ring energy to a 1D lattice. 

(v). The present theory 

It is the purpose of this paper to show that when 
a realistic interaction potential function (a Morse 
potential) is used it is possible to get adequate 
quantitative agreement with experiment for He 
and Ne (with a proper consideration of the relevant 
Morse parameters) using a simple classical pertur¬ 
bation theory. The approximation used is the 
“adiabatic approximation” and is similar to that 
used by Landau* 11 ) and more recently in a closely 
related context by Rapp* 17 ) and Turner and 
Rapp.* 18 ) Briefly, the method is as follows: 
To a first approximation the lattice is assumed to 
be at rest during the entire interaction. Using this 
“rigid-lattice” approximation the force on the 
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lattice due to a gas atom first approaching and 
then receding from the lattice may be expressed 
as a known function of time. In the second approxi¬ 
mation this force is allowed to operate on the free 
lattice and the resulting energy uptake of the 
lattice is calculated and is assumed to be the same 
as the energy lost by the gas atom in an actual 
collision. 

A major difference between this and the previous 
perturbation theories* 8 * n > should be made clear: 
in the previous theories the energy transfer to each 
normal mode of the solid is calculated first and 
then the integration over normal modes is per¬ 
formed; in this theory the integration over normal 
modes is done first (see I) to obtain the velocity 
response function X(t) and then the energy 
transfer to the lattice as a whole is calculated using 

X{t). 

Several assumptions are involved in using this 
perturbation theory. For example, it will be valid 
only for a “small” ot and “small” ratio of mass of 
gas atom to mass of solid atom, /u; a reasonable 
guess at the criteria for validity of the theory might 
be 

« <? 1 (1.5a) 

and ft 1. (1 .5b) 

Roughly speaking, these conditions arise because 

in the first approximation (a) the gas atom is 
assumed to lose no energy at all during its collision 
with the solid and (b) the surface atom is assumed 
to be at rest during the collision; these two 
assumptions are not independent of one another. 

However, it is possible to discover quite 
accurately the error involved for each particular 
case by performing the detailed calculation of the 
interaction without use of the perturbation method. 
Because of the simplicity of the perturbation 

method compared with the far more complex 
“exact” method, this will be done in a few cases 
only (i.e., one “check” may be done for each set 
of experimental data to determine the accuracy to 
be expected). The results of these checks are in 
Table 4. 

A useful result which comes naturally from the 
theory is an estimate of the relative quantitative 
effects on the values of a of the attractive and 
repulsive forces due to a realistic potential. It is 
clear that one effect of the attractive force is that 
a gasjHIai will accelerate as it approaches the solid 


and decelerate as it leaves the solid while it is in 
this part of the interaction potential; the opposite 
is true for the repulsive part of the potential* 
What is not yet clear is just what fraction of the 
energy transfer between a gas atom and a solid is 
due to the attractive forces and what fraction is 
due to the repulsive forces. An attempt to investi¬ 
gate this question will be made in this paper. 

Apart from the introduction of a realistic 
potential function, the approximations we shall 
make regarding the lattice model, the gas atom flux 
and the detailed collision kinetics are the same as 
those listed on p. 1288 of I, and it seems un¬ 
necessary to repeat the list in this paper. 

2. DESCRIPTION OF THE MODEL 

We consider a gas atom moving perpendicularly 
on to the surface of our 3 D semi-infinite lattice 
and impinging directly on to a surface atom (here¬ 
after this atom may be referred to simply as “the 
surface atom”). The lattice is assumed to be 
initially stationary; this is illustrated in Fig. L 


i 

i 



Fig. 1. The collision of a gas atom with a solid surface. 

y(t) is the displacement of the surface atom from 
its initial equilibrium position, M is the mass of 
the gas atom and r(f) is its distance from the initial 
position of the surface atom. Distances from this 
position are measured so that r( — oo) = — oo. 
k, ftt and 6 are respectively the spring constants, 
atomic masses and Debye temperature of the 
lattice. 
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A relative coordinate z(t) is defined by 

z(t) = y(t)-r(t) (2.1) 

and the gas atom is assumed to interact with the 
surface atom via a Morse potential function: 

v(z) = D(e-2«*-2e~**). (2.2) 

This function is shown in Fig. 2(a). The entire 
interaction of the gas atom with the solid is assumed 
to be via these two atoms only; the mutual force/ 


of Fig. 1 is therefore given by 


/(*) = —(dv/ds) = 2aD(e~ iai - 

-r-«). (2.3) 

Dimensionless variables are introduced as 
follows: 

T = 2o>0 1 

(2.4) 

where too is the “natural frequency” 
given by 

too = 

of the lattice 

(2.5) 

Y(r) = ay(t) 

(2.6) 

<3 

1! 

(2.7) 

'ST 

II 

T) 

(2.8) 

F(r) - (a/ K )f(t) 

(2.9) 

fj. = Mjm 

(2.10) 

V = (a*/ K )v 

(2.11) 

B = {a^j K )D. 

(2.12) 

In terms of these variables our basic equations 
(2.1) to (2.3) become 

u(r) = Y(t)-R(t) 

(2.13) 

V(u) = B(e~ 2«-2e-«) 

(2.14) 

and F(u ) = 2 B(e~ 2u — e~ u ). 

(2.15) 


To a first order in our perturbation procedure, we 
assume that 

Y(t) = 0, (2.16) 

which implies that the motion of the gas atom is as 
though it were interacting with an immovable 
surface atom. We let r = 0 be the time of closest 
approach of the gas atom to the solid surface, and 
let to be a time well before the interaction has 
become significant (thus we may take to = — oo); 
we use the notation that a subscript 0 refers to the 
time tq. At time tq the gas atom is at u — oo and 




Fig. 2. (a) The Morse and (b) Lennard-Jones 6*12 
potentials drawn with D « e and a a ■« 55/12 to satisfy 
(Al.l). 

is approaching the lattice at a positive speed 
— tio- It interacts with the (rigid) surface atom via 
the potential (2.14) and therefore its motion is 
described by the equation 

E(r) = 2s 0 “ V[u(t)] (2.17) 

in which E(t) is the kinetic energy of the gas atom 
at time t and Eo is its initial kinetic energy. The 
kinetic energy E(r) is related to the velocity u(r) 
in the new units by the expression 

E{t) = 2/xli(r)2. (2.18) 

It follows from (2.14), (2.17) and (2.18) that 

(urfiul « 1 ~[<r2«(2.19) 

where p is defined as the ratio of the initial kinetic 
energy of the gas atom to the potential well depth: 

p - E 0 /B - (2.20) 
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By direct substitution into (2.19) we may show 
that its solution is 

tt(r) = ln[(l4*p)L a cosh(woT)-l]-ln P- 

(2.21a) 

For later use, we may solve this equation for r to 
display r as a function of u : 




1 in fill^ f ( 1+ ^) 2 

do LU+p) 1 ' 2 l (1+p) 


-1 



(2.21b) 


The force as a function of time is obtained by 
combining (2.15) with (2.21a) and using (2.20): 


F( r) = 2£o(C 2 — C)/p (2.22a) 
where C is given by 


C = p/[(l +p)W 2 cosh(wor)-1 ]. (2.22b) 

To a second order we calculate the energy 
uptake by the free lattice by assuming that the 
true gas atom/surface atom interaction is com¬ 
pletely described by the force function in (2.22). 
Using the assumption that the gas atom interacts 
with only the one surface atom (whose motion is 
y(r)), this energy uptake W is given by 
00 

W= J F(t)Y(t) dr. (2.23) 

-00 


It is shown in I that F(r) may be written in terms 


of the velocity response function of the lattice, 
X(t), as follows: 

00 

Y(r) = ^ J F(t-s)X(s) ds. (2.24) 
0 

The function £(t) is shown for completeness in 
Fig. 3. The lattice is in all cases assumed to be 
initially at rest: 

Y 0 = Y 0 = 0. (2.25) 

a is defined in this model (solid initially at 0°K) as 
the ratio of the energy uptake by the lattice to the 
initial kinetic energy of the gas atom; by combining 
(2.23) and (2.24) we obtain 



1 

4Eo 


00 03 

J J F(t)F(t 


-s)X(s) didr.(2.26) 


3. CALCULATION OF ACCOMMODATION 
COEFFICIENTS 

Let us consider the introduction of finite limits 
into the integral (2.26) in order to assist numerical 
calculations. 

(i). The integration over s in equation (2.26) 

The lattice velocity response function X(t) is 
derived* 1 * using a very special lattice model; it 
represents the subsequent velocity of a surface 
atom of the lattice model to a unit velocity of this 
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atom applied at r = 0. ^£(r) probably gives a 
reasonable quantitative representation of the 
motion of a real lattice surface atom for small t; 
for larger the qualitative form of Jt(r)—{oscillatory 
motion damped as r“ 3 / 2 )—is probably reasonably 
correct, but it is clear that it cannot agree quantita¬ 
tively with a real lattice for more than the first 
one or two of its cycles. We may therefore make the 
approximation that 

X(r) = Oforr > 10, (3.1) 

and it is difficult to see how one can do better than 
this without knowledge of the quantitative long¬ 
time behaviour of a real lattice. 

Another justification of the approximation (3.1) 
is the fact that the oscillations of ^t(r) for r > 10 
are relatively much smaller than those for smaller 
times. Large surface atom oscillations are much 
more efficient at transferring energy to (and from) 
the lattice than are small ones. Roughly speaking, 
it follows from (2.23) and (2.24) that the efficiency 
of energy transfer of a particular oscillation (for 
the same value of the force) is proportional to 
the “size” of that oscillation. The maximum 
value of ^f(r) for r > 10 is of the order of 5 per cent 
of the value (unity) of ^(0), so that (3.1) is a 
sensible approximation. 

(ii). The integration over r in equation (2.26) 

Let us now consider the details of an actual 
collision process with reference to Fig. 2. At time 
to the gas atom is at u — oo well over to the right 
of Fig. 2 and is travelling to the left with a speed 
— «o. The initial part of the interaction will be 
entirely conservative and no energy will be trans¬ 
ferred to the lattice; this is because during this 
initial part of the interaction the lattice is effec¬ 
tively at rest and in equilibrium under the action 
of the slowly-varying force F(t) due to the 

approaching gas atom. We may recall at this point 
the results (1.2) and (1.3) which in our new units 
become 

F(r) ^0-34 F(t) (3.2a) 

and Y(t) ** 0. (3.2b) 

Similar arguments apply to the slowly-varying 

force in the final part of the interaction when the 
gas atom is receding. 

A value u\ of m, corresponding via (2.21) to 
times ti < 0 and T 2 = — n, is chosen so that the 
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interaction for r < n and r > r% is likely to be 
effectively conservative. The integration over t is 
performed between times r\ and t*(lc., fore < «i) 
and this is sufficient provided that the mteraction 
is indeed conservative outside this range (i.e., 
for u > Mi). This will be so provided that ui has 
been chosen sufficiently large and it is essential 
to check that this has been done for each case. 

Using the work of this section the integral in 
(2.26) may be approximated by 

T| 10 

* = —J JW(t-,)*M d*dr. (3.3) 

—Ta 0 

The integrand is known for all values of s and r 
and therefore the integral may be evaluated as it 
stands. That u\ (and hence T 2 ) have been chosen 
sufficiently large is easily checked. Values of a are 
calculated using our chosen value of u\ and two or 
three larger values. If all the results agree to the 
desired accuracy, our originally chosen value is 
large enough; but if the results disagree, a new 
value of Mi, larger than the first, is chosen. This 
checking procedure 19 repeated until the desired 
agreement is obtained. 

Using this procedure the relative effects of the 
attractive and repulsive forces between a gas atom 
and a solid can be estimated by comparing the 
values of a obtained for several values of u\ > 0 
with that obtained for u\ = 0. (The potential 
minimum for the Morse potential (2.14) is at 
u = 0.) 

All the theoretical values of a presented in this 
paper have been calculated numerically using die 
method described above on the “Mercury'* 
computer at the Royal Aircraft Establishment, 
Farnborough. 

4. VALUES OF THE PARAMETERS OF THE 
THEORY 

(a). The interaction parameters derived from the 

literature 

The values of the interaction parameters (e.g., 
the Morse a and D) for the systems inert gases/ 
metals have not yet received proper consideration. 
Some data are available on pairwise interaction 
of like inert gas atoms and on pairwise interaction 
of some like metal atoms; but nearly all these data 
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ore for model interaction potentials other than the 
Morse potential (e«g., the various Lennard-Jones 
m~« potentials). Of these others we shall in this 
paper consider only the Lennard-Jone* 6—12 
potential, which we shall write as follows: 

v(z) m 4^/*i-*§/*•). (4.1) 

This potential is shown in Fig* 2(b) and its similar¬ 
ity to the Morse potential (Fig. 2(a)) when the 
relations stated in the caption to Fig. 2 are obeyed 
should be noted. 

Our reason for considering the “6-12” potential 
(4.1) in this paper is that there are many data on 
the inert gases for this potential, whereas there is 
a lack of the corresponding Morse data; for 
example, the author has been unable to find any 
Morse data for He. It is shown in Appendix 1 how 
an estimate of the Morse parameters may be made 
from a knowledge of the corresponding 6-12 
parameters. Apart from He and Ne, we shall also 
consider the rare gases A, Kr and Xe since it is 
easier to estimate parameters for He from those 
for Ne, A, Kr and Xe than from those for Ne only. 

Intcmvolecular potential parameters are 
derived* 18 * from many experimental sources, e.g., 
virial coefficients, viscosity, diffusion and solid- 
state data. The Morse and 6-12 parameters for the 
interaction of like atoms of W, Fe, Ni and the 
above rare gases which are in the author's opinion 
the best “average” values obtainable from the 


literature at the present time are presented in 
Table 1; as yet there are no data for Pt. The Morse 
parameters for He/He are those estimated in 
Appendix 1 of this paper. Also included in Table 1 
are values of S5D/12eaa which, theoretically, 
should be approximately unity in all cases (see 
Appendix 1). 

To obtain* 12 * the interaction parameters for 
unlike atoms (e.g., for the systems He/Pt, Ne/W, 
etc.) we consider possible “combination rules” 
which may be written in an obvious notation: 


ffl2 *= £(<*11 + ^ 22 )- 

(4.2) 

a i2 “ 

(4.3) 

Z>12 - (D n D 22 )V2 

(4.4) 

c 12 = (<U1C22) 1/2 

(4.5) 


These rules are reasonable provided that the 1/1 
parameters do not differ greatly from the 2/2 para¬ 
meters. We may expect therefore to be able 
to estimate ai 2 and an for the rare gas/metal 
interactions, but not Dn and € 12 . Using rule (4.3) 
as a guide in conjunction with column 5 of Table 1 
we have estimated the “mixed” values of the 
Morse an shown in column 2 of Table 4. In 
estimating the value for He/Pt it has been assumed 
that the Morse a for Pt/Pt is 1*4 A- 1 ; this is a 
reasonable assumption since (see Table 1) each of 
the other three metals has this same value of a . 


Table 1. Literature values of some intermolecular potential parameters far pairwise interaction of like 

atoms of some rare gases and metals 


Like atom 
pair 

Leonard-Jones 6-12 parameters 
a c 

(A) (kcal mole’ -1 ) References 

a 

(A- 1 ) 

Morse parameters 

D 

(kcal mole" 1 ) References 

55D 

12eao 

He/He 

2-56 

0-0203 

12, 19 

1-95* 

0*0221* 

Appendix 1 of 

1*00* 







this paper 


Ne/Ne 

2*78 

0 0687 

12, 20-22 

1-84 

0-0875 

31 

T14 

A/A 

3*42 

0-240 

12, 20-26 

1-48 

0*288 

31 

1-09 

Kr/Kr 

3*62 

0*339 

12, 22 

1-28 

0-364 

31 

1*06 




24-29 





Xe /Xe 

4*01 

0*449 

12, 22, 24 

1*26 

0*547 

31 

Ml 




27, 28, 30 





W/W 




1*41 

22*9 

32 


Ni/Ni 




1*42 

9*68 

32 


Fe/Fe 




1*39 

9*61 

32 



* These values are estimated in this paper and are not literature values. 
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It k noteworthy that, correct to two figures, all the 
mixed values of a are 1 *6 A -1 ; this value is thought 
to be the best value of the Morse a which can be 
derived from the literature for the mixed inter¬ 
action systems considered. 

Very little can be said about the values of D 12 
from the combination rule (4.4) in view of the great 
differences between Du and D 22 , evident in Table 1. 
AIbo, the author knows of no reliable experimental 
data for D 12 for the systems considered. However, 
there are some data* 83 ) on the heats of adsorption 
AH of A, Kr and Xe on W, and these are included 
here for completeness: 

A/W—AH & 1-9 kcalmole -1 

Kr/W - AH < 4*5 kcal mole-i (4.6) 

Xe/W—AH 8 or 9 kcal mole -1 . 

But it is not yet clear how heats of adsorption are 
related to potential well depths. 

(b) The parameters 6 y /*, p and tto 

It is necessary to make an estimate of the natural 
lattice frequency wo- Although our lattice model is 
not a Debye model, we assume that the Debye 
temperature 9 of the lattice may be related to wo ; 
this relationship is somewhat arbitrary. In this 
paper we shall assume (as in Ref. 1 for the 3D 
lattice and Ref. 15 for the ID lattice) that 

wo & kdjlh (4.7) 

where k is Boltzmann's constant and H is Planck's 
constant h divided by 2tt. The values of Debye 6 
we shall take for W, Ni, Fe and Pt are shown in 
Table 2. 

If the initial velocity of the gas atom in ordinary 
units is Voy it follows from (2.1), (2.4), (2.6), (2.8) 
and (2.25) that 

Vo = — 2woUo/a. (4.8) 

An ‘‘effective gas temperature" T is introduced as 


paper will be different from that used in the work 
just cited, however. We are considering thermal 
accommodation; it therefore seems more reason¬ 
able to define our effective gaa temperature to be 
the temperature of a Maxwellian flux of monatomic 
gas atoms which results in an average energy per 
atom brought to the solid surface equal to the 
initial kinetic energy of our single gas atom. Our 
assumption that the gas atom moves perpendicu¬ 
larly on to the solid surface in all cases means that 
our flux of gas atoms is essentially ID. The average 
energy per atom brought to a fixed surface by such 
a flux at temperature T is kT and therefore we 
shall use the relation 

T m MV*/2k , (4.9) 

For given M and Vo f this value of T is half that 
obtained in Refs 1 and 15. 

It follows from (4.7) to (4.9) that 

«om -9*8(a/fl)(r/M)i/2Adegi/2(a.m.u.)i/ 8 (4.10) 

Using (4.9) with the definition (2.20) of p it follows 
that 

p - JMFg/D - kT/D t (4.11) 

That is, 

p « T/500D kcal mole-i deg-i. (4.12) 

Because of the new definition of the effective gas 
temperature T, for given T and D this value of p is 
twice that obtained in Refs 1 and 15. 

Relations (2.10), (4.10) and (4.12) enable us to 
evaluate p, uq and p for any given experiment and 
knowledge of these three parameters enables us to 
calculate a from the work of Sections 2 and 3 above. 

5. COMPARISON OF THE THEORY WITH 
EXPERIMENTAL DATA 

The experimental data on the variation of « 
with temperature for the systems He/NiW, 


Table 2. Values of Debye 9 for the metals 


Metal W Ni Fe Pt 


B°K 330 320 400 230 

34 (p. 379) 35 (p. 143) 34 (p. 380) 

35 (p. 143) 


References 


35 (p. 143) 


36 (p. 44) 35 (p. 143) 
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He/W< 7 > «md Ne/WW arc shown as dots in Figs 4 
to 6; for Hc/Pt and Ne/Fe, we have no temperature- 
dependent data. The value of a given for He/Pt 
(cited in Ref. 3) at presumably about 300°K and 
that givenW for Ne/Fe at about 300°K are shown 
in column 2 of Table 3. 


The values of a estimated from the literature 
(see column 2 of Table 4) have been used in con¬ 
junction with the theory to choose suitable values 
of D to fit the experimental data as well as possible. 
These values of D are listed in the third column of 
Table 4, and the corresponding fits are shown as 



Fig. 4. Comparison of the theory with experimental data for He/Ni. 
The theoretical line is for a ■= T6 A” 1 and D ■» 013 kcal mole' 1 


Table 3. Comparison of the theory with experimental data for He/Pt and Ne/Fe 


System 

Experimental 

value 

Theoretical fit with 
the estimated value 
of a 


Theoretical fits with 
other values of a 



of a 

a 

(A -1 ) 

D 

(kcal mole 1 ) 

a 

(A" 3 ) 

D 

(kcal mole* 1 ) 

a 

(A- 1 ) 

D 

(kcal mole -1 ) 

He/Pt 

0 038 

1-6 

010 

1-5 

012 

1-7 

0-08 

Ne/Fe 

0 053 to 0 056 

1-6 

0*37 

15 

0-43 

1*7 

0-32 


Table 4. Theoretical fit of the experimental data 


Theoretical fit of 


Check values of 

experimental data 

Theoretical 

the percentage 

with values of a 

best-fit of 

over-estimate 

System estimated from the 

experimental data 

of a 

literature 

a D 

due to the 

a D 

(A -1 ) (kcal mole' 1 ) 

perturbation 

(A“ l ) (kcal mole' 1 ) 


method 


He/Ni 

1*6 

013 

1*6 

0-13 

7 

He/W 

1-6 

0 T0 or 0*11 

1*5 

013 

2 

He/Pt 

1-6 

0*10 

3 — 

— 

3 

Ne/Fe 

1-6 

0-37 

— 

— 

12 

Ne/W 

1-6 

0-44 or 0-45 

1-7 

0*40 

6 
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the full curves in Figs 4-6. For He/Pt and Ne/Fe 
the values of D shown in Table 4 are those for 
which the theory fits exactly the experimental 
values of a. 

For the data on He/W and Ne/W (Figs 5 and 6) 
it is possible to choose a slightly different pair of 
values of a and D which, in each case, gives a 
“best-fit”. These best-fits are shown as the broken 
curves in Figs 5 and 6, and are perhaps a little 
better than those obtained with the values of a 
estimated in Section 4; the differences in a 


14*1 

between these estimated values and the best-fit 
values are in both cases quite small (about 7 per 
cent). The best-fit for He/Ni is that obtained with 
the value of a estimated in Section 4. These best- 
fit values of a and D are shown in columns 4 and 5 
of Table 4. 

The best-fit procedure is possible only if we 
have values of a as a function of T ; this was 
pointed out by Eggleton and Tompkins. W 
Hence we cannot obtain better fite for He/Pt or 
Ne/Fe: for each of these cases two other pairs of 



Fig. 5. Comparison of the theory with experimental data for He/W. 

The theoretical curves are for 

(upper full curve) a = 1*6 A -1 and D =» 0*11 kcal mole' 1 . 

(lower full curve) a “ t *6 A -1 and D =» 0T0 kcal mole' 1 , 

(broken curve) a =• 1'5 A" 1 and D « 0*13 kcal mole -1 . 



Fig. 6. Comparison of the theory with experimental data for Ne/W. 

The theoretical curves are for 

(upper full curve) a — 1*6 A -1 and D — 0'45 kcal mole -1 . 

(lower full curve) a “ 16 A -1 and D « 0*44 kcal mole -1 . 

(broken curve) a ■■ 1*7 A -1 and D = 0 40 kcal mole -1 . 
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Vfihiet of 4 and D, which from the theory yield the 
experimental value of a, have been chosen; these 
are ahown in columns 5 to 8 of Table 3. 

For each set of experimental data one value of a 
has been obtained by calculating the interaction 
without use of the perturbation approximation, 
but by use of a step-by-step procedure. In all cases 
we find that the perturbation method over¬ 
estimates the energy transfer to the lattice. In 
other words use of the perturbation method results 
in values of * which are too high; the reasons for 
this are given in Section 6. The percentage error 
found by comparing the “exact” method with the 
perturbation method for the one ac from each set 
of data is shown in Table 4. No corrections for this 
error will be made in this paper, however. 

Some idea of the slowness or languidness of an 
interaction may be obtained by considering the 
time spent by the gas atom (a) in the repulsive 
part only of the potential field and (b) in both the 
attractive and repulsive parts of this field. It is 
reasonable to call these two times (a) the “repulsion 
time” rf and (b) the “interaction time” t{. For the 
Morse potential (2.14) r r is the total time spent in 
the region u < 0 and it follows from (2.21b) that 

Tf - — (2/« 0 ) ln[(l +PJ1/2+P 1 / 2 ]. (5.1) 

n may be defined as the total time spent in the 
region u < u\ where is suitably chosen. It is 
reasonable to choose w< so that from (2.14) 

Hi > 0 \ 

and (5.2) 

V(m) a* 0*15,) 

and this results in a value 

vt 3*0. (5.3) 


Using (2.21b) and (5.3) r< may then be calculated 
for any particular case. The values of r r and t* for 
each case at 300°K are shown in Table 5 and may 
be compared with the time scale of the lattice 
velocity response function X[r) shown in Fig. 3. 
(Note that these times are in units of l/[2<oo].) 

In order to show how, in a particular case, the 
theoretical acs vary with the choice of a and D, 
we have calculated acs for the case of He/Fe (for 
which we have no experimental data). This has 
been done for the 9 possible combinations of 
a = 1*2, 1*6 and 2*0 A -1 and D = 0*05, 0*10 and 
0*15 kcal mole" 1 between 100°K and 300°K, and 
the results are shown in Fig. 7. 

The relative effects of the attractive and repulsive 
forces on the acs may be estimated by calculating 
a as a function of uy ^ 0. For each set of experi¬ 
mental data a has been calculated at 300°K for 
u\ = 0, 1, 2 and 3 and the results of these calcula¬ 
tions are presented in Table 5. Also in Table 5 is 
shown the value of ui finally chosen in each case 
for the other calculations presented in this paper. 

6. DISCUSSION OF THE RESULTS AND 
CONCLUSIONS 

The agreement of the theory with experiment 
using the values of a estimated from the literature 
is remarkably good. Also, the values of the poten¬ 
tial well-depth D derived from these values of a 
are reasonable (see Table 4). The best-fit values of 
the parameters for He/W and Ne/W are hardly 
significantly different from these values; for He/Ni, 
the estimated value of a gives the best fit (see 
Fig. 4). The best-fit values of a for He/W and ^ 
Ne/W turn out to be 1 *5 and 1 *7 A -1 respectively. 
Because a He atom is smaller than a Ne atom we 


Table 5. Some more results of the analysis 



Values of the 

Theoretical acs as a function 

Final 

The 

Hard-spheres 


repulsion and 

of at 300°K. Beet-fit 

value of 

mass- 

value 

System 

interaction times 

parameters (see Table 4) are 

u\ chosen 

ratio 

of o 


at 300°K 

used where possible 

for the 


V 


Tf T* 

wi *0 ui « 1 ui = 2 ui w 3 

calculations 




He/Ni 

7 

21 

<■ 

0*072 

0072 


2 


0*239 

He/W 

8 

23 

Kff, 9 

0*018 

0018 

Bff U*’® 

1 



Hc/Pt 

6 

15 




■iff MB 

2 

BffM 

mtm 

Ne/Fe 

14 

49 

0*051 

0*053 

0*054 

0*055 

2 




11 

38 

0*039 

0*040 

0*040 

0*041 

2 


0*356 
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Fig. 7. a as a function of a and D for He/Fe. 

. a — 2 0 A _1 \ /upper curve in each case it for 

|l D “ 0-i5 kcal mole -1 . 

■ ■ — ■ a — 1-6 A' 1 ! / middle curve in each case is for 

M D «* 0*10 kcal mole -1 . 

- — a a x -2 A -1 1 I lower curve in each case is for 

) \ D ■» 0*05 kcal mole -1 . 


might expect the value of a for He/W to be a little 
larger than that for Ne/W; the best-fit values are 
the other way round. However, the small differ¬ 
ences between the fits obtained using 

(a) , a = T6 A-i for both He/W and Ne/W and 

(b) . a = 1*5 A- 1 for He/W and 1-7 A~* for Ne/W 
are perhaps not significant owing to the spread of 
the relevant experimental points (see Figs 5 and 6). 
The best-fit for He/W (see Fig. 5) is considered 
better then the others shown because its gradient 
(doi/dT) gives a better agreement with the trend 
of the experimental points. The best-fit for Ne/W 
(see Fig. 6) is considered better than the others 
shown because it clearly displays the minimum in 
a vs. T which seems to be apparent from the 
experimental points. 

In Section 5 we discussed the errors due to use 
of the perturbation method; in all cases considered 
this method over-estimates the energy transfer 
from the gas atom to the solid. The reason for this 
is that the maximum repulsive force between the 
gas atom and the surface atom is over-estimated. 
tf(0) is the distance of closest approach of the 
atoms and it is'assumed that the gas atom reaches 
a maximum height V[u( 0)] in the potential field 
equal to its initial kinetic energy 2?o (it does not 
matter that «(0) is in fact negative). At «(0) the 


repulsive force reaches a maximum and it is easy 
to show that this maximum value is 

F[«(0)] « 2B[l+p+(l+py-/*]. (6.1) 

However, in any real collision the gas atom will 
have lost some if its energy to the lattice before it 
reaches its position of closest approach to the 
surface atom and will not quite reach the height 
F[«(0)] equal to Eq in the potential field. Hence 
the corresponding maximum repulsive force will 
be smaller than that given by (6.1) and the energy 
transfer to the lattice, which is mainly due to the 
large repulsive forces, is smaller than that 
calculated. 

Considering the assumptions involved in the 
perturbation method, we should expect it to be 
reasonably valid when conditions (1.5) are obeyed. 
Taking into account the values of a (see Table 3 
and Figs 4-6) and the values of p (see Table 5), 
we should expect the perturbation method to be 
best for He/W and He/Pt and worst for Ne/Fe; 
this is what is found in practice by comparing our 
results with those obtained using the “exact” 
method. On the basis of this comparison displayed 
in Table 4 we conclude that the perturbation 
method is very good for He/W and He/Pt, good 
for He/Ni and Ne/W and relatively poor for 
Ne/Fe. 
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On comparing the repulsion times r r and the 
interaction times r< in Table 5 with the time-scale 
of the lattice velocity response function 2f(r) 
(see Fig, 3) it becomes clear that we are dealing 
with collisions which are rather slow, or languid; 
this is especially true of the attractive part of the 
interaction. Since in all cases it turns out that 
7 $ » 3rr, we should expect that the effect of the 
attractive part of the interaction on the energy 
transfer will be much less than that of the repulsive 
part. In fact the attractive part has a negligible 
effect on the values of the acs, as is shown by the 
values of a as a function of in Table 5. In all 
cases the errors involved in ignoring the attractive 
part of the interaction altogether (i.e. f taking 
U\ °= 0) are less than the errors inherent in the 
perturbation method (see Table 4). 

However, the attractive forces are very impor¬ 
tant in accelerating and decelerating the gas atom, 
especially if the well-depth is comparable with, or 
greater than, the initial kinetic energy of the gas 
atom (i.e., p » 1 or p < 1). In these cases the gas 
atom enters the repulsive part of the interaction 
with a velocity considerably greater than its initial 
velocity; the maximum repulsive force experienced 
by the gas atom is therefore larger than it would be 
in absence of the attractive forces. The point is not 
that the attractive forces can be ignored, but that 
they play very little direct part in the mechanism 
of energy transfer in the systems considered here. 
In other words, the attractive parts of these inter¬ 
actions are themselves effectively conservative, 
but lead to the repulsive part of the interaction 
being more dissipative. 

In any real situation, the head-on-collisions 
assumed to occur in this theory will be rare; each 
gas atom is far more likely to interact strongly with 
two or more surface atoms. Also, each gas atom 
will interact with solid atoms other than those 
nearest to it on the surface. We are not able to 
comment on the effect of the assumption that a 
head-on collision always occurs. Assuming that 
this is so, however, it is possible to estimate the 
effect of the interactions of the gas atom with solid 
atoms other than that hit head-on. We have shown 
that the effect on a of the attractive forces between 
a gas atom and the surface atom directly hit ife 
small; this is because the force between the two 
atoms in the attractive part of the interaction is 
slowly-varying. The interactions of the gas atom 


with these other solid atoms will always be through 
the attractive part of the potential, and the attrac¬ 
tive forces involved will be smaller and even more 
slowly-varying because of the much larger distances 
involved. We conclude that for the systems studied 
in this paper the interactions of a gas atom with 
solid atoms other than that directly hit (in the 
head-on approximation) will contribute very little 
to the energy exchange between a gas atom and a 
solid; these interactions will be conservative. 

However, the interactions of the gas atom with 
these other solid atoms will indirectly modify the 
energy transfer in the same way as do the attractive 
forces between the gas atom and the solid atom 
directly hit. This effect is automatically taken into 
account in the theory by the use of the parameters 
a and D, which may be considered from this point 
of view to be “effective interaction parameters”. 

The theory predicts that, in general, a will have 
a minimum when expressed as a function of T; 
this theoretical minimum shows itself clearly in 
Figs 4 and 6, and would be to the left in Figs 5 
and 7. The only set of experimental data displaying 
such a minimum is that for Ne/W in Fig. 6, and 
it is not clear just how significant is this minimum. 
It may be as well at this point to give a discussion 
of the occurrence of a minimum: 

(i) . When T is sufficiently small, the initial 
kinetic energy of the gas atom is much smaller 
than the potential well-depth (p < 1). This means 
that as the gas atom enters the repulsive part of the 
interaction it has a kinetic energy much larger than 
that which it had initially; in fact its kinetic energy 
is approximately equal to the well-depth and is 
effectively independent of T . The gas atom will* 
lose a certain amount, W, of energy to the solid 
and this amount of energy will also be effectively 
independent of T. It follows that in this regime of 
small T 

a(small T) = W/Eq & T'/T, (6.2) 

where T f is a constant. Thus for T < T\ oc > 1, 
and this merely means that the gas atom is 
“trapped”; this can occur because although the 
gas atom may lose to the solid only a small fraction 
of the energy it has on entering the repulsive part 
of the interaction, this fraction may still be more 
than its initial kinetic energy. 

(ii) . When T is sufficiently large (p > 1), the 
collision will be effectively that of two hard spheres 
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of mass ratio ja; the resulting at is given (for 
M < 0«84) by* 1 ) 

a(large T) ^ 4^/(1+/*) 2 . (6.3) 

Theoretical values of this “high-temperature 
limit” of a are shown in Table 5 for the systems ' 
considered in this paper. The theoretical values 
of a for these systems are in all cases less than those 
given by (6.3), and it follows that according to the 
theory, for these systems a(T) has a minimum. 

A rough estimate of the value of T, T m i n , at 
which this minimum occurs may be made for each 
case by making the plausible assumption that it 
will occur when the initial kinetic energy of the 
gas atom is approximately equal to the well-depth. 
This yields the conditions 1 and using (4.12) 
we obtain 

Tmin ?=» 500 D deg kcah 1 mole. (6.4) 

By using the values of D in Table 4 in conjunction 
with (6.4) we obtain the following rough estimates 
of Tmin for the two types of system considered: 

(He/metal systems)r m i n ^ 60°K (6.5a) 

(Ne/metal systems) T m { n & 200°K. (6.5b) 

It may be significant that (6.5b) agrees quite well 
with the temperature at which the minimum 
appears to occur in the experimental points for 
Ne/W (see Fig. 6). 

In view of the arguments presented above and 
the agreement of the theory with the available 
experimental data, we conclude that Table 4 
contains what are perhaps the best values to date of 
the effective Morse interaction parameters a and 
D for the gas/metal systems considered. We have 
already mentioned that Table 1 contains what are 
in the author’s opinion the best Lennard-Jones 
6-12 and MorBe parameters which are available 
from the literature for the interaction of pairs of 
the like atoms considered. In transforming from 
6-12 to Morse parameters, and vice versa, it is 
clear from Table 1 that the empirical rule (A 1.1) 
can serve as a useful guide. The similarity of the 
two potential functions when (A 1.1) is satisfied is 
clear from Fig. 2; the range of validity of this rule 
is as yet uncertain, however. In conclusion we may 
mention that it follows from this work that the 
6-12 values of 0-12 used for the gas/metal inter¬ 
actions in I are an order of magnitude too small. 
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3S* WtUON A. H m The theory of metals, Cambridge 6-12 well is (24«a/55) and that contained within the 
University Press (1953). Morse well is 2Dja. Thus the empirical rule of equality 

36. Bohn M. and Huang K., Dynamical theory of of these areas gives 
crystal lattices t Clarendon Press, Oxford (1954). 

55D/12e<j<y - 1. (Al.l) 


APPENDIX 1 

A relation between the Morse parameters and the Lennard- 
Jones 6-12 parameters. Morse parameters for He. 

It is well-known* 11 ) that for a given set of experimental 
data on virial coefficients, viscosities, etc., fairly good 
agreement with experiment may usually be obtained with 
quite different intermolecular potential functions. One 
feature which these different potential functions seem to 
have in common is that the area contained within the 
potential well is approximately the same (see p. 207 of 
Ref. 12). The area contained within the Lennard-Jones 


The quantity on the L.H.S. of this relation is tabulated 
in Table 1 for those cases for which there are sufficient 
data. It is evident that the agreement with the rule (A1.1) 
is remarkably good. To proceed further, we assume that 
this rule holds for He, and we choose values of a and D 
for He which satisfy (Al.l) and fit in with all the trends 
evident from Table 1. The values finally chosen and 
quoted in Table 1 are 

(for He/He)^ " <*!•*> 
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Abstract—A theory of paramagnetic resonance on acceptor centres in deformed and non-deformed 
Ge and Si type crystals is developed. The splitting of the ground state under the action of the 
deformation and magnetic field is determined and the probability of transitions between levels is 
estimated. Using the effective mass approximation, estimates are made of the deformation potential 
constant and the ^-factor. 


I. INTRODUCTION 

Until recently electron-spin resonance has not 
been observed on shallow acceptor centres in Ge 
and Si under ordinary conditions. In 1960 Feher, 
Hensel and Gere* 1 ) established that resonance 
can occur in homogeneously deformed crystals. At 
this stage the present authors suggested observing 
the resonance in deformed p- Ge and p- Si on free 
holes and evaluated the resonance frequencies and 
transition probability as a function of the direction 
of deformation S 2 * 3 > As was then pointed out,* 3 ) 
the formulae are applicable to resonance of bound 
hole?. But this resonance differs in a number of 
respects and it is with this topic that the present 
paper is concerned. 

2. THE HAMILTONIAN FOR THE IMPURITY 
CENTRE 

In the analysis of various effects on shallow 
impurity centres, the effective mass approximation 
is usually employed. Here the potential is written 
as the coulomb potential in a medium with 
dielectric permeability eo: V(r) = — This 

approximation holds for sufficiently great distances 
from the acceptor ion and good results are obtained 
for shallow acceptors with large radii. Here in the 
effective mass approximation the ionization energy 
Ei is independent of the type of acceptor species, 
which is more or less the case for Ge. But in Si the 


ionization energy of the acceptors is essentially 
dependent on the type of impurity and it increases 
with increasing Z of the acceptor atom. 

Therefore, in this paper, in considering bound 
holes, we avail ourselves of the more general matrix 
method based solely on considerations of sym¬ 
metry. 

As regards the effective mass approximation, 
we use it solely to express the constants in the 
Hamiltonian of the impurity centre in terms of 
known parameters of the free carriers. 

From certain theoretical papers* 4 * and experi¬ 
mental data,* 1 ) the ground state of shallow acceptor 
centres in Ge and Si is four-fold degenerate and 
the corresponding wave functions T{ transform 
according to the same representation Tg as the 
eigen-functions of the free holes near the band 
extremum. The point is that only functions which 
transform according to this representation remain 
finite in the effective mass approximation at the 
point r = 0 where the potential energy F(r) is 
a minimum whereas all the other functions vanish 
at this point. 

In the following we shall be interested in the 
effect on an acceptor centre of deformations, and of 
magnetic and electric field. If the energy associated 
with these perturbations is small compared with 
the distance from the ground state to the nearest 
excited level, i.e. if in practice it is small compared 
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with the ionization energy of the acceptor, we can 
confine our consideration to the ground state. 
Here the operator H 9 for the acceptor centre 
becomes a 4 x 4 matrix, the explicit form of which 
depends solely on the symmetry of the crystal and 
the representation according to which the wave 
functions are transformed. In the effective mass 
approximation, the field created by the impurity 
centre has spherical symmetry and the symmetry 
of the impurity centre is determined by the Bloch 
wave functions and, consequently, coincides with 
the symmetry of the crystal 7^x7, i.e. with the 
symmetry of the group of the wave vector G* 0 at 
the point T(k o » 0). The wave functions of the 
impurity centre in the effective mass approximation 
transform according to the same representation as 
the functions of the free holes. In point of fact, 
in Ge and Si, the impurity ion is at one of two 
equivalent nodes of the elementary cell. There¬ 
fore the field near this ion and, more particularly, 
the fields associated with the deformation of the 
crystal by this ion,< 6 > have symmetry 7^ and not 
Ta x /. However, this difference in symmetry does 
not affect the form of the matrices ff*and H' ti 
which define the influence of the magnetic field 
and deformation on the ground state of the 
acceptor. 

In the presence of uniform deformation €, 
which we will describe by the tensor deformation 
and of a uniform magnetic field 7?, the energy 
matrix H f which defines the displacement of the 
ground state of the acceptor, is:* 

h-h'h+h; (i) 

where 

Hff = w{Ei(JxHx+JyHy+JzHz) 

+g' 2 Upt,+JlH v +J* l H l )}, ( 2 ) 

H; = a<I+b’{(Jl-iI)< xx +Ul-y)<yi, 

+ [JaJz]^xz + \JvJz\ € yz} (3) 

Here J a are matrices of the operator of the angular 
momentum with j = f in the representation, ( ? > 
[Ai, 2?;] s MAiBj+AjBt), 1 is the unit matrix^ 

* Here we ignore the very alight interaction with the 
•pin of the nucleus of the ion itself and other adjacent 
atoms, 


€ «a Spi = + *yv+ € zty W 1S the Bohr magneton, 

fiQ = eH/2mc y and a\ b r and d ' are deformation 
potential constants of the impurity centre which 
are analagous to the constants a , b and d for free 
holes. W 

In the following, by the effective mass approxi¬ 
mation, we express a\ b' and d* in terms of a t b and 
d and also establish the relationship between g x 
and with the corresponding constants for free 
holes.! 

It need only be pointed out that the term Tg 
for the free holes occurs as a result of spin-orbit 
splitting of the term T’ x Z>i/ 2 . For free holes 
the coefficient g 2 therefore vanishes in the approxi¬ 
mation of weak spin-orbital interaction and, 
apparently, is much less than For a shallow 
acceptor centre spin-orbit splitting of the valence 
band A is usually greater than or of the order of 
the ionization energy E(. Therefore it mixes the 
functions which correspond to the various single 
group representations, and the term T 8 of the 
impurity centre descends from different terms: 
Pis, T 25 and F 12 . In consequence, the coefficients 

and g<i of equation (3) can in principle be of the 
same order even if g 2 = 0. For example, if the 
term Fg derives solely from F^, then in a magnetic 
field two-fold degeneracy should be preserved: 
if H = H z for this term, ( Hh)h = ( 1^)33 = 
22 = -(H#) 44 , which corresponds to 
g 2 = ~4/7However, as shown by calculations 
which follow, the main contribution to for 
Ge and Si arises from functions which originate 
from the representation Tjs and, therefore, g' is 
usually much less than g'^ for the impurity centre 
also. 

Using the matrices (2) and (3) we can calculate 
the spectrum under various conditions and also the 
transition probability in alternating fields which 
are defined by matrices which are no different 
from (2) and (3) except that constant fields have to 
be replaced by alternating fields. This latter rule 
holds of course only in those cases when we can 
ignore the space dispersion, i.e. when the wave¬ 
length A = 2 77 j q of the corresponding field is large 
compared with the radius r 0 of the impurity centre. 
For an electrical as well as a magnetic field, the 
condition 2qr§ <, 1 is fulfilled for all the possible 


t For free holes the expression of equation (3) coincides 
with that of Luttinger* 7 ) if we replace -> 2k, gi -> 2q. 
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frequencies a> of the external fields up to 
an » Eijk. For analysis of transitions due to long¬ 
wave acoustic oscillations, this method is only 
applicable up to frequencies 

c 

m £ ^max = -—> (4) 

2ro 

where c is the velocity of sound. According to 
Schechter, W) ro is equal to 44 A for Ge and 17 A 
for Si. Correspondingly, if c = where c\ is the 
velocity of transverse acoustic waves, <o max is equal 
to 0*6 x 10 ia sec“ 1 (^w = 0-4 x 10 “ 3 eV) for Ge and 
to 2*6 x 10 ia secri(Aoi = 1-7 x 1(H eV) for Si. For 
higher frequencies we have to consider spatial 
dispersion, and therefore it is necessary to have 
more detailed knowledge of the wave functions. 
As a rule the transition probability decreases 
rapidly if to > <o m ax* Thus, if T ~ the 

transition probability is proportional to [1 + 

(w/ 2 cj m ax) 2 ]"' 1 . 

3. THE UNSTRAINED CRYSTAL 

We will confine ourselves to the case where the 
magnetic field is in the direction of the principal 
axis (e.g. along the axis —(001)). In such a 
field, as is seen from equation (3), the ground 
state is split into four non-equidistant levels with 
the energies 

ft,4-*o ±#*0^(1*;+27/8 

£2,3 - *o±««(te;+igr;). (5) 

It can be shown without difficulty that the 
alternating magnetic field h{t) = 2 ^o cos wt causes 
transitions between levels 1 :?± 2 and 3 4 at the 

frequency 0*12 = <034 = +13/4 g^) f be¬ 
tween the levels 2 3 at the frequency W 2 Z = 

(to and between the levels 1^±4 
at the frequency <014 = 3hqH j + 9/4 Here 
the corresponding matrix elements of the operator 
Hh, which define the probability of these transi¬ 
tions, are: 

I(ff;)i2l 2 = = ^»;+7/4^)2, 

WM'-iWx+Wgp* ( 6 ) 

I(^)l4| 2 = 9/16G#*tf), 

where h\ = k 2 x +hy. If g' 2 = 0 all four levels 
are equidistant and the frequency of the transitions 


is 10 »(j*oI* ** obvious that the cor* 
responding formulae (5) and (6) for ^ m 0 hold 
good for any orientation of the magnetic field H. 

4. THE SPECTRUM OF A STRAINED CRYSTAL 
, Equation (1) holds true only when the splitting 
of the ground state in deformation is considerably 
less than Ep If, however, the deformations are 
large and the splitting of the valence band A 4 is 
much greater than £<, then the ^-factor for bound 
holes will be the same as the ^-factor of free holes 
in the lower of the split off bands. 

In the event of comparatively small deformations 
when the splitting of the zones A e is much less 
than Eu the splitting of the impurity level is 
analogous to that of the band edge zone of the free 
holes< 8 > and has the form 

A, = 2 VE e = 2V{(fr #2 /2)[(^--^) 2 +(€^-€«) a 

+(^-**) 2 ]+rf' 2 (4+4+*?,» 

Each of the levels split by deformation remains 
two-fold degenerate. In the magnetic field this 
degeneration is removed. If the splitting in the 
magnetic field is considerably less than the 
splitting A e associated with the deformation, 
then, in analogy with the case of free holes,* 2 ' 3 ) 
the resonance frequency and factor are appre¬ 
ciably dependent on the direction and sign of 
deformation. Using equations (2) and (3) we get 
for the splitting of the levels in the magnetic field 
in a deformed crystal: 

A El = kwa = = MO 2 HagafiHtf) 

a*0 

where the components of the tensor {gf 2 hfi are: 

tef.2 U = ^{[±VEe(gi + mg' 2 ) 

+^-3e^ + 7/4^)] 2 

iM+btoh (8) 

fe lf2 W = (V(3)i7^){V(3)^'€«c w te;+9/4^)2 
+•«« + 7/4 g‘ z )[ ± 2 Vmg[ 4* 7/4 g' % ) 
+y(c-3^X^+13/4^]) (9) 

The remaining components 2 are obtained 
by cyclical permutation of the subscripts. Here 
the upper sign corresponds to the lower of the 
split levels (/ = 1), whilst the lower sign corres¬ 
ponds to the upper level (/ = 2). 
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la the caaeof deformations along the axes (001) 
and (111) the ^-factor has two components, viz. 
g t and g x% and the splitting of the levels in the 
magnetic held is: 

A E - (10) 

In equation (10) the subscript “||” corresponds 
to the direction of deformation. The magnitude 
of gi and g x from (7-9), as a function of g[ and g' 2 
for deformations in the principal directions, is 
given in Table 1. 


an unambiguous selection. No such data are given 
by Feher et but they indicate that g t and g ± 
are practically the same in value for this direction 
as for deformation, along (100). It will be seen from 
Table 1 that this can occur only if b'* X x > 0 and 
d'exy > o, i.e. if V < 0 and d! < 0, gjg t > 0 
and g' 2 g[. The last inequality also follows from 

the estimates given below in the effective mass 
approximation. The values of g[ and g z which 
correspond to this choice of signs, are given in 
Table 2. Heae the sign of g* x cannot of course be 


Table 1. Values of the g-factors for deformation along the principal axes 


Deformation 

along (100) 


along (111) 

gi 

Sl 

b’fxz > 0 

ii+ii; 

2*i + 5f,' 

b’t xx < 0 

3/2 

d'* X y > 0 
+ 13/4*2 
2*i + 7/2 gz 

d'*xy < 0 

3(*i 2 + 23/6 g[g2 + 187/48 gfaw 

0 


As stated above, spin resonance has been 
measured by Feher, Hensel and Gere.* 1 * They 
found that in deformation along the principal axes 
the variation of the resonance frequency with the 
direction of the magnetic field is governed by 
equation (10). In their paper* 1 * they show the 
values of the ^-factor for various acceptors in Si 
with deformation in the (001) direction. 

Using their data it is possible to determine 
and g x for each of the acceptors and to calculate 
g[ and g’ 2 for them on the basis of Table 1. 
However, this calculation requires knowledge of 
the sign of the constants b' and d ' as well as the 
sign of the ratio g t lg ± * Depending on the selection 
of the signs of b ' an dgjg ±f four sets of constants 
can be obtained from this data. 

If the values of£, and^ were known for defor¬ 
mation along (111), it would be possible to make 


determined, but from estimates using the effective 
mass approximation, it follows that it should not 
differ from the sign of^i. Therefore, in accordance 
with Ref. 9, we assume that for Si, g ' < 0. 

4. THE DEPENDENCE OF THE g-F ACTOR 
FROM THE DEFORMATION 

Equations (7-9), which define the ^-factor in the 
case in question, only hold good for deformations 
such that hu>cn A ff < E(. This implies that the 
^-factor for the impurity centre will depend on the 
deformation and that the relative corrections to thfc 
factor will be of the order of A e /2?f and 
Under the experimental conditions of Feher 
et a/.,U) the first corrections are considerably 
greater than the second. Corrections proportional 
to the deformation can be calculated by including 


Table 2. Values of g[ and g 2 for various acceptors in Si (for 
b < 0 andgjg % < 0) 



B 

A1 

Ga 

In 

/ 

gi 

-1*21 

— 1 *19 

-M4 

-1-00 

/ 

g% 

0002 

0-047 

0*051 

0*087 
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A A 

in H* the term which can be written as 

Kh - -(Msiimnbnum+piipR)] 
+b*MVyH v - V x H x )+ Pi On-lJJI z ) 
+ps0*8-lJlH t ))...+d<MV x H v -VyH z ) 
+Pi(J*H V +J V H x )+P8(JlH v +JlH x ) 

+f»JzU*JvWz)+...) (11) 

where V x = [JzUl-J\)} and 80 on - 
The terms which are omitted in equation (11) 
for the sake of simplicity, are obtained by cyclical 
permutation of coordinates. In hydrostatic defor¬ 
mation, all the terms in equation (11), except the 
first two, vanish. The coefficients pi and p 2 of these 
terms are considerably less than the rest since in 
hydrostatic compression no change in symmetry 
occurs and the variation of the factor can be 
related solely to the influence of neighbouring 
bands. It is of the order of atjEg and, consequently, 
pi ~ p 2 ~ EijEff, where E g is the energy gap. 

Equation (11) permits calculation of the variation 
of the ^-factor. Thus, in deformation along (001) 
for pi = p 2 = 0: 
if*'«„ > 0 

= ,?i(2 v / (£«)/£<)(P4+ip 5 ), 

8^= -gi{2V(E t )IE t )( Pi +SI2 ps-fa); (12) 
if b r € z z < 0 

=^(2v/(W)(3 P 4+27/4 ps ), 

- — ^i(2\/(£ 8 )/£<)J(/>5+pa)- (13) 

In the following we shall estimate the coefficients 
appearing in (12) and (13) using the effective mass 
approximation, and we shall compare the calculated 
value with observation. 

6. THE TRANSITION PROBABILITY IN A 
STRAINED CRYSTAL 

First we must point out that an alternating 
magnetic field can also cause transitions between 
levels which have split under deformation without 
a constant magnetic field. The corresponding 
resonance frequency w is equal to A e / h, where A e 
is determined by equation (7). The operator 
which causes these transitions, differs, as it did 
above, from (3) only in the substitution of 
h{t) = 2^o cos a )t for ft. 


For analysis of the transition probability, it is 
necessary to plot eigen-functions which diagonal¬ 
ize H € . Since each of the split states is degenerate, 
the corresponding transition probabilities need 
to be averaged with respect to the initial state and 
summed with respect to the final state. The 
corresponding “averaged” value of the matrix 
element of the operator (Jh) which defines the 
transition probability if g% « 0, is 

IC/3M* * f&WSS) (H) 

where 

«** = 

1 

QC Iy = — ~ -{3d' 2 «a*«y*+ V(3)A , d'€a;y(<— 3f«)}(15) 
4E k 


The rest of the components a are obtained by 
cyclical permutation of the subscripts. For 
example, for tension along the principal axes (100) 
or(111): 

ItfiXnl* = (16) 

The transition probability between levels which 
have split in the magnetic field, as in the case of 
free holes/ 2 * 3 > is proportional to the square of the 
modulus of the matrix element |(H'a)i, 2 | 2 : 


ITOul 2 = 


4 (flpft) 


, (16a) 


where the components {g 2 } a ,fi are determined 
from (8) or (9). In the case of deformation along 
the principal axes, from (16) and (10) we have: 


|(H'*)i,«|* = 


g\l8xSti.+*ti.8*Sl • 
tW+t&i 


(17) 


where g [( and for each case are given in Table 1. 


7. ANALYSIS OF THE WAVE FUNCTIONS AND 
PARAMETERS OF THE IMPURITY CENTRE IN 
THE EFFECTIVE MASS APPROXIMATION 
In the effective mass approximation the wave 
function of the impurity electron or hole V is 
represented as a product of fast-changing (with 
the period of the elementary cell) Bloch functions 
of free carriers at the bottom of the zone with 
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the smooth functions f(z): 

( 18 ) 

$ 

Here the subscript i indicates the number of the 
degenerate function the maximum value of i 
being equal to the “degeneration multiple” of the 
impurity centre, but summation in equation (18) 
is performed with respect to all the degenerate 
functions and the maximum value of s is 
determined by the degree of degeneracy of the 
band at the point of the extremum. 

The functions / satisfy the equation 

{D(k)+V(r)}f=Ef (19) 

A A 

where D[k) is determined from equation (13) of 
Ref. 8, and V(r) — — e 2 /«or. If the wave functions 
<f>i of the free carriers transform according to the 
representation F^,, whilst the “total” function of 
the acceptor centre transforms according to r y> 
then the smooth functions /J must transform 
according to the irreducible representations 
appearing in the product 

r/=r£xr* (20) 

The functions/* which effect irreducible represen¬ 
tations of a cubic group, can be expanded into 
harmonic polynomials of different degree 1. 
Amongst the functions constructed in this way, 
the lowest energy corresponds to those which are 
finite at zero, where V{r) is minimal, i.e. to those 
which contain polynomials with / = 0 and, 
consequently, which transform according to the 
identity representation. It will be seen from 
equation (20) that an identity representation is 
contained in T/ only if the representations Ty and 
r, coincide. Wave functions of the ground state 
of a small impurity centre therefore transform 
according to the same representation as the wave 
functions of free holes at the extremum point and 
the degeneracy factor of the ground state is equal 
to that of the zone at this point, i.e. in />-Ge and 
p-Si the functions in the effective mass approxi¬ 
mation, and also <f> St transform according to 
and therefore the smooth functions / must trans¬ 
form according to the following representations: 

r~xr; = 2r*+2r; 5 +r++r£+r+ (21) 

But since equation (19) is not solved exactly, these 
functions are determined by the variational 


method. Variational calculations for the ground 
and excited states of acceptor centres in Ge and 
Si have been performed by Kohn and Schech- 

TER/ 4 * &)* 

Knowing the functions f gt we can evaluate the 
corresponding matrices H' for the acceptor centre 

A 

by using the matrices H for free holes. 

In fact, 

H 'i, = -2 H h (22) 

The last equality in equation (22) holds only if 
H is a multiplicative operator, as occurs for the 

A / 

operators H ty H £ and H e fi. In evaluating H ( and 
Hh the resulting matrices can be written in the 
form of (2) and (3) respectively, and the constants 
a\ b\ d\ g' } and g ' can be determined in this way. 
Here a ' i9 always equal to a since in the approxima¬ 
tion (18) the impurity level is shifted together with 
the band-edge in hydrostatic compression. 

Tables 3 and 4 show the resulting constants 
b' t d\ and g 2 as calculated by the functions /* 
for values of the parameters given by Schechter.< 6 > 
Estimated values of these constants are given in the 
Tables. 

It will be seen from Table 3 that the constants 
b f and d' of deformation potential for an acceptor 
centre can differ considerably from the correspond¬ 
ing constants for free holes. In the paper of 
Kleiner and Roth/ 11 ) these constants are deter¬ 
mined from the shift of the absorption lines in 
strained crystals, all these constants here being 
assumed identical for free and bounded holes. It 
will be seen from Table 3 that this untenable 
assumption can lead to substantial errors in experi¬ 
mental determination of the constants b and d. 

It follows from Table 4 that £2 ^ 0 for bound 
holes, even if £2 = 0 for free holes. However, in 
all cases is much less than |g'|, the ratio 
g'Jg[ is negative, which agrees with the experi¬ 
mental data in Table 1. 

The values of^ and^ calculated from the data 
of Ref. 9, are also in satisfactory agreement with 


* For />-Ge they were performed by E. I. Butikov 
(Diploma paper, Leningrad State University, 1962) with 
regard to the latter data concerning the constants A t 
B and D.< 10 ) 

The results are practically the same as those of 
Schechtkr/ 6 ) The published data^^ is therefore 
employed. 
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Table 5. The variation of the g-factor of an acceptor centre during deformation (for « 2 = e«) 






*g,igi • 

' A«/£f 

&g±igi • 

■ A *IBt 


P* 

fit 

PS 

b'ttt > 0 

b'*tz < 0 

b'<» > 0 

b'*s, < 0 

Ge 

-0-33 

0-65 

—0*16 

0-61 

0*85 

-0*5 

-0*005 

Si 

016 

0*26 

-0*22 

0-22 

-0*70 

0*35 

-0*02 


Having evaluated the matrix element* from (25), 
we can, by comparing them with (11), find the constants 
fit which determine the variation of the g-factor during 
the specified deformation. 

If we use the variational functions of 
Schechter/ 5 ) the analysis produces values of pa, 
Pi and ps which are shown in Table 5. This Table 
also gives values of Sg, and bg ± from equations (12) 
and (13) for e *= egg, Here it is assumed that 
gt 0, £2 “ ® an( i that A ^ 00 . 

If we substitute values of b f gi and E( according 
to the Tables, then for Si if b'egg > 0, we get 

— « -0-7; — = -20. 

*tt Ei 

(In equations (12-13) g L everywhere represents its 
absolute value.) According to data in Ref. 1, the 
experimental value bgjT tz = -7*1 x I0“ u cm 2 /dyne 
(if Tgg < 0). Since the relative extension in the 
*•>direction = €«-- \{fzx+*yy) = {Sn~~ Si 2 )T zz 

0*982 x 10 -12 T eZt the experimental value of 
* 8 e< l ua ^ t0 ~ 70. It will be seen that the 
theoretical estimates provide the correct sign of 
this coefficient, but a considerably too low absolute 
value. Of course, it is difficult to expect exact 
agreement here, because of the error in the effective 
mass approximation itself, the variational method 
for analysing the wave functions for A = 00 , and 
the inadequately reliable value of the constant b . 
Apparently, however, the main cause is that we 
considerably reduce the quantity bg by putting 
E n —Eo «* Ei in equation (23). 


The point is that in Si and Ge the excited states 
of the acceptor are close to the ground state. Thus, 
according to Schechter,* 6 ) the distance to the 
nearest level r« in Si is ££<, to T 7 it is ££* and 
to Tg it ia \Ei. According to the selection rules, 
all these levels make a contribution to (23). 
Therefore, apparently, it is not correct to put 
E n -Eo ~ Ei in equation (23). To obtain satisfac¬ 
tory agreement with experiment, it is necessary to 
put E ~ i.e. E is approximately double the 
distance to the nearest level J5i—i?o. 
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Abstract—The splitting of the ground state under the action of an electric field is determined and 
the transition probability in the electric field is calculated. The relaxation time in strained and 
unstrained crystals is also computed. 


1. THE HAMILTONIAN OF THE IMPURITY 
CENTRE IN AN ELECTRIC FIELD 

For analysis of the effects due to the electric 
field, we use the matrix method. If the field dis¬ 
tortion near the impurity ion is not considered, he, 
for symmetry the only terms which can 

appear in H' are quadratic in the electric field and 
the corresponding matrix H^* is similar to the 
matrix He: 

H^.= -( P llEt){zEzl+fl[JlEl+JlEl 
+J*A ~ (5/4)/£ 2 ]+ (2/VWU*Jv)E x E v 

+Uvjz] EyE l + [Jzjz] E X E Z )} ( 1 ) 

where po = ef is the dipole moment, f being the 
mean radius of the ground state, defined by the 
equation 

f = (J T* r^¥ dr)l/2, (2) 

where T is the corresponding wave function and 
a, and 8 are dimensionless constants of the order 
of unity which we shall estimate using the effective 
mass approximation. 

Consideration of the local fields of ions reduces 
the symmetry to T& and causes terms to appear in 

A _ 

H' which are linear in £ as well as terms 
which contain products of the components of E 
and fl: 

= CPxIVmEzUM + EyiJsJ,) 

+EAJJ„)} 


Hffi = (PwlEt) {yi{Jz[EyH z ] +Jy[EzH x ) 
+Jz[E x H v \) + YziJllEyHt] +J*[E t H x ] 

+fi[ExH y }) 

+WV3)n(V[£xB])} (4) 

Here V x = [J x ( Jl~J\ )] and so on, [A t B } ] = 
AjBt)> whilst p = ean , where as is the 
Bohr radius. We have selected dimensional factors 
in equations (3) and (4) such that the dimension¬ 
less constants x and are not very small. 

In the following we make numerical estimates 
of these constants. We mention that the sign of 
these constants will be different depending on the 
particular sub-lattice in which the impurity ion 
occurs. This implies that there are always centres 
in the crystal with negative as well as positive 
values of x and y<. For deep levels, where the 
electron is localized near the ions, the effect of the 
electric field is very substantial and the displace¬ 
ment of the lines caused by it is detected directly 
in experiments.! 1 ■ 2 > For shallow centres the terms 
which are linear in the field are non-zero only to 
the extent that departures from the effective mass 
approximation are appreciable. Therefore the co¬ 
efficients in equations (3) and (4) will be consider¬ 
ably less for them than for deep levels, and, in the 
presence of sufficiently strong fields the contri¬ 
bution of the terms which are quadratic with 
respect to the field becomes the more noticeable. 

A 

Note that terms Bhould also be included in H 
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which contain the products of Et and «#. How¬ 
ever, since these terms, as distinct from (4), do 
not lead to total removal of degeneracy, it follows 
that even in the case when the splitting due to the 
deformation greatly exceeds the splitting in the 
magnetic field, the contribution from these terms 
will always be small compared with the terms in¬ 
cluded in (3) and (4). Using the matrices (1), (3) 
and (4) we can compute the splitting due to con¬ 
stant electric fields as well as the probability of 
transition in alternating electric fields. 

2. SPLITTING OF THE TERMS IN THE ELEC¬ 
TRIC FIELD IN AN UNSTRAINED CRYSTAL 
In a non-deformed crystal the electric field, 
like the deformation, can cause partial removal of 
degeneracy. From a comparison of (1), (3) with 

(2.1) ,* it will be seen that the splitting in the 
electric field is determined by the equation: 

Ajf ^-2 {(p'/EtytfW+iV-m 

x (E*J%+E*EZ+ElEI))+p*xE 2}i/s (5) 

It is seen that for sufficiently weak fields when the 
linear terms predominate: 

A e = 2 pxE (6) 

Transitions between these split-off levels may be 
caused by electric fields as well as by magnetic 
fields* The corresponding transition probabilities 
are determined by equations which differ from 

(14.1) and (15.1) in the substitution of: 

(Pleiwl for b'e xx , (pfilEt) E x E v+Px E z for 
d'€ Xy and so on. (7) 

Then, for example, for weak fields in (14.1) 

a*» = i(l + 3£*/£*), a xv =-i{E x E v m (8) 


d'*ij terms which are analogous to (7) and if we 
then expand the resulting expressions into a series 
in A eIV(E*)> Since here the electric field only 
changes the g-factor, it is clear that the corre¬ 
sponding additional splitting Aon is approximately 
equal to w(Aj/A ff ). For example, for deformation 
along the (001) axis, the frequency change due to 
the terms Hg* for the lower two levels is deter¬ 
mined by the equation 

= _ ,3 Pl gj+( 7 / 4 )g 2 
w " V EA e g\H\+glHl 

+ AybE x E v H X H V ] + 2g , hEJi z (EJi x +E v H v )}, 

(9) 

where y == b r € ZZ l\b { e* 2 | = ± 1. 

Analogously, the contribution due to H'g is 

= _ 2a /3 

w V A e g]H*+glHl 

x [2g ± E z H x H y +g t H z (H x E y +H V E X )} (10) 

The splitting associated with the terms H## is 
in general less than (10) since their contribution 
to #Aa> is of the order of ^to(Ag/Ei), i.e, it is 
A e /Ei times smaller than H^. But possibly their 
contribution is more noteworthy insofar as in cer¬ 
tain directions of the magnetic field A a>£ vanishes 
according to (10). The contribution from these 
terms can be taken into account without difficulty 
by adding to gi#H x in (8.1) and (9.1) the term^ 
(J>/E{) ft, 2 (HyE z +H t E y )< For deformation along 
(001) the corresponding contribution to Aa> is 

A co p 
<jo 2 E\ 


3. DISPLACEMENT OF THE TERMS IN A 
STRAINED CRYSTAL 

The displacement of the terms in a deformed 
lattice in the presence of a field which is associated 
with the terms Hg» and can be calculated 
without difficulty if in equations (8.1) and (9.1) 
which determine the ^-factors, we add to and 


* Herii aid throughout I denotes Part I of this 



teiP. +gJj)H z (E x H v +E y H x ) + 2gJ x H x H y E z 


g\H\+g 2 Hl 


(H) 


where /9 , and _l are determined by equations 
which differ from those in Table 1.1 by the sub- 
stitution of ft for gi % 

The contribution from the third term is calcu¬ 
lated in the usual way in the first approximation of 
perturbation theory. Using the eigenfunctions 
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11* we find that if c « *zz, the corresponding 
shift A«> is: 

Aa> _ V^SsPsp 
T = E4g\H*+g*H*) 
x {2EJl x H v -H t tE x H il +E,H x )} (12) 

It will be seen from equations (9-12) that by 
selecting a certain orientation of the fields £ 
and ff 7 we can in principle isolate each of 
these shifts. The contributions from He* and 
Hf further differ in the dependence on the 
deformation, whilst that from He* differs in 
the non-linear dependence on the field. 


4. COMBINED RESONANCE IN AN 
UNSTRAINED CRYSTAL 

Transitions between spin levels due to a variable 
(alternating) electric field is called combined 
resonance. The term was introduced by Rashba 
who first called attention to the possibility of such 
an effect( 4 ) and who then, together with Sheka, 
evolved a detailed theory of combined resonance 
for free carriers in CdS, InSb and other crystals/ 6 ) 
The transition probability due to a variable elec¬ 
tric field e(t) = 2e cos cot is determined by a 
matrix element of the operator He which differs 
from (3) in the substitution of e for £, or corres¬ 
pondingly of the operator H-/j, analogous to (4). 
Terms which are quadratic with respect to e , 
similar to H^ 8 (equation 1), can also cause transi¬ 
tions at the frequency co = 4(A EjH), where A E 
is the distance between the respective levels. How¬ 
ever, for small amplitude of the alternating field, 
the probability of such transitions is insignificant 
and we shall not consider them in detail. Note 
only that the corresponding matrix elements differ 
from the foregoing elements of the matrix by 
a substitution analogous to (7). 

In an undeformed crystal, according to (3), if 
H s= H Zi transitions between the levels 1-2 and 
3-4 can be caused only by the transverse com¬ 
ponent of the electric field and the corresponding 
matrix elements are: 

l(H;)i.2| 2 = |(H;)mI 2 = Ph 2 *l (13) 

Conversely, transitions forbidden in a magnetic 
field between the levels 1-3 and 2-4 are caused 


only by the longitudinal field and 

|(H;) W | 2 -|H^| 2 -^ 2 (14) 

Comparing (13) and (6,1) we eee that the ratio of 
the intensity of combined and paramagnetic 
resonance for transitions 1-2 or 3-4 is 

< 2 4 •! 

< 2 ~ 3 ^;+ 7 / 4*;) 2 f>l 

If e A/V'(«o)» where eo is the dielectric per¬ 

meability, and gz4,g\ 


W 1,2 *3** *1*0 



(15) 


where 1/a — hcje 2 = 137. 

As regards transitions associated with H^, the 
probability of which is proportional to JfP/Ej, 
their intensity is much less than (13) in a 
non-deformed crystal and we will not consider 
them here. 


5. COMBINED RESONANCE IN A 

STRAINED CRYSTAL 

In a deformed crystal in the absence of a mag¬ 
netic field the electric field can cause transitions 
between split-off levels at the spacing A 4 . This 
transition can be regarded as an "optical” 
transition. The corresponding matrix element of 
the operator H-, averaged with respect to the 
initial degenerate state and added with respect to 
the final state, is 

l(H;)i,n | 2 = Ph 2 W-WE.) 

X {txtyz + ty*xz + ^xy)^\ ( 16 ) 

Such transitions, unlike transitions due to the 
magnetic field, the probability of which is deter¬ 
mined by equations (14.1) and (15.1), are therefore 
possible only in the presence of shear deforma¬ 
tions. Thus, in tension along the axis (111). 

l(He)i J n| 2 = P 2 X 2e ± (17) 

As will be seen from equations (14.1) and 
(15.1) the ratio of the intensity of the transitions 
due to the electric and magnetic fields is in this 
case defined by equation (15) also. 

In a magnetic field the electric field causes 
transitions between the split levels 1-2 and 3-4. 
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The electric field also causes transitions between 
more distant levels, e.g. 1-3 and 2-4; this is in 
fact the optical transition mentioned above. As 
regards “spin” transitions 1-2 and 3-4, transitions 
associated with H; in a deformed crystal are 
possible only in the second approximation of per¬ 
turbation theory and therefore the corresponding 
matrix elements here are an order of magnitude 
Awo/Ae times smaller than in undeformed crystals. 

To calculate the probability of these transitions, 
it is necessary to construct from and the 
operator Hj in the second approximation of per¬ 
turbation theory, which includes terms propor¬ 
tional to e and £T } after which it is necessary to 
evaluate the corresponding matrix element. If 
c =» € % t the computations give: 




3^W+7/4^)2 


x 4" x) 2 

+ gle\{Hl-Hp+g\H\Hy z 
~ *g t g L H x H v H t e,{H x e v + H v e x )} (18) 

Hence it will be seen that (H-j 2 = 0 if H = H z . 
UH = H x 

l(H?)i,s| a = 3 —(^i+7/4^j) 2 


(A*/E<) 2 , i.e. it is in general very small. Of course 
in calculating the transition probability it is neces¬ 
sary to sum the matrix elements of all the terms in 
Hj and H-£, and not the probabilities them¬ 
selves. However, in order to avoid cumbersome 
calculations, we will consider each of the terms in 
(4) separately, bearing in mind that with appro¬ 
priate orientations of the magnetic and electric 
fields we can in general separate the transitions 
associated with these terms. Furthermore, transi¬ 
tions which are associated with the operator Hj, 
differ in the dependence of the matrix element on 
the magnitude of deformation. 

Since the structure of the first two terms in (4) 
is similar to that of the operator Hj; defined by 
equation (2.1), the probabilities for the transitions 
caused by these terms are calculated in a similar 
manner. Since \yz\ is apparently much less than 

|yi|* J U8t a8 l£a| < Ifi|t the term with y2 can 
generally be neglected. The transition probabilities 
associated with the first term in (4) differ from 
(14.1) only in the substitution of (p/E{)yi [EyH z ] 
for giH x and so on (if g 2 = 0). 

As distinct from (18), if e = € ZZt transitions are 
also possible here for H = H z . The corresponding 
matrix element is (if b'e zz < 0): 

I<h£M* = “p#*! ( 21 > 


x [{e x H y +e v H x y 

+ (e*/Hl)(H>-Hl)*] (19) 

Consequently, for example if H = H x and e = e Zy 
the intensity ratio of combined and paramagnetic 
resonance here is (if e *» A/^eo) 


”?,2 = X 2 P 2H2 _ 27 /Hco o \ 2 
«£ a S e 0 A| 16 \ A, / \Wi ( j/o’ 


( 20 ) 


where (roj Jto* % )q is the ratio of the probabilities 
in an undeformed crystal from equation (15), i.e. 
this ratio decreases roughly (hw o/A 6 ) 2 times. 

Transitions in an electric field can be associated 
also with the operator Hj/j. It should be pointed 
out that although the matrix elements of this opera¬ 
tor are already non-zero in the first approximation 
of perturbation theory, however, owing to the small 
magnitude of the coefficients in (4), the ratio 
IHtf/Hlp in the deformed crystals is of order 


In a perpendicular magnetic field 


l(H&)l.2| 2 = 


yIM 

16£ 2 


x [(e x H y +e y Hx) 2 

+ (4 (22) 

For deformation along (001) the last term in (4) 
gives a transition probability proportional to: 


I(H$)mI 2 = 7 


3 P^lrl 


4 E* g\H\+ g ]Hl 

x {gffi l>'x #] 2 

+gl(H x [exH} v +H y [exB} x )*} 


(23) 


Here transitions are also possible for H = H z if 
the electric field, as is the case in (13), has the 
component e ±y where if H = H ± transitions are 
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possible only if is non-zero: 

4 £• H‘ ' ’ 

It will be seen that if = 77® this matrix ele¬ 
ment vanishes, whereas (22) and (19) are finite 
here if only is not perpendicular to 77 ± . 

It will be seen from (23, 24) that the ratio of the 
intensity of the combined resonance associated 
with H;a to the intensity of the resonance in a 
non-deformed crystal (equation 15) is of the order 
of (hoi/Ei^y i.e. it is very small. 

6. NUMERICAL ESTIMATES 

First let us evaluate the constants in (1-4). As 
regards the constants ot, 0 and 8, they can be 
estimated by analyzing the matrix in an 
analogous way to H'jj in (I). This matrix is the 

matrix of the operator Hg = e(Er ), which is con¬ 
structed on the eigenfunctions TV If the field E is 
so small that eEf ^ it can be calculated in the 
effective mass approximation solely with the 
smooth functions /*. In the first approximation 
the corresponding matrix elements vanish since 
these functions correspond to symmetry 7^x7 and 
the matrices of any odd operator on them are zero. 
By virtue of the latter condition, the matrix ele¬ 
ments in the second approximation as distinct 
from (1.25) are 

e 2 3 e 2 

(H S ')< } = £ <il(r£) 2 li) « —(25) 

Here in analogy with (24.1) we have replaced 
EQ—E n by Ey it here being assumed in accordance 
with the estimates of paper I that E ~ $£< but 
not that E & Ei as in (1,25). 

Using the functions /* we have calcu¬ 
lated the mean radius f defined by equation (2) 
and computed the coefficients a, /S and 8 in (1) 
for Ge and Si in the approximation A oo. 



The results of these calculations are given in 
Table 1. 

As regards the coefficient x in (3), it vanishes in 
the effective mass approximation. For deep levels 
in Si, according to the data of Ham,< 2 > the co¬ 
efficient pjty which in qur notation corresponds 
to the quantity ple\\/Z * » equal 

to 0*3 x 10” 8 cm and, consequently, for these 
levels x = 0*33, i.e. it is in fact close to unity. For 
shallow centres a departure of the ion field from 
cubic syqimctry can be expected to affect distances 
oq of the order of a lattice constant and therefore 8 
is proportional to j > |'F| 2 dr across this region and 
consequently it is (f/\/3 do) 3 times less than for 
deep levels, f being the mean radius of the im¬ 
purity centre.* (In fact, if T* ~ e rlr “ f then 
f ~ 3 ro.) The corresponding estimates of the 

constants x for Ge and Si are given in Table 
2. This Table gives order of magnitude esti¬ 
mates of the constants yi and ya. Here we have 
assumed in accordance with the foregoing 
that noYi/Ei & xSi^olE and consequently for 
E X i Eu yxlx « 3g\, y 8 lx is apparently of the 
same order, whilst y^lx i8 of the order of £ 2 , i.e. 
it is considerably less. 

Availing ourselves of this data, we first estimate 
the intensity ratio of combined and paramagnetic 
resonance. p 

According to (15) the ratio is 5 x 10" 6 

for Ge and 1*5 for Si, i.e. in Si the combined 
resonance is approximately the same in intensity 
as the paramagnetic. 

In deformed crystals combined resonance de¬ 
creases greatly in intensity. Thus for e ~ 3 x 10~ 4 
the ratio (A^/Awo) 2 , which defines this decrease 
(equation 20), is 3 x 10 2 . The terms associated with 
H' e H apparently produces still less effect since the 
probability of such transitions is (Hcao/Ei) ~ 10*“* 


* May be this estimate of x and y is very reduced. 


Table 1. The value of r and the coefficients a, /3 and 8 for 
acceptor centres in Ge and Si. (For E ~ £2?<.) 



r( A) 

a 

J8* 

$• 

Ge 

91 

1 

— 0*3 

— 0'36 

Si 

34*4 

1 

— 0-2 

- 0-42 


*The signs of /? and 8 coincide with those of the constants 
B and D which in accordance with our estimates are 
assumed to be negative. This sign of constant B and D was 
confirmed by recent experiment, Hensbl and FeheiU 15 ) 
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Table 2. Estimates of the constants , x> yi and yz for acceptors in Ge and Si. 



(<Jo/V3r) 8 

X 

yi ** ys 


Ge 

2 x 10~ a 

0-7 xl0-» 

2x10-3 


Si 

3 x to- 8 

1 x 10-s 

2x10-3 



times less than the transitions probability in an 
undeformed crystal. 

Using the data of Tables 1 and 2, we can also 
estimate the magnitude of the splittings due to a 
constant electric field. In an undeformed crystal 
the splitting associated with the quadratic terms 
is: 


w 2/$3£2 / 5 x lO'ii E 2 (Ge) (A E in eV 

A Er & - & { 

£< ( 1-5 x 10-iz £2 (Si) E in V/cm) 

(26) 

From Table 2 the splitting due to the linear terms 
is 


AEn 



10 -u £(Ge) 
10-w E (Si) 


(A E in eV 

E in V/cm) 

(27) 


Consequently, the splitting due to the quadratic 
term becomes predominant if E > Eo, where 


£o = 


E ipx 

PiP 


(28) 


The values of Eo for Ge and Si are given in Table 3. 

For investigation of paramagnetic resonance on 
shallow acceptors in Ge and Si it is impossible 
to employ very strong electric fields since 
they cause ionization of the acceptors. Table 3 
gives the maximum possible fields E max above 
which low-temperature “breakdown” (experimen¬ 
tally) commences. < 6 ' 7 > The data for silicon < 6 > refers 
to Si with B doping; for other acceptors with a 


greater ionization energy the value of E mdJt is of 
course higher. Furthermore £max can he increased 
slightly by increasing the concentration of the 
admixture. It will be seen from Table 3 that in 
both Si and Ge, fields can be attained in excess of 
Eo for which the effects that are quadratic with 
respect to E are predominant. It is possible that 
in the presence of variable fields of large ampli¬ 
tude combined resonance can occur which is 
associated with these quadratic terms. Table 3 
gives the approximate values of the splitting 
AEu for E z — Fmax- It will be seen that these 
Bplittings are too small for them to be observed 
directly. 

However it may be possible to observe displace¬ 
ment of terms in a magnetic field which in order of 
magnitude is 

Aa>/a>o ^ AF/ha>o (29) 

It will be seen that if E = E ms ,x and o>o = 
5’6xl0 10 1/sec, then Aoj/cuo is of the order of 
10~ 4 in Ge and 10 -3 in Si. 

Apparently, to observe such a shift, it is neces¬ 
sary for the displacement Acujs® to be greater than, 
or of the order of 0*1, of the width of the line Ad>. 

The displacement Aa> of the terms in a deformed 
crystal is of the order of magnitude of 

Aw/cj = AE/A e (30) 

Although Aw is much less in absolute magnitude 
than in (29), it is apparently easier to observe. 
Table 3 shows values of Awje'/gj for e = € ZZ = 
3 x 10 H = Hxt Ex — ■F'max and b e zz > 0, 


Table 3 


Eq Emm A.E A coeI w Aw^/w 

(V/cm) (for p = 10 lfl cm -3 ), (for E = Emm)* (for €« = 3 x 10“ 4 ) (for «« =3x 10~ 4 ) 
(V/cm) (eV) 


Ge 0*2 20 2xl0-» 2 x 10‘ fi 2 x 10“ 4 

Si 70 200 6x10-® 0-8 xlO" 4 2 x 10“ 4 
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If the quadratic effect occurs, it is possible that 
in Si we can also isolate the linear displacement 
in the field Atu^, since according to the data of 
Table 3, if E = £maz» it is always just 3 times 
less. These calculations are of course only approxi¬ 
mate since the estimates of the constants in Tables 
1 and 2 and, more particularly of y, are very 
approximate. 

7. THE WIDTH OF THE SPIN RESONANCE LINE 
IN UNSTRAINED AND STRAINED CRYSTALS 

As stated above, spin resonance is not observed 
in undeformed crystals. The cause of this 
is the great width of the line in such crystals. 

Kohn was the first to discuss the causes of such 
broadening of the line.< s > He indicated that the 
broadening may be connected with local defor¬ 
mations which lead to splitting of the ground state 
and,a corresponding change in the ^-factor. The 
magnitude of the local deformations due to dislo¬ 
cations can be evaluated if it is assumed that the 
deformations e decrease linearly with distance, 
whilst near the dislocation itself eo ~ 1* Therefore 
i « €oaoN ll ' 2 y where N is the density of the dis¬ 
location per 1 cm 2 , while ao is a lattice constant, 
i.e. e « 3 x 10" 8 N 1 / 2 . It is obvious that for 
observation of resonance it is necessary for the 
splitting due to these deformations to be much 
less than the splitting due to the magnetic field. 
Since A e a 2Je, where b = 3-7 eV, it follows that 
A e « 3 x 10“ 7 A 7 " 1 / 2 eV, whereas haj cn = 3*7 x 10 -5 
eV (for w = 5-6 x 10 10 9ec “ 1 ). Therefore, for A e 
to be roughly 10 times less than kwon, it is neces¬ 
sary for the dislocation density N to be less than 
10 2 cm" 2 . Studies are being made on how to grow 
Ge and Si crystals with this or even a considerably 
lower dislocation density. But even in good con¬ 
ventionally produced crystals the dislocation den¬ 
sity is much higher (from 10 3 to 10 5 cm~ 3 ). 

In the paper of Feher et al.,W no data are given 
concerning the dislocation density in the crystals 
which they used, but it is quite probable that the 
cause of line-broadening in these specimens is the 
local deformations. It is obvious that in highly de¬ 
formed specimens, when the homogeneous defor¬ 
mation e is much greater than e, the relative 
broadening of the lines is approximately e/e, i.e. it 
decreases compared with an undeformed specimen 
by a factor of hoyjA e . For the specimen investi¬ 
gated by Feher, ( 0 ) if T = 300 kg/cm 2 (c« = 


3x10^), then Aw/w « 3x10^. Therefore, if 
the broadening of the lines is in fact caused by 
local deformations as suggested by Feher et 
then i = 10 -8 and consequently N « 10® cm* 2 , 
which is quite possible. 

Apparently, if the production process is par¬ 
ticularly careful, it is possible to make crystals 
with sufficiently small internal stresses so that the 
line-width is determined by other factors. 

In this connexion it is worthwhile to ascertain 
the line-broadening associated with lattice vibra¬ 
tion, in order to elucidate the possibility of reson¬ 
ance and estimate the possible width of the lines 
in deformed crystals. 

For an analysis of the transition probability due 
to acoustic modes of the lattice, we must evaluate 
the matrix elements of the operator H c , defined 
by (3.1), and put the deformation c y due to 
the oscillation of the lattice in place of c. These 
matrix elements (H£ )# have to be taken between 
eigenfunctions which diagonalize the operators 
H € and ti' H (for € * 0). 

The transition probability is 

*»« = j f <<|(H' / ) ( ^>> &(*,-*, ± hw { ) df, 

(31) 

where )#» is a matrix element averaged 

with respect to the wave functions of the phonons. 

We are interested in transitions from a lower 
level to a higher level, i.e. transitions which are 
associated with absorption of phonons. Corre¬ 
spondingly 



where p is the density and a q is an operator for 
phonon absorption with the wave vector q . 

Performing the integration with respect to coq 
in (31) we find that for each polarization v 



where hoy — €;-€*, c v is the appropriate velocity of 
sound, while ft*; is an element of the matrix H'(c*) 
which differs from (3.1) in the replacement of e 
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by where c„' is 

i 

2$ 

and here £ is a polarization vector. 

In an undeformed crystal, owing to the fact 
that the ground state is degenerate, phonon transi¬ 
tions between spin levels are resolved. Here the 
reciprocal lifetime is equal to the sum of the 
transition probabilities in all possible states 


~-2«J i (34) 

T < }>» 

In the case where the magnetic field is directed 
along the principal axis (001) and where g' 2 ~ 0, 
and all four levels are equally spaced, the use of 
equations (31)-(34) for the lowest level gives the 
following value of 1 /tq:* 


1 

to 


3 kTu>l 

To^vcf 




where Ci and Ct are the velocity of longitudinal 
and transverse sound, whilst wo is the frequency 
of spin resonance, definable by the distance to the 
nearest level and equal to h wo = img[H according 
to (1.5). If kT the relaxation time is the 

same for all levels, but, of course, in the general 
case this is not so. 

In a deformed crystal phonon transitions be¬ 
tween nearest levels which are split in a magnetic 
field, are forbidden in the first approximation and 
only allowed in the second. Correspondingly the 
relaxation time increases by a factor of (A e /£wo). 


For analysis of the transitions probability in the 
second approximation of perturbation theory, it is 
necessary to form that sub-matrix H' for the two lower 
levels of the second approximation which contains the 
products of terms proportional to and Hi from 

Hi, and H 'Jj, The equation = isHT in a repre¬ 
sentation in which H f is diagonal, can be written as 


(H^-^+H^Tn = 0, 


* The spin relaxation time in acceptor centres in Ge 
and Si has already been calculated by Kane/ 10 ) but he 
used imprecise expressions for the electron-phonon 
interaction operator and his final formulae do not agree 
with {35). 


where ¥i and Vn are columns from two functions which 
correspond at if «= 0 to the same energy Ej t u m 
± \/2 f whilst Hi,i and Hi (I i are corresponding 2x2 
matrices. Eliminating Tn from these equations the 
equation for Yr is: 


{<H; (1 -1?)-H; (1I (HH£ n }Ti = 0 


(37) 


Since to a first approximation phonon transitions are 
forbidden, off-diagonal matrix elements which cause 
transitions associated with H^, are contained only in 
the second term in (37). Here, if Yi corresponds to the 
lower of the two levels which are split by deformation, 
then in the zero approximation Hi,i = — \/(E € )I , 
while Hn,ii * V(&e)It ie * Hii.n — JB * 2\^(E S )I — 
— /, where I is the identity matrix and, consequently, 

to a first approximation 


H" - - 


Kn.Kn 


(38) 


Here Hi,n and Hii.i = Hi.ii are '‘non-diagonal” sub¬ 
matrices 2x2 of matrices H'# and H e ^. in the corre¬ 
sponding representation. 

We can construct H" by multiplying these matrices, 
it here being necessary to leave in (38) terms which are 
linear with respect to ft and €/. By constructing this 
matrix H", we can then find the matrix element 
between the eigenfunctions H'ft and calculate the 
probability of transition. 


In our analysis we confine ourselves for the 
sake of simplicity, to the case where the deforma¬ 
tion is directed along the principal axis (001). 
The relaxation time r\ 

1 1 1 (gj + 7/4^)» 

n to 2A 2 ( g \H*+glH])(d'*+2b'Z) 

x \g\WH\ (d' 2 + 3b'*)+2g]_ d'* H[ 

+4£fl*H«(36'*- < f'*)], (39) 

where to is the relaxation time in an undeformed 
crystal, whilst g and g ± are defined by Table 
(1.1). Thus, for example, if b't < 0 } H = H x and 
go * 0 

1 1 1 {H m \ d ' 2 

n = 4 7o \4^7/rf' 2 + 26'2 (40) 


Besides transitions to the nearest level, transitions 
may also occur to higher levels which have been 
separated as a result of deformation. These 
transitions are resolved to a first approximation in 
perturbation theory, but if A t > kT their proba¬ 
bility is very low owing to the smallness of in w . 
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Furthermore, for these transitions, the con¬ 
dition (4.1) may be unfulfilled and then if 
m < o>max the corresponding relaxation time will 
rapidly grow, roughly in proportion to 
(A e /2Aco m ax)®* 

If to < <Dm*x the transition probability can be 
analyzed without difficulty, it only being necessary 
to evaluate the matrix H'(e/) in the corresponding 
representation. In deformation along the principal 
axis (001) the relaxation time associated with these 
transitions is (if w < co mftX ): 

1 ^ i i'2 + j'2 / \ 2 /A s \ 

7 ” TO 2(d"2+ 2W 2 ) \lwo / \MV 

*M£]-T 

It is seen that if the ratio of A s to kT is not very 
large, this time can be comparable with to since 
A e > hajo.* 

It is necessary to point out that the splitting of a 
line owing to interaction with lattice oscillations 
can be connected not only with transitions between 
levels due to off-diagonal elements H , but also 
with fluctuations of spacing between levels owing 
to deformation of the lattice during oscillation. 
These fluctuations are proportional to the differ¬ 
ence (H between the diagonal ele¬ 

ments, taken in the appropriate representation: 

(wL. = —(».+*) f Wf. Vr ) 

* Lpw J 

-«!/(«/.«•)]**(■ «-«o)dty (42) 

if hwo < kT 

- kTw 2 r 

(43) 

In an undeformed crystal the sum 


2(A£j,) Wl> ,forfl - H'h: 


-— 3 kT aW* / 2 Cf \ 

W-V+lefi'+i# <44) 

To calculate the mean square fluctuation 


A<i> a» (A£| 2 ) 1/2 /^ it is necessary to integrate 
(44) over all the possible frequencies a*. In the 
solution of a similar problem concerning the 
broadening of the optical absorption lines soluble 
in an adiabatic representation, Lax and BurstEin* 11 ) 
integrated (A£*) w up to the frequency eu max de¬ 
fined by equation (4.1), since for these transitions 
the transition frequency coo > <omax* But in the 
present case coo ^ «>max* It is clear that for fre¬ 
quencies co ^ coo the adiabatic approximation is 
unacceptable and the contribution of these fre¬ 
quencies to A co must fall sharply. Therefore, the 
upper limit of integration must here not exceed 
coo, and to obtain the upper estimate Aco we 
integrate (44) with respect to coo, We then get 


where 1 /to is defined by equation (35). 

Since wqtq must be large in the conditions 
where resonance occurs, it will be seen that the 
width of the lines can be determined here by 
equation (45). In a deformed crystal the difference 
(H ff )a—(H ^)22 between diagonal terms for 
states which are split in the magnetic field are 
non-zero only in the second approximation of 
perturbation theory. Therefore, here, as previously, 
it is first necessary to evaluate the matrix H" 
from equation (38) and then to find the difference 
Hn(c/)-Hj 2 (*/) in the representation where 
H 'r is diagonal, after which (A£^ g ) w is deter¬ 
mined from equation (43). If, as above, we put 
wo for the upper limit of integration, then for the 
case when the deformation is directed along the 
principal axis for g 2 = 0 and > 0, we get: 

— - 1 /2\i/2 

Aa t < Atu mftx i = — (o>on) 1/2 |~ J 


+4d'W A ± - 1 6(d' 2 —36' 2 )//|/f* j 1 / 2 

.*(<*'*+ 3b'2)(H*Hl )+- 4(d'z - 


(46) 


* Recently Ludwig and Woodbury (I6) have investigated the strain dependence of relaxation time t. It is 
followed from their data that lg t ~ «/£T. This result is in agreement with equation (41). 
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Thus, VH ~H Z , 


A«#i < Awmaxl * - - (<ooti) 1/2 , (47) 

V ( 3fl V n 

where rj is the relaxation time in a deformed 
crystal, determined correspondingly by equation 
(39) or (40). It will be seen from (39) and (46) 
that under deformation the term Adi decreases in 
proportion to Awo/A«, i.e. it decreases consider¬ 
ably more slowly than ri, which decreases as 
(Awo/A,) 2 . Here under conditions where resonance 
is observed, won must be large and consequently 
Adiiauc is here greater than 1 /rj. 

Wc have estimated the relaxation time and 
magnitude of Aw mft x in undeformed (for H - H z ) 
and deformed (for > 0 and H — H x ) 
crystals Ge and Si. These estimates are given in 
Table 4. This table also contains the initial para¬ 
meters. The deformation potential constants are 
taken from Ref. 15 and listed in Table (3.1). 

From Table 4 it will first be seen that the calcu¬ 
lated width of the lines in p -Ge and />-Si associated 
with lattice oscillations is much greater than the 
theoretical width as calculated for semiconductors 
with non-degenerate bands. < 12 * 13 > Therefore, even 
though the conditions for observation of resonance 
in ^-Ge and £-Si are the most unfavorable, this 
broadening ought not to lead to the disappearance 
of resonance since in the experiments of Feher 
et */.<•) resonance is distinctly observed at 
Aw/w = 3 x 10~ 2 , i.e. for wider lines. The calcu¬ 
lated value of 1/wor and Aw max /^o for deformed 
crystals is considerably greater than the values 
observed experimentally, also shown in Table 4. 
Since Aw does not exceed Aw m ax in any case, this 
indicates that the cause of the experimentally 
observed broadening of the lines is not lattice 
oscillations but rather the local deformations. It 
needs to be borne in mind that besides the defor¬ 
mations associated with dislocations, broadening 
of the lines can also be caused by deformation due 
to neighbouring impurity centres. These defor¬ 
mations are of the order of c a «oa 3 /^ 3 = 
eo (NilNa), ilA) where r is the mean distance to the 
nearest centres, a is the radius of the atom, Nt is 
the concentration of the impurity centres (the ad¬ 
mixture) and N a is the concentration of the atoms 
of the basic substance. 







Ai N. 




O £ 


» 


? 




The analysis is carried out for uiq = 5 *65 x 10 10 1/sec, T = 1*3°K. 

In the estimate of T 2 in Ge the spatial dispersion is taken into account. 
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Deformation «o near the centre is of order 
A aja, where A# is the difference between the 
radius of the impurity and that of the basic atom. 
The corresponding broadening of the line 
A 6 « h 0 NijN; if b « 5 eV, eo « 0*2 and 
N « 5 x 10 22 crn*^, then A e = 2 x 10" 23 and 
c a 04 x lCh 23 IV*. The concentration of the im¬ 
purities N{ is in any case not less than the concen¬ 
tration of acceptors, which in Feher's experiments 
exceeded 10 17 cm“ 3 , but sometimes it can be con¬ 
siderably greater owing to the presence of a neutral 
impurity, e.g. oxygen. If iV< « 10 17 cm -3 , then 
A 6 « 2 x 10“ 6 eV,i.e. Aa >/w is approximately 5 x 10“ 2 . 
The corresponding broadening in the deformed 
crystal for e zz = 3 x 10“ 4 is A<o/a> = 10~ 3 . 

This broadening is less than in Feher’s ex¬ 
periments/®) but it will be seen from these esti¬ 
mates that it is at least an order of magnitude 
greater than the line width to be expected from 
Table 4. Therefore, for observation of broadening 
due to lattice oscillations, the concentration of im¬ 
purities needs to be reduced at least to 10 16 cm~ 3 . 

8. LINE BROADENING DUE TO ELECTRIC FIELD 
OF THE IONS 

As shown below, considerable broadening of the 
lines can also be caused by the local electric fields 
produced by compensating impurities. 

Since an electric field of the ions causes dis¬ 
placement of the levels in undeformed and de¬ 
formed crystals, it also leads to broadening of 
the lines. The mean electric field created by an ion 
is 


iVP (48) 

€Qf 2 


where r is the mean distance between ions, Nt is 
their concentration, and «o is the dielectric per¬ 
meability. 

Consequently, the corresponding broadening 
of a line according to (26) is 


If cu 


Act; = 


HE,** 


N il3 


5*6x 10 10 c/sec 


(49) 



10-22 iV|/3 (Se) 

5 x 10“ 24 (Si) 


(50) 


At low temperatures the concentration of the 
ions in Ge and Si is practically equal to the con¬ 
centration of the compensating impurities. For an 
impurity concentration of approximately 10 17 cur* 
and a compensation of the order of 0*1, A<u/o> 
according to (50) is 0*2 in Ge and 10~ 3 in Si, i*e* 
with this concentration (Nt a* 10 ia cm" 3 ), reson¬ 
ance will apparently not be observable in p-Ge, 
but the broadening of the lines in ^p-Si will be of 
the same order as that due to acoustic vibrations. 

In a deformed crystal the quantity A<a decreases 
linearly with the deformation, whereas 1 fa and 
l/r 2 decrease quadratically, and in order that this 
broadening should be less than that associated 
with acoustic oscillation, the degree of compensa¬ 
tion must be considerably less in Si also. There¬ 
fore, for occurrence of narrow paramagnetic 
resonance lines, it is not enough to have crystals 
without mechanical deformation, a small concen¬ 
tration of donor impurities also needs to be present. 
However, we can expect to observe resonance on 
undeformed specimens in crystals with a low dis¬ 
location density, no internal stresses, but with a 
small concentration of compensating impurities. 
Note that if the width of the lines in a deformed 
crystal is in fact determined by the local defor¬ 
mations and the internal fields, then it must de¬ 
pend appreciably on the orientation of the magnetic 
field. Thus, for deformation e along the ar-axis and 
Ac > fia>o,Ac, where i is the mean magnitude of 
the local deformations, the broadening of the lines 
Acd'/oj is 

Ac; = V3 g; + 7/4j>; 

» A, g\H*+g]Hl 

x{gxW3b\i^-i vv )(Hl-Hl) 

+ [Yd% v H x H v ] + 2g t d’ 

xMA+W)}, (51) 

where y =s b f € Z il\b f € ZZ \ andc<; = local deformation. 

It will be seen from equation (51) that if c = € Zt 
and H — H Zi Aco-j vanishes, just like 1/rg defined 
by equation (39) and A climax (equation 46). 

Here the broadening associated with the elec¬ 
tric field (equation 11) and (equation 12) also 
vanishes, which implies that Acu must be deter¬ 
mined either by the quantity 1 /t 2 , or by other 
causes which are still unknown, or by the terms 
which are quadratic with respect to i. In the latter 
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case the quantity A w for H H t must be «/e M 
times less than when H ** Hj_ t i.e. (Aw/a))^ 
must be of the order of (Aw/«)*/r-Jir A * Here with 
increasing deformation the quantity (A<i>)h-jt ± 
must decrease in proportion to l/« 22 , but 
(Ao>)jf-H 2 must decrease in proportion to l/e* r 
Therefore a study of the dependence of the width 
of a line on the orientation of the magnetic field 
and magnitude of deformation can help in estab¬ 
lishing the causes of broadening of the resonance 
lines in p-Gt and p-Si, 
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Abstract—The free carrier Voigt effect is calculated for cubic semiconductors with free carriers 
having anisotropic effective masses using a Drude-Zener model. Particular attention is paid to the 
nature of the approximation involved in only keeping terms to the square of the magnetic field for 
evaluating the phase shift. Application is made to the case of mass ellipsoids in the [lll]-directions 
and the orientational dependence of the Voigt effect for a typical sample of n-type Ge is presented 
for a configuration and conditions of experimental interest, namely, for a thin sample coinciding 
with the [100]-plane. It is shown that the infrared Voigt effect has limited application in that for 
realistic samples of Ge and other prospective materials, the Voigt effect will be rather small for 
usual working frequencies and available magnetic fields. Another interesting but less feasible experi¬ 
ment is noted in which, for certain magnetic field directions, with incident radiation polarized either 
parallel or perpendicular to the magnetic field, there occurs, in principle, a component of transmitted 
radiation respectively perpendicular or parallel to the magnetic field. Unfortunately this effect is not 
discernible for the typical sample of Ge under the experimental conditions considered. 


1. INTRODUCTION AND THEORY 
The Voigt effect/ 1 ) i.e. magnetic birefringence, 
has provided a useful tool in the study of free 
carriers with isotropic effective masses in cubic 
semiconductors.* 2 ' 4 ) Cardona* 5 ) has pointed out 
that because of its anisotropic nature, the Voigt 
effect may play a significant role in the study of 
cubic semiconductors in which the free carriers 
have anisotropic effective masses. Recently Webster 
and Donovan* 6 ) have extended the analysis of 
the use of the Voigt effect in such cases. In the 
present note, we consider the general experi¬ 
mental expectations and evaluate them by con¬ 
sidering a typical experimental configuration for a 
sample of n-type Ge which has a conduction band 
with equivalent ellipsoids along the [11 Indirec¬ 
tions. It is shown that the Voigt effect has limited 
application in that it will usually be quite small 
for materials of interest for available magnetic 
fields and usual observing frequencies. Also an 
interesting, but less feasible experiment is noted 
and evaluated* in which, for certain magnetic 
field directions, with incident radiation polarized 
either parallel or perpendicular to the magnetic 
field, there occurs, in principle, a component of 


transmitted radiation respectively perpendicular 
or parallel to the magnetic field. 

Using a Drude-Zener model, assuming a time 
dependence given by e* wC and taking samples 
whose geometry is such that depolarization effects 
are negligible, we may write the equations of 
motion in the form 

v— m~ l • qEoj{v-\-iaj)-\-fn~^ • qvx BJc(v+iw)(lA) 

Here v is equal to the reciprocal of the scattering 
time which, for convenience has been taken as 
isotropic. In our actual experiment conditions, 
we shall consider a frequency region and material 
parameters such that v may be neglected. The 
charge of the carriers is q , and B is the magnetic 
induction. Here and throughout we use unration¬ 
alized c.g.s. units. 

We may, without loss of generality, assume we 
have chosen a Cartesian coordinate system (1,2,3) 
such that B is the 3-direction. Solving for r, we 


where (x is the mobility tensor to be identified as 
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til '^/(v+iai) 2 fl S 1021 022 028 1 (1-3) 
\081 032 033/ 

Then keeping only terms that contribute to order 
J8 2 we find for any given ellipsoid 


for each ellipsoid by the density and charge of the 
carriers in that ellipsoid and the summing over 
the ellipsoids. 

Once we have the total conductivity tensor S t 
we may insert the current density into Maxwell's 
equations and apply the so-called Voigt condition. 
This latter is based on the fact that, in the Voigt 


^ + 0n(0i 2 2 - aua22)B 2 q 2 /c 2 } 


H = 9 


{012 

+ {ai2-an<i22)Bqlc 
+012(012 - ana22)B 2 q 2 /c 2 } 

{013 

4 - (012013 - ana^Bqjc 
4 * 013(012—011022)-® 2 ? 2 / c 2 } 


\ 


{012 2 

— (aiz — aiia22)Bqlc 


{013 

— (013012 - 011023 )Bqjc 


+ 022(012 “ ana2 2 )B 2 q 2 /c 2 } 
{023 

*f (022013 — 01202 d)Bqlc 
4 - 023(012 - ^n^22)B 2 q 2 /c 2 } 




+ 012(012 - 011022)J5 2 f? 2 /c 2 } 4 - 013(012 — 011022)-B 2 <? 2 /c 2 } 

{023 

— (022013 — 023012 )Bq/ C 
4- 023(012 — 011022)-B 2 J 2 /c 2 } 

{033 

+ 2oi3O230l2B 2 ^ 2 /c 2 

— 013022 B 2 q 2 /c 2 
- a 2 3anB 2 q 2 /c 2 } 

(1.4) 


Here we have used the fact that for ellipsoids 
ay « aj{. We also specify for convenience in 
evaluating the Voigt phase shift, that in the fre¬ 
quency region of interest, the non-magnetic con¬ 
tribution to the index of refraction is much larger 
than the magnetic contribution. For work in a 
limited frequency region, this provides a weak 
restriction on the carrier concentration in that the 
plasma frequency must not be too close to the 
working frequency. This, in turn implies that the 
non-magnetic free carrier contribution to the index 
of refraction is considerably smaller than the 
host-lattice contribution. 

Our procedure is to find the components of a 
for all the ellipsoids in the coordinate systems of 
interest. The coordinate systems are such that 
3'flxis is in the direction of the magnetic induction 
in the plane of the sample and the other two axes 
are respectively parallel and perpendicular to the 
plane of the sample. Then we are able to evaluate 
(a for the various ellipsoids. The total conductivity 
tensor is obtained by multiplying the mobility 


configuration, the electric displacement field in 
the direction of propagation is vanishing. For a 
cubic semiconductor this provides a relationship 
between the electric field and current in the 
direction of propagation which is called the Voigt 
condition. Thus if we choose the ^-direction to 
coincide with the direction of propagation and 
write the spatial dependence of the fields in the 
form e“ <wnar / c , where n is the index of refraction, we 
find 

Ei — — [47r5i2£'2 + 47r5i3£ , 3]/(fa>€o + 4775ii) (1.5) 

where the Sy are the components of the total con¬ 
ductivity tensor obtained by the procedure indica¬ 
ted above and co is the static dielectric constant 
of the host lattice. We then have only two inde¬ 
pendent components of current, namely 

fa = 2*2 • £ 2+ 
fa = ]> si ^ 2+ X 88 ^ 3 ' 
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where 


^22 = £ 22 —(Sai5i2)/(5ii+icuco/4tr) 
*= ^23-(*521*Si3)/(5n+ico€o/4n-) 
^32 = $32 -(SziSi2)i(Sn + l'a>€o/47r) 
^33 = *S33“(*S3l5i3)/(5n + fa»€o/4w) 


The Voigt condition then provides extra terms 
in the conductivity components in the directions 
transverse to the direction of propagation which 
are second order in the carrier concentration and 
are frequently called the plasma corrections. 

There are only two independent component 
wave equations which may be written in the form 

n 2 E% = E 2 -\- 

n*E 3 = < £E 2 +@E z (1.8) 

where 

— €0 + (47T ^ 22)A'w 

3S = 477 y 23 lioj 

^ (1.9) 

= 4tt 2 32 /*«> 

@ = eo 4- (47 t ^ 33 )/*w 

Equations (1.8) are equivalent to a set given by 
Webster and Donovan. However Webster and 
Donovan do not explicitly mention the plasma 
correction terms arising because of the Voigt 
condition. It should be noted that such plasma 
corrections played an essential role in the iterative 
procedure used by Teitler, et alS 3 * for relating 
Voigt and Faraday effects in materials having 
isotropic masses. Indeed, the iterative procedure 
was only necessary when plasma corrections were 
non-negligible. It seems that Webster and Donvan, 
by not considering plasma corrections explicitly, 
have been unduly pessimistic about the use of an 
iterative procedure (when it is necessary) in the 
anisotropic mass case. We distinguish two cases, 
namely those when plasma corrections are negligible 
and secondly those when they are not We refer 
to these as the “pure” and “impure” limits 
respectively. 

The determinantal condition on equation (1.8) 
leads to an equation for the index of refraction 

2*2 = si+®± V[(<z?-@) 2 +4&V] (1.10) 

This means, in general, that there are two types 
of waves propagating in the sample. It will turn 


out for our problems that is negative semi- 

definite so we may have two types of waves as 
follows. The type II wave, corresponding to a 
plane wave polarized in the 2-diiection when the 
anisotropy vanishes, has index of refraction deter¬ 
mined by 

y (1.11a) 

The type III wave, corresponding to a plane wave 
polarized in the 3-direction when the anisotropy 
vanishes, has index of refraction determined by 

(1.11b) 

where 

y » V[(^~^) 2 +4W] (1.12) 

When 3S and vanish we have the usual Voigt 
case with two linearly polarized beams, one per¬ 
pendicular and one parallel to the magnetic 
induction. More generally, the ratio of the 3- to 
the 2-component for the type II wave is 

r n = (1.13a) 

For the type III wave, the ratio of the 2- to the 
3-component is 

rm= -W-n?n) (1.13b) 

We note that when SS = we may write 

m = -'hi = r (1.14) 


It is the case when equation (1*14) holds that is of 
interest to us and we shall, for simplicity, restrict 
our attention to it. 

Let us consider the situation when the incident 
radiation makes an angle 9 ? with the magnetic 
induction so that at the incident surface (where 
we set x = 0 ), we have 


Ei = 0, £2 = E° sin <l> e iw *, £3 = E° cos <f> e*** 

Y Y (1.15) 


This must be resolved into waves of type II and 
III in such a way that the ratio of the amplitudes 
of their components is given by equations (1.14). 
We have 
Type II 


E 2 = E* 


sin <f>+r cos ^ 

r+r 2 


wtinic/c) 


r[sin <£+r cos i] 

E 3 = E °-— -— e^-^nz/d (1.16a) 

l+r* 
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[ cos A—r sin A] 

to —E°r _ ■ g|<(w<~«rtlin*/cJ 

1+f* 


[ cos f sin 

& » j eoi_I- Li e«^-tm,nrF/c) (1.16b) 

1+f 2 

In general, r will be complex. We write it in the 
form r « ro e<*. Then for general <j> each of the 
components, equations (1.16a, b), may be con¬ 
sidered to be made up of two contributions out 
of phase by an amount X. These may be combined 
to give single in-phase waves for each component 
of the two types of waves. In general, however, 


As in the more general case above, we again 
want the combination of the type II and III waves 
at the back of the sample as the wave that is 
actually measured. Setting x =» d at the back 
surface, we obtain for the total 2-component. 

EQ e iul 

E 2 b = ——- e _ ^ w « <r / c {sin <f> + r cos <£ 

—r[cos <£ — r sin (1.17) 

where we have defined 

A = ai(«m—«n) d/c) (1-18) 

Defining 


A% 


E° 

---{[(! +r 2 cos A)sin <£+f(l - 


cos A)cos <f >] 2 + r 2 sin 2 A(cos <f> — r sin <f >) 2 } 1 ! 2 


(1.19) 


the two components belonging to each type will 
not only differ in amplitude but also then be out 
of phase so that both types of waves will be elliptic- 
ally polarized. Of course we do not measure the 
waves in the crystal but only their combination 
once they leave the sample. It is simplest to con¬ 
sider the contributions of the two waves at the 
back of the sample in terms of their components. 
Thus we would combine the two 2-components 
of the type II and type III waves respectively, 
(each of which had previously been formulated 
as a single in-phase component), into a single 
in-phase component, and similarly for the 3- 
components. The result will in general be linearly 


and 


tan £2 


r sin A( cos </> — f sin <f>) 

(1 + f 2 cos A) sin <f> + f(l — cos A) cos $ 


( 1 . 20 ) 


we may rewrite equation (1.17) in the form 


£*26 = A 2 e iojt t-fonudiG e <f 2 (1.21) 

Similarly we have for the combined 3-com¬ 
ponent 

£3 b = A3 t i<ot e (c 3 (1.22) 

where 


E° 

A 3 = -{[(1 + fZ cos A)cos (f) + r sin <£(cos A— l)] 2 + f 2 sin 2 A(sin <f> + r cos 4 >) 2 } 112 (1*23) 

1+f 2 


polarized components in the 2- and 3-directions 
combined effect will be elliptically polarized 
radiation. 

In the experimental situation of interest, we 
hall be working in a frequency region where dis¬ 
sipative effects may be neglected. This will have 
the simplifying effect of making r real. Then inside 
the crystal both type II and type III waves would 
be linearly polarized. From equations (1.16) we 
see they are at right angles to one another although 
r ^ 0) along the axes respectively per- 
x and parallel to the magnetic induction. 



and 


r sin A (sin <f >+r cos <f>) 

tan 5s ==- ; - 

(1+f 2 cos A) cos <£+f sin ^(cos A — 1) 

(1.24) 

We consider two cases of particular interest. 
The first is the usual Voigt experiment in which 
the incident linearly polarized light makes an angle 
of 45° with the magnetic induction direction. Then 
sin <p and cos <p are both equal to \Z{2)j2 and the 
incident beam has equal components in the 2- and 
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3-directions respectively. For the exiting beam, 
the 2- and 3^components will in general have 
differing amplitudes and phases corresponding to 
elliptically polarized light with its major axis 
rotated away from the orientation of the incident 
radiation. However, if we consider the situation 
when Ais quite small so that its trigonometric func¬ 
tions may be expanded to lowest order, i.e. 
neglecting terms of order A 2 , then both A 2 and 
A$ may be approximated by (v / (2)/2)F° and the 
major axis of the exiting ellipse makes an angle 
of 45° with the magnetic induction, independent 
of the magnetic induction direction. The neglect 
of terms to order A 2 in the A*$ is further enhanced 
by the fact that the coefficient of the A 2 term is a 
function of r which is always less than one and may 
be quite small. To sum up, when o», B and d are 
chosen so that terms to order A 2 are negligible, 
the, standard experimental procedure for measur¬ 
ing the Voigt effect* 3 ) is applicable in all directions 
subject, of course, to the conditions that equation 
(1.14) is valid and r is real. Actually and unfor¬ 
tunately, the conditions for the neglect of A 2 
terms will be the only easily realizable ones for 
the example of n-type Ge to be considered in the 
next Section. 

However, even when the A 2 terms are sufficiently 
small that the major axis essentially makes an 
angle of 45° with the magnetic induction direction 
the phase difference between the two components 
of the exiting radiation, namely S, is not given by 
A, but rather by 

* = A —£ 3+£2 (1.25a) 

(l - 25b) 

It is noteworthy that when 36 — <5? is non-vanish¬ 
ing, there are two opposite contributions, namely 
one in A which tends to increase S and one in the 
difference of the £’s which tends to cancel the first 
contribution. Indeed for the example discussed in 
the next Section, the plot of 8 as a function of 
magnetic induction direction is the same when we 
take 36 into account or neglect it. Thus to a large 
extent, the non-vanishing of 36 has no effect on 
the phase shift. 

Perhaps a more interesting situation than the 
usual Voigt experiment is the case when the inci¬ 
dent radiation is polarized along either the axis 


perpendicular or parallel to the magnetic induc¬ 
tion. Again we consider the case when equation 
(1.14) is valid and r is real. Suppose, for example, 
that sin <f> « 1, cos <f> » 0, i.e., the incident radia¬ 
tion is polarized along the axis perpendicular to 
the magnetic induction, the 2-dircction. Then the 
exiting wave has a component in the 3-direction. 

E*r 

(Es b )+_ n/ 2 - (1.26a) 

E*r 

--e«^»i«^)(iA], |A| 1 (1.26b) 

1 +r 2 

Unfortunately, will be very small when 

the approximation equation (1.26b) is valid. The 
ratio of its intensity to the initial intensity is 

( 

Thus for A of the order of 0*1 We are already 
working with considerably less than one percent 
of the incident radiation since the factor r 2 /( 14-r 0 ) 2 
is less than one. This is then a marginal experi¬ 
ment when A is small particularly in view of the 
imperfect polarizers available and possible sample 
absorption of the component of interest. Never¬ 
theless, if one had sufficiently high magnetic 
induction or other parameters such that equation 
(1.26a) had to be used without approximation, 
we would be able to see this effect. Clearly con¬ 
comitant with the rise in the 3-component, there 
is a matching attenuation in the 2-component. 
Equally straightforward is the fact that a similar 
result holds if the incident radiation is parallel to 
the magnetic induction and the observation for the 
rise in transmission is made perpendicular to the 
magnetic field. We turn now to our example. 


hb\ 

*TV*/ 2 = 0+r 2 ) 2 


-A 2 


(1.27) 


2. n-TYPE Ge 

The conduction band in n-type Ge has equiva¬ 
lent ellipsoids along the [11 Indirections. The 
most practical choices of experimental situation 
are such that the plane of the sample contains as 
many symmetry axes as possible, As our working 
example we choose a sample cut in the [100]-plane. 
The experimental situation would then be, radia¬ 
tion propagating along the [100]-direction and 
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B in the [lOOVplane. Consistent with our dis¬ 
cussion in the first Section, we choose coordinate 
axes in such a way that the 1-axis coincides with 
the direction of propagation, the 2-3 plane is the 
plane of the sample, and the 3-axis coincides with 
the magnetic induction direction. 

For the case of [11 l]-ellipsoids with sample 
plane coinciding with the [100]-plane and radia¬ 
tion propagating in the [100]-direction we find 
for the conductivity tensor 


corresponds to the case discussed at length in the 
first Section. 

We now turn to an experimentally realizable 
situation. Consider a plane sample of n-type Ge 
with an intrinsic concentration of 10 18 /cm 3 cut 
in the [100]-plane. We suppose the experiment 
to be performed at a wavelength of 20/x at a 
magnetic induction of 80 kgauss. The material is 
supposed sufficiently good that in this frequency 
range v/a><^l so we deal with the no dissipation 


SU00], 


Nq* 


-3K(2+K)G 


(1+2 K 3 K{2+K)G 0 

-1K(\+2K)(2+K)GZ} 

{\ + 2K-lK{l+2K)(2 + K)G* (3/2)K(l -K) 2 (sin40)G2 
-3K(1-K) 2 (sin 2 20)G 2 } 

{1+2K-6K(1-K)2G 2 

3+K(l~K) 2 (sin 2 20)G 2 

( 2 . 1 ) 


(3/2)A(l -A") 2 (sin 40)G2 


where 

K* 
mh 1 
mr 
a 

e 

N : 


mi\niT 

longitudinal effective mass 
transverse effective mass 
mi (v+foo) 

angle between the [00Indirection and 
the magnetic induction 
total density of free carriers 
G = qBj3xc 

We may identify the quantities in Section 1 for 
this case. Keeping terms only to second order in 
the magnetic induction, we find, 


case. We use the material constants for Ge given 
by Dresselhaus, et alS ls > These are 


vi i — l*58wo 

tut — 0‘082wo 


(2.3) 


Thus if we consider an average cyclotron fre¬ 
quency oj c = (1 + 2k) \q\Bj3mic we find cu^/w 2 <^l. 
Further if we define an average plasma frequency 
by means of wl = 4irq 2 N(l 4-2AT)/3m£eo, we also 
have w“/(ctj 2 —1 so that the B 2 approxima¬ 
tion used above is appropriate to the present 
experimental case. 


j/aoo] = e 0 4-(4rriV5 2 /3auo){l + 2K - 3K(14- 2K){2 4- K)G 2 — 3K(1 - K) 2 (sin 2 20)G 2 } 

+(4ir/ia,)2(AT«2/3ot) a [3K(2+K)G]2/[c 0 4- (47r^ 2 /3aia>)(l 4- 2 K)] 

jfU003 ■ <e 11001 = (2irN^/3aia>)[3K(l -K) 2 (sin 40)G 2 ] 
mw ^ € 0 4-{47r/*aj)(A^g 2 /3a){l + 2K— 6K(1 — K) 2 G 2 4 - 3 K(1 - K) 2 (sin 2 20)G 2 } 

( 2 . 2 ) 


In the limit of no dissipation i.e. when v 0, In Fig. 1 we plot r as a function of 6 for the 
« mt<») and all the quantities in equations (2.2) given sample at 80 kgauss. The carrier concentra- 

are real. Since we also have i# 1005 = ^ 1001 , this tion and magnetic induction only enter the evalua- 
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tion of r through the plasma corrections. This 
sample with lO^/cm 8 , corresponds to the impure 
limit and plasma corrections are important. For 
n-type Ge with carrier concentration less than 
lOU/cm 3 , plasma corrections are unimportant 
and that material corresponds to the pure limit. 
As we see r never gets as large as 0*3. Since r 
enters the formulae at lowest order as r 3 , this 
means the effects dependent on it will be reason¬ 
ably small for n-type Ge. 



B (DEGREES) 


Fig. 1. Orientational dependence of r given in equa¬ 
tion (1.14), for the non-dissipative case when r is real. 
The sample plane coincides with the [100]-plane and 
the radiation propagates parallel to the [100]-axis, The 
abscissa 6 represents the angle the magnetic induc¬ 
tion makes with the [001]-axis. 

In Fig. 2 we plot the expected Voigt phase shift, 
S, as a function of 9 for a sample of thickness 10 -2 
cm measured at the wavelength 20/t and magnetic 
induction 80 kgauss. The thickness is chosen to 
make the sample sufficiently transparent to per¬ 
form the experiment which, for the material con¬ 
sidered, < 8 > is about 10" 2 cm. The results are not 
large shifts being of the order of 0*2 radian or less 
so that they are measurable, but not easily measur¬ 
able. However the shifts are sufficiently small 
throughout that we do not have to worry about 
rotation of the major axis of the ellipse particularly 
since r is also small. 


If we had performed the Voigt experiment with¬ 
out knowledge of the effective masses but knowing 
the carrier concentration (e.g. from the Hall effect)! 
then we could have used such a curve to obtain 
both the longitudinal and transverse effective 
masses. It might be noted that in setting up an 
actual experiment, it could be advantageous to 
use samples of lower concentration so that a 
greater thickness could be employed and plasma 
corrections would not be necessary. Lower con¬ 
centration material also has the advantage that 
the possibility of dealing with good material, Le. 
such that v/w<l may be enhanced. However, the 
Voigt phase shift measured will not be signiff cantly 
altered from our present value since one trades 
carrier concentration for thickness. 



Fig. 2 . Orientational dependence of the free carrier 
Voigt phase shift when the sample plane coincides with 
the [100]-plane and the radiation propagates parallel to 
the [ 100 ]-axis. The abscissa 0 represents the angle the 
magnetic induction makes with the [001]-axis. 

As is apparent from the relatively small Voigt 
phase shift even at 80 kgauss for the typical 
sample of Ge considered, the method has severe 
limitations as a general tool. Unless magnetic 
induction significantly greater than 80 kgauss can 
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be routinely used or techniques for measuring 
phase shifts considerably improved, it will prob¬ 
ably only find limited use since many of the 
materials of possible interest may have heavy 
effective masses without large anisotropy. 

Even more difficult is the experiment in which a 
transmission observation is made in direction per¬ 
pendicular to the direction of incident polariza¬ 
tion which is parallel or perpendicular to the 
magnetic induction. With both A small and r 2 a 
small fraction when it does not vanish, it will not 
be detectable for the present experimental situa¬ 
tion. However, with an appropriate material and 
considerably higher magnetic induction, perhaps 
this interesting manifestation of the anisotropy of 
the effective masses may eventually be observed. 


REFERENCES 

1 . See e.g. Voigt W., Electro - and Magneto-Optics , 

Tbubner, Leipzig (1907). 

2. Teitler S. and Palik E. D., Phys. Rev. Letters 5, 

546 (I960). 

3. Teitler S., Palik E. D. and Wallis R, F., Phys « 

Rev. 123, 1631 (1961). 

4. Palik E. D. Teitler S. and Wallis R. F., J. appl. 

Phys. 32, 2132 (1961). 

5. Cardona M., Helv. Phys . Acta 24, 796 (1961). 

6. Webster J. and Donovan B., Phys. Letters 2, 330 

(1962). 

7. Dresselhaus G., Kip A. F. and Kittel C, Phys. 

Rev. 98, 368 (1955). 

8. See e.g. Fan H. Y., Spitzer W. and Collins R. J., 

Phys. Rev. 101, 566 (1956). 



J. Phys . Chun* Solids Pergamon Press 1963. Vol. 24, pp. 1495-1502. Printed in Great Britain. 


OVERLAP FUNCTIONS IN PLANAR CRYSTALS 

i 

V. HALPERN 

Mathematical Institute, Oxford 
(.Received 19 August 1963) 


Abstract —The overlap function -P 2 = ij u*(#Vu*'(r)dr| a is evaluated for several values of k and 
a wide mesh of points Ac', where u* is the modulating part of the Bloch wave function 
for a *■-electron in the valence or conduction band, in planar boron nitride and graphite. 
It is found that for boron nitride, if u*and u*, are in the same band and |A — A'l is less than a 
quarter of the radius of the Brillouin zone, then F 2 usually lies between 0*9 and 1. In graphite, 
however, F 2 behaves more erratically because the top of the valence band is degenerate with the 
bottom of the conduction band; a theoretical analysis of this behaviour is also presented. 


1. INTRODUCTION 

It is well known that in a perfect crystal, if the 
single-electron approximation is used, the 
electronic eigenfunctions corresponding to mo¬ 
lecular orbitals can be written in the Bloch form 

0n,fc( r ) = exp(i'A * r)un ik (r) (1) 

where n numbers the band, k t the reduced wave 
vector, identifies the molecular orbital being 
considered, and ««,*(*“) has the same translational 
symmetry as the crystal lattice. The integral 

r n (k,k’) = j u* n , k (r)u n/k {r) dr, ( 2 ) 

where the volume of integration is one unit cell, 
is then of interest in certain contexts,* 1 ) and 
especially in connection with the inter-band 
Auger effect.* 2 > It has been studied by a number 
of approximate methods,* 1 ) including first-order 
k *p perturbation theory,W and also on the basis of 
a one-dimensional Kronig-Penney band model. * 4 > 
However, no previous attempt appears to have been 
made to study this integral using wave functions 
obtained from eigenvalue calculations on a real 
crystal. This is not too surprising, since such 
wave functions are usually complicated, of 
unknown accuracy, and only available at a few 
points of special symmetry in reciprocal space. 
However, approximate L.C.A.O. wave functions 
of a simple analytical form have been found at all 
points in reciprocal space for the valence and 


conduction bands of graphite* 5 ) and planar boron 
nitride,*®) when these crystals are regarded as 
containing a single isolated plane of atoms. It was 
therefore thought of interest to evaluate /(A, A') 
for these substances, and to compare its behaviour 
with the previous predictions. There are often 
considerable differences between the results of 
quantum mechanical calculations in two or three 
dimensions and those in one dimension. This, 
and the probable effects of the presence of two 
different atoms in a unit cell, suggested that our 
results might well differ from those of Beattie 
and Landsberg.* 4 ) 

2. THE BAND STRUCTURE OF GRAPHITE AND 
PLANAR BORON NITRIDE 
In this Section, we summarize the results 
obtained by Coulson and Taylor.* 5 *®) 

Both graphite and planar boron nitride contain, 
in addition to the core electrons, o and tt electrons 
which to a first approximation can be treated as 
independent. In that case, it is the tt electrons which 
give rise to the highest valence band and lowest 
conduction band, and these are the only ones we 
consider. It is to be expected that the presence of 
the a electrons will cause some modification to the 
bottom of the valence and the top of the con* 
duction bands, but their effects on the parts of the 
bands nearest to the energy gap should be small. 
It is these regions that are of most interest in 
practice. In boron nitride there is an appreciable 
energy gap, but in graphite the gap vanishes and 
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the valence and conduction bands touch. In both 
substances, the adjacent band extrema are not 
at * « 0, but lie at the edge of the first Brillouin 
zone; this is not the case in most semiconductors 
having the diamond or zincblende structures. 

The graphite or planar boron nitride lattice, regarded 
as a two-dimensional array of unit cells, is as shown in 
Fig. 1. The unit cell is a rhombus of side a , with angles 
of 120° and 60° at its vertices, as shown in Fig. 2. 
We take the x-axi* parallel to the long diagonal and the 
y-axis parallel to the short diagonal of the rhombus, 
and assume that the crystal contains N unit cells, with 
respect to which the usual Bom-von Karman cyclic 
boundary conditions are applied. 



Fig. 1. The graphite lattice. 



Brillouin zone is the hexagon formed by the perpendicu¬ 
lar bisectors of the joins of (0, 0) to ( ± ± 2n) and 

( ± 2ir, 0). Adjacent band extrema lie at ( ± w, ± 2ir/3), 
and the bottom of the valence band and the top of die 
conduction band lie at (0, 0). 

Figure 2 shows that there are two atoms in each unit 
cell. We call the corresponding 2 pir atomic orbitals 
^(r+6) and £(r— 6), where r is measured from the 
centre of the cell. Let 

S = J >fi[r+h)ij){r—h) dr, 

and let E kt the energy of the state k measured from the 
centre of the gap, be expressed in the form Zy t where y 
is a convenient unit of energy defined by Coulson and 
Taylor. In addition, let / = 1 + 2 exp(i£) cos and let 
g 2 = ff* =3+2 cos 7 ? + 4 cos C cos iy. Then the mo¬ 
lecular orbitals tji k are given by 

= — V exp (tk • R„)(ip(r-R n i-h) 

N k 

n 


+ci4>{r-R n -h)) 

where c k = (1 -ZS/Z-t)/ = qf say, and N k *= 1 + 
g \ 2 qS + q 2 ). For planar borOn nitride, 

z _ -i*8 ± (g 2 +* 2 (W 2 S 2 )) 1/2 
1 -g 2 S* 

and t = — 1 according to Coulson and Taylor. 

For graphite, t = 0, so that Z - ±g/( 1 +gS) and 
q = ± \(g ; in this homonuclear case, ^(r) = \6(r) = the 
2 prr orbital for a carbon atom. 

In each case, the + sign corresponds to the valence 
band and the — sign to the conduction band. It should 
be noted that, unless t = 0 , c k = 0 at (tt, 2 it/ 3 ), while, 
if t 0, c k has an essential singularity there since the 
two bands are then degenerate at this point. 

For both substances, S lies between 0*2 and 0*25 
for Slater orbitals* 7) , although slightly larger values may 
be appropriate for self-consistent-field orbitals. 

Method of calculation 

Let / = A — A". If A and k' are both in the first Brillouin 
zone, then 


All the unit cells can be obtained from any given one 
through translations by the vectors An “ nmi+wsas 
where nj 0 , ± ] 1 , ± 2, etc. and the a$ are the basis trans¬ 
lational vectors. With our system of coordinates, we 
can take *i - o(Vf3J/2, -1/2) and «s= o(V[3]/2,1/2). 

It is convenient to define also a vector h = l/ 6 (ai+ua) 
equal to half the distance between the two atoms in the 
same unit cell. 

In reciprocal space, k «■ l/tf(f, V) and we write 
{ an 2/V[3]£; all coordinates in reciprocal space are 
henceforth expressed in terms of { and 17 . The first 


J K*(»>*'(r)df = J exp (if • r)ip k (r)i/,„{r)dr. 

Now if A is a basis vector of the reciprocal lattice, 
^K+k 80 *h at 0* is periodic in k. But u K+k (r) a* 
exp( —tA • r)ttfc(r), so that u k is not periodic in k. It 
was therefore decided to take for the fundamental form 
for I(k t k r ) in equation ( 2 ) 

J exp (il . r)^S(r)^*.(r)dr. 
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This distinction is important for planar crystals, where 
the adjacent band extrema lie at the edge of the first 
Brillouin zone, hut not for tetrahedral crystals where the 
relevant extrema are usually at the centre of the zone. 

We write 

F* = |J exp(ti • f^fM) d«f, 

where/ — 1 corresponds to both and ift# 
being in the conduction band; 

j =5 2 corresponds to in the conduction 
band and in the valence band; 

/ = 3 corresponds to ifj k in the valence band 
and fa' in the conduction band; and 

/ = 4 corresponds to both ipk and \fj k > being 
in the valence band. 

The values of Ff were found for seven different 
values of k } shown in Fig. 3, and for l = (4, 4) 
with 4 and 1% lying between tt/2 and — 7 r/ 2 . Figure 
3 also shows the contours of constant g y which are 
lines of constant energy. 



Fig. 3. g(k) as a function of J and 17. The full lines are 
the contours g = 0-5, TO, T5, 2-0, and 2'5; g = 3 at 
(0, 0) and g = 0 at (w, 2 tt/ 3), the band edge, which is 
marked by a black square. It should be noted that 
g( ± £, ± v) “ 8(t> v)- The broken lines mark the edge 
of the first Brillouin zone, and the circles indicate the 
values of it for which the Ff were evaluated. 
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The integrals of form 

•f 

Jexp (it • r)^r+ft#(r—A) dr 

were evaluated by expanding exp(ri • r) in powers 
of / • r and integrating term by term, using 
SlaterW orbitals and bipolar coordinates. This 
led to a rapidly convergent double series for the 
integral in powers of l • h and / x ft. Integrals 
between orbitals not centred about the same or 
neighbouring atoms were ignored, as in Refs 
5 and 6 . 

3. OVERLAP FUNCTIONS IN PLANAR BORON 
NITRIDE 

The results of the calculations on planar boron 
nitride are shown in Figs 4-6 and in Table 1. In 
Fig. 4, the contours F* = 0*9 and 0*8 are plotted 
as functions of / for two typical points, k = (7ir/8, 



Fig. 4 . Contour diagrams of F [ for planar boron 
nitride. The contours F* *= 0-9 and Fj »» 0 4 8 are plotted 
as functions of / « k — k' for k « (7ir/8, Stt/ 8) (full 
lines) and k » ( Sn/S, 7ir/8) (broken lines). 

577/8) and k = (5 77/8, 7 vr/ 8 ), in reciprocal space, 
and in Fig. 5 the contours FJ = 0T and 0-2 are 
plotted similarly. The first of these points is much 
closer than the second to the band extrema both 
in energy and in reciprocal space. It will be 
observed that FJ seems to depend more on |J| 
than on the direction of L This result was quite 
generally true for planar boron nitride, although 
directional effects increase somewhat as k 
approaches the band extremum (w, 2 it/ 3), Fig. 6 
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ahow« the variation of F\ and FI along the line 
l « (C, 0) for three different values of ft; similar 
results were found for other lines through the 
point l m 0, and for the other values of ft. 



Fig. 5. Contour diagrams ofFj for planar boron nitride. 
The contours F \ =0*1 and Fj =0-2 are plotted as 
functions of / for k = (7ir/8, Stt/ 8) (full lines) and 
k = (5w/8, 77 t/ 8) (broken lines). 

The behaviour of F® is similar to that of FJ, 
except that at almost all points F\ is slightly 
greater than F®, the difference between these two 
quantities tending to increase in a somewhat 
irregular way as |/| increases. This suggests that 
Uk for the valence band varies less rapidly with ft 
than does w* for the conduction band, as is to be 
expected, Table 1 contains the mean value of 
each Ff for / * (± 7r/4, 0) and (0, ± tt/4) for all 
the seven values of ft for which calculations were 


carried out. FJ behaves in a aimilar manner to 
Fl t although the difference in magnitude between 
these quantities is often 0*02 or more, i.e. 10 per 
cent or more. 

Since FJ-fFJ ^ 1, while generally Fj > FJ, 
Fj+Ff tends to be somewhat less than unity, 
unlike the results found by Beattie and Lands- 
berg.< 4 ) Whether the difference is due to the error 



Fig. 6 . FJ (upper curves) and Fl (lower curves) for 
boron nitride as functions of / = (C, 0) for k = (n, 3 tt/4), 
(77t/8, 5tt/ 8), and (tt/2, 7 r/2), numbered 2, 3, and 7 
respectively. The bioken lines are arcs of circles centred 
at F 2 *=0*6 and 0 4, passing through these values at 
i = ± tt/ 2, and touching the C-axis at F 2 = 1 and 0 
respectively. 


Table 1. The mean value of Fj, averaged over the points l = (tt/ 4, 0), (— ?r/4, 0), (0, tt/4) and 
(0, -tt/4). 





Planar boron nitride 


Graphite 


Index No. 

k 

g 

f; 

K 

F\ 

K 

n f\ Ft 

F : 

1 

(w, n/2) 

0*4142 

0*909 

0*073 

0*073 

0*917 



2 

(n, 3 n/4) 

0*2346 

0-904 

0-077 

0*078 

0*913 

For these values of k, 

the 

3 

(7w/8, Sn/8) 

0-4260 

0*908 

0*074 

0-074 

0-917 

deviation of Ft from 

its 

4 

(7ir/8, 7n/8) 

0-6567 

0*992 

0*058 

0-058 

0-933 

mean value exceeds 0-15. 

5 

(3 w/4, 3 w/4) 

0-7095 

0*922 

0*058 

0*058 

0-933 



6 

(5*/8, 7n/8) 

0-9239 

0*931 

0-047 

0-047 

0-944 

0-882 0-100 0-100 

0-892 

7 

(n/2, n/2) 

1-7321 

0*965 

0010 

0*010 

0-980 

0-972 0-008 0-008 

0-981 







OVERLAP FUNCTIONS 

in our wave functions or to the difference between 
a Kronig-Penney chain and a planar crystal is not 
known. It should be noted that in this hetero- 
nuclear case all the Ff are continuous functions of 
k and fe', in contrast to the results found for the 
linear chain. < 4 l 

4. OVERLAP FUNCTIONS IN GRAPHITE 
The results for graphite differ markedly from 
those obtained for boron nitride because of the 
essential singularity in the wave functions for the 
valence and conduction band levels at ( 77 , 27r/3), 
where on our model the two bands touch and the 
wave functions are degenerate. It is found that on 
passing through this point of reciprocal space in 
certain directions the valence and conduction bands 
switch over, so that FJ on one side is continuous 
with F\ on the other. This behaviour is clearly 
shotfn in Fig. 12 and a theoretical explanation of 
it is presented in the next Section. Because of this 
singularity, the behaviour of Ff in the region for 
which fe' is near ( 77 , 2tt/3) is very erratic, and the 
overlap functions depend strongly on the direction 
of l relative to the line joining k f = k to the point 
of degeneracy. For this reason, it is not practicable 
to draw a contour map for k = ( 777 / 8 , 5tt/ 8); 
however, k = (5ir/8, 7 tt/8 ) is sufficiently far from 
the band edge for reasonable contour maps of F\ 



Fio. 7. Contour diagram of F \ for graphite, The con¬ 
tours Fj «* 0-9 and FJ » 0-8 are plotted as functions of 
/ for k — (5»/8» 7tj/8). The broken line is the join of 
k' «■ k to k' ™ (?r, 2tt/3), the band edge, which is 
marked by a circle. 
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and FJ to be drawn. These are shown in Figs 7 
and 8 and should be contrasted with the corre¬ 
sponding results for boron nitride shown in 
Figs 4 and 5. Table 1 contains the mean value of 
each F/ for / « (± ir/4, 0) and (0, ± w/4) for 



Fig. 8 . Contour diagram of Fl for graphite. The 
contours Fl =0*1 andFj «= 0*2 are plotted as functions 
of l for k = (5 ir/8 } 7ir/8). The broken line is the join 
of k' = k to k' = (ir, 27r/3), the band edge, which is 
marked by a circle, 

those values of k where the maximum deviation 
from the mean is leas than 0*1. FJ and FJ tend to 
be smaller than for boron nitride unless k is very 
far from the band edge; this is because if* tends 
to vary rapidly near the point of degeneracy. 
This behaviour is also exhibited in Figs 9 and 10, 
in which the variation of Fj and F® along the line 
!=»(£, 0) is plotted, and should be contrasted 
with the corresponding results for boron nitride 
shown in Fig. 6. Finally, in order to show quite 
clearly what is happening, Figs 11 and 12 show 
for planar boron nitride and graphite respectively 
the values of FJ and F\ along the line k' = ( 77 , 
MV/8) for four different values of A; the band 
edge lies at M' = 5 J on this line. 

5. THEORETICAL CONSIDERATIONS 
In this Section, we apply the methods of the 
usual L.C.A.O. theory for diatomic molecules to 
the functions u*, which are the periodic parts of 
the molecular orbitals in the crystal. 



1500 


V. HALPERN 


The Schrddtnger equation for a molecular orbital 

hit 

(-A2/2m)V>*+ Vtjj k = (3) 

Consider now a crystal, the unit cell of which 
contains one A atom and one B atom, and assume 
that we can write V » V A + V B , where V A and V B 
arc periodic potentials concentrated chiefly in the 
regions of the A and B atoms respectively. We 
assume in addition that V is a local potential, so 
that 

F(r)exp(*fe . r)u*(r) = exp(ife * r)K(r)u*(r). 
Then, since 

V[exp(t* • r)wfc(r)] = exp(t* . r)( V+**)«*( r), 

the substitution of equation (1) into equation (3) 
leads to 

T k u k (r)+V(r)u k (r) = E k u k (r) t 

where 

Tk = (-**/2«)(V + a) 2 . 


1*0 



Fio. 9. Fj for graphite as a function of / «* (£, 0) for 
k - (w, 3n/4), (7n/8, 5ir/8), (7tr/8, 7s/8), and («/2, 
«/2) fc numbered 2, 3, 4, and 7 respectively. 



Fig. 10. FJ for graphite as a function of / = (£, 0) for 
k = (it, 3ir/4), (7ir/8, Sir/8), (7 tt/8, 7tt/ 8) and (tt/2, tt/ 2), 
numbered, 2, 3, 4 and 7 respectively. 



Fig. 11. Fj (full line) and Fj (broken line) for planar 
boron nitride as functions of k' = (it, AfV/8) for 
k * (tt, 3ir/4), (7tr/8, 5ir/8) t (7 tt/ 8, 7V8) and (»r/2, ir/2), 
numbered 2, 3,4, and 7 respectively. The vertical broken 
line marks the band edge. 




OVERLAP FUNCTIONS IN PLANAR CRYSTALS 1501 

? Let 


Suppose now that the functions u A h and u 
satisfy the same periodicity conditions as u k and 
are such that 

(T k + v*)4 = Etui 
and 

and that neither E A nor E k is degenerate or 
quasi-degenerate. 



Fig, 12. Fj (full line) and Fj (broken line) for graphite as 
functions of k' = ( tt , M'n/8) for k =* (w, 3n'4) t (7n/8, 
5tt/8), (7it/8» 7tt/ 8) and (w/2, w/2), numbered 2, 3, 4 and 7 
respectively. The vertical broken line marks the band 
edge. 

Then to a first approximation we can write 
«* + A*u* 

(1 + AftSfe + AfeSj +A*Aj)U2 

where 

5* = J ufufdr 

and A* is such as to minimize 

Ek = j «*(T* + F)«*dr. 


ft - if (ui*V*u2+vfv*4)dr. 

Then for a homofluclear substance, in which 
atoms A and B are the same, A fc = ± 1. The sign 
of j8* determines which of these has the lower 
energy. However if for some value of k (A « Ao 
say) 0 = 0, then A is indeterminate at Ao 
and there are two degenerate states there. If 0* 
takes both positive and negative values in the 
neighbourhood of Ao, then even if and A are 
continuous functions of k in this region, u* 
(valence) will be a discontinuous function of A and 
so of k . Thus in certain directions there will be a 
switch of valence and conduction band wave 
functions on opposite sides of Ao, as is observed 
in graphite. 

For a heteronuclear substance, however, where 
in general E* and E B differ, the two different values 
of A* will everywhere correspond to states differing 
by a finite energy, and so no degeneracy will 
occur. Even if, for some value of A, A* becomes 
infinite, 1/A* will be a continuous function of A 
at this point. Hence, as the energies are dis¬ 
tinct and are continuous functions of A* or 1/A*, 
Uk (valence) will also be a continuous function of 
one of these, and so in general no switching of 
functions is to be expected; this is what happens in 
planar boron nitride. 

6. CONCLUSIONS 

The wave functions used in this work probably 
differ considerably from the exact ones, so that the 
quantitative results obtained may not be too re¬ 
liable ; however, the qualitative results are expected 
to be reasonably accurate. Thus it seems probable 
that for planar compounds in which the valence 
and conduction bands are separated by a finite 
energy gap the usual approximation of .FJ « 1 
should involve an error of no more than 10 per 
cent provided that |A—A'| is less than one quarter 
of the radius of the first Brillouin zone. A similar 
result was found on the one-dimensional Kronig- 
Penney model, and so it seems quite probable 
that it is also true in three dimensions, i.e. for 
non-degenerate bands in tetrahedral semicon¬ 
ductors. It is difficult to generalize the results for 
Fl to such crystals, since they usually have several 
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valence and several conduction bands fairly close 
together in energy, in contrast to the planar 
compound® which do not. Thus no reliable con¬ 
clusions can be drawn about the range in which 
ft • p perturbation theory is likely to be valid. 
Finally, the results for graphite suggest that, 
even for small |ft-ft'|, FJ = 1 may not be a very 
good approximation for degenerate bands near the 
point of degeneracy. 
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Abstract—The charge compensation of trivalent rare earths in the divalent Ca site of calcium 
tungstate was studied by the determination of distribution coefficients. The behavior of neodymium 
was investigated in the presence of all the alkali metal ions and niobium, and all the other rare earths 
in the presence of sodium. 

The distribution coefficient of Nd is found to vary with the concentration of Nd itself, as well as 
with the concentration of charge compensating ions present. Several separate mechanisms including 
vacancy formation are inferred, and are confirmed by paramagnetic resonance results. 

In the next paper a theory covering this data is presented. 

Columnar growth ha 9 been observed and can be caused by either CaO or WO 3 excess in the melt. 


1. INTRODUCTION 

The rise in importance of the optical maser 
technology is providing an intensified impetus for 
the study of substitution in ionic crystals. Growth 
from the melt is particularly useful in this aspect, 
as it provides in the distribution coefficient, a 
measure of the relative energy of different substitu¬ 
tion and charge compensation arrangements. A 
combination of such determinations with evidence 
from other physical measurements can provide 
detailed insight into the substitution and charge 
compensation mechanisms in action. In this paper 
distribution coefficient data and supporting evi¬ 
dence from paramagnetic resonance experiments 
are presented for rare earth doped calcium 
tungstate. The next paper presents a theoretical 
interpretation of coupled substitution covering 
the CaW04tNd 3+ and CaWC>4:Nd 3 + :Na + systems. 

The general background to the growth and 
properties of calcium tungstate has been presented 
in two previous papers/ 1 * 2 > hereafter referred to as 
I and II respectively. In the present work, atten¬ 
tion is focused in part on the system CaWC> 4 : 
Nd:Na, since this provides one of the best 
available solid-state optical maser materials/ 8 ) 
being the only one to operate continuously at 
room temperature.< 4 > 

Yttrium and the trivalent rare earths provide a 


particularly favorable situation for substitution in 
calcium sites. They are, in fact, related to Ca 2+ 
by Goldschmidt’s diagonal ruleW for favorable 
isostructural replacement. The same is true for 
Na + and Nb 5+ in the Ca 2+ and W 6+ sites respec¬ 
tively; these have been found to be particularly 
suitable for charge compensation of the excess 
positive charge of Nd 3+ in a Ca 2+ site. Also Btudied 
was the effect of the other alkali metal ions on 
Nd 3 +, as well as the effect of Na+ on all the trivalent 
rare earth ions. 

2 . EXPERIMENTAL 

Conditions used for the Czochralski growth of 
CaWC >4 were described in I. Concentrations are 
expressed as atom %, being the number of ions 
per hundred Ca 2+ or W 6+ sites present in the 
structure or based on the total of Ca 2+ +Nd 8+ + 
Na + or W 6+ +Nb 6+ in the melt. The calcium 
tungstate was Sylvania Luminescent Grade No. 
2402, except in the lowest concentration experi¬ 
ments, where material purified by a preliminary 
pulling was used. Rare earths were generally 
99*9% grade, Na2W0 4 was Fischer Scientific Co. 
ACS grade dried at 120°C, and WOs Amend Drug 
and Chemical Co. CP grade. Compounds such as 
Nd B (W0 4 )s were prepared by grinding stoichio¬ 
metric amounts of the components together, 
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firing overnight at 1000°C, or just below the melt¬ 
ing point when it was lower than 1000°C, re¬ 
grinding and refiring. 

Distribution coefficients are calculated from 
X-ray fluorescent or emission spectroscopic 
analyses as the ratio of concentration of a species 
in the solid to that in the melt, both concentra¬ 
tions being expressed in identical units. Pulling 
rates were 0*5-1 in. per hr, and it is assumed that 
the observed distribution coefficients represent a 
good approximation of the equilibrium values as 
discussed in I. 

3. SITE SUBSTITUTION CONSIDERATIONS 

In Tables 1 and 2 are summarized the possible 
substituents and substitution arrangements in 
CaWC >4 which are of relevance to the present 
work, based on both a priori and experimental 
conclusions. In these tabulations Nd 3+ is used as 
a typical trivalent rare earth ion, and Na + is 
representative of one of the alkali metal ions. Ca 2+ 
can also be replaced by Sr 2+ , Ba 2+ and Pb 2+ , and 
W 6+ by Mo 6+ . A vacancy is indicated by <f>. 

Since the scheelite structure is very compact, 
interstitial ions are eliminated from consideration. 
Vacancies in the W 6+ site are expected to be 
insignificant in number compared to Ca 2+ 
vacancies on the basis that a much larger energy 
would be associated with a discrepancy of six 
charges than with two charges at one lattice site. 
Free mobile electrons do not occur, the resistivity 
of pure and doped CaW0 4 both being over 
10 10 D-cm. The possibility of electrons being 
trapped at some type of center can also be elimi¬ 
nated as a process occurring during growth, since 
trapped electrons were observed to disappear on 
heating up to room temperature. < 6 > 

There is no definite knowledge as to the nature 
of the species present in the melt; in view of its 
good electrical conductivity ionic species are 
clearly present. In the pseudo-chemical reactions 
listed in Table 2, oxides are written as the com¬ 
ponents for convenience. In view of the volatility 
of WOs, NagO, etc. these materials are best added 
as sintered Nd2(W0 4 )3, NaoW0 4 , etc. to avoid 
losses on addition. Even so, there may be a slow 
loss of sodium and perhaps other volatile com¬ 
ponents from the melt with time. 

Equation (a) of Tab|e 2 represents the formation 
of stoichiometric The vacancy pair 


formation of equation ( 6 ) corresponds to a 
Schottky defect. This occurs not only when excess 
WO 3 is added, but will accompany equation (a) 
at all times due to the appreciable value of the 
entropy term in A F = AiZ-TAS at the high 
temperature of 1850°K.< 7) Excess WO 3 or CaO 
are both readily soluble in CaWC >4 in small 
amounts and permit satisfactory growth despite 
the resultant nonstoichiometry in the melt 
(however see Section 7). 

Reduction of tungsten to lower valency states, 
e.g., as in equation (c) occurs on gentle reduction 
by hydrogen, giving the typical blue or black 
colors of the lower valence states of tungsten. 
Reoxidation takes place at 1000°C in oxygen in a 
few minutes, demonstrating the ready mobility of 
oxgyen in CaW 04 , and providing at the much 
higher growing temperature a sea of mobile oxygen 
ions. 

In equations ( d) t (e), and (/) are represented the 
substitutions of Nd 3+ , Na + and Nb 5+ , one at a 
time. Evidence for the nature of ( d ) is the existence 
of the compound Nd 2 (W 04 ) 3 , corresponding to 
x = 1/3 (see I). This compound does not have 
the scheelite structure, but the volume per equiva¬ 
lent unit is almost the same (78*7 A 3 per WO 4 in 
Eu 2 (W 0 4 ) 3 (8) as against 78*1 A 3 per WO 4 in 
CaW0 4 ) and it appears likely that it is a distortion 
of the scheelite structure permitted by ordering 
of the vacancies. In the cases of (e) and (/), lack of 
color eliminates the possibility of reduced tungsten. 
In the absence of any other species, and in view of 
the consideration previously discussed, the com¬ 
pensations shown are the only likely ones, and are 
made credible by the ready mobility of oxygen. ' 

The coupled substitutions of (g) and (h) rest on 
similar evidence. Compounds of the type 
NaNd(W 0 4 ) 2 , corresponding to # = \ in equation 
(g) have the scheelite structure and form a complete 
range of solid solutions with CaW0 4 , correspond¬ 
ing to the range 0 < x < 0*5. In addition, 
changes in the distribution coefficient and other 
properties described below confirm these compen¬ 
sation mechanisms. Depending on the relative 
energies involved, the single processes (d) and (*) 
or (/) may also occur simultaneously with (g) or (h) 
respectively. 

4. ALKALI METAL ION COMPENSATION OF Nd a+ 

The distribution coefficient of Nd 8+ , in 
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CaWO 4 was studied as it is affected by the addition 
of various alkali metal ions to the melt.< 9 > For 
comparison purposes, all the data shown in Fig. 1 
refer to crystals grown from melts containing 
between 1 and 2 at. % Nd 3+ . It is to be 
noted that the effect is a gradual one, and saturation 
in the case of Na + is not reached until more than 
15 Na + ions are present for each Nd 3+ ion. 


possible on Na+ compensation, since it has proved 
difficult to obtain accurate sodium analyses* 
However, the variation of An d as it depends on both 
the Nd 3+ and Na+ concentration is shown in Fig. 3. 
For a complete representation, the equivalent 
surface for An* would also be required. It is 
significant that even in the absence of sodium, 
Fig. 3 shows the distribution coefficient of neo- 



Fig. 1, Variation of the distribution coefficient of neodymium 
kud with the concentration of alkali metal ions in CaWO* melt. 


The numbers adjacent to the alkali metal sym¬ 
bols represent the per cent misfit of these ions in 
the Ca 2+ site (Pauling ionic radius = 0*99 A). It 
appears that the magnitude of the effect depends 
on the misfit and is independent of the sign. 

A clarification of this behavior results from the 
examination of the K + case in Fig. 2, which shows 
the crystal concentrations [Nd] c and [K] c as they 
vary with the melt concentration [K] m . It can be 
seen that approximately 5K+ are needed for every 
Nd 3+ in the melt to produce one K + for each Nd 3+ 
in the crystal. A similar study has not been 


dymium to vary with the melt neodymium concen¬ 
tration at low concentrations. A full explanation 
of this behavior appears to be possible on the 
basis of vacancy formation and is presented in the 
next paper. 

5. NIOBIUM COMPENSATION OF Nd* + 

In Fig. 4 the crystal concentrations ([Nd] c and 
[Nbj c ) and distribution coefficients (Ajfd and And) 
for neodymium and niobium are shown together 
with the ratio [Nd] c /[Nb] c as a function of niobium 
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Table 1. Possible substituents in the scheelite structure 
showing net charge an site and ionic radius in A. 


Calcium site 

Tungsten site 

Oxygen site 

[Cal** 

0*99 

(W}« + 

0*62 

(O) 3 - 1 -40 

[Nd] 3+ 

[Na]+ 

104 

0-95 

(Nb} s+ 

0-69 

(0* - 


melt concentration [Nb] m in the presence of a 
fixed neodymium melt concentration [Nd] ro . 

It appears from the curves that the use of 
1: 1 Nd/Nb melt ratio produces approximately 
1: 1 Nd/Nb crystal ratio. This implies that the 



Fig. 2. Crystal concentrations in the system CaW 04 : 
Nd:K (see text for symbols). 


energies involved in equations (d) and (/) of 
Table 2 are approximately equal or that there is a 
strong chemical affinity between Nd*+ and Nb* + , 
neither of which appears to be the case with the 
alkali metal ion compensation described above. 

The CaW0 4 : Nd s+ : Nb 5 + system displays some 
of the characteristics of a buffer system, in that it 
tries to approximate equation (A) of Table 2 even 
at unfavorable melt concentrations. Thus, when 
[Nb] m is 0*5 with [Nd] TO /[Nb]w, = 2*2, An<i is low 
and Axb is high, resulting in a [Nd] c /[Nb] c ratio 
of MO. When [Nb] m is 2*1, with [Nd] m /[Nb] w = 
0*55, rises and Ajjb falls so that the [Nd] c /[Nb] c 
ratio is now 0-82. 



Fig. 3. The distribution coefficient of neodymium in the 
system CaW0 4 :Nd:Na. 


Table 2. Electrically neutral combinations of the substituents of Table 1 in the 

scheelite structure. 


{a) CaO + WOs - [Ca]{W}(0 4 ) 

(6) (1 -*)CaW 0 4 +*WOs [Cai_**,]{WK0 4 -«<M 

(e) CaW0 4 + *Ha-*H 2 0 - [Cft]{W£ ae Wfc}(C>4-^*) etc. 

(d) (1 -3*)CaW0 4 + *Nda0e + 3*W08 - [Cai^*Nd 8 ,*,]{W}(0 4 ) 

(a) (1 -2*)CaW0 4 +*Na B 0 + 2*WOs - [Cai_a*Na B *]{W}(04_*^) 

(/) (1 - 2x)CaW0 4 + *Nba0 6 + 2*CaO -* [CalfWi-asNbtsXO^*) 

(g) (2-4x)CaW0 4 +*NdaOs+ArNaaO + 4^WOa -►2[Cai_a*Nd*Na*]{W}(0 4 ) 

(A) (2 - 2*)CaW0 4 +*NdaO s + *Nb 9 Oc » 2[Cai-*NdJ{W 2 -*Nb,}(0 4 ) 
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Fig. 4. The system CaW04 :Nd :Nb (see text for symbols). 


6. SODIUM COMPENSATION OF TRIVALENT 
RARE EARTHS 

In paper I, Table 3, approximate distribution 
coefficients were given for most of the rare earths 
in the presence of one Na + per rare earth ion, and 
for some of these also in the absence of sodium. 
Further study has shown that these data were only 
approximations, in that flux-grown Na r.e.(W 04)2 
is now known to always contain some excess 
Na 2 W 04 , and some of the CaW 04 used at that 
time also contained small but variable amounts of 
sodium. 

In Fig. 5 is shown the detailed variation of k for 
the various rare earths as well as for yttrium and 


thorium at the 1-2 at. % level in calcium tungstate 
with sodium addition. Except for the ion that has 
the strongest tendency towards the divalent state 
(Eu), the behavior is roughly similar. Differences 
in intercept and saturation probably originate in 
small differences in the equilibrium constants for 
the appropriate form of equation (d) of Table 2. 
Spectroscopic evidence shows that both di- and 
trivalent species are present in the cases of Eu, 
and Yb. In the case of Eu there is an increase in 
the fraction of Eu 8+ present as the sodium concen¬ 
tration is increased. The same may be true in the 
case of Yb, but this was not investigated. No 
obvious systematic differences which could be 
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Flo. 5. Variation of the distribution coefficient of the rare earths, Y, 
and Th in the presence of sodium [Na ]m in CaWO-i melt. 


assigned to sequential filling of the 4 f shell are 
apparent 

7. COLUMNAR GROWTH 

If anywhere from 70 to 95 per cent of a quantity 
of CaW 04 melt is pulled, a point is reached beyond 
which clear crystal can no longer be grown. 
Microscopic examination* 10 * gives an appearance 
similar to that observed for columnar growth due 
to constitutional supercooling in metals.<U) It was 
not possible to correlate the severity of this 
phenomenon with impurity analyses in the start¬ 
ing material,* 10 * which led to the possibility that 
deviations from stoichiometry might be at fault. 

It was, in fact, found that as little as 1 wt. % CaO 
(10at%) added to CaWC >4 caused columnar 
growth to occur; however, about 10 wt.% WOs 
(10at.%) produced a similar result. These two 
cases are easily distinguished, since with excess 
WO 3 the solidified melt has a green coloration, 
while with excess CaO it becomes brown. An 
examination of equation (£) of Table 2 shows that 
Schottky defect formation will use up WO 3 , i.e., 
produce excess CaO in a stoichiometric CaW04 
melt. Excess CaO in the starting material will 
intensify this effect, as would volatilization of WO 3 . 
It would therefore, seem desirable to add 2 or 


3 wt. % excess WO 3 during normal crystal growth, 
since with approximately stoichiometric material, 
prolonged growth should then be possible. 

8 . EVIDENCE FOR THE NATURE OF 
SUBSTITUTION IN CaW0 4 

A series of paramagnetic resonance experiments 
by Mims and Klein* 12 * 13 * provide supporting 
evidence for the nature of the substitution of 
trivalent rare earths in CaW 04 , and the changes 
produced by coupled substitution. Cerium was 
used in these experiments, since the single^ 
unpaired electron gives one line without hyperfine 
structure. 

A typical paramagnetic resonance spectrum is 
presented in Fig. 6 , corresponding to 0-1 % Ce 
added in the form of Ce 2 (W 04 )a without any 
charge compensation addition. Orientation experi¬ 
ments show that the central line A does not shift 
with rotation of the crystal about the c- axis; the 
pairs of lines B and C do shift, and are related as 
shown, the two B y s interchanging positions every 
180*, and the C’s similarly. These eight “anomal¬ 
ous” lines correspond to only two ^-tensors. At 
the lowest concentrations (< 0*01 % Ce) line A 
predominates; as the concentration is increased, 
the relative intensities change, A decreasing and 
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B and C increasing. This same change is produced of 0*01 % to predominately Ce 3+ -vacancy combi- 
by adding Y 8 *, being an ion of about the same size nations in two adjacent Ca a+ sites with the second 
and charge as Ce 3+ but having no unpaired 4/ Ce 3+ somewhat further away (at random) (equa- 
electrons. Lastly, the addition of Na + eliminates tion (d), Table 2) at 1 %. Apparently, at the lowest 
the anomalous lines, leaving only the single line A. concentrations, the vacancy and the rare earth ions 
It is possible to relate these observations to the need not be closely associated; this is the region 
various mechanisms listed in Table 2. where Schottky defects and rare earth concentra- 


A 



FIELD IN KILOGAUS5 


Fig. 6 . Paramagnetic resonance spectrum of CaW 04 containing 0-1 at. % cerium. 


In the presence of Na + , charge compensation 
occurs by a Ce 3+ Na+ combination replacing two 
Ca 2+ ions (equation ( g ), Table 2). The presence of a 
single line independent of rotation about the 
oaxis leaves three possibilities: (i) the Na 4 * is 
always in the c-axis direction from the Ce 3+ , the 
nearest Ca 2+ site it could occupy being 11*37 A 
away; (ii) the Na + is always in one of the im¬ 
mediately adjacent Ca 2+ sites, at 3-86 A or perhaps 
at 5*24 A, but since it is nonmagnetic and a good 
size fit (Pauling ionic radii Ca 2+ = 0*99, Na + = 
0*95 A), does not disturb the electric and magnetic 
environment of the Ce 3+ ; or (iii) the Na+ is more 
or less randomly distributed over all Ca 2+ sites, 
most of the time being far enough away so that its 
influence is not felt. The uniform occurrence of 
case (i) is clearly unlikely; (ii) would produce some 
distortion due to the not quite perfect fit, which is 
not consistent with the single line, leaving (iii) as 
the reasonable explanation. In this last case, some 
(i) and (ii) would also occur; minor lines observed 
at very low levels may well correspond to these 
cases or to other arrangements in small amounts. 

The change with the concentration of the rare 
earth itself in the absence of Na can now be viewed 
as a change from isolated Ce 3+ ions with a single 
line predominating at the lower concentrations 


tions are comparable in magnitude. Since the 
addition of Y 3+ produces the same effect as adding 
more Ce 3+ , a specific magnetic interaction is not 
present, as is also shown by the absence of dipole- 
dipole splitting, which eliminates Ce 3+ -vacancy- 
Ce 3+ combinations as well as Ce 3+ -Ce 34 *. 

On a more speculative basis, it is tempting to 
identify the eight anomalous lines with the four 
nearest neighbor Ca 2+ sites around each of the 
two types Ca 2+ sites, viewing the net effect of the 
vacancy as a fractional change in position or charge 
of the connecting oxygens. The two types of 
Ca 2+ sites, related by the body centering of the 
scheelite lattice, are not equivalent in the presence 
of a vacancy, 

Related, but not as clearcut changes are also 
observed in the optical spectra. < 10 > 
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Note added in proof 

On the basis of the analogy of certain paramagnetic 
resonance results between Fe a+ and Nd 8+ in CaW 04 , 
Kedzie and Kbstigian ( Appl . Phys. Letters 3, 86-87, 
1963) concluded that Nd 8+ may also enter the W-site. 
In view of the large discrepancies in both the ionic sizes 
and charges involved, a much higher energy would be 
associated with such an arrangement, and a negligible 
occurrence would be expected for this arrangement com¬ 
pared with substitution in the Ca-site with or without 
charge compensation. Yet another contraindication is 
the existence of the compound NdaCWO^, correspond¬ 
ing to complete substitution with vacancy compensation. 
This has a monoclinic structure with a = 7'75 A, 
b = 11*59, c — 11*50 and J9 = 109*7°. This structure is 
the same as that of Eu 2 (W 04 )a determined by Temple¬ 
ton and Zalkin (Acta Cryst. 16, 762-766, 1963), which 
can be described as CaW04 with two Eu 3+ and one 
vacancy in every three Ca-sites; the vacancies are 
ordered and distortion exists, particularly in the WOj“ 
tetrahedron. 
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Abstract —A theory is developed for the coupled substitution e.g., of Nd s+ and Na + in Ca 9+ sites 
in the scheelite (CaWO<) lattice. Allowance is made for Schottky defect formation. 

The results fit the CaWC>4 : Nd system up to 2 % Nd, the CaWO* : Nd : Na system up to 15 % 
Na and 5 % Nd, and the CaW04 : Nd : K system up to 8 % K and 2 % Nd. 

Equilibrium constants resulting from the theory give the vacancy concentrations in O and Ca sites 
as 0 054% each and the free energy of formation of a pair of vacancies as 55 kcal or 2 ‘4 eV, all in 
pure CaWCU in air at the melting point. 

Energies are also obtained for the various other substitution arrangements. For exactly balanced 
substitution of one Na + for each Nd 3+ in the crystal, it is necessary to use 4*05 Na for each Nd in the 
melt. This also results in the minimum number of vacancies in the crystal. 


1. INTRODUCTION 

In the third paper of this series,hereafter 
referred to as III, experimental data were pre¬ 
sented for the distribution coefficient, k f of various 
rare earths in the Czochralski growth of calcium 
tungstate crystals from the melt. It was found that 
at very low melt concentrations, the magnitude 
of k varies with the concentration of the rare earth 
itself, as well as at all concentrations with the 
concentration of mono- or penta-valent ions which 
are able to compensate the excess positive charge 
of, e.g., a Nd 3+ in a Ca 2+ site. 

In the field of geochemistry such charge com¬ 
pensating substitutions are well known and have 
been termed coupled replacement or coupled 
diadochy/ 2 ) or compensatory solid solution.The 
designation “coupled substitution” is used here as 
being simple and descriptive. 

In this paper derivations are presented for the 
substitution of trivalent ions, and for the coupled 
substitution of trivalent and monovalent ions, in 
CaW 04 . The equations obtained give a satis¬ 
factory description of the variation of the distribu¬ 
tion coefficient of Nd 3 + with both Nd a+ and Na + 
concentration, as well as information on vacancy 
behavior in the scheelite lattice. 

In view of the general similarity of the trivalent 
rare earths, and of the various scheelite structured 
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compounds, the qualitative aspects of this develop¬ 
ment are also expected to apply to combinations 
other than CaW 04 : Nd and CaW (>4 : Nd : Na, 

2 . THEORY OF CftW 0 4 : Nd 3+ SUBSTITUTION 
In this and the following Section Nd 3+ is used as 
representing a typical trivalent rare earth ion, and 
Na + as a typical monovalent alkali metal ion. A 
series of assumptions and approximations are made 
which will be discussed in Section 4. 

In the system CaWC >4 : Nd 3+ , two processes are 
taken to be at work. The first, the formation of 
Schottky defects (equation (b) of III) by the 
simultaneous creation of one oxygen vacancy pluB 
one calcium vacancy, can be written as 

W 03 m elt 4 * (1 — #)CaO m elt ->[Cai_^9Px]{W}(04_jc9?*) 
crystal or in the conventional manner 

->PCa+<po (1) 

Here <p indicates a vacancy, the subscripts indicate 
the crystal lattice site, and x is very small. Writing 
the law of mass action and using square brackets 
for activities (thermodynamically effective con¬ 
centrations) : 

M[<po] - h ( 2 ) 

Here ki is the equilibrium constant for equation 
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(1). The activities of the other components of (1) 
remain essentially constant and can be taken as 
unity for convenience. The second process is the 
entry of Nd 3+ into a Ca 2+ site with the formation 
of one calcium vacancy for every two Nd 8+ ions 
(equation (d) of III), which can be written 

2Nd ffJ ->2Nd c +<pca (3) 

Here the subscript m indicates the melt. The 
crystal concentration [Nd] c is taken to be identical 
with [Ndca]. The law of mass action applied to (3) 
gives the equilibrium constant k 2 as 


mfM L 

-—— = 

[Nd]*, 


( 4 ) 


Since electrical neutrality must be preserved in the 
crystal, and using ' and # for the concentrations 
originating from equations (1) and (3), 


and 


[<pCa]' = Wo]' 


(5) 


[?>Ca]' = «Nd] c " (6) 

Adding (5) and (6) and taking the total calcium 
vacancies [<pca] = + yields the over-all 

electrical neutrality condition for the crystal phase 


[?Ca] = [<Po]+i[Nd] c (7) 

The distribution coefficient for Nd is given by 
[Nd] c 


K Nd = 


[Nd]„ 


( 8 ) 


Using (8) on (4) and (7) to eliminate [Nd] c 


*U?Ca] = *2 (9) 

and 

[pcaj - (90] + i^Nd[Nd] w (10) 

Using (2) on (10) to eliminate [<po] 


[pea] = 7^T+*K Nd [Nd] m (11) 
frcaj 

Using (9) on (11) to eliminate [<pca] and rearranging 




[Nd], 


2k 2 2kiKya 




( 12 ) 


At very low Nd concentration, as (Nd)m -* 0 


2k t 


The intercept on the a axis is then given by 

[Nd] ro L 4 m 0 K m = 4 J (§) (13) 

The limiting slope is obtained from the differential 
of(12): 

d[Nd] m 6* 2 2*i 

dK m ~Kf a ~~h 

by using (13) and inverting to give 


[Nd] m L ^ 0 


dATNd 

d[Nd] m 


kz 

Ski 


(14) 


3. THEORY OF CaW0 4 : Nd 3+ : Na + COUPLED 
SUBSTITUTION 

Here equations (1-6), (8) and (9) still apply. 
When sodium is now added, in addition to the 
process of (1) and (3), Na + also enters into Ca 2+ 
sites with one oxygen vacancy for every two Na + 
(equation (e) of III) 

2Na m -* 2Na c +<po (15) 

The law of mass action equation gives the equi¬ 
librium constant k$ as 


[Najgfro] 

mi 


h 


(16) 


For electrical neutrality using for concentrations 
originating from equation (15) 


$[Na]"' = WoV (17) 

Adding (17) to (5) and (6) and clearing as before 

[?Ca] + MNa] c = foo]+MNd] c (M) 

The distribution coefficient for Na is given by 
[Na]e 


•- 


(19) 


[Na] m 

Using (8) and (19) on (18) and (16) to eliminate 
[Nd] e and [Na] c 


[<PCa] + £-^Na[Na] m — [ 9 ?o]H~ J-^Nd[Nd] TO (20) 
and 


KLbo] = h (21) 

Using (2) on (20) and (21) to eliminate [<po] 

[?Ca] + i^Na[Na] m = -A- + lK m [Nd] m (22) 
h- l9Ca] 
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and 


[<PCa] 


= A3 


(23) 


Using (9) on (22) and (23) to eliminate [yea] 

ko kx K* 

+PT Na [Na] m = —SI +iX Nd [Nd] m (24) 
« 2 


K 2 
and 



Eliminating from (24) and (25) and rearrang¬ 
ing 


[Nd ] m 


2k z 2k\Kx<i [Na] m l/kzk a\ 

^ VUT/ () 


For the sake of completeness the equation cor¬ 
responding to equation (26) for the CaWC >4 : 
Nd +S : Na + system written in terms of the sodium 
parameters becomes 


[Na] m 


2h 2kiK's a [Nd] m jlk 2 k s\ 

at~ + 4. y(ir) (27) 


Again, if a pentavalent ion such as Nb 5+ in a 
W 6+ site is used to compensate the excess charge 
of Nd 3+ in a Ca 2+ site, the equations would be 
quite analogous and [Nb] m for [Na] m would be 
the only substitution needed in equations (26) and 
(27). 


4. ASSUMPTIONS 

In view of the large number of assumptions 
made in arriving at a workable theory, a separate 
discussion of these appears in order. The final 
confirmation of such assumptions must in¬ 
evitably rest on the adequacy of the description 
thus obtained. 

The evidence for a close approach to equilibrium 
conditions at the rather high pulling rates of 
0-5-1 in. per hour have been discussed in a pre¬ 
vious paper. < 4 > At these high growth rates, the 
possibility of diffusion in the crystal having an 
effect on the concentrations can be ignored. The 
evidence for the vacancy compensation of a 
trivalent rare earth in Ca 2 + sites, the nature of 
Na + charge compensation, and the improbability 


of W*+ vacancies or free or trapped electrons have 
been discussed in III. The paramagnetic resonance 
results quoted in III indicate that, except for 
vacancies, clustering does not appear to take place. 
The various substitution processes can thus 
be treated as occurring separately with some 
assurance. 

More serious assumptions made are those con¬ 
cerning the nature of the species in the melt. Par¬ 
ticularly, it is assumed that the solutions are ideal, 
i.e., that the concentrations as determined from 
analyses are identical to the activities or that the 
activity coefficients are all equal to unity for the 
added species, and constant for the components of 
CaW 04 itself. The CaW 04 is assumed to be 
stoichiometric; at very low concentration of Na+ 
and Nd 3+ , where nonstoichiometry might produce 
significant deviations, pulled CaW 04 crystal was 
used in place of the usual raw material. Deviations 
from ideal solution behavior are, of course, ex¬ 
pected at high concentrations. 

It is also assumed in the calculations that the 
various additives do not change the melting point. 
The qualitative check of Table 1 shows some 
changes, although, as a percentage of the absolute 
temperature, the differences appear to be tolerable. 
All growth occurred in air. 


Table \. Approximate solidification points 


Pure CaWO. 

18S0°K 

CaW0 4 + 4% Nd + 10% Nd 

1850°K 

CaW0 4 + l% Nd + 18% K 

1815°K 

CaW0 4 + 5 % Nd 4- 5 % Na 

1805 D K 


5. DETERMINATION OF EQUILIBRIUM 
CONSTANTS 

For the purpose of application of the results of 
Sections 2 and 3, concentrations must be expressed 
as atom fractions. Equations (13) and (14) were 
used to fit the K Nd vs. [Nd] m data for [Na] m 0 
shown in Fig. 1, giving 

k i - 2-9 x 10-7 

k 2 = 1*8 x 10“ 4 . 

Using these equilibrium constants, curve A of Fig. 
1 was constructed, giving a satisfactory fit up to 
[Nd]* - 2 at. %. 
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Fig. 2. Variation of 1 Cn<i with sodium concentration 
[Na] m fit fixed neodymium concentration of 1 *5 Atomic 
per cent in melt. * Points are experimental, line ia 
theoretical. 


Flo. 1. Variation of Kwa with neodymium concentration 
[Nd]m at various sodium concentrations [Na] m in the 
melt. Points are experimental, lines are theoretical. 


Ufting k\ and £ 2 , A 3 is now obtained by fitting the 
curve of Fig. 2 to the experimental points of Kna 
against [Na] m at [Nd] m = 1 *5 at. % by the use 
of equation (26). This gives a satisfactory fit up 
to [Nam] = 15 per cent for 


*3 = M x 10 “ 5 

The accuracy of the equilibrium constants is 
estimated to be ±5 per cent. 

By the use of the values of k \, ^ 2 , and A 3 thus 
obtained, curves B and C of Fig. 1 were constructed 
for [Na] m = 3*5 and 10*5 per cent respectively. 
The fit up to 5 at. % in both curves is quite 
satisfactory. It appears that the high temperature 
of the melting point is a major factor in the system 
being#© close to ideal at such high concentrations. 
The various assumptions outlined in the previous 
section are confirmed by the fit of the equations; it 
seems unlikely that the agreement would be 
fortuitous. 


Using the equilibrium constants, and expressing 
concentrations as fractions, equations (26) and 
(27) now become 


[Nd] m 


0*00036 


—0*00322 A'nh + 


0*083 [Na] m 
K* 


(28) 


and 


[Na] w 


0*000022 

^Na 


-0*0528 + 


0*083 [Nd] m 


K 2 


(29) 


6. DISCUSSION 
(a) Distribution coefficients 

Using the values of the equilibrium constants 
it is now possible to plot the variation of K no 
and over the field in which the equations 
apply. This is shown in Fig. 3. From this plot, the 
contours for constant crystal concentrations of 
[Nd] c and [Na] c shown in Fig. 4 were determined. 
The locus of intersections gives the compositions 
w here exact charge compensation occurs along the 
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line A. Along this line K-ra ■» 0*58 and Km *= 
0*143. From equation (18) it follows that this is 
also the condition for equal quantities of oxygen 
and calcium vacancies 90 = <pca and from ( 2 ) that 
this corresponds to the minimum number of total 
vacancies. 

It is interesting that the concentration for mini¬ 
mum laser threshold was empirically found to be 
3-4 at. % Nd at 15 at, % Na,< 5 > bracketing the 
above ratio of 4*05 : 1. 


or 

A H- TASv — —RT log n/N (34) 

Here A S r is the change in vibrational, nuclear spin 
and other entropy terms except that of mixing, 
A H is the enthalpy and R the gas constant. If the 
configurational (mixing) A S c is now added 

AF° = AH-TAS V -TAS C 
or 


(b) Vacancy concentrations 

The equilibrium constant k\ for the formation of 
Schottky defects permits a determination of the 
concentration of vacancies in pure CaW 04 as 
formed in air at the melting point. This is given by 
9Ca **= 90 = \/ki sas 0-054 per cent. This figure 
may be compared to the value of 0*043 per cent for 
LiF at its melting point of 1115°K.< 6 > 

For any given melt composition the crystal 
concentrations and calcium vacancies can now be 
calculated. From (23), (2) and (9) 


and 


hK* 


9Ca = 


Na 


h 


90 — 




A 2 

(32) 

*l*N 2 d 

A 2 

(33) 


Anywhere along line A of Fig. 4, 90 = 9ca = 
0*054 per cent. Other values can be visualized 
from two typical examples: Anywhere along the 
line « 0-25 of Fig. 3, 90 = 0-010 per cent 
and 9 c& — 0*24 per cent; along the line Km = 
0*07 of Fig. 3, 90 = 0*13 per cent and 90 a = 
0*022 per cent. 


(c) Energy values 

The following development is aimed at obtaining 
approximate energies for the various processes 
occurring. All the assumptions of Section III are 
implied, and are confirmed by the good fit of the 
theoretical curves to the experimental data. 

Following an argument similar to that of 
Swalin,( 7 ) obtaining the equilibrium number of 
vacancies by taking (3F/Sn) = 0 where F is the 
free energy of formation of n vacancies in N 
lattice sites, 



AF°= RT[{2n'+2) log n' + (l- 2 n') log(l- 2 n')] 

(35) 

for the case under consideration where n f = 90 = 
9Ca = 0*00054. 

This gives the value of 55 kcal, or 2*4 eV, for 
the free energy of formation of one mole of vacancy 
pairs at the melting point in air. This may be com¬ 
pared with the heat of formation of a vacancy pair 
in LiF of 2*68 eV< 6 > or a single vacancy of Pt of 
1*3 eV< 7 > 

Since the equilibrium constants k% and A 3 are 
valid at infinite dilution, it is possible to obtain the 
free energy of formation of equations (3) and (15) 
from A F\ = -RTIn k 2 and A F% = -RT In A 3 
as 32 and 42 kcal (1*4 and 1*8 eV) per mole 
vacancy formed. These are the free energies 
involved in the replacement of two Ca 2 + ions by 
two Nd 3+ or Na + ions with the formation of one 
Ca or O vacancy respectively, the transfer occurring 
from an infinitely dilute solution to an infinitely 
dilute crystal at the melting point in air. By com¬ 
bining these figures with the vacancy formation 
energy, one obtains for the balanced substitution 

Na m + Nd m -> Na+ 4 - Nd® + 
the free energy 

32 + 42-55 

AF° =- - -= 9*5 kcal (0*4 eV). 

This is the free energy involved in the replacement 
of 2 moles Ca 2+ ions in the calcium tungstate 
lattice at the melting point by 1 mole each of Na + 
and Nd 3 + ions, the transfer occurring from an 
infinitely dilute solution to an infinitely dilute 
crystal. 

The accuracy of these free energies is estimated 
to be ±3 per cent except for the value of 9*5 
-above which is + 10 per cent. 
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(d) Other compensating systems 
The limited data for the K+ compensation of 
Nd 8+ in CaW 04 (Fig. 2 of III) gives a good agree¬ 
ment for the [Nd] c (or the equivalent data) 
up to about 8 at. % Na in the presence of 
1-7 at. % Nd when H = 3*0xl(H>. This 
corresponds to 7*8 K+ per Nd 3+ for exact charge 
compensation at the lower concentrations where 
the solution is close to ideal. At this ratio K$e — 
0-58 and Ak = 0*075. The fit to the [K] c data is 
not as good; this was expected since analytical data 
on the alkali metals in CaWC >4 have been difficult 
to obtain with any degree of accuracy particularly 
at low concentrations. The AF® for the vacancy 
compensation of K + is then 47 kcal, and 12 kcal 
for the coupled Nd 3+ : K + compensation deter¬ 
mined as in Section 6(c) (2*0 and 0*5 eV). 

Data for the other alkali metal ions are too in¬ 
complete at the lowest concentrations for the 
determination of k $; the range of applicability to 
these ions is expected to be even more restricted 


as the ionic size misfit becomes larger. The 
application of the theory to the case of niobium 
compensation (Fig. 4 of III) is being further 
investigated in detail. 
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X-RAY DIFFRACTION AT ULTRA-HIGH PRESSURES 
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Abstract —Apparatus is described which was designed to obtain X-ray diffraction patterns from 
materials subjected to very high pressures. Miniature Bridgman anvils of diamond are used to 
squeeze the sample without the conventional form of annular gasket. Load is applied either directly 
by means of a helical compression spring or through a hydraulic intensifier with a load magnification 
of about 20. Models to fit two standard X-ray cameras of 5*73 and 11*46 cm diameter have been 
made and both can oscillate about the vertical axis in the usual manner. One model has been designed 
to oscillate through an included angle of 300° and has provision for heating the test sample to 
250°C. X-ray diffraction patterns have been obtained at pressures exceeding a nominal 200 kb. 

The results of work on cadmium sulphide and cadmium telluride up to pressures of 200 kb 
obtained with this apparatus are given. Cadmium sulphide in the wurtzite form is found to trans¬ 
form to the rock salt structure under pressure while cadmium telluride transforms from the zinc- 
blende structure first to the rock salt structure and then to a diatomic analogue to the 0-tin structure. 


INTRODUCTION 

Several types of apparatus have been designed 
over the last few years to obtain X-ray diffraction 
patterns of materials whilst under high pres¬ 
sures. < 1_5 > This apparatus is in general based on 
one of two designs, either a piston and cylinder 
arrangement or a pair of opposed anvils, but in 
either case the choice of materials for the high 
pressure cell is severely restricted because there 
are few materials with adequate mechanical 
strength which are sufficiently transparent to 
X-rays. Suitable materials include diamond, 
sapphire, beryllium and carbon, and of these 
diamond is by far the strongest. 

A piston and cylinder arrangement affords a 
more uniform pressure than opposed anvils but 
with the small size necessary for X-ray work the 
frictional losses at the piston are high and effective 
gasketing of the pressure cell is difficult to achieve. 

In addition there is extra scatter and a loss of 
intensity of the X-ray beam. The maximum pres¬ 
sure realized with cylinders of materials suitable 
for X-ray diffraction work, including miniature 
diamond cells,does not exceed about 30 kb. 
On the other hand much higher pressures can be 
obtained from opposed anvils. The small specimen 
size is advantageous because the volume of highly 
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stressed anvil material is small and hence much 
higher pressures can be supported than with anvils 
of conventional size. Anvils of single crystal sap¬ 
phire have been used to pressures exceeding 30 
kb< 3 ' 0 > and of diamond to pressures exceeding 
60 kb.< B > 

Apparatus 

Because of the superiority of anvils for generat¬ 
ing very high pressures they have been used in 
apparatus developed at N.P.L. Two models have 
been made, one to fit a Hilger and Watts single 
crystal camera of 5 *73 cm film diameter and one to 
fit a Unicam camera of 11*46 cm dia. Photographs 
of these are shown in Figs 1 and 2 respectively and 
a sectional drawing of Fig. 2 is shown in Fig. 3. 
The instrument designed for the Hilger and Watts 
camera can accommodate a rotation about its 
vertical axis of 120 degrees and that for the Unicam 
camera 300 degrees. 

The sample is squeezed between a pair of minia¬ 
ture diamond Bridgman anvils and a finely colli¬ 
mated X-ray beam directed through it perpendicu¬ 
lar to the axis of the anvils. The sample is in the 
form of a very thin wafer held between the anvils 
without the conventional annular gasket. The anvils 
are modified Rockwell hardness indentors with a 
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Loading spring 


X-Ray 

collimator 





ydraulic intensifier 


Diamond anvils 


Camera turntable 
Fig. 3. High pressure X-ray apparatus for 11 *46 cm camera. 


small flat polished on the diamond tip as in Fig. 
4(a). Flats of 0*005-0*030 in. dia. are normally used. 
To ensure complete coverage of the sample they 
are used in pairs with the lower anvil 0*005 in. 
larger in diameter than the upper anvil. The in¬ 
cluded cone angle is 120°. These anvils are ac¬ 
curately located in a steel frame and load is applied 
to the upper anvil by means of a piston. This 
piston can be loaded directly through a sliding rod 
to about $50 lb \y a helical compression spring. 


Alternatively, by suitably positioning the sliding 
rod to introduce a hydraulic intensifier, the spring 
load can be magnified from 15 to 20 times. To 
allow for a further variation in load, the spring 
holders are made to accommodate springs of 
different sizes and stiffnesses. This feature, in 
conjunction with the intensifier, extends the load 
range from a few pounds to over 1000 lb, which 
when applied to a 0*020 in. dia. anvil gives a 
-fwminal pressure of over 200 kb. The spring is 
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Fig. 4. Diamond tipped anvils, (a) unused and (b) broken 



Fig. 5. Appearance of cadmium sulphide after release of pressure, x 150. 




4 



\ 



(6a) 


(6b) 



(6c) 

Fjg. 6. X-ray diffraction patterns of cadmium 
sulphide under pressure, (a) phase 1 at S kb, 
(b) phases 1 and 2 at 25 kb and (c) phase 2 
at 190 kb, 







Fig. 7. X-ray diffraction patterns of cadmium telluride underpressure, (a) phase 1 at 10 kb, 
(b) phases 1 and 2 at 45 kb, (c) phases 1, 2 and 3 at 90 kb and (d) phase 3 at 200 kb. 
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compressed by a screw and the load is determined 
by measuring the spring deflection. To reduce the 
friction a small thrust race is fitted between the 
screw and the spring adaptor. 

The high pressure apparatus is mounted on the 
camera on a small turntable attached to the camera 
spindle and it stands freely on a conventional 
cone, vee groove and plane kinematic mounting 
accurately positioned relative to the rotational axis 
of the camera. This enables the high pressure unit 
to be easily and precisely repositioned after its 
removal for mounting the sample and setting the 
pressure. The three feet of the mounting are 
threaded to allow the height to be adjusted. So far 
the standard cameras have been used as bought 
without structural alteration to support the weight 
of the high pressure unit, but since both pressure 
units weigh considerably more than the normal 
X-ray specimen and goniometer it is anticipated 
that the thrust bearings may require modification. 

Provision has been made on the model shown in 
Fig. 2 for adding heating coils to both anvil guides 
and a temperature of 250°C is readily achieved. 

Method of use 

Several materials have been examined over a 
range of nominal pressures exceeding 100 kb; they 
include potassium iodide, indium antimonide/ 7 * 8 ) 
tin/ 8 ) cadmium, gallium antimonide, cadmium 
telluride and cadmium sulphide. The results of the 
work on the last two compounds are given below. 

To set up the apparatus the pressure unit is first 
mounted on the camera and aligned in the usual 
way. It is then removed and the lower (and larger) 
diamond anvil is withdrawn. The material to be 
examined is finely powdered and pre-pressed 
between two metal anvils into a wafer about 0-005 
in. thick, a fragment of which is stuck onto the 
larger of the two diamond anvils with Canada 
balsam. This anvil is then replaced in the apparatus 
and the spring compressed to give the desired 
pressure, its deflection being measured with a 
cathetometer. The surplus material extruded from 
the sample is carefully removed to avoid diffraction 
patterns being obtained from any unpressurized 
material. The unit is then replaced on the camera 
and final alignment adjustments made. An alterna¬ 
tive method of sample preparation was also tried 
in which wafers were cut from large single crystals 
but, because of difficulties associated with the 


preferred orientation of die crystal, this method 
was discarded in favour of that described above. 
The first X-ray diffraction pattern is usually 
obtained at a very low pressure. The load is then 
increased by steps and a new exposure taken after 
each increase. 

The pressures quoted are nominal pressures, 
assuming that the ram load is applied to the full 
diameter of the smaller anvil. The object so far has 
been the determination of structures rather than 
precise transition pressures because it is known 
from preliminary work that severe pressure gra¬ 
dients occur across the sample. Indeed, the peak 
pressure can be of the order of two to three times 
the nominal pressure. Figure 5 shows a sample 
of cadmium sulphide after it had been sub¬ 
jected to pressure. Evidence of a pressure gradient 
is provided by the concentric circular zones of 
varying darkness and under the microscope these 
zones are coloured and range from dark red in the 
centre to a light orange at the edge. The accurate 
determination of the pressure is a complex problem 
since several factors influence the magnitude of the 
pressure gradients. Among these are: 

(1) the type and thickness of the sample material, 
e.g. whether it is a material with a low shear 
strength or one which is 'gritty*. 

(2) the surface finish and parallelism of the 
anvil faces and 

(3) the maintenance of the parallelism of the 
loading faces under the high loads involved. 

No attempt has yet been made to select special 
diamonds for this work and those used so far are 
supplied as commercial grade Rockwell indentors. 
Accordingly their quality is an unknown factor 
and could be the main reason for the variation in 
the failure load experienced with different anvils. 
Most anvils will support a load of 500 lb on a flat 
diameter of 0-015 in. and occasionally this can be 
increased to 750 lb or more. When the diamonds 
fail the mode of failure is not dissimilar to that of 
tungsten carbide in that the loading face remains 
virtually intact whilst the bevelled faces crack or 
flake off as shown in Fig. 4(b). 

RESULTS 

Measurements of electrical resistance as a func¬ 
tion of pressure on group IV elements and several 
of the III-V and II-VI compounds show a sudden 
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transition to metallic conduction. * 9 ' 10 ) For ger¬ 
manium and silicon and most of the III-V com¬ 
pounds this resistance change is now known to be 
the result of the collapse under pressure of the 
somewhat open diamond or zinc blende lattice to a 
more closely packed structure.* 11 ) Using the appara¬ 
tus described above it was decided to determine the 
structure of the two compounds cadmium sulphide 
and cadmium telluride under pressure. These were 
chosen because cadmium sulphide at zero pressure 
can have the wuftzite structure as well as the zinc 
blende structure and it seemed worthwhile to study 
the collapse of the former structure. In addition, 
two transitions below 100 kb had been observed in 
cadmium telluride* 10 ) and it seemed of interest to 
determine the structure of both new phases. 

Accordingly a series of X-ray exposures was 
made using MoKa radiation with both of the 
devices described above. The apparatus shown in 
Fig. 1 was used for cadmium sulphide and that 
shown in Fig. 2 for cadmium telluride. 

Cadmium sulphide 

The powder diffraction lines for wurtzite-type 
CdS at a nominal pressure of 8 kb are seen in 
Fig. 6(a), The derived spacings are in close agree¬ 
ment with the accepted value of 4* 136 a.u. for a and 
6*71 a.u. for c . Figure 6(b) shows the diffraction 
pattern of CdS under a nominal pressure of 25 kb 
and new lines can be seen indicating the presence 
of a new phase. This phase undoubtedly corres¬ 
ponds to the transition observed both optically and 
electrically by Edwards and Drickamer.* 10 » 12 > 

There is, however, an ambiguity to be resolved 
before the structure can be stated definitely. The 
spacings and corresponding planes could indicate 
either a zinc blende or a sodium chloride lattice 
with identical lattice constants. In order therefore 


to assign a structure it is necessary to calculate the 
expected intensities and compare the calculated 
values with those observed. 

Table 1 gives the observed spacings, cor¬ 
responding planes and observed intensities to¬ 
gether with the calculated intensities for the rock 
salt and zinc blende structures. It is apparent from 
the agreement that the new phase has in fact the 
NaCl structure. 

The mean ao value obtained from the above 
spacings is 5*42 a.u., corresponding to a density of 
6*10 g/cm 3 . Within experimental error, no change 
could be detected in the spacings of the wurtzite 
phase between 0 and 25 kb so that the density of 
this phase at 25 kb must be taken as approximately 
equal to the density at atmospheric pressure, 
which is 4*82 g/cm 3 . Using these values, the 
volume contraction on transition is found to be 
approximately 21 per cent. When zinc blende 
structures collapse under pressure a similar value 
of AV/Vq is found (e.g, —21 per cent for InSb). 

The pressure was raised to a nominal 200 kb to 
see if any new phase was formed. At this pressure 
all the lines arising from the wurtzite structure had 
disappeared and only lines due to the high pres¬ 
sure structure remained. The lines are shown in 
Fig. 6(c). The value of ao was 5*42 a.u. at 40 kb and 
5*20 a.u. at 200 kb, corresponding to a decrease in 
volume of 12 per cent. 

Rooymans* 18 ) has recently published data on 
rock-salt structure CdS, giving an ao value of 
5*30 a.u, in fair agreement with our figure when 
the experimental difficulties are considered. 

Cadmium telluride 

Figure 7(a) shows the pattern obtained when the 
sample is under a nominal pressure of 10 kb. Only 
lines due to the zinc blende phase are seen and a 


Table 1. Spacings , planes and observed and calculated intensities 


d 

hkl 

Observed I 

Calc I (NaCl) 

Calc / (ZnS) 

3*15 

111 

medium 

55 

100 

2-71 

200 

strong 

100 

22 

1*90 

220 

medium 

77 

57 

1-63 

311 

medium-weak 

32 

46 

1 56 

222 

medium-weak 

28 

7 

1*35 

400 

weak 

13 

10 

1 21 

420 

medium-weak 

35 

5 
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cell constant of 6*52 suu., in close agreement with 
the accepted value, is obtained from them. Upon 
increasing the pressure to a nominal 40 kb, how¬ 
ever, new lines appear and are shown in Fig. 
7(b). The formation of this new phase must cor¬ 
respond to the fall in electrical resistance observed 
by Samara and Drickamer< 10 > at about 30 kb. The 
structure which may be assigned to the new lines 
is found to be the NaCl structure with an value 
of 5 *92 a.u. The spacings observed could indicate 
the presence of the cesium chloride structure, but 
both density and intensity calculations rule out this 
alternative. If the high pressure phase has the 
NaCl structure then the calculated density is 
7*66 g/cm 8 while if the CsCl structure is correct 
the density would be 5*53 g/cm 3 . Since the zero 
pressure density is 5*83 g/cm 3 , it is clear that the 
NaCl structure is the more probable. Similarly, a 
structure factor calculation shows that for the CsCl 
form the intensity ratio of the first two lines is 
approximately 6:1, while for the NaCl structure 
it is about 3:2. It can be seen from Fig. 7(b) that 
the latter figures in fact apply and hence it would 
appear correct to assign the rock salt structure to 
the second phase of CdTe. It is not possible to 
estimate the intensities of the higher order lines 
because of the coincidence or close proximity of 
lines due to the ZnS phase. That the lines reported 
are true NaCl phase lines, however, is evident not 
only from the way they may be indexed but also 
from the fact that their intensities do not decrease 
as the pressure is raised i.e. as the fraction of ZnS 
phase present decreases. 

The table below gives the planes and spacings 
for the NaCl phase of CdTe at 40 kb. Planes of the 
order of A 2 +£ 2 +l 2 ^ 4 n, normally found for the 
NaCl structure, are absent because of the nearly 
equal scattering powers of cadmium and tellurium. 


d 

hkl 

2*94 

200 

2*09 

220 

1*71 

222 

1*50 

400 

1*32 

420 

1*22 

422 

1*04 

440 


«o — 5-92 a.u. (AF)i_*/Ki » — 24 per cent 
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The fractional volume change quoted is referred 
to the volume at atmospheric pressure since no 
volume change in the ZnS phase was detectable 
before the transition. 

Figure 7(c) shows the lines observed at a nomi¬ 
nal pressure of 100 kb. Here, still further lines are 
apparent, denoting the presence of a third phase. 
The formation of this phase must correspond to the 
sharp drop in electrical resistance observed by 
Samara and Drickamer< 1(> > at this pressure. 
Because of the difficulty in indexing the third phase 
lines, due to occasional overlapping with lines aris¬ 
ing from phases one and two, the pressure was in¬ 
creased to a nominal 200 kb, using the apparatus 
shown in Fig. 1. Here only phase III lines appear 
and these are shown in Fig. 7(d), Only three lines 
remain visible and their spacings and intensities 
are consistent with a diatomic analogue of the white 
tin structure. Having identified the lines arising 
from phase III, the pattern observed at 100 kb was 
used for measurement. The lattice constants 
derived from these spacings are a = 5*86 a,u M 
c = 2*94 a.u. giving c/a = 0*501, At 200 kb a has 
decreased to 5 *62 a.u. but c remains nearly constant 
at 2*96 a.u. In common with other “white tin” 
structures, < 8 > c/a for CdTe is found to increase with 
pressure and is 0*526 at 200 kb. 

The lines observed at 100 kb give the following 
planes and spacings: 


d 

hkl 

1 observed 

2.92 

200 

Strong 

2*63 

101 

Strong 

1-96 

211 

Medium-strong 


a = 5-86 a.u. c = 2*94 a.u. 


DISCUSSION OF RESULTS 
The common feature in the behaviour of these 
two compounds is the appearance of the NaCl 
structure at the comparatively low pressure of 
30 kb. At this pressure the electrical resistivity is 
not “metallic” and is about 10 -1 D-cm for CdS and 
4 Q-cm for CdTe. The similarity ceases here, how¬ 
ever, Bince the resistivity of CdS rises steadily with 
pressure (reminiscent of the behaviour of n-lnSb 
and tf-InAs) but with no sign of a further phase 
change, while CdTe maintains a nearly constant 
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resistance with pressure before a second transition 
to the “white tin" structure at around 90 kb. The 
resistivity in this phase is now metallic, like the 
high pressure phases of the III-V compounds. 

It is worth remarking that both in the III-V 
series of compounds and in the cadmium sul¬ 
phide studied here, the NaCl structure appears 
when the atom of higher valency is the lighter of 
the two, emphasizing the importance of the relative 
atomic radii in determining whether the NaCl or 
white tin structures are first adopted under 
pressure. 

The “iso-row'* compounds InSb, CdTe, Agl, to¬ 
gether with tin, show, not surprisingly, systematic 
behaviour as the ionic character of the compound 
increases. 


transition. Using the PAV = AE/2 relation to 
predict the transition pressure, the value obtained 
would be about 115 kb. The good agreement with 
experiment obtained using each of these expres¬ 
sions shows that the energy gap is one of the more 
important factors governing the transition pressure 
of the zinc-blende structure semiconductors. 
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Low pressure 
structure 

High pressure 
structure 

Transition 

Pressure 

AV/V 

Sn 

Diamond 

‘White tin’ 

0 

21% 

InSb 

Zinc blende 

‘White tin' 

25 kb 

18% 

CdTe 

Zinc blende 

NaCl -* ‘White tin' 

30 ^ 90 kb 

24-3% 

Agl 14 

Zinc blende 

NaCl 

3-5 kb 

18% 


Jamieson* 11 ) points out that for no-row III-V 
compounds the relationship PAV = AE/2, where 
P is the transition pressure and AE the semi¬ 
conductor gap energy, is obeyed surprisingly well. 
It is obeyed less well for CdTe, but the agreement 
is better than for III-V compounds formed from 
different rows of the periodic table. The figures 
are -PAV « 0*6eV/atom, AE/2 « 0*75eV/atom. 

The same relation could not be expected to hold 
in the case of CdS, since the transition here is not 
to a genuine 'metallic' state. The figures are AE/2 
= T2 eV/atom, —PAV = 0*10 eV/atom, confirm¬ 
ing the view that the behaviour of CdS under pres¬ 
sure is quite different from that of other II-VI 
compounds. 

Musgrave* 16 ) has also shown that the relation 
P lrit “ 2/9(cn-\-2ci2)nAE where J(rn + 2 ri 2 ) is the 
bulk constant and AE the gap energy per unit 
volume, gives a transition pressure for the III-V 
compounds about 40 kb greater than those ob¬ 
served experimentally. It is interesting to note that 
this relation applied to CdTe gives a transition 
pressure of 140 kb, some 50 kb above the observed 
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DIFFUSION OF LEAD IN LEAD SULPHIDE AT 70G°C* 
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Abstract —The diffusion of Pb 2i0 into single crystals of lead sulfide, undoped or containing 2 x 10 1B 
bismuth/cm 8 , has been studied as a function of stoichiometry at 700°C. While it is clear that lead 
vacancies which act as acceptor centers are the atomic defects responsible for the observed diffimon 
in the sulfur excess region of the homogeneity range for PbS, the nature of the donor defects is still 
uncertain. It is suggested that singly ionized sulfur vacancies V' s are the primary donor defects in 
PbS, but that there is also an appreciable concentration of doubly ionized interstitial lead, Pb |. 


INTRODUCTION 

Studies of the point defect disorder in lead sulfide 
are of particular interest because the homo¬ 
geneity range of PbS includes compositions on 
either side of the stoichiometric ratio 111 / 1 ) 
Recently Simkovich and Wagner< 2 > studied the 
self-diffusion of Pb 210 in PbS single crystals as a 
function of sulfur pressure and foreign atom con¬ 
centration. From a study of diffusion in undoped 
crystals heated under controlled sulfur atmo¬ 
spheres, it was found that diffusion in specimens 
with excess sulfur (^-type) and in specimens with 
excess lead («-type) was faster than in undoped 
crystals of the stoichiometric composition (n = p). 

Higher diffusion coefficients were also obtained 
from specimens doped with B^Ss or Ag 2 S com¬ 
pared with diffusivities from undoped PbS in 
experiments carried out under a given sulfur partial 
pressure. These results were interpreted in terms 
of Frenkel disorder on the lead sublattice being the 
predominant point defect disorder in lead sulfide. 
Excess sulfur is thus thought to enter PbS under 
the formation of lead vacancies whereas excess lead 
is introduced as an interstitial species. The high 
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diffusion coefficients found upon doping PbS with 
the donor impurity, bismuth or the acceptor, silver 
are then attributed to an increase in the con¬ 
centration of lead vacancies (acceptors) in the first 
case and to a rise in the interstitial lead (donor) 
concentration in the second case. 

The work of Simkovich and Wagner on un¬ 
doped PbS included only one composition on 
either side of the stoichiometric compound, and 
so information concerning the dependence of 
Z)* b on sulfur partial pressure could not be 
obtained. Since such information can aid in deter¬ 
mining the degree of ionization of the defects 
responsible for diffusion, and to investigate further 
the point defect disorder for PbS, the present 
authors have studied the diffusion of Pb 210 into 
single crystals of PbS, undoped and doped with 
2 x 10 19 bismuth atoms per cm 3 , over the entire 
homogeneity range of the compound at 700°C. 

THEORY 

The reactions for the establishment of equili¬ 
brium between compounds, such as PbS, and their 
gas phases may be formulated in various ways. For 
example, using the atomic notation of Kr6ger and 
Vink/ 8 > the incorporation of excess sulfur into 
PbS may take place according to one of the follow¬ 
ing reactions. 


*S*fe) = Fp„+.S5 

1(a) 


1(b) 

= V” h +2h+S s 

1(c) 
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where Vt\> is a lead vacancy, h is an electron hole, 
8$ ia a sulfur atom on a normal site, Srfj>) is a 
gaseous sulfur molecule and the primes refer to 
negative charge remaining on the acceptor center. 
Application of the ideal mass action law to equa¬ 


tion 1 gives: 


[Vn] - K lP )j? 


2(a) 


[«] = *< 2 2(b) 


[v; b ][hf = KrfJ* 2(c) 


where K\, Kz and Ks are constants which depend 
only on temperature. Assuming that the con¬ 
centrations of vacancies and holes are equal in 
equation 2(b) and that each vacancy gives rise to 
two electron holes in equation 2(c), one obtains: 

[F Pb ] cc p™ 3(a) 

[*] . [F'J cc p l J* 3(b) 

[A] - 2[^ b ] oc 3(c) 


It can be shown in a similar manner that the con¬ 
centration of lead interstitials, Pb<, sulfur vacan¬ 
cies, Vs, and quasi-free electrons, e\ may vary in 
one of the following ways: 

a[V s ]~b[ Pb<] oc 4(a) 

or c[e'] = d[V^\ = *[Pb* ( ] cc pg 1 ^ 4 4(b) 


or f[e']~g[V' s ]=j[Pb;]a:p-U« 4(c) 

Where a> A, c , etc. are constants, and the heavy 
dots refer to positive charge remaining on the 
donor centers. 

The work of Bloem* 4 ) on controlled conductivity 
in lead sulfide single crystals, pure and doped with 
bismuth or silver showed that : 

(a) the concentration of electrons and holes in 
PbS is proportional to for sulfur partial 
pressures not too close to those correspond¬ 
ing to the stoichiometric composition, thus 
indicating that singly ionized atomic defects 
predominate in PbS. 

(b) the equilibrium constant relating the two 
dominant atomic defect species (Ks for 
Schottky defects and Kp for Frenkel defects) 
is le$p than the intrinsic constant, Kj } where: 

Ks = 5 < a ) 


K F = [Pb;][Fp„] 5(b) 

and Kj = [h][e'} 5(c) 

(Bloem assumed Schottky defects pre¬ 
dominated in lead sulfide, but his results 
can be explained equally well by assuming a 
Frenkel defect model. The work of Sim- 
kovich and Wagner* 2 * showed that the 
correct model involves Frenkel defects.) 

(c) doping PbS with the donor impurity bis¬ 
muth moves the equivalence point (p = ft) 
to higher sulfur pressures while addition of 
the acceptor, silver, lowers the sulfur pres¬ 
sure at which the equivalence point is 
reached, and 

(d) regions of “controlled valency” where 

[e] = [Bip b ] or [A] = [Agp b ] and “con¬ 
trolled imperfection” where the concentra¬ 
tion of the predominant atomic defect is 
approximately equal to the concentration of 
added foreign ions, could be obtained from 
measurements of conductivity on PbS-Bi 
and PbS-Ag, where 10 18 foreign atoms per 
cm 3 were added to the pure material. Here 
Bip b are singly ionized donors, and Agpb 
are singly ionized acceptors, both introduced 
substitutionally on lead sites. 

Bloem used the method of KrGger and Vink* 3 * 
for the relations between imperfections in com¬ 
pounds to construct high temperature isotherms of 
defect concentration versus partial pressure of 
sulfur from his experimental data which was ob¬ 
tained at room temperature. Then, by taking into,, 
account the changes which occur in carrier con¬ 
centration during the cooling process, Bloem was 
able to give a self-consistent explanation of his 
results. 

Using Bloem’s data we have constructed iso¬ 
therms for 700°C of PbS and PbS with 2x 10 18 
Bi/cm 3 (see Figs 1 and 2). It is assumed that (1) 
Frenkel disorder predominates, (2) all bismuth 
enters lead sulfide as Bip b and (3) no association 
between atomic defects occurs. The validity of 
these assumptions will be examined below. 

Figure 1 is divided into three regions, in each 
of which two different terms dominate the electro¬ 
neutrality condition. In regions I and III the 
atomic defect concentrations vary with 0, ± J or 
± £ power of the sulfur partial pressure; in region 
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II all atomic defects vary according to p^ 2 . Also 
included in Fig. 1 are the homogeneity limits for 
single phase lead sulfide, as determined by 
Bloem.* 4 ) Figure 2 on the other hand is divided 
into two regions. Region I is that of “controlled 
imperfection" in which the bismuth concentration 
is equal to the concentration of lead vacancies, 
Fpb, while region II is that of “controlled valency", 
where [Bi Pb ] ^ [e'] are the predominant defects. 



FrG. 1. Schematic diagram of high temperature equili¬ 
brium for undoped PbS (700°C). 



Fig. 2. Schematic diagram of high temperature equili¬ 
brium for PbS with 2 x 10 19 bismuth atoms per cm 8 
(1000°K). 


Now the self diffusion coefficient for lead in PbS 
is directly proportional to the concentration of 
defects responsible for the observed diffusion.*®) 
Therefore information concerning the diffusion 
mechanisms and degree of ionization of the defects 
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involved in diffusion can be obtained in principle 
from diffusion studies as a function of stoichio¬ 
metry. 

EXPERIMENTAL PROCEDURE 
Most of the experimental procedures employed 
are described elsewhere.In the present study 
single crystals were grown by the Bridgman tech¬ 
nique in evacuated quartz vessels, using a lowering 
rate of 1 cm/hr. The methods described by 
Bloem< 4 > were employed to obtain crystals of con¬ 
trolled stoichiometry. With two stage furnaces for 
high sulfur pressures and H 2 /H 2 S gas trains for 
lower pressures it is possible to obtain all sulfur 
pressures which can be maintained over single 
phase PbS at 700°C.<D 

In order to prepare crystals of a desired composi¬ 
tion for subsequent diffusion anneals, specimens of 
PbS, undoped, and doped with 1/20 mole per cent 
B 12 S 3 were heated at 700°C under well-defined 
sulfur partial pressures. Diffusion anneals were 
carried out on specimens plated with Pb 210 , under 
conditions identical with those employed in the 
pre-diffusion anneal.* Typical penetration curves 
for Pb 210 in PbS and PbS-Bi at 700°C are shown 
in Fig. 3. 

RESULTS AND DISCUSSION 
The results of this study are plotted in Figs 4 
and 5 as log D (cm 2 /sec) versus log ps % (atm), 
where D is the diffusion coefficient. For the case of 
diffusion of lead in undoped PbS, a minimum is 
observed at the sulfur pressure approximately 
equal to that required to obtain stoichiometric 
PbS at 700°C. This indicates that the same 
diffusion mechanism does not predominate over 
the entire homogeneity range for this compound. 

The experimental data in Fig, 4 for sulfur pres¬ 
sures greater than 2*5 x 10‘ 4 atm. are best fit by 
the contour for [F Pb ] in Fig. 1 . The slopes of 
the straight lines drawn through the experimental 
points for sulfur pressures greater than 0*001 atm. 
are 1/4 and 1J2, in accordance with the theoretical 
values for F Pb in regions I and II of Fig. 1. The 
sharp change in slope of the experimental data is 
placed at 4 *lx 10~ 2 atm., as predicted in Fig, 1 . 
Thus it would appear that diffusion of lead 


* Tabular values of the annealing data may be ob¬ 
tained on request. 






1528 


M. S. SELTZER and J. B. WAGNER, Jr. 


through p -type lead sulfide, containing an excess 
of sulphur, occurs primarily by jumps into singly 
ionized lead vacancies, Fp b , in the lead sublattice. 
Some contribution to the total diffusion may occur 



FlO. 3. Typical penetration curves for Pb 210 in PbS and 
PbS-2 x 10 19 Bi at 700°C. 



FlO, 4. Pressure variation for diffusion of Pb 210 in PbS 
at 700°C. 


from V n and Vk centers whose concentrations 
are a factor of fifty leas than that of F Pb in the 
region of 0*1 to 0-001 atm. 

Comparison of the results for diffusion of Pb 210 
in PbS at low sulfur pressures (n-type, excess lead) 
with the plots in Fig. 1 leads to the conclusion that 
the observed increase in diffusion at low sulfur 
pressures is due to the predominance of interstitial 
diffusion in PbS containing an excess of lead. The 
data for diffusion of lead in lead sulfide annealed 
under sulfur pressures less than 2-5xl0~ 4 atm. 
can best be fit by the contour for Pbi in Fig. 1. 
The concentration of this species increases with 
the £ power of ps t in region II of Fig. 1, and is 
independent of sulfur pressure in region III of 
this figure. The change in slope occurs around 
4-6 x i0~ 5 atm. Such a contour has been con¬ 
structed through the experimental data in Fig. 4. 

It is surprising that the greatest contribution to 
the total diffusion in lead sulfide with excess lead 
comes from doubly ionized lead donors, Pb’, : , 
whose concentration according to Fig. 1 is less 
than those of Pb, and Pb J by a factor of 50-100 in 
this region of the homogeneity range. The doubly 
charged lead interstitial is smaller than Pb,- and 
Pb' t however, and the lower energy required for 
this species to move from one equilibrium position 
to another may explain the apparent large in¬ 
fluence of Pb‘ { ‘. 

Another possible explanation for this result is 
that the lines given in Fig. 1 for Pb,-, Pb' { and 
Pb 'l are indeed due to the respective sulfur 
vacancy centers, V s , and V$ as assumed by 

Bloem, and that lead interstitials are a “minority” 
donor defect in lead sulfide. In this case Pb may 
be the only interstitial species which exists in 
appreciable quantities in PbS. This concept of 
sulfur vacancies acting as the predominate donor 
defects in PbS, with lead interstitials existing at 
some lower, but substantial concentration, is 
discussed further below. 

From the Kroger-Vink diagram of Fig. 2, for 
PbS with 2 x 10 19 Bi/cm 3 at 700°C one would 
expect lead diffusion to be independent of sulfur 
pressure in region I (controlled vacancies) and to 
decrease according to the J power of the sulfur 
pressure in region II (controlled valency), if 
diffusion occurs by jumps into singly ionized lead 
vacancies. At the lowest sulfur pressures an in¬ 
crease in diffusion due to the increasing lead 
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interstitial concentration might be expected. From 
comparison of Figs 1 and 2 one would also expect 
diffusivities for Pb 210 in bismuth doped crystals to 
be approximately an order of magnitude greater 
then in undoped PbS, when both crystals are 
annealed under sulfur pressures greater than 
lO** 8 atm. The experimental diffusion coefficients 
for Pb 210 in PbS with 2 x 10 19 bismuth atoms per 
cm 8 are plotted in Fig. 5. The results can best be 
explained in terms of two regions, one at high 
sulfur pressures, in which diffusivities decrease 
with 1/4 power of the sulfur pressure, and another 
at low sulfur pressures in which Dp® 10 almost 
independent of ps . Diffusion coefficients for 
PbS-Bi are greater than those for undoped PbS at 
sulfur pressures near the p-^n equivalence point, 
and almost equal to those for undoped PbS at the 
extremes of the homogeneity range. 



Fig. 5. Pressure variation for diffusion of Pb S10 in 
PbS-2 x 10 19 Bi at 700°C. 


The discrepancies between the experimental 
results, and the slopes predicted in Fig. 2 may be 
caused by several effects not included in Fig. 2. 
First, there is the possibility that bismuth donors, 
Bi Pb have asociated with acceptor centers, such 
as Fp b to form (Bi Pb , F Pb ) pairs, thus lowering the 
concentration of unassociated lead vacancies avail¬ 
able for diffusion. This effect would be particu¬ 
larly important in region I of Fig. 2, where 
Bip’b - l^Pb* and would explain the absence of a 
noticeable difference between diffusion of Pb 210 
in PbS and in PbS-Bi at high sulfur pressures. 

Secondly, we have not considered the possi¬ 
bility that, for the high concentration of bismuth 


used in this study, a large portion exists as un¬ 
ionized Bi Pb . In constructing Fig. 2 it was assumed 
that: 

[Bip b ] - [Bi]:K>ui 7(a) 

a better equation might be: 

[Bip\)» Ppbl *“ [Bi]m>tii 7(b) 

In this case, a region in the homogeneity range 
might be found in which [Bipb] cz [Bijiotai pre¬ 
dominates in equation 7(b) and [Bi Pb ] » [F Pb ] 
dominates the electroneutrality relation. In this 
range [F Pb ] decreases monotonically with de¬ 
creasing ps (see Ref. 3, p. 382). This pressure 
dependence corresponds to that found experi¬ 
mentally above ICh 4 atm. for Pb 210 in PbS-2 x 10 19 
Bi. 

Finally we return to the point concerning the 
predominate donor defects in PbS. No influence of 
interstitial lead is observed in the pressure de¬ 
pendence for Pb 210 in PbS-Bi, even at the lowest 
sulfur pressures obtainable. Instead, the experi¬ 
mental diffusion coefficients are best represented 
as being independent of sulfur pressure below 
10~ 4 atm. The defect most likely responsible for 
this behavior is the neutral vacancy pair (F Pb , 
Fj), whose concentration is independent of sulfur 
pressure, and concentration of dopant at a given 
temperature. Such vacancy pairs may be expected 
to exist in substantial quantity only if there is a 
high concentration of F$ available, thus supporting 
the view that sulfur vacancies are the predominate 
donor defects in PbS. Results to be published* 7 ) 
for diffusion of S 35 in PbS and PbS-2 x 10 19 
Bi/cm 3 show that D^ 86 is independent of bismuth 
concentration and sulfur partial pressure, below 
10“ 4 atm., again indicating the presence of neutral 
(F'b, F*) pairs. 

From the ideal mass action law one expects the 
concentration of (F Pb , V$) centers to be indepen¬ 
dent of foreign atom concentration. Therefore lead 
should diffuse primarily via these centers in un¬ 
doped, n-type PbS, rather than by the interstitial 
mechanism proposed above. Indeed the pressure 
independent region found in undoped crystals at 
sulfur pressures below 10“ 4 atm. might be attri¬ 
buted to diffusion through (F Pb , F£) pairs. The 
minimum observed in this study near the stoichio¬ 
metric composition at 700°C, and in the investiga¬ 
tion by Simkovich and Wagner* 2 ) over a range of 
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temperatures, cannot however be explained in 
terms of neutral vacancy pairs acting as the sole 
vehicle for diffusion of lead. It must be concluded 
that there is a sizable contribution to the total 
diffusion from the movement of lead by an inter¬ 
stitial mechanism in undoped n-type lead sulfide. 

CONCLUSIONS 

The results of this study have led to the follow¬ 
ing conclusions: 

(1) The predominant mechanism for self¬ 
diffusion of lead in PbS at 700°C undergoes a 
transformation near the stoichiometric composi¬ 
tion. Diffusion in p-type crystals containing an 
excess of sulfur occurs primarily by jumps into 
singly ionized lead vacancies, Fp b . The pre¬ 
dominate mode for diffusion of lead in n-type lead 
sulfide involves an interstitial mechanism in which 
doubly ionized donors Pb < are the diffusing species. 

(2) The observed dependence of diffusion of 
Pb® 10 on sulfur partial pressure at 700°C in PbS 
containing 2 x 10 1 ® bismuth atoms/cm 8 is best des¬ 
cribed in terms of simple lead vacancy diffusion 
predominating above 10~ 4 atm. sulfur pressure 
with diffusion through neutral vacancy pairs 
(Fp b f Vs) predominating below 10~ 4 atm. 

(3) To obtain a detailed quantitative under¬ 
standing of the observed dependence of Pb diffu¬ 
sion on sulfur partial pressure contributions to the 


total diffusion from other atomic defects ionized 
and un-ionized, associated and unassociated must 
be considered. 

(4) While it is clear that lead vacancies which act 
as acceptor centers are the atomic defects respon¬ 
sible for the observed p-type conductivity in lead 
sulfide, the situation for n-type material is less 
clear. It is suggested that singly ionized sulfur 
vacancies are the primary donor defect in 
PbS, but that an appreciable concentration of 
Pb*' also exists. 
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Abstract—A study of manganese ferrite-chromite by means of magnetic moment, electronic 
resonance, and neutron diffraction measurements shows clearly that a compensation composition 
exists when about half the iron is replaced by chromium, and that spiral spin configurations form 
when just over three-fourths the iron has been replaced. In the regions where these transitions take 
place, microwave resonance absorption curves become very broad and the effective g factor shifts 
to very large values. For the higher chromium compositions, there are discrepancies between the 
magnetic moment measurements and sublattice values from neutron diffraction, probably con¬ 
nected with the occurrence of spirals. 


INTRODUCTION 

The manganese ferrite-chromite system 
(MnFe2 -tCrf03) exhibits a complex magnetic be¬ 
havior with apparent discrepancies between 
moment values and the N^el model. These com¬ 
pounds have the spinel crystal structure with an 
almost normal distribution of ions: divalent 
manganese ions on the A or tetrahedral sites and 
trivalent chromium and iron on the B or octa¬ 
hedral sites. The complexity of behavior is illus¬ 
trated in the magnetic moment measurements of 
Gorter/ 1 ! which show an initial decrease in 
moment equivalent to about minuB three Bohr 
magnetons for each chromium atom added. Fur¬ 
ther, it has been established by Corliss and 
Hastings* 2 ! from neutron diffraction studies and 
based in part on the theoretical work of Kaplan 
et al.®> that manganese chromite is composed of 
spiral sublattices. This paper reports magnetiza¬ 
tion, neutron diffraction and microwave resonance 
measurements which were carried out to determine 
in detail when the spiral structure first occurs and, 


in addition, which sublattice has the dominant or 
higher moment at various compositions. 

In the N6el model for ferrimagnetics having the 
spinel lattice, the spins on the A and B sites are 
antiparallel, but each sublattice has a parallel spin 
system. Several explanations have been proposed 
for the anomalously low moments which are found 
in all the chromites/ 4 ! They include multi-spin 
axis arrangements as envisaged in the Yaffet- 
Kittel theory/ 6 ! an antiparallel B site arrangement 
of spins/ 1 * 4 ! and pin quenching mechanisms/**! 
The first two of these has been considered for 
MnFe 2 -(Cr i 0 4 by Gorter/ 1 ! while Pickart and 
Nathans* 7 ! have pointed out that spin quenching 
of iron ions to a value of 1 /lib for each chromium 
present would also fit the data. There is no strong 
experimental evidence to support any one of these 
models over the other two. 

Manganese chromite, as mentioned previously, 
appears to satisfy a more complex arrangement 
than was considered in the Yaffet and Kittel 
theory. Kaplan et a// 3 ! showed that triangular 
arrangements are in general not stable in cubic 
spinels (no distortions have been reported for the 
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MnFe*-.*Cr<O4 system); a lower energy state is that 
of a spiral arrangement of spins. In terms of this 
model the neutron diffraction data of Corliss and 
Hastings lead to a spiral structure of three sub- 
lattices, one containing the A sites and the other 
two the B sites. On each of these sublattices the 
spins lie on cones with the axis of the A cones 
antiparaliel to the B cones. The axial components 
give rise to the magnetization and fundamental 
reflections, while the transverse components give 
rise to superlattice reflections. It is primarily the 
observation of superlattice peaks that identify long 
range spiral structures in this present investigation. 

EXPERIMENTAL RESULTS 

The samples were prepared in a partial pressure 
nf oxygen to maintain divalent manganese. Since 
chromium is strongly trivalent, no unusual diffi¬ 
culty is encountered in forming spinel solid solu¬ 
tions. 

Magnetization measurements were made by a 
force method in fields up to 24,000 gauss. Speci¬ 
mens for compositions t = 0*75, 0 85, T08, T25, 
1*5, 1*6, 1*7, 1*8, 1*9 and 2*0 were measured at 
77°K and 4*2°K. The 4*2°K results of this work 
are plotted in Fig. 1 which also shows the points 
measured by Gorter.W It will be noticed that the 
values 0'75 and 0*85 fill in a rather wide gap in the 
data as do the compositions t = T5 through 2*0. 
The three points marked with X refer to / = 0*75, 
1*25 and 1*50 in MnofiZno^F^-jCrA* where 
0 # 2-zinc replaces manganese. The significance 
of the Zn substitutions, which bears on the 
placement of the compensation point where A 
and B sublattice moments become equal in value, 
will be discussed later. 

From Fig. 2 it appears that large shifts in g Q tt 
take place at the lower temperatures in the region 
of / =s 1 and / * 1-6. We identify the first as a 
compensation point and the latter as the beginning 
of spirals, as will be seen from the neutron diffrac¬ 
tion data. Corresponding to the large g e tu the 
half widths of the resonant absorption curves 
broaden greatly. It is of interest that for t = 1 *6 g e tt 
shows very little change from room temperature to 
77°K evidently because the spirals do not occur 
until temperatures below 77° K. 

The results of the neutron diffraction measure¬ 
ments are given in Fig. 3 and Table 1. For cases 
intermediate between t - 1*5 and 2*0 we assume 
%* 


the manganese atoms are on A sites, since both 
these compositions were previously reported to be 
completely normal,The sublattice moments 
were determined in two ways: by calculating the 
nuclear contribution to the diffraction data and 



Fiq. 1. Magnetic moments at 4*2°K of MnFea_fCr *04 
(circles) and Mno aZno aFea-tOi (X's). Filled circles are 
taken from Gorter, 11 * open circles and X's refer to 
present work. 



Fig. 2. £ert from microwave resonance absorption at 
9600 mc/s at various temperatures. 





FERRIMAGNETISM OF MANGANESE FERRITE-CHROMITE 


1533 



2 e 

Fig. 3. Low angle neutron diffraction patterns of 
MnFe2-fCrtC>4 showing the development of MnCrzO-i 
type spiral structure. 

then subtracting it from the observed data, and by 
subtracting the room temperature data from the 
low temperature data, since the Curie points are 
below room temperature. The scale factor was 
obtained from high-angle peaks (511, 333 and 440) 
where the magnetic contribution is negligible. The 
magnetic intensities thus obtained were fitted with 
a model of antiparallel A and B site moments, 

Table 1 


Composition vs. sublattice moments for MnFe2_eCrf04 
t Ma Mb 

composition Bohr magnetons 


1-Oa 

4-6 

4-3 

l*5a 

4-5 

5-2 

1-6 

4-1 

5*2 

1 *7 

3-9 

3-9 

1-8 

3-9 

3-8 

2 0 b 

3-56 

2-40 


whose magnitudes are given in the table. From the 
data, we note the appearance at t « 1*6 to 1*7 of 
the (111) satellite peak similar to that found by 
Corliss and Hastings in MnCraO*. The peak shows 
short-range order at t * 1-6 with some long-range 
order superimposed at t « 17* Coincident with 
the beginning of long-range order, there is a sudden 
decrease in the B sublattice moment, an effect 
which is observed in the magnetic moment 
measurement as only a very small inflection in the 
moment-composition plot. 

DISCUSSION 

As chromium is first added to MnFejC^ it goes 
on B sites with a negative contribution. Whether 
this is due to antiparallel chromium on B sites or 
an inhomogeneous structure with angles or spirals 
is not known from work reported here or from 
previous investigations. 

The moments of the samples of composition 
t s= 0*75 and 0*85 fit on a smooth curve between 
t = 0*5 and 1 and go through a compensation 
composition in the region of t = 1*05. That a 
compensation occurs is also in agreement with 
information from Zn substitutions and microwave 
resonance absorption. Since zinc is nonmagnetic 
and is known to go on A sites, it will increase the 
measured moment when the B sublattice is 
dominant, as occurs at f = 0*75 (see Fig. 1), 
Similarly, when the total moment of the sample is 
decreased, it means that the A lattice dominates. 
Such a decrease is found for t — 1*25 and 1*5. 
Thus, the substitutions at i = 0*75 and 1*25 
bracket the compensation compositions. As was 
noted above £ e rr becomes very large in this region 
which is a consequence of the A and B aublattices 
becoming equal in value. The behavior of the 
effective g value depends on small orbital angular 
momentum contributions from Mn 2+ , Fe 3 * and 
Cr 3 * as governed by the relation* 8 ) 

gett = 2 g< S <l 2 S< 
i i 

where S is the spin value and g the spectroscopic 
splitting factor for the individual ions. In this 
system where the g factors for the ions are all very 
close to two, the increase in g e tt would be a typical 
behavior. The large half-widths in a compensation 
region are a consequence of anisotropy effects.< 8 »*> 
As a final consideration, it is noted from Table 1 


a from Ref. 7, b from Ref. 2. 
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that at < « 1 the neutron diffraction data are not 
inconsistent with a compensation when the 
assigned errors are taken into account. 

For the remainder of the compositions from t * 
1*1 to t » 2, the magnetic moments follow a 
smooth curve with the possible exception of a very 
small dip at t ** 1 *6, where the first indications of 
a superlattice of the MnCra 04 type appear. Since, 
as already discussed, we are in a region of com¬ 
positions where the A sublattice is dominant, it 
is apparent that the sublattice moments in Table 1 
cannot be completely correct. The exact origin of 
the disagreement at / m 1*5 and 1*6 is not clear; 
however, there may be short-range effects of the 
spiral structure on such a small scale as to create 
an extremely diffuse peak so that all the intensities 
are not counted properly. 

In the theory of ferrimagnetic spirals, the pitch 
angle (which gives the ferromagnetic component 
per sublattice) depends on the exchange energy 
ratio JaaIJab and JbbIJab- By introducing iron on 
B sites in MnCr 204 , we are changing both Jbb 
and Jab > thereby changing the cone angle. In 
addition, the random distribution of Fe 3+ ions 
creates the possibility that a Cr 3 ^ could have a 
large number of Fe 3 + neighbors which might inter¬ 
rupt the spiral. It is probably safe to conclude that 


the magnetic structure of these spinels is inhomo¬ 
geneous, consisting of structures ranging from anti¬ 
parallel chromiums to spiral clusters, including 
short-range ordered states. 
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Abstract—A number of transition metal oxide systems have been prepared that require controlled 
CO-COa atmospheres for attaining certain desired valencies. In addition standard free energies for 
numerous mixed oxides are determined by a direct evaluation of the equilibrium atmospheres. 


INTRODUCTION 

The substitution of unusual or unstable valencies 
into different chemical structures is sometimes 
difficult to achieve by standard preparative tech¬ 
niques. This paper deals with the preparation of a 
number of transition metal oxide systems that re¬ 
quire controlled atmospheres for attaining certain 
desired valencies. Successful valency stabiliza¬ 
tions are achieved in otherwise difficult chemical 
syntheses by the regulation of CO-CO 2 atmos¬ 
pheres to maintain a desired oxygen equilibrium 
pressure. This technique has been reported by 
several workers, t 1-3 ) However, its versatility is 
demonstrated in this paper and applied to a num¬ 
ber pf different chemical systems. 

The absence of thermodynamic data for many 
mixed oxide systems necessitates an empirical 
approach to the determination of the proper 
CO-CO 2 ratio for the synthesis of a given mixed 
oxide. Fortunately, there usually exists a rather 
broad atmospheric range in which the materials 
are stable and this stability region can be found 
by trial and error. For the synthesis of these 
oxides it is possible to determine the equilibrium 
atmosphere under which the material begins to 
undergo decomposition at various temperatures. 
It is readily shown that such a formalization of the 

* Present Address, Brown University, Providence, 
R.I. 

t Operated with support from the U.S. Army, Navy 
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equilibrium atmospheres provides a direct evalu¬ 
ation of standard free energies for numerous 
mixed oxides. Free energy changes for many of 
the simple oxides have been determined in this 
manner. However, little thermodynamic data for 
mixed oxides exist. A knowledge of such data is 
required for an understanding of the relative 
stability and chemistry of the materials. The tech¬ 
nique is illustrated in this paper by application to 
several vanadite and chromite spinels. 

EXPERIMENTAL 

The apparatus used both for syntheses and for 
equilibrium determinations was similar to that 
employed by Emmett and Schultz, the major 
difference being the substitution of a commercially 
available flowmeter and gas-mixer system. For 
both gases, the flowmeters were carefully cali¬ 
brated with respect to each other and were checked 
by a precision wet-test flowmeter. The reactions 
were carried out in a small platinum boat provided 
with a magnetic pulling device, which enabled the 
sample to be removed completely from the hot 
zone of the furnace, and quenched in a stream of 
nitrogen. 

The compounds that have been prepared in the 
present investigation are reported in Table 1. The 
mixed oxides were prepared by grinding together 
equivalent quantities of the component oxides in 
their most stable valency state, and then heating 
to an appropriate temperature under the CO :CO® 


1535 



1536 W. KUNNMANN, D. B. ROGERS and A. WOLD 

Table 1. Mixed oxides prepared under CO-CO 2 atmospheres with experimental 

conditions imposed . 


Compound* 

CO/CO* 

T°C 

% of theoretical*** 7 > 
reducing power 

FeAlsCU 

2-50 

1050 


FeVi0 4 

4*50 

1100 

99*95 

C 0 V 1 O 4 

0-25 

1000 

99-5 

Fe a V04 

0-33 

1100 

99*8 

FeaTi04 

2*00 

1100 


Fe#Mo0 4 

2*00 

1150 

100-6 

FeTiO* 

0*33 

1000 


FeW0 4 

2-00 

1150 


LiVOa 

0*50 

700 


LiFeOg 

Pure COa 

750 


MoO# 

1-00 

650 

99-8 


Analyzed composition. 


ratio required for valency adjustment. In the case 
of compounds containing vanadium, the relatively 
unstable V 2 O 3 was used as a starting material in 
order to avoid volatilization of V 2 O 5 at the reaction 
temperatures. For syntheses of the chromites 
premixing of the oxides was obtained by the pre¬ 
cursor technique of Whipple and Wold< 5 > in lieu 
of grinding operations. Where possible, all starting 
materials were either spectroscopic grade or 
purified reagent grade. Carbon monoxide and 
carbon dioxide gases used were of the Matheson 
“purified'’ type. 

With the premixed oxides in the exterior (cool) 
part of the silica firing tube, a trial ratio of C 0 :C 02 
was established, and the furnace brought up to 
temperature. When the desired temperature had 
been obtained, the sample was placed in the hot 
zone by means of the magnetic pulling device, 
allowed to remain there for several hours, and 
then quenched in a stream of nitrogen to room 
temperature. The product was then examined by 
X-ray diffraction and, if necessary, the procedure 
was repeated under different C 0 :C 02 ratios until 
the desired phase was obtained. All the compounds 
reported in Table 1 were subjected to chemical 
analyses by standard procedures and found to 
correspond to the formulae as written. Total re¬ 
ducing power values are given for a number of 
the compounds listed. Reducing power is the 
number of reduction equivalents per gram of 
sample employed in reducing a standard oxidant 
(e.g. KMs^). The reducing power values 


reported in Table 1 were performed by the method 
of Wickham and Whipple W and discussed by 
Nadalin and Brozda.< 7 > 

Stability investigations were carried out for the 
compounds FeCr 2 0 4 , CoCr 2 0 4 , NiCr 2 0 4 , FeV 2 0 4 , 
and C 0 V 2 O 4 . These materials were specifically 
chosen since it was believed that initial reduction 
would lead to a direct collapse of the spinel phase 
to metal and the corresponding C^Oa or V 2 O 3 
phase. The presence of other magnetic phases in the 
reduction products of these materials has never 
been observed and the existence of such phases is 
highly unlikely. X-ray diffraction patterns of the 
products have verified the formation of corundum 
and free metal phases. They have been further 
substantiated by the highly magnetic character of 
the resultant metal. Carefully characterized com-*- 
pounds were placed in a silica boat and subjected 
to increasing ratios of COrCOo until the reduction 
products first appeared to be magnetic. This 
technique was standardized utilizing nickel pow¬ 
der and alundum mixtures and found to be 
capable of detecting the presence of 0 - 4 % by 
weight of nickel. The COiCOg ratios were then 
bracketed successively until an equilibrium ratio 
was established. These observations appear con¬ 
sistent with the following equation as it proceeds 
to the right 

COte)+AM 2 0 4 (*) = A(*)+M 2 0 8 (*)+C0 2 (£) 

(1) 



CO-COi ATMOSPHERES FOR PREPARATION AND FREE ENERGY DETERMINATIONS 1537 


Table 2. Equilibrium ratios observed for the reduction 

C 0 (*)+AM a 0 4 (r) = A(r)+M 2 OaW+COate) 


T(°K) 

1380 

1320 

1234 

1154 

1073 

FeCraCU 

240/16 

225/18 

222/18 


217/13 

CoCrs04 

176/36 

175/31 

250/24 

240/14 

400/10 

NiCr*0 4 

13/180 

14/177 


30/180 

48/180 

FeV a 0 4 

217/12 


225/11 

225/11 

220/13 

CoV a 0 4 

103/180 

83/176 

76/175 

33/179 

20/175 


Equilibrium ratios determined in this manner are 
given in Table 2 . 

DISCUSSION 

The data of Table 1 indicate both the effective¬ 
ness and the general versatility of CO-CO2 atmos¬ 
pheres as a means of stabilizing unusual valency 
states. The technique appears to be particularly 
useful for the syntheses of compounds containing 
Fe 2 *. The more common techniques usually 
employ non-stoichiometric FeO or metallic iron 
as a starting material and both of these often lead 
to poor product stoichiometry. In the case of 
FeV 2 04 it has been pointed out previously* 8 * that 
direct reaction of the component oxides in sealed, 
evacuated silica tubes usually results in the for¬ 
mation of an undesirable corundum phase. This 
difficulty is eliminated by the present technique. 
The use of CO-CO2 atmospheres in the synthesis 
of compounds containing lithium offers the 
additional advantage of reducing the sublimation 
tendency of U12O at the reaction temperatures. 
Other techniques for the preparation of lithium 
iron oxide and lithium vanadium oxide resulted 
in the volatilization of lithium oxide as substanti¬ 
ated by analysis of vanadium and X-ray diffraction 
studies. Where a loss of lithium occurs there is the 
formation of an additional phase. 

Under the equilibrium conditions indicated by 
equation (1), it can be shown* 9 * that the standard 
change of free energy is given by 

AF (!> = Ai?° 0 -AF“ 0i +Krin«, 

where a is the ratio of CO to C 0 2 . Since the 
quantities AF^r* and AFco are well known, 
is readily determined * by experimentally 
finding a. The standard free energy of formation 


for the compounds AM2O4 from the elements is 
then given by the equation 

o ** o " **<!>" 

* * 1 • 

Calculated values of AFj^ > are given in Table 3 . 

Frequently, values of free energy changes for 
reactions of the type 

AM2O4W -> AO (s) + M s O z(s) ( 2 ) 

are of greater value to the chemist than those of 
Reaction 1 . These may be determined, with re¬ 
course to tabulated data for the simple oxides, 
from the equation 

^n,=^o+^„o-^Ko. 

In Fig. 1 are plotted values of AFg^/T as 
functions of 1 / 7 1 for the spinels CoCrgC^, NiCr 2 0 4 , 
and C0V2O4. Ideally the slopes of these curves 
should be proportional to the enthalpy of the 
reaction as given by the Gibbs-Helmholtz 
equation. In reality such methods rarely give 
accurate heats of formation and recourse to entropy 
measurements is usually required. As an order of 
magnitude, however, enthalpy values obtained 
from such slopes are useful. Comparison of 
enthalpy values for a series of compounds under¬ 
going similar reactions rather than their free 
energies can be made if it is assumed that the 
entropy contributions to the free energies are 
relatively constant. It is interesting, therefore, 
that C0V2O4 has a negative slope (Fig. 1 ) and 
from the enthalpy point of view appears to be un¬ 
stable relative to its component oxides. If trends 
are consistent from the chromite to the vanadite 
series, it appears probable from these data that 
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Table 3. Standard free energy changed for the reaction: AMgO^j) -> A (s) + M 2 O 3 W+J Oa (g). 


T(°K) 

1380 

1320 

1234 

1154 

1073 

FeCrt0 4 

CoCrg0 4 

NiCrs0 4 

FeV*0 4 

CoV|0 4 

4-46-20 ± 0*25 
+43*15 ± 0*25 
+ 31*60 ± 0*25 
+ 46*70 ± 0*25 
+ 37*25 ± 0*25 

+46*65 ± 0*25 
+44*55 ± 0*25 
+ 33*40 ± 0*25 
+47 00 ± 0*25 
+ 38*05 ± 0*25 

+ 47*95 ± 0*25 
+47*55 ± 0*25 

+ 49-20 ± 0*25 
+ 39-70 ± 0-25 

+ 50*00 ± 0-25 
+ 39-35 ± 0-25 
+ 50-40 ± 0*25 
+ 39*50 ± 0-25 

+ 51-15 ± 0-25 
+ 53-0 ± 0-50 
+42-35 ± 0-25 
+ 51*20 ± 0-25 
+ 40*50 ± 0*25 


* All values in Kcal/formula wt. 



Fig. 1 . Dependence of 


IT on reciprocal temperature. 


NiVz 04 would undergo spontaneous decompo¬ 
sition to the oxides. Unsuccessful attempts to pre¬ 
pare NiV 204 have been previously reported.* 10 - u > 
From the thermodynamic data for FeCr 204 } < 12 > 
a value for (A FjT) was calculated and found to lie 
on the extrapolated plot of (A F)jT vs. 10 4 /r for 
data reported in this paper. 
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Abstract—The temperature dependence of the Hall mobilities has been determined as 6*4x10* 
T ~ 2 ‘ 91 and 2*4 x 10 s T ~ 2 0 * for holes and electrons respectively. Using for the drift mobilities the 
expression found by Ludwig and Watters, 2*3 x 10 9 T~ 2 7 and 2*1 x 10® T~ 2 & for holes and elec¬ 
trons, we have calculated the temperature dependence of = r, and found it coherent with 

the observed variation of the Hall coefficient. At 300° K, for holes /ah = 398 cm 2 (F»)“ l and 
r p = 0*84 and for electrons /ah = 1880 cm 2 (F *)" 1 and r„ *** 1*31. 


1. INTRODUCTION 

The determination of the density carrier in Si 
through measurements of Hall coefficient, Rh = 
hV/BI ,f implies knowing the value of the ratio 
Hh/pd = t. There exists a certain dispersion in the 
results obtained by other investigators ( 1 , , 

15) for the values of the drift mobility, Hall 
mobility, /a# = Rh^ and consequently phI^d 
= r. We have determined, by using high purity, 
floating zone refined Si, the temperature depen¬ 
dence of the Hall mobility. Using the results of 
Ludwig and Watters^) (from here on we shall 
refer to their paper as 1 ) for the values of the 
drift mobilities, /ad, we have calculated the tem¬ 
perature dependence of the ratio /a////ad, and com¬ 
pared it with that of Rh. 

2. EXPERIMENTAL TECHNIQUES 

The facilities in the laboratory allow us to 
measure Hall effect and resistivity between 320 
and 100°K, the temperature homogeneity of the 
studied sample being 0 * 1 °. 

The magnetic field is generated by a Varian 
electromagnet which allows to work with fields up 
to 10,000 G. The measurements of the magnetic 
field were done with the usual nuclear resonance 

* On leave of absence from the Comision Nacional de 
Energia Atomica, Argentina. 

t h : sample thickness; I\ total current; B: magnetic 
field; V : Hall tension. 


equipment. The samples were normally measured 
in a 5,000 G field in the direction of the crystal 
axis (111). The linearity of the results as a function 
of the magnetic field was verified in several 
instances. 

The Si samples can be measured in vacuum or in 
an inert atmosphere. When the contact resistance 
in the sample was sufficiently low, we used an 
opposition bridge for the measurements, other¬ 
wise, a Vibron electrometric voltmeter. 

The Si samples were cut with an ultra-sonic 
drill in the shape shown in Fig. 1. The dimensions 
were chosen so as to reduce as much as possible 
the effects of geometry and injection of minority 
carrier by the contacts. 

During the measurements, the electric field E in 
the Si was never superior to 400 mV/cm and the 
linearity of the Hall effect as a function of E was in 
all cases verified. 

The sparking technique! 16 ! was used for the 
formation of the contacts, with Au-Sb for Si-w 
and AI for Si -p. To make sure that the irregularity 
of the contacts did not affect the measurements, an 
electrical analogy for the sample was made. It was 
verified that the influence of the current injecting 
contacts completely disappeared before reaching 
the nearest pair of arms. 

In Si-p and Si-n samples a certain dispersion in 
the results is observed when the abrased surface 
is attacked either with NO 3 H or FH. This 
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dispersion is caused by the formation of an oxygen 
surface layer and was of 8, 4 and 3*5 per cent, for 
samples 0*5, 1 and 2 mm thick respectively. A 
direct relation can be found between the dispersion 
values and the surface-volume ratio. We have used 
for our measurements samples 2 mm thick which 
had been attacked with FH. 

The homogeneity of the Si crystals used was 
below 1 per cent for the p-type Si, while for the 
«*type a gradual variation not superior to 9 per 
cent, was observed along the sample, in this later 
case a convenient average value for the Hall voltage 
measured on the two pairs of arms was determined. 
The precision for the resistivity measurements 
amounted to 6 per cent and for the mobility 3 
per cent. The reproducibility of the results for the 
same sample was below 1 per cent. 

Si -/> 

We have used p-type, floating zone refined Si 


with resistivities of approximately 1,000; 5,000; and 
8,000 Q cm. The Hall mobility results between 100 
and 320°K are shown in Fig. 2, curve 1, they 
follow the law: px =* (6*4±0*15) x 10 9 J- 2 * 91 . 

In Table 1 are shown the results obtained by 
different authors for the Hall mobility and drift 
mobility at 300°K, and the coefficient a in the 
expression /i — AT~ a , 

There is a good agreement between the mobility 
values of Refs 2, 4, 5, 6, 7 and 8 and our results. 
We can find no explanation for the difference with 
the value given by Ref. 3. Nothing can be said 
with respect to coefficient a since there is a large 
dispersion in the results. 

Using the results of (1) for the drift mobility of 
holes we have calculated the absolute value and the 
temperature dependence of the ratio r p = hhIiid* 
This ratio can be approximately represented be¬ 
tween 300 and 150°K by the 2*8 J- 0 * 21 law. In 
Fig. 2, curve 2 are represented the experimental 



x 800 Q-cm Si-* (authors) 
□ 1400 £)-cm Si-n. 






Fig. 1. Photograph of a Si sample (dimensions of 
the body: 16x3 mm). 
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TEMPERATURE DEPENDENCE OF HALL MOBILITY AND FOR Si 1541 


Table 1. Si-p 


Reference 

(3) 

(2) 

(4) 

(5) 

(6) 

(7) 

a) 

(13) 

(B) 

Authors 

T - 300°K fiH 

619 

350 

350 

404 

375 

370 



399 

398 

T - 300°K md 




356 



475 

495 

504 



27 


2-36 


2*9 




2*9 

(G-cm) a x> 

5000 

33 

50 

no 

85 

115 

180 


1000 

8000 


results of (1), with their highest resistivity Si-« 
sample. In Fig. 3, curve 1, the value of r v is shown 
as a function of T . If the carrier density were 
constant with T, then the variation of R# with T 
should be equal to the variation of r v . In Fig. 3, 
curve 2, we have plotted the variation of Rg with 
temperature, normalized to the value of r p at 
300°K. Our results for the temperature depen¬ 
dence of r v agree, as can be seen in Fig. 3, with the 
Hall coefficient variation observed by Long (6 > for 



Fig. 3. Curve 1: r p = / (T) (authors). 

• Rh values for 35 G-cm Si -p obtained 
by Long.* 0 ) 

Curve 2: Rh = / {T) y x 6200 G-cm Si-/> (authors) 

O 1400 G-cm Si -p. 


samples of 35 Q-cm. The difference between 
curves 1 and 2 can be explained by a small variation 
in the carrier density as a function of the tempera¬ 
ture (1-2 xlO 11 for a A7 1 = 200°). It can be 
rightly supposed that this effect is due to a change 
in the charge state of the dislocations, or other 
crystal imperfections and which will be more 
noticeable in a high resistivity sample than on a 
low resistivity one as can be seen for the sample 
of 35 fl-cm of Long. It is on account of this that 
we can conclude that our results for fig and those 
of pd obtained by (1) are coherent and curve 1 
represents the correct variation of r p with the T. 

Si -n 

We have used Si-n of a resistivity superior to 
500 fl-cm purified by floating-zone. The Hall 
mobility results between 100 and 320°K, are 
shown in Fig. 2, curve 4. Between 150 and 300°K 
they follow the law iig = (2*4 +0*04) x 10 8 T*" 208 . 
For temperatures lower than 170°K the measured 
Hall mobilities are smaller than the values given 
by the above law. 

In Table 2 are given the results of fig and jig at 
300° K, together with the value of a, from the 
fi = AT~ a law. 

Our value of hh at 300°K is slightly higher than 
those given by Refs 4, 8, 5 and 9. This could be 
explained by the fact that we have used a higher 


Table 2. Si-« 


Reference 

(3) 

(4) 

(5) 

(9) 

(8) 

a) 

(13) 

Authors 

T = 300°K fi H 

1345 

1740 

1830 

1770 

1810 



1880 

T = 300°K no 



1590 


1345 

1335 

1485 


aw 

2 

204 






2-06 

OLD 






2-5 



p(G-cm) 

1800 

27 

94 

27 

300 

120 


800 


V 
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resistivity Si, however we cannot explain the low 
value obtained at the same temperature by 
Pitcxey and Mitchell,^ although they have also 
worked with high resistivity Si. The coefficient a 
is also slightly higher, although a better agreement 
is found for this case than for the 
Using as drift mobility value that given by 
Ludwig for their higher resistivity samples, we 
have calculated the variation of r* with tempera¬ 
ture. In Fig. 2, curve 3, are shown the results of 
Ludwig for the drift mobility of electrons. In 
Fig. 4, curve 1, are represented the calculated 
values of r», which between 300°K and 150°K 
approximately follow the 0*11 T 0 44 law. 



Fig. 4. Curve 1: r v *»/(T) (authors) 

Curve 2: Rh “/(T) • 900 O-cm Si-n 
(authors) 

O 800 O-cm Si-n. 

In Fig. 4, curve 2, is given the variation of Rh 
with T y normalized at 300°K for the corresponding 
value of r n . The decrease of Rh with T can only be 


explained if r n is temperature dependent. The 
difference in Fig. 4, between curves 1 and 2 may 
be related to an effective diminution with T of the 
carrier density. Nevertheless, if we accept curve 1 
as correct, curve 2 implies a 10 per cent variation 
in the carrier density for a temperature change 
from 300 to 170°K, variation which is approxi¬ 
mately independent from the resistivity of the 
sample. 

It seems that a carrier density variation with T 
that could be caused by levels due to lattice imper¬ 
fection would lead to a smaller relative variation in 
the low resistivity crystals, a fact which is contrary 
to our experimental results. It is on account of 
this that a more likely value of a for the electrons 
drift mobility would be 2*4 instead of 2*5. 
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STRUCTURE 
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Abstract—The k • p method is used for calculating the band parameters of semiconductors with 
germanium, zincblende, and wurtzite structure at k =*■ 0 and at the L and X points of the zincblende 
structure. At k — 0, the interaction between the highest valence band and the two lowest conduction 
bands is considered. The energy gaps between these states are obtained from reflectivity measure¬ 
ments. The wave functions of a polar material are obtained from the wave functions of the iso- 
electronic non‘polar material by the application of an antisymmetric perturbing potential. The 
matrix elements of p between two given states of the non-polar material are assumed to be the same 
for all materials. The band parameters of the wurtzite materials are obtained by the application of a 
small hexagonal crystal-field to the corresponding zincblende-type compound. It is possible by this 
method to account for the existing experimental data and to predict the band parameters of many 
materials for which they have not been measured. It is suggested that the absolute valence band 
maximum in several II-VI compounds may not be at the center of the Brillouin zone. 


1. INTRODUCTION 

The k • p method* 1 ’ 2 > has been very helpful for 
interpreting the effective masses and g-factors* 3 * 
of semiconductors with germanium and zincblende 
structure. By applying first and second order 
perturbation theory to the k • p (k is the crystal 
momentum, p the linear momentum operator) 
term ia the Hamiltonian, one can show that the 
inverse effective mass parameters are functions of 
squares of matrix elements of p divided by energy 
gaps. The magnitude of the various matrix elements 
of p between two given states seems to be approxi¬ 
mately the same for all compounds of this family 
and differences in the corresponding band para¬ 
meters are due only to differences in energy gaps.* 4 * 
The temperature dependence of the band para¬ 
meters also indicates that the matrix elements of p 
are temperature independent.* 6 ' 6 * These matrix 
elements do not vary much from one pair of states 
to another, provided they are not zero due to 
symmetry.* 7 * 

For future reference we show in Fig. 1 the band 
structure of germanium calculated by Bassani 
and Yoshimine* 8 * neglecting the spin-orbit inter¬ 


action. The states have been labelled according to 
the standard notation, with the subindices c and v 



Fio. 1. Band structure of germanium according to 
Bassani and Yoshimine* 8 ), The L\ state, which according 
to this calculation lies above the IY state, is actually 
known to be below IY. 


1543 



1544 


MANUEL CARDONA 


added to distinguish between conduction and 
valence band states when two states of the same 
symmetry exist within the energy range of Fig. 1. 
We have indicated in brackets the symmetry of the 
corresponding states in zincblende-type materials. 
In semiconductors with germanium structure, 
the parameters of the IV minimum (lowest 
conduction band minimum in germanium and 
maybe gray tin) are determined almost exclusively 
by the k • p interaction between this state and the 
IW state (top of the valence band). The parameters 
at the IY' state are largely determined by the 
interaction with IV, which is responsible for the 
light hole mass and the mass at the lower valence 
band split by spin-orbit interaction, and the inter¬ 
action with Tific, which determines the heavy hole 
mass/ 1 ) The k * p interaction with the IY* con¬ 
duction band produces a small correction on the 
IY' band parameters. 

Braun stein and Kane< 9 > extended the approach 
described above to the III-V compounds. They 
calculated the light hole and split-off hole masses 
by taking into account only the k • p interaction 
between the valence band (lY^ for the zincblende 
structure) and the IY conduction band. They used 
the value of the magnitude square of the matrix 
element of p between these states calculated from 
the measured electron effective masses at IY 
assuming they are only determined by the inter¬ 
action with IVo and neglecting the interaction of 
the Tjc with the IYo band. While this interaction 
vanishes in the germanium structure for parity 
reasons, it becomes appreciable in the zincblende 
structure due to the lack of inversion symmetry. 
If one neglects the IY<«-IY interaction, one obtains, 
from the fit of the experimental electron effective 
masses, a value of |<rY v |p|IY>| 2 lower than the 
value found for germanium. Also the decrease in 
the IVtr-IY interaction, due to the mixing of the 
IY' and the IY states when the inversion sym¬ 
metry is lifted, gives for zincblende-type com¬ 
pounds a value of |<(rYt,Jp|IY>| 2 lower than for 
the germanium-type materials. 

In this paper, we shall give a method for calcu¬ 
lating band parameters which takes into account 
the k • p interaction of the IYo band with IY„ and 
IY, provided the i^IY^-i^IYt;) gap is known. 
This approach is based on the assumption that the 
energy bands of a zincblende-type compound can 
be obtained from the bands of the isoelectronic 


germanium-type material by the action of a purely 
antisymmetric perturbing potential/ 7 * 10 > The 
E(T 16c )-E(T 16v ) gaps of most of these materials 
are known from optical reflectivity measure¬ 
ments/ 7 * 11 - 14 ) This approach yields only a small 
correction to the light hole and split-off hole 
masses of the III-V compounds calculated by 
Braunstein and Kane/ 9 ) but is essential for 
calculating these masses in the II-VI compounds 
because of the larger IY-IY mixing. The treat¬ 
ment of the rYc-FYt) interaction also yields an 
estimate of the heavy hole masses in these materials. 

This approach can be extended to wurtzite-type 
compounds if one assumes that their band struc¬ 
ture is obtained from the band structure of the 
corresponding zincblende-type material by the 
application of a small hexagonal perturbing crystal 
field/ 15 ) Since the unit cell of wurtzite has twice 
as many atoms as that of zincblende, the Brillouin 
zone of materials crystallized in that structure 
occupies only one-half of the volume of the Bril¬ 
louin zone of the same material crystallized 
in the zincblende structure. Hence at k = 0 
there are twice as many energy eigenstates for 
wurtzite as for zincblende. The interaction with 
the extra states contributes to the band parameters 
of the top valence band and it is possible to ex¬ 
tract from the experimental effective masses the 
values of the matrix elements corresponding to 
this interaction. 

During the last few years a considerable amount 
of information has become available about the 
energy gaps of semiconductors with germanium, 
zincblende and wurtzite structure at points other 
than k = 0. (See Table 1 and references.) Hence 
it has become possible to extend the k • p approach 
for calculating band parameters to points other 
than k = 0. In this paper we describe the applica¬ 
tion of this approach to states at the L and X 
points of the Brillouin zone. 

2. EFFECT OF AN ANTISYMMETRIC PERTURB¬ 
ING POTENTIAL ON THE BAND STRUCTURE OF 
A GERMANIUM-TYPE MATERIAL 

The effect of an antisymmetric potential on the 
band structure of a germanium-type material has 
been discussed by Callaway/ 10 ) The anti¬ 
symmetric potential combines levels of opposite 
parity at a given point of the Brillouin zone. By 
this method, one can derive the band structure of 
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Table 1, Experimental and estimated values of the varum energy gaps relevant for the determination of 
band parameters at low temperatures (liquid nitrogen or helium) unless otherwise indicated. 



Taft' —Ta' 

or 

Tib®- r Xe 
( Eo ) 

rv—Tis 
or 

Tuv — TiBc 

A» 

La'—L u 

Or 

La® — Lie 

A,-A* 

Ai 

U-L% 

or 

La®—Lac 

X 4 -X 1 . 

or 

X* v -Xu 

Si 

3-6<«> 

3-43(0 

0*044<‘> 


3-7C» 


5-S<*. #) 

4-4(a) 

Ge 

0-89W 

3 -05 w* •» 

0-29<*> 

2-0(“) 

2-20< c > 

0-18(0 

5-9(*> »> 

4.49(0 

a-Sn 

0-08<o 

2-9(0 



1-32W 

0-47< c ) 

4-4<*. v) 

3*5< c > 

GaP 

2’W d) 

3-76^> 

0-127(“) 


3-7«o 


7*0<*. *> 

5-3(*» v) 

InP 

1 -34(0 

4-1(p) 



3-24 (c ) 

0-14<«> 

6-9( f * *> 

S-0( e * 

GaAs 

1*55 (/> 

4-2(«) 

0-35^) 

2-6( v) 

2 -99(a) 

0-24(a) 

6-6(*' 

5-12(a» 

InAa 

0-45<‘> 

3-9<*» 

0-41< e > 


2-57(«» 

0-28<a> 

6-4(*. v) 

4-83(a) 

AlSb 

l-8«*> 

4-3(«> 

0-75<o 


2-88IO 

0-40(0 

6-5<*> 

4-5(«> 

paSb 

0*81< (а) b) * (d) * * (g) * * * (k) * (m) 

3-74(a> 



2-08(11 

0-47(«) 

5-7<a) 

4*33(a) 

InSb 

0-24(®) 

3.45(a) 



l-87(i> 

0-58(«) 

5-4(«) 

4-20(a) 

ZnO 

3.44U) 

5-30-) 

ooos?**) 






ZnS 

3-94(0 

5-7<p) 

0-10(0 


5-7<“> 


9-5(». v ) 

7-0(^- *) 

ZnSe 

2-80U> 

7-6 ( °) 

0-43(0 


4-8510 

0-35( tt ’) 

9*l(w, V) 

6-4( w * 

ZnTe 

2*38 (fc > 

4-82(*> 

0-91(*> 

3-48<*> 

3 -71 (*> 

0-57<*> 

6-9(*. »> 

5-4(fc) 

CdS 

2-58(0 

6 -l(P) 

0-068(0 


5-2(J» 


9-5(»i v) 

7-l(Pr V) 

CdSe 

l-84(”>) 

61 (p) 

0-430") 


4-9 <J» 

0-28(P) 

9-50>i t) 

7-6UM') 

CdTe 

1*59 (& > 

5-20 {/f ) 

0-81<*> 

3-20<*> 

3-441*1 

0*57<*> 

6-76 (fc - 

5.49<*> 

HgSe 

0-2(") 

5-2<«> 



2-91(0 

0-31«> 

8-3<*> 

5-7(*) 

HgTe 

? 

4-10< ft > 


2-0<*> 

2-211*1 

0-69(0 

7-5U) 

4.9500 


(а) See Section 3. 

(б) Lax B., Roth L. M. and Zwerdung S. J. Phys. 

, Chem. Solids 8, 311 (1959). 

(e) See Ref. 7. 

( d ) Ehrenreich H,, J. appl. Phys . Suppl. 32, 2155 
(1961). 

(«) See Ref. 9. 

(/) Sturge M., Phys. Rev. 127, 768 (1962). 

(g) Zwerdung S., Kleiner W. H. and Theriault 
J. P., J . appl Phys. Suppl. 32, 2118 (3961). 

(/») See Ref. 20. 

(t) Piper W. W., Johnson P. D. and Marple D. T. F., 
J. Phys. Chem. Solids 8, 457 (1959). 

(/) Cardona M. and Harbeke G., J. appl. Phys . 34, 
813 (1963). 

(k) See Ref. 14. 

(/) See Ref. 18. 

(m) See Ref. 19. 

(«) Wright C. B., Strauss A. J. and Harman T. C., 
Phys. Rev . 125, 1534 (1962). 


( o ) Tauc J. and Abraham A., J . Phys. Chem . Solids 20 

190 (1961). 

( p ) See Ref. 12. 

(g) See Ref. 13. 

( r ) Cardona M., unpublished work. 

(r) Zwerdling S., Button K. J., Lax B. and Roth 
L. M., Phys. Rev. Letters 4, 173 (1960). 

(t) Hobden M. V., /. Phys. Chem. Solids 23,821 (1962). 
(*) See Ref. 29. 

(v) See Ref. 28. 

(«?) Aven M., Marple D. T. F. and Segall B., J. appl , 
Phys. Suppl. 32, 2261 (1961). 

(*) Ehrenreich H. t Philipp H. R., and Phillips J. C. 

Phys. Rev . Letters 8, 59 (1952). 

O) Measured at room temperature. 

(z) Scoulhr W. J. and Wright G. B., Bull. Amer . phys. 
Soc. Sec. II, 8, 246 (1963). 

(a) Hodby J. W., Proc . Phys . Soc . Land. 82, 324 (1963). 
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a zincblende-type material with its two atoms 
belonging to the same row in the periodic table, 
from the bond structure af the isoelectronic 
group IV material. The same approach can be 
extended to materials whose two atoms belong to 
different rows of the periodic table; one must 
take for the band structure of the corresponding 
group IV material the average of the band struc¬ 
tures of the two group IV materials belonging to 
the two rows of the elements in the compound/ 7 ) 

At the T point, the IW level of the germanium 
structure interacts with the IY level via the anti¬ 
symmetric potential giving the IYv and r 15c 
zincblende levels. Neglecting the interaction with 
other IY and IY' levels, one can write the follow¬ 
ing Hamiltonian for the interaction between 
Tib and IY' : 

i E( r u ) v 

# = (i) 

v* o 

where V is the matrix element of the perturbing 
potential between IY' and IY. We have taken the 
origin of energies to be the unperturbed IY' state. 
Diagonalizing equation (1) we obtain: 

E(iY) r/£ , (r 16 )\2 li/a 

£ ’(r-) = V + [(-V) + H 

(we use the subindex p for wave functions and 
energies of zincblende-type compounds and no 
subindex for germanium-type materials). Equation 
(1) also yields the perturbed wave functions: 

write) = «#r»)-4KIV) 

Mr**) = H(r 15 )+^r 25 <) 

with 

i r Spirit) - Et(TM) +£(iY) i v« 

fla *V2L £p(r 1Bc )-£p(iY») J 

b m i r ^(riB,)-^(r 1 5,)^£(r 15 ) “|^ ( 

\/2i EptTisJ-Epirut,) J 

Equations (4) give the coefficients a and b. if we 


know the gaps E^ri^y-is^rW) and £(1Y)- 
EfTzs') of the polar and the corresponding non¬ 
polar compound. 

The IY conduction band level interacts with 
the IY and IY levels via the antisymmetric 
potential. Both levels are more than 10 eV away 
from the IY level and therefore the admixture of 
Ti wave function produced on the IY level by the 
antisymmetric potential is likely to be much 
smaller than the corresponding effect on the 
IY'-IY levels. Since no experimental informa¬ 
tion is available about the position of the Ti levels, 
we shall assume that the polar potential does not 
appreciably mix IY and Ti levels. The possible 
effect of this mixing will be discussed in Section 3. 

At the L point the antisymmetric potential 
mixes the L\ and Ly states. Since all the Ly states 
are very far away in energy from the L\ c state, we 
assume that we have no admixture of the L\ c with 
Ly states. The L 3 and L 3 ' states are strongly mixed 
by the antisymmetric potential giving L$ c and L% v . 
The admixture coefficients can be obtained from 
equation (4) replacing £p(IY c )-£ p (IYi,) by 
£p(£8c)~£p(/'3tj) and £(IY) by £(£ 3 )" E(Lv)» 

At the X point the antisymmetric potential 
splits the X\ germanium states into X\ and X$ and 
mixes the X 4 and X 3 states giving the X& levels of 
the zincblende structure. Only the position of the 
X&vt Aic and X$ c levels is known experimentally 
at the X point. However, due to the large X 4 -X 3 
gap in germanium (^13 eV) no large mixing of 
these states by the antisymmetric potential is 
expected to occur. 

3. Tu CONDUCTION BAND PARAMETERS 

If we neglect the interaction of Tic with IY n 
the electron effective mass at IY or IY is given 
by/ 2 ) 

(5) 

where P 2 - (2/3m)|<r 2 ^Jp|r 25 ' >) 2 , E 0 is the 
E{T r hE(r 26 ) energy gap, and Ao the spin-orbit 
splitting at IY'. 

For diamond-type materials, there is no inter¬ 
action of IY with Tib. In polar materials this 
interaction increases the effective mass at Tic, 
since the IYc state is normally above Tic. Using 
the wave functions for the polar material derived 
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in Section 2, we can calculate the term contributed 
to equation (5) by die Tisc interaction: 

WEpFi*e)-E p (ru)] 

( 6 ) 

p , - ^(r^)+ £(ri 5 ) - E(r w ) 

2[£p(ri5c) - E p (ri& v )][(Ep(riic) - E p (r lc )] 

P is obtained from the matrix element ofp between 
the T 25 ' and the r 2 ' states in the corresponding 
non-polar compound. The interaction of Tic with 
r 16 u is also weakened, in polar materials, by the 
admixture of 1^6' and Tu wave functions at ris v . 
The resulting effective mass at is given by: 

m i P 2 

E p ( r i$c) - e p ( r i5 V )+^(ras)— E{Yw ) 

~ - — — 

/ 2 1 
x j—+- 

\Eop Eq p + Ao 

E p (r i5c)—^(risv) - ^(Pis)+ E(r 2 v)i 
E P (T isc) — Ep{T i5u) - E op J 

In equation (7) we have neglected the spin-orbit 
splitting of the Tisc state since it is always much 
smaller than the energy difference between this 
state and Tic- 

If we neglect the J^s'-Fib mixing we obtain the 
following expression for the effective ^-factor at 
r 2 ' or r£>: 

/ P 2 A 0 \ 

^*(r 2 o = 2(i-(8) 

\ 3Eo(Eo+Aq)} 

In polar materials not only the spin-orbit splitting 
at Tist, contributes to £*(Fi c ), but also the splitting 
at Tuc- This last contribution, however, is quite 
small since the energy gap E v (Yib C )-Ep(J'ic) is 
much larger than E P {Yi c )-E p { Tj 5 V ) and the contri¬ 
bution to g* is inversely proportional to the square 
of these gaps. The contribution of r^e toggle) 
can be estimated by assuming that the spin- 
orbit splitting at is the same as at Tist?. The 




expression for g* becomes: 


£*(ri c ) = 2 — 


o 

6[£*(ri 5e )-£i,(r 15 ,)] 


gp(r 16c )-^,(r t8 „)+ 

Eq(Eq +A) 


EpjLi&e) - £j>(risp) - E(Y U ) -f ^(rgsQ 

+ lE p (r lt>c )-E p (r lc )]2 



Table 1 lists all energy gaps required for the 
evaluation of equations (7) and (9) at low tempera* 
tures (liquid nitrogen or helium depending on the 
availability of data; this difference in temperature 
is not significant for the evaluation of band para¬ 
meters). For energy gaps which have not been 
measured at low temperatures, their low tempera¬ 
ture values have been estimated from the room 
temperature gaps and the known temperature 
coefficients of these gaps in other materials of the 
family. 1S » 14 ^ 

The gaps preceded by the ~ sign have not been 
observed experimentally; they have been estimated 
from the general trend followed by the correspond- 
ing gaps of the nearest compounds in the family. 
The Eo gap of silicon has not been directly ob¬ 
served. We have estimated Eq « 3*4 eV in silicon 
by extrapolating the direct gap observed in the 
germanium-silicon alloys up to 10% silicon con¬ 
centration s.^ 17 ) Another estimate of this gap has 
been obtained by calculating, from the values of 
Eo in GaP and ZnS, Eo for the hypothetical 
ordered GeSi compound. This compound should 
have approximately the average gaps of germanium 
and silicon and hence, from the values of Eo for 
germanium and GeSi we estimate Eo & 3 *8 eV 
for silicon. In Table 1 we have listed the average 
of these two estimates [Eo = 3*6 eV). 

In the calculations of nt*(Yi c ) and g*(ri c ) we 
have used the values of Ao given in Table 1. 
When no experimental value of Ao is available, 
we use for Ao three-halves of the spin-orbit 
splitting at Li Cf listed under Ai in Table l.* 7) If 
neither the value of Ao nor that of Ai has been 
obtained experimentally, we use the values of Ao 
estimated from atomic data.* 7 ’ 9) 

In Table 2 we list the estimated values of 
m*(Y lc ) and g+(Yi e ). We have taken P 2 » 23 eV 
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for group IV and III-V materials since this value 
gives the best agreement between experimental 
and calculated data. 

For the II-VI compounds good effective mass 
determinations are not very numerous. The best 
known electron masses seem to be those of CdTe, 
CdSe and CdS. Two of these materials (CdS and 
CdSe) have wurtzite structure, but, as we shall 
see in the next Section, the band parameters at 
F ic are the same for zincblende and wurtzite-type 
materials. In order to obtain good agreement with 
the experimental values in these materials we have 
taken P 2 «* 21 eV. This lower value of P 2 is 
probably due to some admixture of I\ wave func¬ 
tion of the non-polar material in the Ti c state of 
the zincblende. 


We shall take Q 2 » 15*5 eV, calculated from 
the value of M in germanium. ^ G is 1*6 in ger¬ 
manium. < 2 > The gap is about 12 eV 

in germanium/ 1 * 81 The gaps of the materials of 
this family (with the exception of diamond) 
differ from the corresponding gaps in germanium 
by no more than 4 eV. In order to calculate the 
small correction due to the inter¬ 

action, we assume that the corresponding gap is 
the same for all materials. The value of G in any 
compound will thus be the value for germanium 
(1*6) decreased by the admixture of I^b' and Tis 
states in Tisvi 

i , £ 'j>( r i5c)-- fc ’j>(r'i5t’)+£(ri5)-£(r25') 

Kj = — 1 *0 -( 14 ) 

2{E v (T lic )-E p {V liv )] 


4. VALENCE BAND PARAMETERS AT THE 
T POINT 

(a) III-V Compounds 

In these materials the shape of the valence band 
around k «= 0 is given by: (1 > 


2 m 

¥ 


■E - Ak* ± [52*4+ C\k\k\ + k\U\ +A^2)]i/2 


2m 

—E = if**-A 0 
** 

where 


( 10 ) 


A = \(F+2G+2M)+\ 

B = l(F+2G-M) 

C 2 = \[{F-G+Mf-(F+1G-Mf] 
EoF 


A'= -[- 

3U 


■+2G+2M +1 


F mt — ■ 


and likewise: 


2E 0p [E^r 1 to)-E v (r l s v )] 



k!S$ 


Q*[ E(ru)-E(r2y)Y 

mrinc)-E P (Tn v )f 


Table 2 lists the values of A , B and C 2 that we 
have calculated by using equations (11)—(14). 
It also lists the values of the split-off hole effective 
masses m s ^ and the average heavy and light hole 
masses m ^ and mih obtained by averaging 
equation (8) over all possible directions of k: 

—T" % —A — Bl 1 + 


"lh 


hk 

1 


(i+—) 

\ 1052/ 


/ C2 ' 

-A+B 1+- 

\ 10B2, 


(15) 


(11) 


\_Eq + Aq 

F represents the interaction between Tibi, and Tic, 
M the interaction between Tibv and Tisc and G the 
interaction between Tib,, and Tx 2 . All other inter¬ 
actions, including those yielding linear terms in< 2 > 
k, have been neglected. F can be obtained from P 
by the method of Section 3: 

PWriBc) - EjJTito) + E(Tis) - E{T 2 y)] 


( 12 ) 


(13) 


— = -A' 

The agreement of the calculated mih and m& 
with the few available experimental data is quite 
good, somewhat better than for the estimates of 
Braunstein and Kane/ 9 ) as expected. The 
calculated does not agree so well with the 
experimental values for the III-V compounds. 
These experimental values, however, are not very 
reliable since all available determinations are only 
indirect and not very sensitive to the value of 
irikh. The accuracy of our estimate of m ^ is not 
very good either: m^ is obtained as the difference 
of two large terms almost equal in magnitude 
(see equation (15)). 

(b) II-VI Compounds 

The amount of experimental information 
available about the valence band of II-VI com¬ 
pounds is very small. Only the transverse masses 
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of the top valence band at T (r» double group 
representation) in CdS and CdSe (wurtzite 
structure) and the transverse mass of the second 
highest T band (r 7 double group representation) 
in CdSe are known with a certain degree of re¬ 
liability^ 18 * 193 It is possible to derive the band 
parameters of the mirtzite-type materials if we 
assume that their band structure can be obtained 
from the band structure of the zincblende-type 
materials by the application of a small hexagonal 
crystal-field. < 15 > In most of the materials which can 
crystallize in the wurtzite structure (ZnS, ZnSe, 
CdS, CdSe), the spin-orbit splitting of the T 
valence band is larger than the crystal-field split¬ 
ting (~ 0*02 eV). In ZnO, however, the spin-orbit 
splitting is smaller than the crystal-field splitting. < 20 > 

When going from the zincblende to the wurtzite 
structure, the size of the unit cell doubles and 
hence the size of the Brillouin zone is divided by 
two. As a result the number of k — 0 states is 
doubled: a Tq (doubly degenerate point group 
representation) and two F 3 (non-degenerate) 
states are added to the valence states at T. These 
new states do not interact with Fi via k • p and 
hence do not affect the conduction band parameters 
of Fj r . Since the crystal field splitting of the other 
(Fi 5 ii and T^c) states interacting with Vu is very 
small/ 12 > the band parameters at Fj r must be 
nearly the same for the zincblende and the wurt¬ 
zite structures. This conclusion explains the lack 
of anisotropy in the experimentally observed 
m*(F ir ) of CdS and CdSe / 38 - 191 Linear terms in 
k } allowed by symmetry at Fi c in wurtzite-type 
materials, are too small to be of any significance/ 21 ) 

A F 6 state is known to exist about 1 eV below 
the T® (double group) top valence band state. 
The two highest valence band states at F (F 9 and 
F 7 double group representations) belong to the 
and Ti point group representation. Since F$ inter¬ 
acts with F 5 via the transverse component of p, it is 
expected that the presence of will affect the 
transverse masses at l\ r 7 and the lower F 7 
valence band. This effect will be absent in zinc- 
blende-type materials. 

Let us neglect for a moment the r 6 ~r 6 inter¬ 
action. For crystal-field splittings much smaller 
than the spin-orbit splitting, the lowest F 15t? band, 
split off by spin-orbit interaction, has the same 
parameters in wurtzite as in zincblende-type 
materials (see equation (15)). The effective masses 
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of the two higher Ti 5 V bunch, split now by the 
crystal field, are found as the solution of a 4 x 4 fc * p 
secular equation. The problem ia analogous to the 
problem of a group IV semiconductor under the 
action of a uniaxial stress in the ( 111 ) direction.* 3 *) 
The highest of these bands (Ip symmetry id 
wurtzite) has the masses: 


m F G 5M 

__ = 

m M 

— -= -1- G 

«?(r») 3 


( 16 ) 


where m „ is the mass in the direction of the hexa¬ 
gonal axis and tn ± perpendicular to it. The masses 
at the lower (T 7 ) valence band, split from Tut? by 
the crystal field, are: 


m 

m 


- 1 - 

- 1 - 



(17) 


It can be easily shown that the effect of the 
Tfl-rs interaction is to add to F in the expressions 
of m* (equations (15)—(17)) a positive term W. 
The longitudinal masses are not affected by this 
interaction. W= 3 *9 can be calculated from the ex¬ 
perimental values of m* (F 7 ) and m*(r 9 ) for CdSe. 
Since both m*(F 7 ) and m*(F 9 ) can be fitted 
within the experimental accuracy with this value 
of W (see Table 2), we conclude that any possible 
contribution of the core d-electrons / 141 which lie 
about 10 eV below r 9 , is negligible. 

Let us now treat the case of a spin-orbit splitting 
much smaller than the crystal-field splitting (ZnO). 
We shall again first assume W *= 0. For a finite W y 
we must add it to F in the expressions of the trans¬ 
verse masses. The orbital wave functions which 
diagonalize the Hamiltonian are: 


fa = 


fa 1 = 


\x 

\x 


(i + -L ) + i Y \ 


\ V3/ 

\ \/$J 

/ 1 \ 

( i \ 

(1-— )+lY\ 

-1- — 

\ vv 

\ v 7 3/ 



fa --4 (X+Y+Z) 

V3 

where X , Y and Z are the orbital wave functions 
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in the absence of crystal field splitting, which 
transform like the coordinates x y y and z. In the 
tight binding limit equation (18) represents angular 
momentum wave functions for l => 1 and magnetic 
quantum number equal to 1, —1 and 0, in the 
direction of the hexagonal axis. 

When the spin-orbit interaction is applied, the 
wave functions which diagonalize the k • p Hamil¬ 
tonian, including spin-orbit coupling, are: 


K *-it ( 19 ) 

where f and | represent spin eigenfunctions 
referred to the hexagonal axis. Each pair of func¬ 
tions in equation (19) defines a doubly degenerate 
valence band. The two upper bands have the same 
effective masses: 


1 

1 F M G 

2 2 2 

and the lower band has the masses: 


( 20 ) 


1 

— _ -1 -F 

My 

1 

— = -1 -G—M 

™ i 


( 21 ) 


We have listed in Table 2 the valence band 
parameters for the 11-VI compounds, calculated 
with the rules discussed above. We have calculated 
zincblende parameters for ZnS, ZnSe, ZnTe, 
CdTe and HgSe and wurtzite parameters for 
ZnO, ZnS, CdS and CdSe. We have estimated 
W in these materials from the value of W in CdSe, 
by making the reasonable assumption that W is 
proportional to F . A salient feature of the cal¬ 
culated zincblende parameters is that is very 
large, and even negative for ZnSe. m^ is only an 
average mass and actually the heavy hole mass in 
the (100) direction is also negative for ZnS, CdTe 
and HgSe. The small contribution to M of the 
<f-electrons, which we have neglected, is likely to 
make this mass qyfn more negative and may be 
also negative in ZnTe, This effect is due to the 


decrease in the interaction produced 

by the IV-Tia admixture. When this interaction 
becomes very small, the — 1 term in the expression 
for some inverse masses can become dominant 
and the corresponding bands are curved upwards 
like free electron bands. Under these conditions 
the highest valence band maximum does not occur 
at the T point, as shown in Fig. 2. There is con¬ 
siderable experimental data in the literature which 



K»^>( 1,0,0) 


Fig, 2. Sketch of the band structure proposed in Section 
IV(b) for the II-VI compounds. 


can be explained using this model for the valence 
band. Indirect transitions have been reported 
to occur below the direct exciton gap in ZnTe,< 24) 
CdTe< 25 > and ZnO.< 2fl > These transitions would 
occur, in our model, between the highest valence 
band off k = 0 and the lowest conduction band at 
k = 0. In HgSe and HgTe the existence of a 
valence band off k = 0 overlapping the conduction 
band, has been postulated in order to explain the 
variation of the Hall constant with temperature. < 27 > 
The overlapping valence band may well be the 
highest maximum off k = 0 as shown in Fig. 2. 
While this estimate of the heavy masses is rather 
)t ^crude and other interactions which we have 
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neglected may appreciably change this estimate, it 
indicates clearly the possibility of large negative 
hole masses at the top of the valence band. These 
comments must be considered speculative at 
present; more accurate calculations, based on a 
direct computation of the matrix elements ofp for 
the calculated wave functions of the material, are 
needed. We expect them to yield negative heavy 
hole masses for some, if not all the II-VI com¬ 
pounds. 

We have not been able to apply this type of 
approach to the I-VII compounds with zincblende 
and wurtzite structure. While the various band 
gaps required are known experimentally, the 
values of F and M are probably strongly modified 
by the admixture of d-electrons of the metal in 
the Fi 5 i> top valence band. No experimental 
information on effective masses is available for 
these materials. 


5. BAND PARAMETERS AT r 15c 

The same type of analysis applies to of the 
zincblende structure. Equations (10), (11) and (15) 
hold provided the proper values of F y M and G 
are used. In group IV materials F (1^) is deter¬ 
mined by the interaction with the very remote 
bands. Since we have no experimental information 
about these bands, it is reasonable to take 
F(T lbc ) = 0. In polar compounds, the interaction 
with the lowest conduction band ( 1 ^) contributes 
the following term to F (Fi 5 C ): 

m 5 c) 

FpiTisc) - E p (Fi 5 V ) - E(T lb ) +£(r 25 ') ^ g 

[^(^ISc) - f^(ri5t>) — Eop][f£p(Fl5c) — Ep{\ 15i»)] Ml 

( 22 ) 

^(Fisc) has the same magnitude as M(Fi 5 r ) but 
opposite sign. In group IV materials, G(Fi 5 C ) = 0 
since all interacting bands (r^) are very far away 
in energy. In polar materials G(Fi 5 r ) is determined 
by the interaction with the Fi 2 conduction band. 
G(r 15c ) a 0*3 eV for the II-VI compounds. The 
correction due to the ^-electrons in the II-VI 
compounds Ma(Ti bc ) and Gd(Fi 5 C ) can be esti¬ 
mated to be the same as for the bands. 


6. BAND PARAMETERS AT l 

The Lz'-Lft gap of the germanium structure 
{L$c-L% v in zincblende) is known in many semi¬ 
conductors of the family we are considering (see 
Table 1 ). The Lz-L\ e (or L^Lu) gap ia known 
for CdTe, ZnTe, HgTe< 14 > and GaAs.^®) It is also 
known to be 2*0eV from band calculations in 
germanium.In all these materials L$ v -Li e is 
only slightly smaller (~ 0*3 eV) than the A$-Ai 
gap obtained from reflectivity measurements in 
almost all materials of this family (see Table 1)* 
We can estimate the LztrEic gap in those materials 
for which it is not known by assuming it is 0*3 eV 
smaller than the A 3 -A 1 gap. The method described 
in the previous Sections can now be used to deter¬ 
mine the band parameters at L$ Cy Li c and L$ v . The 
longitudinal masses at Lzc and L$ v are given only 
by the interaction between these two states and 
possibly (for II-VI compounds) some contribution 
from ^-states. The calculation of these masses is 
equivalent to the calculation of M in Section 4. 
No experimental data are available for determining 
the square of the matrix elements for the Lzc'Lzv 
interaction. One can reasonably assume that it is 
the same as for the ri 5 ,rTi&c interaction (15*5 eV), 
Similarly to what happens at Tist;, the curvature 
at Lz 17 , which is downwards for group IV and 
III—V materials, becomes upwards in some II-VI 
compounds. 

The transverse mass at L\ c is given almost 
entirely by the interaction with L bc and Ls v > 
The square of the matrix element for the transi¬ 
tions is also 23 eV< 7 > (in Ref. 7 we found 25 eV 
for this square matrix element since wc used the 
A3-A1 gap instead of the L 3 -L 1 gap). m*(Li c ) is 
given by equation (7) with Fisc, Ti bVt T 2 B' and E$ p 
replaced by Lz C) Lz Vy Ly and E{L\)-{L% V ). 

The longitudinal mass at L\ c is determined by 
the interaction with other L\ or Ly states which 
are very far in energy. Hence this mass must be 
close to the free electron mass. 

The transverse mass at L bv is determined by the 
interaction with L\ y L 2 and other £3 states. It can 
only be qualitatively estimated from the interaction 
with Lie and Lz c since the interaction with L\ Vy 
which cannot be easily estimated, contributes 
significantly to m ± (Lx v ). 

The longitudinal effective g-factor at L\ can also 
be estimated by this method. ^ 
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7. BAND PARAMETERS AT X 
The only energy gap at X known experimentally 
for the materials under consideration is the 
X\~X\c gap (see Fig. 1). The splitting at X\ e (Xi-Xz) 
is also known for several polar materials. The 
X$-Xic gap determines the transverse effective 
mass at X \ c . No corrections due to the admixture of 
Xx and X$ wave functions in polar materials can be 
made since no information about the position of 
X$ is available. It has been shown in Section 2, 
however, that this correction is quite small, due 
to the large gaps involved. The square matrix 
element for the X^-Xu interaction can be estimated 
from the value of the transverse mass at the lowest 
conduction band minimum in silicon.< n > This 
minimum occurs in the (111) direction near X but 
somewhat inside the Brillouin zone. At this point 
the matrix elements and the energy denominators 
are likely to be close to the corresponding values 
at X. The square matrix element for the Xa~X\ c 
interaction obtained by this procedure, is 19 eV. 
The electron effective masses have been determined 
in two materials which are likely to have the lowest 
conduction band minimum at the X point* 31 *: 
AlSb and GaP.* 32 * From the values of the average 
masses determined from the Faraday rotation and 
with the reasonable assumption m*(Xi) # 1 
(like in silicon), one obtains* 33 * m*(Ai) = 0-22 
for GaP and m*(^) = 0-25 for^AlSb. The 
values of m(*ATi) estimated by the method 
described above are 0*22 for GaP and 0*19 for 
AlSb. This fact lends further support to the 
hypothesis that these two materials have (100) 
lowest conduction band minima: both the l\ c and 
the Lie minima have much smaller transverse 
masses. 
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Note added in proof 

Groves and Paul< m > have recently reinterpreted the 
existing data for a-Sn in terms of a negative Eo gap 
(Eo « —0-2 eV). Accordingly the band parameters 
Hated for this material in Table 2 should be recalculated 
for this value of Eo if this interpretation is correct. 

Baoguley et o/. (85 > have determined the valence band 
parameters of InSb by cyclotron resonance. They obtain 


“0*021 ±0*005 and « 0*4, in good agreement 
with our calculation*. Cyclotron resonance measurements 
have also been reported for «<*•> and p <sv > type CdS. 
Forn-type material m* (ro « 0*175 andm* (H) « 0*156, 
While these values agree well with the estimate in this 
paper, the anisotropy of m*(ri) is larger than expected. 
For p-type material [m*(r a )f**(rV)]V» « l-87(* 7 > was 
obtained, in reasonable agreement with our estimates. 
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POLARISATION DYNAMIQUE DU SODIUM METALLIQUE 
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R6sum£ —Nous augmentons la polarisation des spins nucl6aires de 23 Na par effet Overhauser k la 
temperature de 1,5°K. Dans le champ magn6tique statique appliqutS (2,88 G) l’dnergie Zeeman 
nucl6aire est du m6me ordre que l’6nergie dipolaire entre spins nucl6aires. La theorie*®) montre que 
le melange de ces deux Energies produit une diminution de ^augmentation Overhauser, effectivement 
observ6e exp6rimentalement. 

La m6thode de detection particuli&rement sensible (detection d6clench6e) et une raie de resonance 
eiectronique 6troite, done ais6ment saturable, nous permettent de mesurer avec precision et trfes 
directement le temps de relaxation nucl6aire dans divers champs appliques ainsi que Pabsorption 
d’^nergie des spinfc nucl£aires. 

Abstract —Nuclear spins of 23 Na have been dynamically polarized by Overhauser effect in a 2*88 G 
applied magnetic field. At temperature of liquid helium a wide electronic resonance line permits 
good saturation by the radiofrequency field. When the static magnetic field has about the same value as 
the nuclear local field, Abragam’s theory 1 ®) predicts a decrease of nuclear polarization enhancement 
in fairly good agreement with experimental results. The use of a trigger detection method to observe 
the Overhauser effect provides a very direct measurement of the nuclear spin-lattice relaxation time 
and of the nuclear spin absorption in low fields. 


1. INTRODUCTION 

Dans les m6taux alcalins, le couplage predominant 
entre les spins S des electrons de conduction et les 
spins i des noyaux est de la forme scalaire* 1 ' 2) 

87T 

hjf = ^yeyntfil* SS(f /) (1) 

y e et y n etant respectivement les rapports gyro- 
magn&iques eiectroniques et nucleaires. 8(77) est 
la fonction de Dirac centre sur un noyau. C’est 
ce couplage qui est essentiellement responsable de 
la relaxation des noyaux de sodium. 

La saturation de la resonance des Electrons de 
conduction produit une augmentation de la 
polarisation nucteaire </ z )//o- Cet effet a 6t 6 
pr^vu par Overhauser.< 2) 

A l^quilibre thermique avec le rdseau, l’aiman- 
tation nucteaire est donn^e par la formule de 


Langevin : 



qui devient, lorsque y n hHo kT> 

nhH^l+l) 

h -sir— (2) 

Dans notre cas Ho , le champ appliqu6, vaut 
2,88 G, correspondant & une frequence de reso¬ 
nance eiectronique de 8050 kc/s. 

Lorsque la relaxation est due uniquement & 
Pinteraction (1) des spins nucleaires avec les spins 
des electrons de conduction, et si Pon sature la 
resonance eiectronique, Paimantation nucieaire 
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prend une valeur au plus dgale a y e /yn fois 
raimantation k rdquilibre thermique.< 2 * 3) 

Les experiences de Carver et SucHter< 4) ont 
permia de mesurer i’augmentation de la polarisa¬ 
tion nucldaire par effet Overhauser k la temperature 
ambiante. L*augmentation de la polarisation des 
noyaux de 28 Na dans un champ appliqud de 
44,2 G dtait observee directement par V augmenta¬ 
tion du signal de resonance nucieaire mais 
demeurait limitee par la faible saturation de la 
raie eiectronique, large de 12 G, et par [’existence 
d’autres causes de relaxations nucieaires. 

Dans notre cas, les experiences de resonance et 
de saturation eiectronique sont effectudes sur des 
particules de sodium mdtallique qui se forment 
spontandment dans Phydrure de sodium NaH. 
Le caractdre mdtallique est bien mis en evidence 
par les observations ex pdrimen tales que nous 
decrivons dans la partie 3. Une raie de resonance 
dlectronique dtroite k 1,5°K permet une impor- 
tante saturation par le champ radiofrdquence 
(8 Mc/s). 

La mdthode de detection que nous utilisons est 
diffdrente de celle employde par Carver et Slichter. 
Eile a dtd proposde par Overhauser* 2 * et utilisee 
par Ryter* 6 * sur le lithium. 

La frdquence de rdsonance des electrons vaut 

= y*(H 0 +H n ) (3) 

Ho est le champ extdrieur appliqud, et H n le 
champ nucldaire moyen “vu” par les electrons. 
La formule (1) conduit k la valeur 

8tt 

i/„ = y<| < D(0)i 2 > f7 ^</ 2 > (4) 

<|<1>(0 )| 2 )f est la moyenne sur les fonctions d’onde 
au niveau de Fermi de la valeur k l’emplacement 
d’un noyau de la fonction G>(r) normal isde dans le 
volume atomique. 

L’impossibilitd d’observer la resonance nucldaire 
en bas champ ndeessite l’emploi d’une mdthode de 
detection ddclenchde (trigger-detection) decrite 
plus en ddtail dans la partie 3. 

Le ddplacement y*Hn de la frdquence de rdso- 
nance dlectronique nous renseigne sur Pintensitd 
de Paimantation nucldaire. Nous pourrons ainsi 
mesurer trds directement le temps de relaxation 
apin-rdseau B3 Na dans des champs appliquds qui 
•ont de Pordre du champ local nucldaire (1 G). 
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De plus, irradiant le6 spins nucldaires par un 
champ oscillant, nous obtiendrons la variation de 
la puissance absorbde par les spins nucldaires en 
fonction de la frequence, pour des frequences 
proches de la frdquence de Larmor ou de ses 
harmoniques. 

Enfin, les experiences se preteront bien a une 
verification de la theorie de Peffet Overhauser en 
champ faible etablie avec rigueur par Abragam*®* 

et presentee d’une maniere plus phenomeno- 

logique par Solomon.* 7 * 

2. THEORIE 

Relaxation nucldaire 

Le systeme des spins nucldaires possede un 
hamiltonien de la forme 

= Z\ +'#11 ex (5) 

Z x = -ynhHo^hi (6) 

i 

#n = ~ HIrn }k )(I k .n jk )\ 

j<k & 

# ex = 2 A ) k l r l K {>i 

j<Jc 

tijjc = RjkIRjk vecteur unitaire decrivant la posi¬ 
tion relative des deux spins nucieaires. 

Le troisieme terme qui reprdsente les interactions 
d’echange est supposd negligeable par rapport a 
Thamiltonien Zeeman et a l’hamiltonien dipolaire. 
Dans des champs appliquds de I’ordre de grandeur 
du champ local nucieaire, nous ne devons pas 
negliger Jtn devant Zj. Si Ton fait l’hypoth&C, 
de l’existence d’une temperature de spin dans lc 
systdme nucieaire* 8 - 9) on peut montrer que, 
moyennant certaines hypotheses, on peut ddfinir 
un temps de relaxation par la formule suivante: 

g <-*i> <#i>- <#:>o 

dt Tx (8) 

dans laquelle les variations sont dues uniquement 
k la relaxation. j) represente la valeur moyenne 
de I’dnergie ddfinie k partir de la matrice densitd 
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et 


<JSTO = trip#!} 


nique n’affecte que l’Energie Zeeman. Le calculi 
montre que, dans ce cas, Taugmentation de la 
polarisation <7*>//o devient : 


<*^i)o est la valeur moyenne a rEquilibre 
thermique. 

Consider^ indEpendamment, les deux hamil- 
toniens (6) et (7) evolueraient vers leur valeur k 
1’Equilibre thermique suivant les lois exponen- 
tielle9.< 10} 


</•> Ti 

-— — 1 --- At 

h HI+H* T 1<x > 


( 12 ) 


Dans I’hypothEse d’un couplage purement 
scalaire tel que (1) 




dt 

d(# ii y 

dt 


= - 8 - 


7*100 

(#II )— (#II >0 


Tioo 



Aco = 1 -—s 

( 9 ) 

Yn 


5 0 -<5 2 > 

C — 

(10) 

So 


Le temps de relaxation des spins nucleaires en 
champ elevE, est independant du champ 

appliquE et inversement proportionnel a la 
temperature. 8 prend la valeur 2 lorsque les champs 
internes “vus” par les noyaux proches voisins sont 
totalement non corrElEs, et 3 dans le cas contraire 
pour une interaction dipolaire.* 10 ’ 11} 

Le resultat du calcul de Redfield/ 10) et de 
Hebel et Slichter ( 25) donne, pour la valeur du 
temps de relaxation; 


(S z } est la valeur moyenne de Taimantation 
electronique, So est sa valeur a rEquilibre ther¬ 
mique, s est le facteur de saturation de la raie 
Electronique. 

Avec une forme de raie electronique de Lorentz 
et des temps de relaxation 

r = 15*10~ 7 sa4,2°K 

y 2 H\r 2 

= — V - , ( 13 ) 

1 +y|»fr* 


T 1 = T 2 


1 1 Hl+SH 2 

Tv T laa HI + h( 


(4), (12), (13) montrent que 1 jH n reste proportion¬ 
al) nel k 1 JH 2 , inverse de la puissance radiofrequence 
electronique 


Hi est un champ local mesurant Interaction entre 
les spins nucleaires et donne par : 


H 2 = H 2 


tr#ix 

trZ\ 


On trouve i7 L = (5/3) AH 2 ou AH 2 est le 
second moment de Van Vleck calcule pour une 
poudre et qui vaut 0,63 G 2 dans le sodium metal- 
lique. 


Effet Overhauser 

La saturation de la raie de resonance electronique 
en champ elevE produit une augmentation du 
signal de resonance nuclEaire de 



Dans un champ magnetique applique faible, les 
Energies Zeeman et dipolaire sont du meme ordre 
mais la saturation de la raie de rEsonance electro- 


Absorption d'inergie par les spins nucleaires 1 ' 12 ' 13) 
Les spins nuclEaires sont irradiEs par un champ 
oscillant a la frequence v, d’amplitude Ha- La 
puissance absorbee pour une frEquence v par le9 
spins a la temperature Ti est A(v) 

A{v) = itr? i{y)H * (14) 

f{v) est une fonction de distribution construite k 
partir des Elements de matrice du moment 
magnEtique total entre deux etats |&> et |/> du 
systEme total d’Energies respectives £* et 16) 

v+<bi>l2) 

/WAv = 2 W 

v— (Ay /2) 

Av Av 

v— —- < Efc—Ei < . 

2 2 

U absorption d’Energie correspond k une varia¬ 
tion de temperature du systeme nuclEaire. C’est 
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cette variation de temperature qui, par 1 inter- 
midiaire dc l’interaction (1), produit un deplace¬ 
ment de la frequence de resonance electronique. 
La thdorie de Van Vlfxk< 15 > prevoit un pic 
d’absorption a la frequence de Larmor des spins 
nucteaires, et d’autres d’intensitds plus faibles 
pour les harmoniques de cette frequence, et dans 
le cas ou les Energies Zeeman et dipolaire sont 
seules importantes, Cheng< 16) a trouve, pour la 
raie a la frequence de Larmor et celle k la frequence 
double, des valeurs quadratiques moyennes de la 
largeur tr£s voisines. 

Pour fairc une mesure des seconds moments de 
le raie de Larmor et de la raie k frequence double, 
il est n^cessaire de calculer f(v) = A(v)/v 2 en 
s^parant dans A(v) les contributions provenant 
de chacune des raies. 

Le mode de detection ne nous permet pas 
d’observer l’absorption due a un champ oscillant 
paraltele au champ statique. En effet le champ 
audiofrequence oscillant produit une modulation 
du champ statique, done de la frequence de 
resonance electronique. 
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mode d’observation du signal (absorption ou 
dispersion); 

(2) . Des bobines en position de Helmholtz qui 
produisent le champ applique; 

(3) . Un circuit audiofrequence qui permet la 
saturation de l’aimantation nucleaire. 



3. EXPERIMENTATION 

Les experiences sont effectuees sur une poudre 
microcristalline (Fhydrure de sodium contenant 
environ 1 % de metal. A 3300 G et a basse tempera¬ 
ture on obtient une raie nucleaire de metal dont 


le second moment vaut 0,62 G 2 de forme typique- 
ment gaussienne en accord avec la valeur 0,63 G 2 
thdorique. La frequence de la raie de resonance des 
noyaux de m^tal est deplacee par rapport a celle 
des noyaux du sodium constituant le rcseau de 
NaH d’une quantity correspondant a un deplace¬ 
ment relatif de (1,1 ±0,05)10- 3 en accord avec la 
valeur du diplacement de Knight 1,13 x 10“ 3 .< 17> 
Alore qu’k 9200 Mc/s la raie de resonance 
electronique presente une forme asymetrique 
typique des particules conductrices 1181 plus grandes 
que l’ipaisseur de peau,< 19> a 8 Mc/s la forme de 
raie Electronique est bien symetrique (Fig. 1). 
La taillp des particules est done de l’ordre de 

1 it 10 ^ 

L’appareillage comprend essentiellement:< 2t » 


(1). Un spectromitre k bobines croisees et 
frequence fixe de 8.050 kc/s qui sert a saturer et a 
observer la resonance Electronique. Un systeme 
de compensation ilectrique permet de choisir le 


Fig. 1. Forme du signal de resonance electronique 
cnrcgistr6 dans le mode absorption apr&s une detection 
synchrone. 


Nous observons, a Table d’une modulation a 
20 c/s du champ statique applique et d’un dis- 
positif de detection synchrone, le centre de la raie 
de resonance electronique dans le mode absorption. 
Par irradiation k une frequence voisine de la 
frequence de Larmor des noyaux, Taimantation 
nucleaire est detruite de meme que le champ Hn 
qui lui est proportionnel. Cette variation du champ 
“vu” par les electrons est compensee par Implica¬ 
tion simultanee d’un champ statique produit dans 
des bobines de Helmholtz auxiliaires dtalonnees 
avec precision. Nous ajustons la grandeur du 
champ statique auxiliaire de manure que les 
electrons “voient” le meme champ total applique 
qu’auparavant sans destruction de Taimantation 
nucleaire. Nous nous assurons que le champ 
auxiliaire a la valeur correcte lorsque l’enregistreur 
ne devie pas lors de l’application simultanee 
du champ d’audiofrequence et du champ sta¬ 
tique auxiliaire. Le facteur de saturation s = 
(■So-<S.»/S 0 de la raie electronique ne varie 
pas pendant les diverses phases de Toperation. 
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L’augmentation Overhauser A qui lui est pro- 
portionnelle reste constants La mesure du champ 
H n par cette mEthode a done un sens. 

En faisant varier la frequence du champ de 
saturation nuclEaire cette mEthode permet d’obtenir 
la variation de la puissance absorbee par les spins 
nucleates. 

(4). Pour mesurer le temps de relaxation 
nucleaire T\(H) dans un champ appliquE H qui 
peut etre different du champ d’Etude Ho, un 
dispositif appropriE fournit une impulsion carree 
de champ statique de durEe determine r. 

En suivant la Fig. 2: 

CHAMP 


AIM AN TAT ION 



Fig. 2. Principe de la mEthode de mesure des temps de 
relaxation nucleaire dans des champs appliques qui 
sont de Tordre du champ local nucldaire. 

(a) . L’aimantation nucleaire </ z ) prend sa 
valeur augmentee dans le champ Ho — 2,88 G 
lors de la saturation electronique. 

(b) . Le champ applique devient H , la saturation 
de la raie electronique cesse. <(/ 2 (£)) relaxe avec 
le temps de relaxation T±(H) vers sa valeur 
d’Equilibre dans le champ H , negligeable comparee 
k <(/ 2 ) augmentee dans le champ Ho- 

(c) . Au bout du temps r, le champ applique 
redevient Ho et l’aimantation tend vers la valeur 
qu’elle avait en (a) avec le temps de relaxation 
7i(2,88). 


L’observation k Fosciliographe de la difference 
des signaux aux temps r et 0 en fonction de r 
permet de mesurer Ti(H). 

4. RESULTj^TS ET DISCUSSION 
D’aprEs la thEorie d’ELLiorri 21 * la largeur de 
raie Electronique varie comme l JT de 300°K k 
4,2°K, ce qui est sensiblement vErifiE. 

Le temps de relaxation Electronique de 1,1 x 
10 -8 sec k 300°K a une variation proportionnelle 
k la temperature a partir de 4,2°K. 

Par contre, au-dessous de 4°K, la raie cesse de 
se retrecir. L’augmentation maximum en champ 
Eleve est infErieure k y«ly n que prEvoit la 
seule interaction scalaire (1).< 18) DEjk observEe 
dans Fhydrure de lithium irradiE/ 22 * cette rEduc- 
tion est due a un mEcanisme de relaxation 
nucleaire^ 23 * autre que (1) des noyaux mEtalliques, 
Dans un champ de 3300 G, k 1,5°K, on peut 
constater une dispersion des temps de relaxation 
electronique crEant ainsi une dispersion des 
facteurs de saturation (13) suivant les diffErents 
grains (Ryter, communication particuliEre). 

Dans ces conditions, k cause de cette distribu¬ 
tion, les deplacements etant petits par rapport k 
la largeur de raie, le dEplacement observE n’est 
qu’une moyenne de dEplacements des differents 
grains. La variation de 1 /H n cesse d’Etre rectiligne 
en fonction de \jR\ (Fig 3) Pour obtenir la 
valeur maximum du deplacement Overhauser, 
nous extrapolons la courbe par sa tangente vers les 
puissances infinies. 

H n = 36,7 ± 3,5 mG. 

Si nous supposons pour f(y) une forme gaus- 
sienne qui, comme nous pourrons le verifier, est 
une bonne approximation 

(„ — y 0 )2 

A(v) cc v 2 exp- 

2A 

Av 2 est le second moment de Van Vleck^ 15) pour 
une poudre. Av 2 , tirE de l’Evaluation de la largeur 
k mi-hauteur de la courbe, vaut, en gauss (Figs 4 
et 5): 



A# 2 ^ 0,59 + 0,05 G 2 
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Fig. 3. Variation de l’inverse du champ nucl^aire moyen 
produit par les noyaux en fonction de 1'inverse de la puisaance 
radiofr^quence ^lectronique. Des valeurs en milligauss du champ 
toumant Hi sont port^es en abscisses. 



Fig. 4. Variation de Tabsorption d’^nergie par les spins 
nucldaires en fonction de la frequence du champ audio- 
frequence Ha pour diverses valeurs de son intensity 
A Ha =23 mG O H A = 10 mG 

• Ha « 5 mG A Ha = 2,5 mG 

Pour H a = 10 mG les contributions de Tabsorption prfcs de 
la frequence de Larmor, et de sa premiere harmonique, 
sont s6par^es. 




1563 


POLARISATION DYNAMIQUE DU SODIUM METALLIQUE 


en bon accord avee lea r&ultats d , ANDERSON< 12) et 
la valeur thiorique de 0,63 G 2 * 

Nous observons distinctement, d’apris la 
Fig. 4, que, pour des puissances audiofriquences 
croissantes, la raie 2vq ae sature moins rapidement 
que la raie vo* 

On v6rifie bien la loi (11) de variation de T\T en 
fonction du champ applique (Fig. 6) 

A 3300 G TiT = 5,08 ± 0,15 sec 

A 2,88 G rir = 4,5 ±0,12 sec 

Ces deux valeurs diterminent le facteur de 
correlation 8 de la loi (11) qui peut s’icrire 

H*+ (5/3)A7/2 

T\T = {T X T) *- —- (16) 

H 2 +8(5/3)AJJ2 

Km = 0,63 G 2 
8 « 2,15 ±0,06 


A vec la determination de 7i(2,88) et H* = 

4 Ai/ 2 ce facteur est igal k 0,78 ± 0,03. 

A 3370 G et k la temperature de 1,57°K , 
Ryter trouve, pour le emplacement augment^ 
extrapoli k saturation ilectronique infinie* 28 ! 

Hn m 64 ± 3 G 

Le diplacement naturel sans effet Overhauser 
de la raie de resonance ilectronique mesuri 
par Ryter vaut, a 1,57°K, d’apris la Rif. 18. 

Hno ~ 29 ± 1 mG 
L’augmentation en champs ilevis : 

H n 

AHt\ev£& “ —*“ = 2.200 

Hn o 

A 2,88 G : 

Hn = 36,7 + 3,5 mG 
et 

Hno = (25 ± 2) 10~ 3 mG 
L’augmentation en champs faibles : 


8 est le rapport des temps de relaxation en champ 
ileve et en champ nul pour une temperature 
donnie du riseau. Cette valeur experimentale est 
en tris bon accord avec l’estimation thiorique 
obtenue par Wolff :< 24) 2,1 pour le sodium. 

D’apris la formule (12) 1’augmentation en 
champ faible est riduite par le facteur 

HI Ti (go) 

Hl+Hl T lco ' 



Hno 


Nous trouvons done un rapport des augmenta¬ 
tions en champs faibles et en champs ilevis 
qui vaut 0,60 ±0,30. L’accord avec la valeur 0,78 
diterminie k partir de Ti(2,88) et de la formule (12) 
est mediocre. Cela provient de rincertitude sur 
la valeur du champ nucliaire H n augments, qui 
est probablement sous-estimi en champs faibles. 
II faudrait, pour justifier la validite de l’extrapola- 



Fig. 5. Forme de la courbe f(v) proportionnelle & A{v)!v* 
pour Ha = 10 mG. 
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Fig. 6. Variation du temps de relaxation nucl^aire de 23 Na en 
fonction du champ magn6tique k la temperature de 1,5°K. La 
courbe est trac^cpour la valeur S = 2,15 ddterminde k Taide des valeurs 
des temps dc relaxation dans un champ applique de 2,88 G, et dans 
un champ applique grand par rapport au champ local nucl^aire 
A// 2 = 0,63 G 2 . 


tion de la courbe (Fig 3) pour une 

puissance infinie, obtenir des r^sultats de mesure 
k des puissances de radiofrequence difficiles a 
obtenir k basse temperature. 

5. CONCLUSION 

Les resultats experimentaux obtenus pour la 
relaxation nucl&ure confirment une fois de plus 
Thypothese de la temperature de spin. Ils sont 
assez proches des resultats de Redfield et 
Anderson* 20 * qui utilisaient un coefficient de 
correlation 8 = 2,28 au lieu de 2,15. 

La variation de l’absorption d’energie des spins 
nucteaires en fonction de la frequence d'irradiation 
met clairement en Evidence le satellite d'absorption 
de Van Vleck. La precision n’est toutefois pas 
suffisante pour permettre une etude quantitative 
s^rieuse dans une region de champs appliques ou 
la thdorie est delicate. 

Compte tenu de la sous-estimation de la valeur 
du champ nucteaire augment^, Paccord de la 
valeur experimental de la reduction de l’augmen- 
tation Overhauser en champs faibles avec la 
valeur tWorique 20 pour cent de la formule 
d’ABRAGAM (6) peut 6tre consider comme assez 
aatisfaisant. 
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Abstract—The oscillator strength of the F’-centre has been chemically determined as 
/ = 0*93 ± 0*11. From the transformation of F- into Z\- and ^-centres, the values of/ of the Latter 
were estimated to be: 0*9 ± 0*2. The ratio of the electron capture cross-sections in the formation 
of Z \- and F’-centres respectively was found to be 0*15. Under irradiation with visible light, a station¬ 
ary state F«± Zi is established, which depends on the wave-length of the light. From the thermal 
decomposition of Zi- into F- and Zt- centres, which has an activation energy of 1 -7 eV, it was con¬ 
cluded that Z \- and ^-centres are formed from the same type of Sr centres. The dichroism Z\-Z\ 
was found to be analogous to the F-M dichroism. These results are explained by a scheme where 
a Zi-centre is a combination of a F’-centre with a complex of a Sr-atom and a K- vacancy, and where 
a Z 2 -centre is represented as a Zi-centre which has lost a cation-anion vacancy pair. The mobility 
of the anion vacancy left by optical ionization of a F’-centre is attributed to the gain in polarization 
energy due to the relaxation of the lattice. 


1. INTRODUCTION 

Colour centres in KC1 are considered* 1 * as 
combinations of electrons or holes with lattice 
defects, such as vacant sites, vacancy pairs or 
impurity centres. In pure KCl, F-, N- and 
P-centres occur which are characterized by their 
absorption bands. KCl contaminated with divalent 
impurities shows in addition Zi, Z 2 , Z 3 and Z\ 
absorption bands. The structure of most of the 
colour centres is still a subject of discussion. Only 
the structure of the F-centre, proposed by 
Schottky and de Boer,* 1 * is generally accepted. 
It consists of an anion vacancy having captured an 
electron. The M-centre is very probably a com¬ 
bination of two F -centres (van Doorn* 2 *). 

In all work on colour centres, the number of 
colour centres is calculated by Smakula’s formula: 
no/= T06 x 10 1Q k m H, where no is the chemical 
number of colour centres,/their oscillator strength, 
k m the extinction coefficient at the maximum and 
H the half-way width. Since the values given by 
various authors for the oscillator strength of the 
F-centre, differ considerably, we first redetermined 
this quantity; then experiments were done on the 
transformation between F and other centres. 

* Part of the contents of a thesis by M. Kleefstra 
entitled “Recherches sur les centres colons en KCl 
containing par Sr” (Groningen 1961). 


After the experiments of Pick* 4 * who was 
the first to obtain the Z-bands, Camagni and 
Chiarotti,* 5 * -6 * Cole and Friauf* 7 * and West and 
Compton, * 18 > have investigated the nature of Z- 
centres. In order to get a deeper insight into these 
centres, our experiments were done on crystals 
containing a relatively large variety of numbers of 
impurity centres and F-centres. 

We shall use the nomenclature proposed by 
Kroger et a/./ 8 * in which normal lattice sites are 
neutral and defects can be charged or neutral; 
e.g. a normal K + ion is considered as neutral but 
an anion vacancy (Tci) and a F-centre (Tci) are, 
respectively, positively charged and neutral. Thus 
we have: 

vacant K-site 
Vq y vacant Cl-site 

(VkVci) vacancy pair 
Sr + Sr 2+ ion occupying a K-site 
(Sric^K) pair of a vacant K-site and a Sr+ 
e electron in the conduction band 

hv light quantum 

2. EXPERIMENTAL 

All the crystals were grown by means of 
Kyroupoulos’s technique* 9 * and pieces of 
7x7x15 mm were coloured additively by heating 
them in K vapour. From these crystals, samples 
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were cleaved and heated for 2 min at 450°C before 
measuring their absorption spectra. The latter 
were measured then at liquid air temperature, 
with a band width of 0*01 eV and an accuracy of 
about 5 per cent in the percentage transmission. 
Experiments with polarized light were carried out 
by using Polaroid HN32 or a nicol. The stoichio¬ 
metric excess of K was determined after dissolving 
the crystals in 0*000054 HC1 by measurement of 
the pH and comparison with a calibration curve. 
The amount of Sr was determined in a flame 
photometer. 

3. OSCILLATOR STRENGTHS AND NUMBERS 
OF DEFECTS 

The "optical” numbers of /’-centres were 
calculated by means of Smakula’s formula and the 
oscillator strength was obtained by dividing the 
optical number by the chemical number. The 
results are given in Table 1. 

As a mean value, / = 0*93 +0-11 was obtained, 
which is in accordance with the recent value of 
Doyle* 10 * i.e./ = 0-91+0*12. 

When F-centres are transformed into Zi- or Z<i- 
centres, the integrated absorption does not change 
more than 10 per cent, which indicates that the 
oscillator strengths of Zi- and Z%- centres are within 
about 20 per cent equal to the oscillator strength 
of F-centres. In the following Sections, the optical 
numbers of F-, Zi- and Z 2 -centres will be used 

The number of vacant lattice sites in stoichio¬ 
metric KC1 in thermal equilibrium at 600 D C, can 


be estimated as n(V^) = 1*4 x 10 17 .< n > It is quite 
probable that this amount is still present at room 
temperature in quickly cooled crystals (cf. Ref. 12). 



Fig. 1. Numbers of vacant sites pro cm 8 at 600°C as a 
function of the Sr concentration. 


In KC1 contaminated with Sr at 600°C, an 
equilibrium exists between VV ^ and Sr*. 
The amount of Sr£ determines the amounts of 
V~ and V+ y as is shown in Fig. 1. At room 
temperature the numbers «(F~), n(V £ l ) and 
n(Sr*) are determined by the amount of Sr 


Table 1. Determination of the oscillator strength of the 
F-centre. The “ optical” numbers are the averages of 2 or 
3 measurements , the “ chemical ” numbers were obtained by 
a single measurement . 


Crystal 

Number in 10 lfl /cm 3 

/ 

chemical 

optical 

56-12-13 

32 

33 

1*03 

56-12-13 

30 

33 

MO 

56-8-16 

36 

30 

0-83 

56-8-16 

39 

30 

0*77 

56-8-3 

18 

17*5 

0*97 

56-8-3 

17 

17*5 

1*03 

56-9-18 

67 

59 

0*88 

56-9-18 

67 

59 

0-88 



Z-BANDS IN KC1 


1569 


present and by the temperature from which the 
equilibrium has been frozen in, i.e. 600°C in this 
case. Little is known about the way these defects 
are present at room temperature. The existence 
of SrK^K complexes is proved by their dielectric 
relaxation^ 13 ) since the (Vj^Vci) complexes have 
an association energy higher than the (Sr^x) 
pair has, (2 °) it seems reasonable to assume that the 
(FkFq) complexes are completely associated. 

Myake and Susuki< 14 > have shown that a 
precipitation in quantities of some thousands of 
CaCl 2 units may occur in NaCl, Similarly it is 
very plausible to suppose that in KC1 crystals, 
strongly contaminated by Sr, only 20* 10 16 atoms 
of Sr are atomically dispersed and that the re¬ 
maining Sr is in a precipitated form. This will be 
shown in Section 5. 

4. ELECTRON-CAPTURE CROSS-SECTIONS 

For reasons given in the Discussion, we re¬ 
present a Zi-centre by (SrxFxFci). On irradiating 
in the F-band, a light quantum absorbed by a 
F-centre puts an electron into the conduction band 
(cf. 1). This electron will be captured either by a 
(SncFic) pair, or by a (Vk^ci) pair. It may be 
assumed that in the first case a Zi- centre is formed 
according to (2a) and 2b). Schematically: 

Vci+hv -*■ Fqj +e 

(Sr K F K ) +6+ F+ (Sr K F K Kci) (1) 

'(FkFci) +e -> Vci + (2a) 

^K+^CI -»(V K Vci) (2b) 

As the F- and Z \-bands partially overlap, there is 
also a small absorption in the Z\- band which can 
produce a ionization of Zi-centres.< ? ) 

The latter process will be discussed in Section 5; 
in the present Section we only consider the 
transformation of F-centres into Zi-centres under 
the influence of quanta absorbed by the F-centres. 
If apjaZi is the proportion of quanta absorbed by 
equal numbers of F- and Z\ -centres respectively, 
q the total number of absorbed quanta, a the ratio 
of electron-capture cross-sections in the reactions 
(1) and (2), n(SrxFx) and n(V xFci) the numbers 
of pairs and wo(SricFK)* • • the numbers of pairs 


at q = 0, we have: 

dn(Zj) _ qw(Sr K F K ) 

d q «(FkFci)+< r«(SrKFK) 

n(F) • ap 

n(F) ■ aj?+«(Zi) • a Zl 

As «(FkFci) does not change during this reaction, 
we have: 

drc(Zi) <7{no(SrxFx) —»(^i)} 

dq «o(FkFci) + o{rto(SrKFK)—»(Zi)} 
n(F) * ap 
n(F]ap-^n(Zi)a Zl 

For the beginning of the reaction (q = 0 n(Zi) = 0), 
we find : 

(dn(Zi) \ <TWo(SrKFx) 

\ d^ io flo(FxFci)-f ffflo(SrxFx) 

Crystals with different concentrations of F- 
centres and Sr impurities, have been irradiated, 
with known amounts of quanta, at 25 °C. During 
the irradiation, almost all quanta were absorbed; 
losses by reflection and transmission were less than 
10 per cent. The results are shown in Fig. 2. It 
can be seen that 

l dq io 

is approximately the same for the 4 samples 
(0*4, 0*25, 0*25 and 0*35 respectively) and is thus 
independent of the concentrations of F-centres and 
Sr impurities. The fact that there is no dependence 
between 

d n(Z x ) \ 
d q io 

and the Sr concentrations suggests that in all 
samples the number of atomically dispersed Sr 
atoms no(SrKFx) is the same. In Section 5, it will 
be shown that no(SrKFx) = 20 • 10 lfl /cm 3 . This 
makes (cf. Fig. l)no(FKFci) = 7 * 10 16 /an 3 , which 
gives a ~ 0*15. This value will be discussed in 
Section 8. 

Camagni and Chiarotti< 5 > found <r cr 1, but 
they used only low F-centre concentrations, 
3 • 10 16 /cm 3 , and assumed that »(Sr+) = 2 • 10 16 
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and « 1 • 10 17 defects were able to form 

Z\~ and F-ccntres. In the case of high F-centre 
concentrations, «(Zi) approaches 20 • 10 16 /cm 3 ; 
therefore their assumptions are not valid. Their 
value of 

=o-2 

lo 

however, agrees reasonably with our value. 


x« ,+ 





Fig. 2. Absolute numbers of Zi-centres per cm 2 vs. 
number of absorbed quanta per cm 2 . 

(a) Thickness 0*94 mm 87 x 10 14 F-centres 

(b) Thickness 1 *14 mm 70 x 10 14 F-centres 
fc) Thickness 0*18 mm 183 x 10 14 F-centres 
(d) Thickness 0-32 mm 180 x 10 14 F-centres 
(a) and (b) contained 400 x 10 16 at Sr/cm 3 

(c) and (d) contained 50 x 10 lfl at Sr/cm 3 . 


5. STATIONARY STATE F'^Zi 
A complete conversion of F- into Zi-centres by 
irradiation was found to be impossible, even for 
small F-centre concentrations and large Sr 
concentrations. Therefore it must be assumed that 
the reaction Zi F can also take place. Similar 
to the reaction F -► Zi discussed in Section 4, the 
reverse reaction can be represented as follows: 

(SrxF'K^cO-bAi/ -► ^SrK^K)+ ^ci + e (1) 

(S r K VK)+e+ V£ x (StkVkVci) (2) 


( V K Vci)+e V+V£ (2a) 

V£+V+-+(V K Va) (2b) 

For the rate of transformation Z\ -► F, we thus 
obtain: 

d n(F) _ n(V K Vci) 

d q n( Vk Fici) + an(Sr kVk) 

_ r ‘ n{Zl)az ' - (3) 

n{Z\)a Zl + n(F)a F 

in which tj is the probability that an electron is 
released from a Zi-centre by the absorption of a 
light quantum. Other reactions which occur 
simultaneously, such as the formation of M- and 
Zi-centres, were found to proceed much slower 
than the transformations F —> Z\ and Z\ -> F, and 
have been neglected here. A stationary state is 
obtained when 


dn(Zi) dw(F) 

dq dq 

from which condition the following relation is 
derived: 

7) • ti(VkVc\) • n(Zi) • a Zl = «(SritFK) • «(F)- a F * o 

(4) 

or: 


n(Zi) a F a woCSrK^x) —w(Zi) 

-—-- _ -- (5) 

n(F) a Z] 7} n 0 (V K V C i) 

For the light used to irradiate the F band 
(hv = 2*27 eV), the ratio a F ja Zl = 2*3. 

As 0-/77 is constant, the maximum number of 
Zi-centres that can be obtained will approach 
MSikFk) for high F-centre concentrations. 
Crystals, with Sr concentrations ranging from 22 
to 400 • 10 16 /cm 3 and with different F- centre 
concentrations (6 to 100 • 10 1 ®), have been irradi¬ 
ated until the stationary state was reached. The 
values for n(Z{) showed no dependence on the Sr 
concentrations. The results are given in Fig. 3 and 
Table 1. As is shown in Fig. 3, the measurements 
can be represented by the drawn curve, which 
obeys the formula: 


n(Z x ) 

n(F){20x 10 16 —ti(Zi)} 


0*065 x 10 16 
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Fig. 3. Number of Zi-centres in the stationary state, 
as a function of the number of F-centres in the stationary 
state, both in 10 18 /cm 3 . 


A comparison with equation (5), in the form: 

n(Zi) dF a 1 

n(F){iio(Sr K ^k )— a Zi V MYvVoif 


rest of the strontium is somehow precipitated. 
With apjaz 1 = 2*3 and <r » 0-15, we calculate, 
from 


ap a 1 

a Zi v MPkVci) 


0-065 x 10“ 


the value 7/ ~ 1, which is valid for 2*27 eV light. 

In Fig. 4 the dependence of the ratio n{Z\)ln(F) 
on aFlaz l} that is on the wavelength of the light 
used for the irradiation, is shown. 


6. THERMAL DECOMPOSITION OF Zi- CENTRES 
The Zi-band is not very stable, even at room 
temperature, and decomposes at 50°C at an 
appreciable rate into Z 2 - and F’-centres. Zg-centres 
can also be obtained directly from F-centres by 
thermal decomposition. The thermal equilibrium 
F++ Z 2 was studied by Camagni.W We studied 
the thermal decomposition of Zi-centres at 50°C, 
because the thermal reactions F Z 2 and Z 2 -► F 
are still very slow at this temperature (cf. Ref. 6). 
The results of the measurements are given in Fig. 5. 
It is possible to estimate, for the reaction 



then, leads to the assumption that, in all samples, an average activation energy by determining the 
20 x 10 16 (SrK^K) pairs are present and that the reaction speed as a function of temperature. The 


Table 2. Defects in additively coloured KC1 containing Sr. In the columns Sr, F and Z 2 , the 
numbers before irradiation are given; in the 4 next columns the numbers afer irradiation are 

given; in all cases in 10 16 /cm 8 . 


Crystal 

Sr 

F 

Z a 

F 

Zi 

M 

Z 4 

57-2-12a 

400 

9 

0 

4-5 

4-8 



57-2-12b 

400 

6 

0 

3-4 

2-7 



56-8-15 

22 

19 

0 

14 

7 

1*4 

0 

56-8-6 

25 

13 

0 

6 

5 

0-4 

0-2 

56-8-7 

27 

25 

0 

11 

6 

1*3 

0-5 

56-8-16 

30 

30 

0 

16 

7 

1-8 

0 

56-9-18 

27 

59 

0 

46 

17 

4-8 

0 

56-8-29 

49 

43 


24 

12 

2-1 

0 

56-12-20 

64 

33 

0 


11 



56-12-21 

65 

29 


12 

10 

M 

0-6 

56-8-30 

67 

54 

0 

30 

17 

3-1 

2-5 

56-9-21 

70 

66 

12 

51 

16 

3-2 

0 

56-12-12 

80 

56 



14 



56-12-10 

84 

66 

4 

43 

15 

2-4 

0 

56-9-24 

77 

70 

9 

61 

16 

4-7 

0 

56-12-8 

80 

102 



17 
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reaction speed, for a given sample, was taken as 
dn{Zx)ldt for t =* 0 and its logarithm is plotted vs. 
the reciprocal absolute temperature in Fig. 6. In 
this way the activation energy is found to be 
=a 17 ± 0-2 eV. 



Fig. 4. Extinction coefficient for the Zi-band vs. 
irradiation time. 

□ 1 -95 eV light 
O 2-27 eV light. 



Fig. 5. Thermal destruction of Zi-centres at 50°C. 
The decrease of the number of Zi-centres and the 
increase of the numbers of Z%- and F-centres are shown. 


Z 2 -centres are also formed optically by irradi¬ 
ation in the .F-band at 110°C. At this temperature 
the thermal reaction F Z\ is slow, compared 
with the optical reaction. From Fig. 7 it is seen 
that in the optical formation at 110°C, the rate of 


100 50 0 °C 



Fig. 6. Determination of the average activation energy 
in the thermal decomposition of Zi-centres. 
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formation of Z 2 -centres and the ultimate yield are 
smaller than the rate of formation and yield for the 
optical transformation F -* Z\ at 20°C. This 
makes it probable that in the optical formation of 
Z 2 -centres, from F-centres at 110°C, first Zi- 
centres are formed and that subsequently these 
Zi-centres are transformed into Z 2 - and F -centres 
by thermal decomposition, which at 110 °C is very 
fast. This means that the same kind of Sr centres 
are responsible for the formation of either Z\- or 
Z 2 -centres. 

7. DICHROISM 

Kanzaki< 15 > and van Doorn and Haven (16 > have 
shown that dichroism can only occur in the F-band 
when the M-band is present. In the pure F-band 



Fig. 8. (a) Absorption spectrum 

(b) Dichroitic spectrum [010]-[001] 

(c) Dichroitic spectrum [011]-[0l1]. 


no dichroism can be introduced at all. Likewise 
we have found that no dichroism can be introduced 
in the Z 1 - or Z 2 -band in the absence of the 
Z 4 -band. The irradiation with [001] or [Oil] 
polarized light, at 20°C and — 180°C, produced 
only bleaching, but there was no polarizing effect. 

The Zi-band can be polarized however, in the 
presence of the Z^band, just as the F-band can 
be polarized in the presence of the M-band. We 
did not succeed in obtaining an appreciable 
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Z 4 -band beside the Z 2 -band: therefore a possible 
Z 2 -Z 4 dichroism could not be detected. 

At — 180°C, in the interval l*8~3*0eV, we 
irradiated crystals containing Z 4 -, M-, Zi» and 
F-centres with [Oil] and [001] polarized light, 
'rtie absorption for [Oil] decreased in the F- and 
Zi-bands and increased in the M~ and Za-bands. 
The total absorption and two dichroitic spectra 
are given in Fig. 8 . The dichroitic spectra are 
obtained by plotting the difference in absorption- 
coefficients for the two directions of polarization 
as a function of wavelength. It appears that the 
[Oil] dichroism is about 3 times as strong as the 
[ 001 ] dichroism. These experiments on the 
dichroism of the Zi-band indicate that the mech¬ 
anisms of the F-Af dichroism on the one hand 
and the Z 1 -Z 4 dichroism on the other hand, 
might be similar. 

8. DISCUSSION 

If we consider only the structure elements which 
probably have concentrations in excess of 10 16 /cm 3 , 
the following models can be used a priori to 
explain the reaction F Z \: 


Vc\ + hv 

-* V^+e Sr+ + e->SrK 

(0 

id. 

(Srjc^iO + e -►(Si’kVk) - 

(ii) 

id. 

(Sr K F K ) + e ^Sr K +^K 

(iii) 


V K +V ci -+(V K Vci) 


id. 

(Sr K F K )+e+K c + , ->(Sr K F K F C i) 


(iv) 


Pick! 4 ) proposed (ii) and Seitz< 17 > (i) and (iii), but 
we think that (iv) is the most probable model, for 
the following reasons: 

(a) As we shall see later on, SrK seems to be the 
most probable model for the Zg-centre. This 
excludes (i) and (iii) for the formation of Zi-centres. 

(b) It was found by Camagni and Chiarottj^ 
and confirmed by us that irradiation by X-rays of 
KC1 crystals containing Sr but no F-centres, does 
not produce Z-centres. This makes (i) and (ii) 
rather unlikely because X-ray irradiation produces 
electrons in the conduction band. 

(c) The thermal decomposition of Zi-centres 
favours model (iv). The optical ionization of a 
Zi-centre removes the electron and cannot lead 
to the formation of Zrcentres; this applies to the 




1574 


M. KLEEFSTRA 


models (i), (ii), (iii) and (iv); but the thermal 
agitation in (iv) can remove either an electron with 
a V£ lf by which process a F-centre is formed, or 
a (VkVci) pair resulting in formation of a Zy 
centre. 

(d) It can be understood from mechanism (iv) 
that the cross-section for the formation of Z\- 
centrea by electron-capture is smaller than that 
for the formation of F-centres, because in the 
second of the two reactions concerned: 

(V K Vci)+e->V C i+V- ( 1 ) 

(&txVa)+e+V+ -v(Sr K K K F C i) (2) 

the (SrxFx) - pair may lose its captured electron 
before the complex is stabilized by the association 
with KcJ. 

The formation of Zi-centres is, in model (iv), 
similar to the formation of Af-centres, according 
to the mechanism put forward by van Doorn.* 2 * 

Formation of M-centres 

Vq\ + hv -> V£ x + e 
Fci + e -> 

F'-centre unstable at 20°C and reacting according 
to either 

V cl -► Vci + e or V Sl + V c \ -> [V C iV c i) 

= Af-centre 

Formation of Zi-centres 

Vc\ + hv V^ + e 

(Srx^x) + £ (SrxF k)~ 

centre unstable at 20°C and reacting according 
to either 

(Sr K V K )~ ->(ST K V K ) + e 

or (SrK^K)"+^ c + i ^(SrKKKKci) = Zi-centre 

The mobility of the V+ v left after the optical 
ionization of the F- cent re, is in fact much larger 
than the mobility of an ordinary F C i + , because 
the relaxation of the lattice around the ionized 
F-centre makes an activation energy available. 
According to the Frank Condon principle, the 
optical excitation takes place so rapidly that the 
neighbouring ions do not move. For the complete 
ionization, the electron takes about 0-6 eV from 


the lattice (cf. 19). But after the removing of the 
electron, the ions adjacent to the vacancy are 
displaced over about 10 per cent of the lattice 
distance. The polarization energy, thus gained, 
is about 2 eV, which is larger than the activation 
energy for diffusion, and thus makes the V£ x 
very mobile. 

The Zi-Z\ dichroism is very analogous to the 
M-F dichroism; therefore it is convenient to 
consider a Zi-centre as a F-centre adjacent to a 
(SrxFx) pair, and a Z 4 -centre as a M-centre 
adjacent to a (SrxPx) pair. The SrxFx pair 
shifts the absorption maximum of the F- and 
Af-centres about 0*1 eV towards the infrared. 

We think that Pick’s model of the Z 2 -centre 
Srx is the best to account for: 

(i) the impossibility to polarize either the 
luminescence* 3 * or the absorption of the Z 2 -centre 

(ii) the observation that the wavelength of 
absorption maximum of the ^-centre is more 
dependent on the character of the foreign ions 
(Ca, Sr, Ba) than the wavelength of the absorption 
maximum of the Zi-centre.* 4 * 

Moreover, the thermal decomposition of Zi- 
centres is best explained by using Pick's model 
for the Z 2 -centre. In our opinion, this decomposi¬ 
tion consists in either the dissociation of an 
electron or that of a (Fx^ci) complex, for which 
we found an activation energy of about T7 eV. 
With Seitz’s model, in the case of Z 2 -centre 
formation, there is an attraction of a (FrFci) 
complex, for which the activation energy of 
diffusion has been calculated to be only 0-4 eV. 

Acknowledgement —The author is much indebted to 
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discussions. 
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Abstract —The calculation of electron mobilities in organic molecular crystals is considered in 
terms of band and hopping models. It is concluded that, within the limits of the tight-binding 
approximation employed, maximum mobilities of 10-30 cm 2 /V-sec exist for such systems. 


1. INTRODUCTION 

In recent years there has been a growing interest 
in the investigation of semiconduction in organic 
materials. As examples, one might cite numerous 
studies of anthracene and the charge-transfer 
complexes.I 1-3 ) Many of the interesting properties 
exhibited by inorganic semiconductors stem from 
the high mobilities of their charge carriers. To 
assess the potential of organics as semiconductor 
materials it is necessary to know what their 
mobility characteristics may be. For anthracene, 
mobilities of order 1 cm 2 /V-sec have been re¬ 
ported. In the case of the charge-transfer com¬ 
plexes no mobilities have yet been directly 
measured, although indications are that they are 
less than 0-01 cm 2 /V-sec. A basic unsettled 
question concerning organic semiconductors in¬ 
volves the mechanism of charge transport. There 
has been a strong temptation among workers in 
the field to discuss their results in terms of a band 
picture, implying that carriers travel in a wavelike 
fashion through the lattice. An alternative model 
visualizes carriers hopping randomly from mole¬ 
cule to molecule. 

It is the purpose of this discussion to investigate 
the mobility of charge carriers in organic mole¬ 
cular lattices in terms of established semicon¬ 
ductor theory. Although numerous theoretical 
discussions of semiconductor mobilities have 
appeared in the past decade, it remains to be 
demonstrated how these ideas apply to organic 
systems. Specific interest centers on the distinc¬ 
tion between the two proposed transport mechan¬ 
isms, the dependence of the mobility on such 
factors as temperature and lattice anisotropy, and 


the magnitudes of the mobilities to be expected 
in organic semiconductors. Because of our almost 
total lack of information concerning the para¬ 
meters needed in mobility calculations, it is 
necessary to resort to a model oversimplified by 
certain approximations. We believe, however, 
that these approximations do not materially affect 
our basic conclusions. 

2. ONE ELECTRON WAVE FUNCTIONS 
Consider a region of a molecular crystal con¬ 
taining a few excess electrons. The sources of 
these charges do not concern us, although we 
assume that they are far enough removed from 
the region under consideration to exercise a 
negligible influence on the behavior of the elec¬ 
trons. The charge density is assumed to be 
sufficiently small that electron-electron inter¬ 
actions are also unimportant. If the molecules of 
the lattice were widely separated, the excess 
charges would, in a one-electron approximation, 
occupy orbitals localized on specific molecules of 
the system. In real lattices the orbitals on adjacent 
molecules overlap, thereby modifying these iso¬ 
lated molecular ion states. In inorganic lattices 
this interaction can be quite large, and the grip of 
the lattice on the electrons may be considerably 
diminished. In organic lattices, however, the 
energy states of the system are only very slightly 
perturbed by overlap effects, the overlap being 
considerably smaller, and the electron wave 
functions are still strongly centered upon the 
molecular cores. (Murrell finds, for instance, that 
the overlap between adjacent molecules in the 
anthracene lattice is of order 10' 3 . (4) ) 
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The problem of finding states for excess elec¬ 
trons is then considerably simplified, for one may 
employ a tight-binding approximation in which 
delocalised crystal orbitals are given by a Bloch 
sum of localized molecular orbitals, i.e., 

fa = JV~ 1/2 2 2 ex PW) A *' xn> U) 

} i 

Xu being a one-electron function centered on the 
/ th molecule in the j th unit cell. Components of the 
wavevector k range over an interval of 2tt in re¬ 
ciprocal lattice space. The coefficients X]a are 
readily found from the secular equations 

2 2 cxp(-ftii) [Htl § -«!!$'] hi - o, (2) 

i u 
where 

t h = /fa j H°\<f>lc >/ | <f>Jc > 

«5{ , -<Xw|H°IXi«> (3) 

S oi' = <X#+«.l'lx/i)» 

JJ° being a one-electron, rigid-lattice Hamil¬ 
tonian operator. Upon evaluation of the various 
matrix elements, it is a trivial matter to solve the 
secular determinant and find the energy eigen¬ 
values, which fall into bands centered about the 
localized site energies //JJ. 

Le Blanc has carried out this calculation for 
the anthracene lattice, and found the over-all 
bandwidth to be 0*015 eV.< 5) For the charge- 
transfer complexes no equivalent calculations 
have yet been reported. Qualitative considera¬ 
tions suggest, however, that the bandwidth 
should be of the same magnitude as the energy 
for complex formation (0*05-0*5 eV), provided 
the stability of the complex is due in fair measure 
to electronic delocalization effects. 

The narrowness of these bands when compared 
with the energy differences between the various 
orbital energy levels of the isolated negative ions 
supports the use of the tight-binding approxima¬ 
tion. (In the advent of an orbital degeneracy or 
near degeneracy, the preceding expressions re¬ 
quire minor modifications.) It is to be emphasized 
that, although the band description is a legitimate 
one under the above assumed conditions, it is not 
necessarily correct for a nonrigid lattice. Lattice 
vibrations limit the lifetime of an electron in a 
delocalized state through electron-lattice inter¬ 


actions. One expects these interactions to be 
particularly strong when the tight-binding approxi¬ 
mation is applicable, for then the electron wave- 
functions are closely tied to the molecular cores. 
If the lifetimes of carriers in delocalized states be¬ 
come so short that mean free paths are of the order 
of a lattice spacing, the band concept breaks down, 
and it is more appropriate to choose the localized 
one-electron functions as zero-order eigenfunc¬ 
tions. In the following Section, we consider the 
calculation of lifetimes of electrons in localized 
and delocalized states. 

3. THE RELAXATION TIME 

The major difficulty in mobility theory lies in 
the calculation of a relaxation time, i.e., the life¬ 
time of a carrier in a zero-order eigenstate. For 
defect-free crystals scattering occurs through the 
vibrational modulations of electron energies. 
When charge motion through the lattice is 
sufficiently fast, carriers respond rapidly to motions 
of the lattice, and the intermolecular matrix ele¬ 
ments and S^' t ' may be expressed as 

functions of relative molecular coordinates. This 
condition is satisfied when the one-electron 
energy bands are wider than the phonon energy 
bands. If the converse is true, the lattice instead 
can follow the charge carriers, and as these slow 
carriers migrate through the lattice they carry a 
lattice distortion with them. In the following para¬ 
graphs we consider the lifetimes of fast electrons 
in the delocalized or band representation, and the 
lifetimes of slow electrons in the localized or 
hopping representation. 

A. Delocalized representation 

The calculation of relaxation times requires a 
knowledge of the electron wavefunctions, lattice 
vibrational functions, and electron-lattice inter¬ 
action terms. At present there is almost a total 
absence of information concerning these para¬ 
meters for organic lattices, and, for heuristic 
purposes, we consider a hypothetical lattice of 
translationally equivalent molecules, trusting that 
its properties will bear at least a qualitative re¬ 
semblance to those of real systems. 

For this lattice the appropriate one-electron 
wave-functions are 

N 

fa = N- 1/2 2 exp (ikj) Xh (4) 
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with energies 

e* = 2 exp(ifcu) 

<x/ + «l*°lx/>. (5) 

The lattice vibrational eigenfunctions are repre¬ 
sented by the product of 3N harmonic oscillator 
functions, 

N 3 

= nn \fjqp. (6) 

Q P 

The frequencies of the three polarization com¬ 
ponents of mode q are assumed to be equal and 
given by 

= i 2 sin2 (9 u /2), (7) 

U 

the frequency tn u depending on the force constant 
between molecules j and j *f u. 

The displacement of molecule / from its rigid 
lattice positions is, in terms of the normal co¬ 
ordinates 0 q of the lattice modes, 

r } = N~ 112 2 exp(-i/g)Q„. (8) 

Q 

To introduce an electron-lattice interaction, 

it is necessary to express the j3 u as functions of the 
various ry. We consider here only those terms for 
which u / 0, and assume that 

<XUuWxi> = Pu ex p[ — ( r J+u — r u) U !^u] 

- PI t 1 - N ~ w 2 ex p( - ifa) [ ex P( - - 3 )] 

Q 

; X uQ q /\ u ]. (9) 

The expansion to terms linear in Q q is equivalent 
to the neglect of multiphonon scattering pro¬ 
cesses. In the tight-binding approximation one 
expects the dependence of the intermolecular 
resonance energies f$ u to parallel that of the mole¬ 
cular overlap, hence the assumed exponential de¬ 
pendence upon relative intermolecular displace¬ 
ments. As A measures the decay of the tail of the 
molecular wavefunction, A should correspond to 
several tenths of an Angstrom. Consideration of the 
vibrational dependence of the localized site 
energy would lead to further scattering. In 
nonpolar lattices this contribution is probably 
not the dominant one when the band approxima¬ 
tion is valid. In polar lattices, however, it may be 


necessary to include these additional scattering 
terms. 

Scattering theory requires the evaluation of the 
elements Upon combination 

of equations (4) and, (9) one finds that these 
dements vanish unless ©ne component of mode 
q gains or loses one phonon, q being given by 

k—k'—q = K, (10) 

where K is an arbitrary reciprocal lattice vector. 
When£a» tf kT, one finds 

_ 4 kT 

2l<®WrW*®*>|* = — 

{K0X) cos[(*+fe>/2] sin[(*-*>/2]u}2 
u 

* 2 to u sin 2 [(fc —fc')u/2] 

U 

= 2kTh my (k,k')/N , (11) 

M being the molecular mass and ooo being the 
Debye frequency for acoustic waves. 

The complex dependence of the dimensionless 
electron-lattice interaction parameter y(k>k') upon 
k and k' makes it difficult to proceed without 
certain approximations. When the lattice is iso¬ 
tropic in those directions for which electron 
motion occurs, and when only states near band 
edges are populated, y(k i k f ) is independent of k 
and k\ As, however, y(fe,ft') is a relatively slowly 
varying function of its variables, the mean value 
of y(k,k') on constant energy surfaces throughout 
the band does not differ greatly from its value at 
the band edges. For analytical simplicity we 
therefore approximate y to be constant. 

The relaxation time is then given by< 6) 

i/T*«(8ira^ftr y /7o)(ar(€fc)/ac*) (12) 

Vo being the volume of a zone in the reciprocal 
lattice, and (dV/de^di being the volume enclosed 
in a constant energy shell of width d<?. As thi9 
result is based upon first order time-dependent 
perturbation theory, equation (12) is only rigor¬ 
ously correct when the bandwidth is much larger 
than both hjr and Hcoq* 

B. Localized representation 

In the foregoing Section we have assumed as an 
initial approximation that electronic and lattice 
motions are separable. In more refined calculations 
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the purely electronic waves are replaced by 
electron-phonon wavepackets in which charge 
carriers are accompanied by lattice distor- 
tions.< M0 > These distortions may materially re¬ 
duce the bandwidth when electronic and lattice 
waves have comparable velocities. In polar 
crystals there appears to be a rapid but continuous 
decrease in the bandwidth due to a coulombic 
interaction with optical lattice modes. For non¬ 
polar lattices a shorter range interaction with 
acoustic modes is possible and Toyozawa has 
suggested that the bandwidth may decrease dis- 
continuously to an extremely small value/ 10 ) 

In either situation, the ultimate effect of 
electron-lattice interactions in narrow-band semi¬ 
conductors is to reduce the bandwidth to a point 
where scattering introduces an uncertainty in the 
energy of an electron-phonon wavepacket com¬ 
parable to the bandwidth/ 13 ) Bloch functions are 
then no longer useful, and it is more appropriate 
to employ as a basis set localized electron- 
phonon functions. 

In the localized representation the relaxation 
time corresponds to the time a carrier sits on a 
particular lattice site before hopping to an adjacent 
site. When this time is long compared with the 
periods of lattice vibrations, any interaction be¬ 
tween the lattice and the electron tends to distort 
the lattice about the occupied site. We assume 
that the term in the Hamiltonian representing 
this interaction is of the form 

Hmt = iV~ 1/2 ^ t\p( — iqj)Ag Q v , (13) 

j indicating the lattice site occupied by the elec¬ 
tron, and the vectors A q depending upon the 
details of the interaction. Yamashita and 
Kurosawa have treated the case of polar lattices 
where the interaction is with the polarization of 
optical lattice modes/ 7 ) Even in nonpolar lattices, 
however, a local distortion of the lattice by a 
charge carrier may occur. Retaining the more 
general form of ifmt» one may follow the calcula¬ 
tion of Yamashita and Kurosawa. 

The lattice vibration normal coordinates are 
replaced by the displaced harmonic oscillator co¬ 
ordinates 

Qq ' = Qq+(M 2 ai*Ny 1 / 2 exp((/q)j4*, (14) 

and it is assumed that all lattice modes have 


approximately the same frequency, too* It then 
follows that the probability of electron transfer 
from sitej to sit c j + U in some short time t is 

P(j,j+u; t) = (2^/A 2 a>o)exp[-y tt (25+l)] 

x /o{2y«[*S(5+l)]i/2}^ tjru (15) 

where 

NMhwly u = - cos uq) A Q A* 

<z 

1/5 = exp(hcoolkT)— 1. (16) 

Here y again plays the role of a dimensionless 
electron-lattice interaction parameter, although 
it should be remembered that in the two models 
considered y is a different analytical function. It 
should also be noted that the above expressions 
are only correct when the conditions for slow 
localized electrons are satisfied (coot > 1 and 
hu>Q ft). 

4. MOBILITIES 

In the band representation the drift mobility 
measured parallel to an electric field applied 
along the A’-axis of a crystal is 

** = (*/kT) ( 17 ) 

provided carrier densities are sufficiently low that 
Boltzmann statistics apply. The brackets indicate 
an average in reciprocal lattice space employing 
the Boltzmann exponential term as a weighting 
factor, and v x is the x component of the carrier 
velocity. Generally a numerical integration is re¬ 
quired. For analytical purposes, however, we set 

- (a/*) (fc/dkx) ~ (a/*) (7*-e*)l/2 

(18) 

2/ being the bandwidth, and a the lattice period 
in the ^-direction. To further simplify our analysis 
we consider the limiting cases in which the band¬ 
width is either much smaller or much larger than 
kT . In the former case energy levels of the band 
are thermally degenerate and one finds 

ea 2 1 P 

tx — -. (19) 

k brry hcoo(kT ) 2 

The factor eofi/h has the dimensions of mobility 
and corresponds to 1-2 cm 2 /V-sec for typical 
intermolecular separations. 
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For broad bands the calculation is sensitive to 
the form of BVjdc, In the case of an isotropic 
three-dimensional semiconductor 

dV/d € - 2tt( 2//)3/2 el/2, (20) 

and one obtains the conventional expression 

_ J ( 2 *J \ 3/2 nu 

M h 4777 hm \ kT) ' ^ 


expansion of the Bessel function Jo yields 
ea* /tr\ 1/2 j8 2 

M = "T \7/ (hmY lz {kT?i* 

/ x exp(—,yftojo/4£T). (8) 

A condition for the validity of this model is 
coot > 1, or 




eofi fhvQ 

T* ~j£F 


<29) 


J being proportional to a reciprocal effective mass, 
and y being proportional to the square of the de¬ 
formation potential. The effects of lattice aniso¬ 
tropy can be simulated by assuming 

V{<) X («//)■'», (22) 

n corresponding to the effective isotropic dimen¬ 
sions for the scattering process. The qualitative 
effect of anisotropy is to replace the factor 
(2 TrJjkT)^! 2 in equation (21) by (IrrJ/kT) 71 ! 2 . 

Two conditions which must be satisfied for the 
band model under consideration to be valid are 


J h(UQ 

Jr > h. 


(23) 


These imply that, in the narrow band case, 


fi > 


eofi hojQ 

Y~kf' 


(24) 


As the .energies hcoo and kT are usually of the 
same magnitude, one finds the band description 
to be appropriate only when mobilities are greater 
than about 1 cm 2 /V-sec. 

In the hopping model the mobility is given by 

/x = eofi/kTr, (25) 

or, from equation (15) 
eOL 2 27Ti3 2 

<*P[-y(2S+\)] 

n kT h(x>o 

x / 0 {2y[S(S+l )p/*}. (26) 

In the particular limit 

yS = ykT/hojo > 1, (27) 


This result is complementary to equation (24), and 
indicates the hopping model to apply only when 
the mobility is less than about 1 cm 2 /V-sec. 

5. DISCUSSION 

Any estimate of the mobility characteristics of 
organic semiconductors hinges on the evaluation 
of the electron-lattice interaction parameter y. 
Although a rigorous calculation of this term 
appears formidable, one can make reasonable 
guesses as to its magnitude. Thus in the band 
representation one finds that equation (11) 

y ~ (7/^wo) 2 (ft/AW 2 ) - (//*«o) 2 (* 2 /A*), (2C) 

x being a measure of the amplitude of zero point 
molecular vibrations. Typically x ~ 0*1 A and 
A ~ 0-2 A. As the band model requires J > Hco Oi 
y should be of order unity or greater. In the 
hopping model y depends upon the nature of the 
electron-lattice interaction. For polar crystals the 
results of Yamashita and Kurosawa may be 
used, and one estimates y > 10. In nonpolar 
lattices the interactions are of shorter range, and 
the use of macroscopic dielectric parameters to 
evaluate these interactions is of dubious value. 
If, however, the principal effect is the displace¬ 
ment of only those molecules immediately sur¬ 
rounding a charged lattice site, then one obtains 
from equations (8), (14) and (16) 

y ~ 2 ( A ') 2 /* 2 . (31) 

Ar being the displacement of an adjacent molecule 
from its rigid lattice position. Assuming, on in¬ 
tuitive grounds, that Ar is several tenths of an 
Angstrom, one again concludes that y ;> 1. 

One problem which we wish to consider is the 
distinction between the two transport mechanisms, 
wavelike motion and hopping. The inequalities 


7 
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derived m the preceding Section suggest that the 
magnitude of the mobility is a useful criterion. 
When the mobility is greater than about 1 cm 2 / 
V-sec the band representation applies, and when 
less than this value the hopping model i9 most suit¬ 
able. Another often assumed distinction is 
based on the temperature dependence of the 
mobility. In the band model we have found that 
fx oc T~ n where n <2 when only single acoustic 
phonon scattering processes are considered. The 
exact value of n is a rather sensitive function of 
anisotropy and bandwidth. For the hopping 
model the temperature dependence is more com¬ 
plicated. When electron-lattice interactions are 
large, the mobility increases rapidly with increas¬ 
ing temperature. If, however, y < 10 one finds 
the mobility to be either insensitive to thermal 
changes or to decrease with increasing tempera¬ 
ture. The criterion of a positive mobility tem¬ 
perature coefficient as an indication of the hopping 
process does not appear to be generally valid, 
except possibly for polar lattices. Then, under the 
limits for which equation (28) is valid, one can find 
hopping activation energies of order 0*1 eV. 

It ib tempting to apply our results to a real 
lattice, namely anthracene, even though the model 
considered is not strictly equivalent. From 
equation (19), using the experimental mobility 
value of 1 cm 2 /V-sec, LcBlanc’a calculated band¬ 
width of 0*015 eV, and assuming hcoo ~ 0*01 eV, 
one finds y ~ 10“ 2 . In view of our estimates, this 
value appears to be at least one order of magnitude 
too low. For the hopping model, on the other 
hand, equation (26) yields y ~ 10* 1 in somewhat 
better agreement with our calculations. Con¬ 
siderably better agreement could be obtained in 
both cases if the true bandwidth were several 
times larger. In view, however, of the magnitude 
of the mobility, it would seem that the true be¬ 
havior lies in the transition region between 
hopping and wave motion. 

For the charge-transfer complexes it is be¬ 
lieved that mobilities are much less than 
1 cm 2 /V-sec, so that the hopping model is clearly 
appropriate. For such small mobilities equation (26) 
implies either that /? < kT or yS p 1 . Since the 
Stability of these complexes is presumably based 
upon large /S values, the former condition seems 
unlikely, and one therefore concludes that the 
mobility should increase rapidly with increasing 


temperature. Many highly conducting charge- 
transfer complexes are paramagnetic, and it has 
been suggested that the spin density corresponds 
to the carrier density. If so, differences in acti¬ 
vation energies for conduction and paramagnetism 
should correspond to the mobility activation 
energy. In many cases this difference is of order 
0T eV. For the iodine complexes with pyrene and 
perylene, however, there is essentially no differ¬ 
ence implying a temperature-independent 
mobility. This is difficult to explain satisfactorily 
on the basis of our analysis. Either our results are 
inappropriate because of high carrier densities 
and our neglect of electron-electron correlations, 
or the spin densities do not reflect the true carrier 
densities, or the scattering process is different 
from that envisioned. 

Finally one asks, under optimum conditions, 
what may be expected from organic semicon¬ 
ductors in the way of high carrier mobilities. 
Most favorable conditions arise when bands are 
wide and the lattice is isotropic. Even then, how¬ 
ever, it is difficult to conceive of situations where 
the mobility exceeds 10-30 cm 2 /V-sec, provided 
the tight-binding approximation holds. 

One objection to this conclusion might be that 
our arguments have assumed a simple lattice of 
translationally equivalent molecules rather than a 
real lattice structure. In the latter case it is possible 
to find configurations which give much smaller 
effective masses at band edges, and therefore a 
mobility higher than that to be expected for a 
simple lattice. In organic molecular lattices, how¬ 
ever, these advantages are small, for the deforma¬ 
tion potential is inversely proportional to the 
effective mass. This effect, combined with the 
effects of lattice anisotropy suggest that little is 
to be gained in seeking favorable lattice structures. 
It should also be remembered that in our band 
model we have ignored multiphonon processes, 
vibrational modulations of localized site energies, 
defect and impurity scattering, and librational 
lattice modes—all factors which may be important, 
and which will further reduce the mobility below 
that calculated. Unless, therefore, it can be shown 
that bandwidths in the electron-volt region may 
occur in organic crystals, so that the tight-binding 
approximation is no longer adequate, our con¬ 
clusions stand as to the magnitudes of electron 
mobilities in organic semiconductors. 
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Abstract—The limiting <2lT > and <2ll > growth velocities have been measured as a function of 
melt undercooling for InSb dendrites containing two twin planes. From analysis of the data using 
a layer flow model, it is found that the kinetic rate constant for the interface is greater than 3 cm/eec°C 
and that the effective interfacial energy is small, of the order of or less than 50 ergs/cm 2 . It is shown 
that InSb freezing kinetics are probably slower than those of Ge. The envelope of decanted solid- 
liquid interfaces is asymmetric, an effect probably related to the anisotropy of kinetics induced by 
the polarity of the lattice; there is also a tendency for preferential formation of “Sb” facets. Experi¬ 
ments on growth from non-stoichiometric melts are reported, as well as the negative results of 
attempts to grow continuous dendrites in directions other than <2ll ) or <2ll >. Comparisons are 
made with the dendritic growth of Ge. 


1. INTRODUCTION 

in previous papers* 1-3 ) we have reported studies 
of the freezing processes at the solid-liquid inter¬ 
faces of Ge dendrites, pulled continuously from 
undercooled melts. The fastest pull velocity at 
which continuous growth could be obtained was 
a reproducible function of melt undercooling, and 
was related to the growth velocity at the interface. 
Representative interfaces were obtained by de¬ 
canting, and many of these were found to be para¬ 
boloids which could be characterized by an average 
tip radius. Data on the velocity, radii and melt 
undercooling were analyzed to obtain estimates of 
the interfacial energy, a, and the kinetic rate con¬ 
stant, ft/. These enter the problem because the 
local melting point on any curved interface is de¬ 
pressed below that of a plane according to the 
Gibbs-Thompson relationship, and because an 
interface must depart an amount— v/pf from its 
local melting point in order to freeze at the 
velocity v. For Ge it was concluded that the 
effective interfacial energy was 45 < cr <, 90 
ergs/cm 2 , and the rate constant p/ > 3 cm/°C-sec. 

In this paper we present the results of similar 
work on the III-V compound, InSb, undertaken 
to determine if differences between the growth of 


Ge and InSb might be ascribed to the latter's polar 
character. To this end, we sought kinetic and 
morphological effects, prepared specimens in 
off-stoichiometric melts, and attempted to dupli¬ 
cate the <110) and <321) growth reported by 
Albon and Owen.* 4 ) The literature on the growth 
of InSb has been primarily concerned with "facet 
segregation” and the occasional twinning that 
occur in Czochralski crystals. InSb exhibits facets 
on the more noble or Sb {111} faces, so there is 
a preference for twinning on these planes* 6 *®) 
rather than on In planes. “Facet segregation” 
describes anomalous segregation coefficients ob¬ 
served on such low index planes, but will not con¬ 
cern us further. Huree et a/.* 7 ) show that excess 
In or Sb can give rise to constitutional under¬ 
cooling in Czochralski crystals, but Hulme and 
Mullin,* 8 ) in a review of the literature, report 
that there is no conclusive evidence that off- 
stoichiometry in the melt has any marked influence 
on the electrical properties of the grown crystals, 
at least in the absence of gross segregation on cell 
boundaries. 

2. EXPERIMENTAL APPARATUS AND 
PROCEDURES 

InSb dendrites were grown from a well shielded, 
isothermal crucible, with a cavity 10 cm in height 
above the melt which reduced any temperature 


* This work was supported in part by the Aeronautical 
Systems Division, Wright-Patterson Air Force Base. 
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gradients in the solid stem at the liquid surface, 
ensuring that the heat from freezing flowed through 
the undercooled melt.* 2 ) Since InSb melts at 
T m = 525°C, the cavity had to be illuminated 
through ports in the heat shields. The furnace was 
operated in vacuum during initial heating, or in 
pre-purified hydrogen while growing dendrites; 
an air lock was provided so samples could be re¬ 
moved without cooling the crucible. Despite the 
use of pure hydrogen and high purity InSb, 
difficulty was experienced with the formation of a 
surface scum. This was alleviated to some extent 
by melting the InSb in a separate crucible with a 
small hole in the bottom. Most of the liquid InSb 
would run from this crucible into the main crucible 
while the scum remained behind. The separate 
crucible was then removed and growth started. 

The presence of residual scum may have in¬ 
duced some of the difficulties experienced in 
initiating or seeding new dendritic growth. There 
were frequent changes in twin plane spacing 
during seeding, with degeneration of the existing 
structure or nucleation of new twin lamella. 
Furthermore, the joint between the seed and the 
new growth was often found to be structurally 
weak, even when the twin structure was con¬ 
tinuous, so that samples would break off w hen the 
air lock was used. These problems were partially 
overcome by either striking an arc between the 
seed and the melt while starting growth^ 91 or by 
“splash seeding." In the latter, the melt was under¬ 
cooled below the melting point by an amount AT, 
the seed was brought as close to the surface as 
feasible, and the melt then disturbed so that waves 
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splashed the seed allowing growth to start. This 
was particularly useful when the expected growth 
velocity was high, for the pulling mechanism could 
be started upwards from rest, which was not so 
when the seed was plunged downwards into the 
melt. In spite of these techniques, the yield of 
data on limiting growth velocity as a function of 
melt undercooling, t’(AT), was much lower than 
experienced with Ge. 

Experiments using the decanting apparatus* 1 ^ 
were less productive than in Ge, because of poor 
seeding, and also because InSb has lower re¬ 
sistance to shock. Even when the decanting velocity 
was reduced below 100 cm/sec, at best only one in 
five specimens survived, and these were useful 
only if the twin spacing had not changed. Two 
principal radii were measured on photographs of 
the survivors taken in silhouette perpendicular 
and parallel to the twin structure. These radii, 
p ± and p v were used to compute an average radius, 
characteristic of the tip curvature/ 2 * 

2/pftv = VPi+VPn 

The thermal constants used in computations 
are shown in Table 1. The electrical conductivity 
of the liquid lies between 9 and 10 x 10 3 Q/cm/ 1 *) 
The thermal conductivity of the liquid, ki, was 
obtained from the latter figure and the 
Weidemann-Franz ratio. The thermal diffusivity 
of the liquid, a, was calculated, using the classical 
specific heat of the liquid, c = 7Rj2. Although 
the liquid vapor interfacial tensions are known, ^2) 
there are no published data on the solid-liquid 
interfacial energies. A rough estimate may be 


Table 1. A collection of the physical parameters of InSb. 


Quantity Reference 


Tm 

798°K 

equilibrium melting point 

14, 18, 19 

k. 

0 0179 cal/C-cm-sec 

conductivity of solid at T m 

20 

hi 

0 0467 cal/C-cm-sec 

conductivity of liquid at T m 

see text 

L 

288 caJ/cm 3 

latent heat of fusion 

19, 21, 22 

c 

0192 cal/cm 3 -°C 

specific heat of the liquid = IRjl 
caIs/mole-C° 


a 

0'244 cm 2 /sec 

= kijci 


<7 


average interfacial energy 

see text 

P* 

5-75 g/cm s 

density of solid at Tm 

22 

PI 

6-45 g/cm* 

density of liquid at T m 

22 






THE DENDRITIC GROWTH OF InSb 


1S87 


made by assuming that the bonding is entirely 
covalent, and that the interfacial energy is pro¬ 
portional to the product of the latent heat of fusion 
per bond and the number of bonds per unit area. 
The latter is inversely proportional to the square 
of the lattice parameter, ao , so 

a = AL/al 

where A is a constant for both the diamond and 
the zinc blende structures. Comparing Ge and 
InSb one finds 


GGe = CTmSb 



= 2'33 GinSb 


whence 


CTinSb ~ 85 ergs/cm 2 . 


3. EXPERIMENTAL RESULTS 

Because of the difficulty in obtaining data, we 



Fig. 1. The limiting growth velocity of a family of InSb 
dendrites, twin spacing d = 9-5 p, is plotted as a function 
of melt undercooling. The data has been taken in two 
different seed orientations, <211) and <2ll>. The two 
sets of data points suggest there may be a difference 
between these. 


restricted the investigation to two families of 
dendrites, with twin spacings of d * 9*5 and 
19*5 fM. The results for v(&T) are shown in Figs 
1 and 2, respectively. Note that in Fig. 1 there are 
two sets of points, corresponding to data taken 
with the seed oriented in two positions, 180° 
apart, i.e., <2lT> and <Sll>. In Ge, two twin 
dendrites have six-fold growth symmetry, so 
<2ll) and <2ll> directions are equivalent; this 
may not be true for InSb. 

In Fig. 3 is shown the decanted tip of a 
d = 9*5 ft specimen. This resembles the analogous 
Ge tip, but there are important differences. 
Although the envelope normal to the twin struc¬ 
ture is parabolic and has a characteristic radius p xt 
(as in the Ge dendrites) its axis does not lie in the 
plane of the twins. Alternatively, if the twin 
lamella were taken to divide the crystal in half, 
then each half crystal may be characterized by 
half a parabola with a characteristic radius. These 
radii may also be identified by their association 
with the facet systems which develop in a region 
analogous to the transition region* 2 * in Ge den¬ 
drites. In InSb, the larger radius was always 
associated with facets which were equilateral 
triangles with a corner pointing in the direction of 
growth, while the smaller radius, for the other 



Fig. 2. The growth velocity and undercooling are shown 
for a group of dendrites with ^ = 19*5 ft. These den¬ 
drites, like their counterparts in Ge, had interfaces 
largely bounded by low index {111} and {III} planes, 
that is, they were ‘‘end form” specimens. 
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half of the crystal, was accompanied by triangular 
facets which pointed in the reverse direction. The 
former were in general larger and more sharply 
defined, developed earlier, and were associated 
with Sb {111} facets. 

Measurements on the silhouette of decanted 
tips about the twin planes show that this curve 
was not parabolic, and that the radius in the twin 
planes (p B ) was sharper at the tip than elsewhere. 
It may be shown that the thermal gradients in the 
solid should fall to 1 je of their value at the tip in 



Fig. 4. Theory and the data of Fig. 1 were used to com¬ 
pute an average radius, using the kinetic rate constant 
Hi and the interfacial energy a aa free parameters. The 
best fit of the experimental data occurs when 50 > a 
£ ergs/cm 2 and hs £ 3 cm/°C-sec. 

distances of the order of p ir The radius p [{ should 
therefore be defined at the tip, and we have chosen 
to use the average value of this parameter over an 
axial distance z = 5 p r At distances ~20 p v the 
dendrites were roughly 20 per cent wider than 
expected from the parabola defined by this choice 

of/V 

Specimens of the d = 19*5 p. family were found 
to be end form crystals* 2 ) with tips bounded by 
well developed {111} and {TIT} planes, except for 
a region of sharp curvature about the twin lamella. 

Experiments on growth in directions other than 
(2 IT) and <Sll> were unsuccessful. We are in¬ 
debted to Albon and Owen* 4 ) for supplying us 
with all their specimens, but even using these as 


seeds, we were unable to obtain propagation in 
any other direction. 

Dendrites d = 9*5/4 were grown from melts con¬ 
taining one, three and six per cent excess In or Sb. 
Within the experimental error, these all grew at the 
same velocity, for given undercooling, as those pre¬ 
pared from nominally stoichiometric melts. 

John* 13 ) found evidence for the inclusion of 
spherical pockets the In or Sb rich eutectic* 14 ) 
resulting from the solidification of what Faust 
and John* 16 ) have called the //-arm structure of 
these dendrites. If InSb freezes in stoichiometrc 
ratio then these inclusions would be expected in 
off-stoichiometric melts. The liquid trapped by 
the //-arms rejects the excess component until a 
droplet of eutectic composition remains, which 
then freezes as a spherical inclusion. 

4. THEORY AND DISCUSSION 

The equation appropriate to the analysis of the 
results is 

vp ( vp\ 

- “ exp(» P /2a) Ei |-~J 

c A T—vjfif 

~ L ' (Nk l + Mk s )T m a (,) 

vp 1 IJ 

where L is the specific latent heat, k 8 the thermal 
conductivity of the solid and N and M constants 
derived by Tempkin* 16 > in his treatment of the 
non-isothermal paraboloid. Equation (1) assumes 
that there is a source of layers at the tip of the 
dendrite, the re-entrant corners at the twins,* 1 ) 
and that p f is the average value of the rate constant 
taken over this source and over the layers advanc¬ 
ing on the interface. The velocity in this equation 
is the velocity of the interface relative to the liquid, 
which was taken to be at rest in Tempkin’s 
derivation. In the present experiments, the inter¬ 
face is stationary, and both solid and liquid are 
in motion. The flux condition on mass at the inter¬ 
face is 

vipi = v 8 p 8 ( 2 ) 

where v s is the component of the solid velocity 
normal to the interface, which is equal to the pull 
velocity on the axis. v t is the normal component of 






Fig. 3. This is a photograph of a very asymmetric decanted InSb interface, d = 9*5 g, 
taken in the direction of the twin structure. The envelope about the interface is asym¬ 
metric with respect to the trace of the central twin (bright horizontal line), and the 
blunter half is associated with the Sb or {111} face. The trace of the first facet 

may be seen. 
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the liquid velocity towards the interface, and p 8 
and pi are the respective densities of the two phases. 
For Ge and most metals, 


ps-pi 

pi 


£ 005, 


so it is legitimate to take the limiting pull velocity 
as the growth velocity, i.e., v 8 — vi = — F gr0 wrth- 
However, for InSb, 


Ps-pi 

pi 


0*11 


Thus the axial growth velocity with respect to 
the liquid, — vi, is, from equation (2), —0*893 
times the pull velocity. This effect is caused en¬ 
tirely by the expansion that occurs on freezing. In 
the following, the data are plotted against experi¬ 
mental pull velocities, but the computations have 
been made relative to the liquid and converted to 
pull velocity. 

We have used this equation and the function 
^(AT) to compute values of radii, using p ,/ and ct 
as free parameters. The results are plotted in 
Fig. 4 with the observed values of p av . It is con¬ 
cluded that the rate constant for the interface was 
large, pf > 3 cm/sec- n C, so that the temperature, 
vjpf, driving the average interfacial kinetics, was 
very small relative to AT. The best fits of the 
InSb data occur with the interfacial energy small, 
in keeping with the results on Ge and the estimate 
made earlier. The interface was thus very nearly 
isothermal. Because of the complicated envelope 
of the tip, the most one can claim with certainty 
is that the surface energy appropriate to this data 
is 50 > a $> 0 ergs/cm 2 . 

Since the d = 19-5 p decanted tips were all 
found to be end form, analysis based on a para¬ 
boloidal interface is not applicable. The pyramidal 
morphology of the tip is undoubtedly the result 
of effects like those in Ge at similar twin 
spacings. (2) 

Since we are unable to determine absolute 
kinetic rate constants from either these or the Ge 
experiments, a comparison of rates must be made 
by other means. This should be done in such a 
way as to eliminate differences in thermal para¬ 
meters and in v y p y and AT. Equation (1) may be 
differentiated to eliminate AT. 



where x = vpj 2 a. The slope dTjdv y appears, but 
it is easily measured and is a constant for under¬ 
coolings greater than about a degree. The term 
in or is of the order of 0*01 of Lp(Ei + xE+ l)/2/tj 
and may be neglected. If one compares Ge and 
InSb at the same velocity and radius, then to a 
good approximation one may write, for poe « />inSb 


ibAT 

_A) / 

/dA T 

n 

\ dv 

) Ge/ 

\HT 

/a/ / InSb 



The radii of the d — 9*5 p InSb and the d = 9*0 p 
Ge dendrites are equal, and the Ge data may 
readily be interpolated to d = 9*5 p y so the rate 
constants may be compared at equal radii or equal 
twin spacing. In both instances it is concluded 
that the average rate constant for InSb is somewhat 
smaller than that of Ge. It should be emphasized 
that this result is just outside the root mean square 
deviations in the respective radii, but it does con¬ 
firm the expectation that a polar compound will 
grow more slowly than an element under equiva¬ 
lent circumstances. 

The asymmetry of the decanted interfaces can 
be ascribed to a polarity of either interfacial 
energy or rate constant. If we characterize the 
halves of the interface by the character of the (111) 
or (ITT) planes on either side of the twin structure, 
then near the tip the Sb or (111) half has a larger 
radius and thus either a higher average surface en¬ 
ergy or faster kinetics than the In or (ITT) half. In 
view of the occurrence of macroscopic facets only 
at Sb{l 11} poles in Czochralski crystals, in which 
the Gibbs-Thompson correction is small, it is 
concluded that the anisotropy in dendrite mor¬ 
phology is more likely caused by an anisotropy 
of kinetics rather than of interfacial energy. Al¬ 
though it may be shown that the relative surface 
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populations of A - or B-bonds on dendritic inter¬ 
face is dependent on position, so that in certain 
areas one type may predominate over the other, 
it is not at all clear how to relate such information 
to the average kinetics and the radii, and needless 
to say, the situation cannot be treated mathe¬ 
matically with sufficient precision. A plausible 
explanation is that it is easier to grow on, or to 
complete, the more noble Sb half than the reverse 
In half of the interface. 

There is no convenient explanation of the 
absence of growth direction other than <2lT> 
and '211 > in our experiments, except the differ¬ 
ences in externally imposed thermal gradients 
between the present equipment and that of Albon 
and OwEN. 1 4 ) Since our apparatus was designed for 
low gradients, ~ l/4 L C/cm, it is presumed that 
thermal fields imposed in Albon and Owen’s 
crucible were sufficient to induce the alternate 
dendritic growth directions. 'Thermal gradients 
do influence the preferred mode of solidification,** 7 > 
and it is plausible they should also influence the 
selection among alternative dendritic growth 
directions. 

The results of the experiments with non- 
stoichiometric melts must be considered in light 
of the phase diagram.* J4 1 Since the segregation 
coefficient for excess of either component is zero, 
a considerable increase in the in ter facial concen¬ 
tration of the excess component would be expec¬ 
ted during crystal growth, but the amount of re¬ 
sultant constitutional undercooling would be 
small because the liquid us slope about the InSb 
composition is zero for low initial concentrations. 
The results indicate that even 6 per cent excess 
component did not lead to a measurable con¬ 
stitutional contribution to undercooling for den¬ 
drites. It is known that constitutional undercooling 
may exist with planar interfaces* 7 * but it should be 
remembered that the paraboloid is the most 
efficient geometry for diffusion, whether it be 
heat, impurities, or excess component. Excess 
component could effect kinetics, if, for example, 
the supply of that component were in any way 
rate determining. The relative population of 
associated pairs will be increased. This popula¬ 
tion* 23 * might play a part kinetics. The magnitude 
of the kinetic departure from the melting point, 
vfpf AT, and the above effects, if present, were 
not detectable. The invariance of a(AT) suggests 


that there were no marked changes in interface 
morphology with deviations from stoichiometry. 
In short, deviations from stoichiometry did not 
affect the growth appreciably. 

5. CONCLUSIONS 

These experiments show that the general 
character of dendritic growth of InSb is similar 
to that of Ge. The twin plane spacing dominates 
the tip morphology and the transition from para¬ 
boloidal to fully faceted “end form” tips occurs 
at about the same twin spacing as in Ge. The polar 
nature of the InSb lattice does not have much 
influence on this or on the dependence of growth 
velocity on melt supercooling. Polar effects do 
appear in the details of the tip morphology, for 
the more noble Sb side of the interface is blunter 
than the In half, on the opposite side of the twin 
lamella. It is probable that Sb freezing kinetics 
are faster than In kinetics, although the average 
for the entire interface is lower than for Ge. The 
experiments indicate that the constant for this, 
fif > 3 cm/ C-sec, and that the effective inter¬ 
facial energy 50 < a- 0 ergs/cm 2 . Deviations 
from stoichiometry in the melt do not have a 
marked influence on growth, and growth direc¬ 
tions other than \2lT)> and \211> do not occur 
in melts with gradients < 1/4'C/cm. 
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Abstract —Two results have been established concerning the existence of localized electronic 
states associated with a point impurity in a substance having a spherical energy band, E(k) • £o + «i 
x cos k + ea cos 2k, where k |A| t with aaubsidiary minimum at h ** 0. The 1st result is a general¬ 
ization of Slater and Roster’s result, that in 1 dimension an energy band with a subsidiary minimum 
has no localized states associated with this minimum if the impurity potential is of the 5-function 
type; i.e., it has only 1 matrix element between Wannier functions, a diagonal one referring to 1 site* 
We show that this result also holds for a spherical band in 3 dimensions. Our 2nd result is that, for 
the Coulomb-impurity potential screened by the static dielectric constant, and the above spherical 
band, there are hydrogen-like localized states built out of states near the subsidiary minimum, 
even when all powers of k in E(k) are taken into account in the equation for the envelope function. 
The deviation of the impurity potential from slow variation causes a long lifetime for decay of the 
localized state into conduction states of the same energy. For a typical shallow impurity state, the 
lifetime is g I0“ 8 -10"' e sec. 


Recently the existence of discrete localized 
electronic states, arising because of a localized 
impurity, and coincident in energy with states in 
an energy band has been invoked in order to 
explain a number of observations in semiconduc¬ 
tors. ^ These states are of two slightly different 
types. 

The first type is associated with the valence 
band systems in silicon and germanium. Spin- 
orbit coupling causes a partial breakdown of what 
would otherwise be a sixfold degeneracy at k — 0 
into two- and four-fold degeneracies, the four-fold 
degenerate band having the higher energy. If the 
perturbation potential caused by a localized im¬ 
purity such as a type III or type V substitutional 
atom is sufficiently weak (i.e. its matrix elements 
are not comparable in size to the spin-orbit 
splitting at k = 0), and it varies slowly over 
distances of unit cell dimensions, so that effective 
mass theory holds, one can imagine that the two¬ 
fold and the four-fold degenerate bands separately 
give rise to hydrogen-like localized states. In this 
case a localized state arising from the two-fold 


* Work supported in part by the U.S. Air Force 
Office of Scientific Research. 


degenerate band will have the same energy as some 
continuum state of the four-fold degenerate band. 

A second, similar situation arises when one con¬ 
siders the conduction band of germanium, which 
has four absolute minima at the ends of the [1,1,1] 
axes in the Brillouin zone, and a subsidiary 
minimum at k ~ 0. As above, one may suspect 
that localized states arise composed of Bloch states 
with A-vectors near the subsidiary minimum, in 
addition to the localized states that arise from 
Bloch states near the absolute minima. The 
weak point in such speculations is that the usual 
effective mass theory, upon which they are based 
(a form of perturbation theory) ignores the exist¬ 
ence of possible continuum states degenerate 
with the localized state that is created. Although 
a slowly varying potential has very small matrix 
elements between states with widely different k 
values, a small or vanishing unperturbed energy 
difference between these states may cause appre¬ 
ciable mixings of these types of unperturbed states 
in any state describing the perturbed system. As 
an example of such mixing we may mention that 
for a strongly localized impurity potential per¬ 
turbing a monatomic one-dimensional solid having 
an energy band with a subsidiary minimum, 
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Slater and Roster* 2 ) have shown that no com¬ 
pletely localized state exists associated with the 
subsidiary minimum regardless of the strength of 
the localized impurity potential. The purpose of 
this paper is to show that if certain restrictions of 
the effective mass approximation are removed, 
allowing one to effectively include interactions of 
all Bloch waves in an energy band, and if, in addi¬ 
tion, the effective potential caused by the localized 
impurity is still slowly varying, rigorously localized 
states exist associated with a subsidiary minimum 
of the band. The remainder of the perturbation 
potential is estimated to be responsible for a life¬ 
time long compared to a typical lifetime caused by 
the electron lattice interaction. 

Let us first review some aspects of Slater and 
Roster’s one-dimensional calculation. They con¬ 
sider an infinite one-dimensional monatomic 
crystal which contains a localized impurity. The 
wave function i(/(x) for the perturbed problem is 
expanded as a linear combination of Wannier 
functions <{> n (x—pa) for the different bands defined 
by the unperturbed, periodic Hamiltonian. Thus, 

lW*) = 2 Un(p)<t> n (x-pa) 
p,n 

where p is an integer, n is the band index, and a 
is the lattice spacing. The sum over p extends from 
— oo to +co. The simple case is treated in which 
the bands are decoupled, i.e. the impurity poten¬ 
tial energy has no interband matrix element 
between Wannier functions, and further, for any 
one band only one matrix element of the perturba¬ 
tion is non-zero: 

J <f>(x-qa)V(x)<j>(x-pa) = V 0 8 a oS p u 

We consider a simple energy band having a sub¬ 
sidiary minimum in E(k) defined by the unper¬ 
turbed problem. The equations defining the ampli¬ 
tudes U(p) for the unperturbed problem are taken 
to be 

O « (-E+eo)U(p)+e x [U(p+l)+U(p-l)] 

+ * 2 [U(p+2)+U(p-2)l 

p = ..., —1,0,1,..., (1) 

where c* = J <f>(x)Ho(x)<f>(x — la) dx. Only enough 
terms \ have been kept so that the subsidiary 


minimum can occur in E(k). The solutions of this 
problem are 

U(p) = exp (ikpa) 
and 

E(k) = co + 2fi cos k + 2 e % cos 2k. (2) 

If €i > 0 and 4b 2 < — ei, E(k) exhibits a sub¬ 
sidiary minimum as shown in Fig. 1. 


E 



Fig. 1. E(k) for an energy band having a subsidiary 

minimum at k = 0. 

The perturbed problem has solutions that are 
either symmetric, U(p) = U( — p) or antisymmetric 
U{p) — — U(— p), in p, and because of the simple 
nature of the impurity energy Vpt it only effects 
the symmetric solutions. The equations for the 
perturbed problem are the same as for the un¬ 
perturbed problem except for p = 0, +1. By 
making use of the remaining unperturbed equa¬ 
tions and the boundary condition that the wave 
function U(p) must not become indefinitely large 
as p gets large we find that we may write 
U{p) = A exp( — yp) + B cos (kp — ot) for p > 0, 
when we are in the energy range A in Fig. 1, in 
which localized states associated with the subsid¬ 
iary minimum would be expected to occur. Here 
k = ki and iy — k z are given, for E fixed, by the 
two solution for k of the dispersion relation, 
equation (2). The coefficients A and B are now 
determined by the homogeneous equations 

I7(l)-17(-1) _ 0, 

Vo 1/(0)+ ez[ U(2) — U{ - 2)] = 0, (3) 

where in these equations U(-p) means U(p) for 
p> 0 evaluated formally for negative values of p. 
The existence of a localized solution requires 
B = 0, and it is easy to show that no such solutions 
exist in the energy range A. 
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Let us now consider a three-dimensional prob¬ 
lem analogous to Slater and Koster’s onerdimen- 
sional model. We consider an infinite three-dimen¬ 
sional crystal with one substitutional localized 
impurity. We assume that there is an energy ban4 
of the pure infinite crystal which is far from other 
bands and has a subsidiary minimum, and that 
there are no matrix elements of the impurity 
potential energy between states from different 
bands. The Schrodinger equation in the Wannier 
representation cannot be solved exactly in this case 
and it is more convenient to work with the “sum¬ 
mation equation” form of the difference equations 
for the Wannier function amplitudes as derived 
by Slater and Koster. The summation equation is 

Ui = 2G iS V*l 4. (4) 

i* 

Here, U{(= U(R)) is the amplitude of the Wannier 
function centered at lattice point Ri . Vjjt = 
J <j>*(r-Rj) F(r)<£(r- Rk) d*r is the matrix element 
of the impurity potential energy between Wannier 
functions on sites Rj and /?*, and G^ is the Green’s 
function defined by the unperturbed periodic 
potential problem: 

1 ^ cx P [ik.(Ri-R } )] 

Gfi — — > - 

N 3 ^ E-E(k) 

k In B.Z. 

~ _l r ex p [‘k-(Ri-Rj)]d 3 k 

= (2ir)3j E—E{k) 

B.Z. 

where E{k) = e m exp (-ik*R m )- 
We will now study a model which approximates 
our problem but for which analytic answers can 
be obtained. We consider a spherical band (E{k) 
only where k = \k\) and also consider the Brillouin 
zone to be spherical. A typical form for E might 
be E(k) — t-x cos k + fc ’2 cos 2k and A max = rr would 
be the radius of the zone. We keep two terms in 
E(k) in order that there be a subsidiary minimum, 
and will evaluate the Green’s function for an 
energy below the subsidiary minimum, but above 
the bottom of the band. Because we are only inter¬ 
ested in a qualitative question, namely the admix¬ 
ture of continuum and bound components of states 
lying within an unperturbed energy band but 
below' a subsidiary minimum, we may further 
approximate E(k) by E(k) = 2aA 2 — (3A 4 where 


both a and £ are greater than zero, thus ensuring 
the existence of a subsidiary minimum. We are 
particularly interested here in the case of the very 
localized impurity potential. 

Vij = Ve$(Jt*,0)8(J*/,0). (6) 

In order to study this case we must have a finite 
value for Goo* In the case that no subsidiary mini¬ 
mum exists and E{k) may be satisfactorily approxi¬ 
mated by 2?(&) = 2oA 2 it is necessary to treat 
seriously the existence of a high wave number 
cutoff (the Brillouin zone boundary) in the 
integral for Goo* Failure to do so leads to an in¬ 
finite value for Goo* However, in the case we are 
treating such a cutoff is not necessary to avoid a 
divergence of Goo> and for mathematical simplicity, 
we extend the range of the integration in k space 
to include all of k space. In this way we find 

r exp [ik*(Ri-R})] 

G,° f cc —— -— d 3 & = [4^2+*2)1-1 

" J E- 2aft2+/J* 4 1 * ,l 

all * 

coab\Ri-R)\- exp Jtj|]| ^ 

\R t -R]\ )’ 

where b 2 and — c 2 are solutions of E—2<xk 2 +ftk* 
= 0. We may of course add to this result any 
solution of the homogeneous equation, i.e. the 
Schrodinger equation in the Wannier function 
representation for the periodic potential problem 
with energy E. We may usefully consider such 
solutions to be exp [ik * (/?< — /?/)] where E(k) = E . 
We thus consider Green’s functions of the form 

Gn = G®+ K(k) exp [ik . (Ri - Rj)], (8) 

which give rise to solutions of a perturbed problem 
resembling as closely as possible unperturbed 
Bloch states. If the impurity potential is of the 
form (6) then the equation (5) gives rise to the 
eigenvalue condition 

I = FoGoo 
or 

— =--- +K(k). (9) 

F 0 4TT^ + C 2 ) 

We see that for any energy that would give rise to 
a discrete level associated with the subsidiary 
minimum we may choose JC(A) to satisfy equation 
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(9), Thu* we see that no completely bound state 
can exist for a very localized potential. Even if 
equation (9) could be solved with K{k) » 0, the 
resultant solution (for a single energy) would con¬ 
tain almost equal portions of localized and con¬ 
tinuum parts. We have thus extended Slater and 
Roster’s result for the absence of localized levels 
associated with a subsidiary minimum of an energy 
band and a strongly localized impurity potential 
to a three dimensional case. 

Let us now for comparison examine the case of 
a Coulomb impurity potential screened by the 
static dielectric constant. The main point of our 
work is to show that this potential gives rise, for a 
spherical band, rigorously in the limit that the 
potential is slowly varying, and approximately in 
other cases, to bound states which are coincident 
in energy with continuum states of the perturbed 
problem. For this purpose it is convenient to 
write the Schrodinger equation in the Bloch 
representation: 

2(nk\Ho+U\n'k')A„{k') = EA n (k). (10) 

Here U(r) = e 2 /*r (e is the static dielectric con¬ 
stant) and Ho = ( — A 2 /2;«)V 2 *f V(r) where V(r) 
is the periodic potential. U(r) is, of course, an 
approximate impurity potential energy which has 
been justified for semiconductors by many workers 
using recent many-body theory, Following 
Kohn< 4 > we now write these equations in a form 
which separates the isolated band (subscript 0) 
under discussion from all other bands: 


where K v is a reciprocal lattice vector and <?«*;» *' 
is the vth coefficient in the Fourier expansion of 
the product of the periodic parts of the Bloch 
functions ^„*(r) and *jf n 'k{r). In particular 

Cn*;n’k “ &nn'< 

The Coulomb potential is slowly varying except 
in the cell containing the impurity atom. In the 
familiar situation of a band with no subsidiary 
minimum it is assumed that only Bloch functions 
with wave vectors near the minimum will contri¬ 
bute appreciably to any bound impurity state wave 
functions. Thus all terms in equation (12) with 
K v ^ 0 are neglected, and all interband terms are 
at first neglected because the impurity potential 
matrix elements are much smaller than typical 
interband energies. Furthermore E(k) is approxi¬ 
mated by £o + (a/2)(fc— M 2 ) an expression valid 
near the band minimum ko . The restriction that 
k lie within the Brillouin zone is then lifted and 
the usual slowly varying hydrogen atom type 
envelope functions result, together with a hydrogen 
atom energy spectrum, for the bound levels. 
Finally one can check that the envelope functions 
only involve small k values, thus establishing the 
consistency of the solution. 

When a subsidiary minimum exists it is not 
clear that all K v # 0 can be neglected. Let us 
nevertheless make the same assumptions for the 
subsidiary minimum problem as were made in 
the case in which there is only an absolute mini¬ 
mum and examine the justification later. We 
neglect all K v # 0, and interband effects, and we 


(E 0 (k)-E)A 0 (k)+ 2 (0fc|t/|0fe')^o(fe')+ y(Qk\U\n’k')A n {k') = 0, 

k' wv o 

k' 

{En(k)-E)A n (k)+ ^ («*| Uj0k')Ao(k’)+ 2 (nk\ U\n'k')A„{k') = 0, n / 0, (11) 

fc' nVO 

Jr' 


where A n (k) is the amplitude of the Bloch function 
with wave vector k in band n . Here we have used 
the fact that 

= E n (k)h nn *k*. 

Thematrix elements of the perturbation are given by 


extend the range of k out of the Brillouin zone 
into all reciprocal space. However we now use an 
E(k) that allows a subsidiary minimum. In ad¬ 
dition we assume a spherical band in order that 
we can solve the equations for the envelope 
function. The impurity equation in k space then 


{nk\ZJ\rik') == 




( 12 ) 



IMPURITY STATES WITH SUBSIDIARY ENERGY-BAND MINIMA 


1597 


becomes 


(. E(k)-E)A 0 (k) 



e 2 

e|*-*'|* 


Ao(k') d 3 k’ = 0, 


(13) 


where the sum over k' in ( 11 ) has been changed 
to an integral. We take E(k) — eo + e\ cos k + £2 
cos 2k where the conditions ei + 4 s 2<0 and ei >0 
establish a subsidiary minimum at k = 0 and an 
absolute minimum at k = tt. Here k is the magni¬ 
tude of k- 

If we now return the problem to “real” space 
by multiplying by exp(i 7 c • r) and integrating over 
reciprocal space, we find the folkwing equation 
for the envelope function X(r) 


[cos ([- V2]i/2) + § C os (2 [ - Y 2 ] 1 /2 ) -r ? /r] 

X x( r ) = ~ E x( r ) ( 14 ) 

w r here 5 = t' 2 /^ 1 » V — e 2 /e£i, and e — (E— fo)/fl- 
Here we understand the cos terms to mean their 
power series. Because the Hamiltonian is spheri¬ 
cally symmetric we can write 

X(r) - W *)> 

We then find that 

V 2 x 

where 

Similarly, 

( V 2)n x 



Let us first treat the case / = 0. We let R(r) = 
F(r)jr and find that the equation for F becomes 


1 


f2n 

2(njl 


+s 2 


2^np2n 

(2»)l 



-*F, 


(15) 


where 


d 2 n F 

f in a _ 

dr 2 » 


This equation is a generalization of the con¬ 
fluent hypergeometric equation/ 5 ) and it is thus 
not surprising that when we try a solution of the 
form i?(r) « exp (— or) the resulting equations 
for a, 

cosh a + 8 cosh 2 a + £ = 0 , (a) 

( 16 ) 

— sinha — 26 sinh 2 a —rj — 0 , (b) 

have a solution with a real. These equations arise 
when the coefficients of the different powers ofr 
are set equal to zero. Equation (16a) gives the 
energy when a is known and equation (16b) gives 
a in terms of the parameters of the problem, 
including the strength of the impurity potential. 
Equation (16b) has two solutions for a, one real 
and positive, and the other of the form a — nr + y, 
where y is positive. These solutions correspond 
to bound states splitting off from the band at 
k = 0 and k = tt respectively. 

For a or y small the equations may be solved 
approximately yielding the usual effective mass 
results: 


1+45 


E a = — 5 — 1 + 


2|1+45| 


~V 


y = 


-1+45 


, €y — 5 + l + 


2| — 1 + 45| 


• ( 17 ) 


It can be seen that for the form of E(k) that we 
used a > y no matter what the values of 77 and 5 , 
but that equality of these quantities is approached 
when 5 becomes large. Bound states of higher 
energy for / = 0 can undoubtedly be constructed. 
For / ^ 0 it is not possible to solve the differential 
equation exactly. However, for large r all contri¬ 
butions from /(/ +1 )/r 2 in equation (14) are negli¬ 
gible so that the asymptotic solution exp ( — or), 
where a has a positive real part, is again possible. 

Our result show 9 that, to the extent that the 
potential energy in the equation for the envelope 
function can be assumed to be Coulomb-like, 
bound impurity states of the effective mass type 
may be associated with a subsidiary minimum in 
a spherical band. In contrast with the case of the 
localized impurity, it is not true that all states with 
energies in the unperturbed band region contain 
admixtures of continuum states. It is reasonable 
to expect that this result does not depend critically 
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on the use of a spherical band but we have not 
studied this point in detail. 

Of great interest is the possible effect of a devia¬ 
tion of the potential that should be inserted in the 
envelope equation from the Coulomb form. In 
this connection we remember that there are two 
effects to consider: the neglect of K v ^ 0 and the 
extension of the Brillouin zone to all of k space. 
These effects are indeed connected. Consider first 
the effect of the extension of the band to all recip¬ 
rocal space on the term 1/| k' — k\ 2 . If the band were 
not extended we would be omitting high k — k\ 
thus putting a bottom on the potential well. This 
should not matter as long as no bound states lie 
near the bottom of the well. Now consider the 
term proportional to 1 /[ik — k'— K v \ 2 . The co¬ 
efficient of this term, is not likely to be 

greater than unity but can be counted on to be of 
order unity until v gets large, in which case no 
large contributions are expected anyway. We will 
neglect the k and k' dependencies of CQ fc;0fc / and 
set this coefficient equal to unity. We are thus led 
to terms in the potential energy of the form 

exp [i(k—k')*r] 

-— d 3 A. 118) 

B.Z. 


\k-k'-K v \ 2 


If we extend the boundary of the Brillouin zone 
to infinity this term gives 


e *p(' 




exp [i(fe— k' — K v )*r] 

\k-k' + Ktf~ 

exp (iK v *r) 
cc-. 


d *(k-k'-K v ) 


Including both JSC and ~K vt we get a contribution 
to the potential of the form 


cos K v * r 

V cc-. 

r 


(19) 


Terms such as equation (19) are smaller than 
the 1/r we have been using. If the zone is not ex¬ 
tended to infinity, the integrals become very hard 
to do, and it is questionable whether the approxi¬ 
mations of the problem warrant such a calculation. 
This discussion shows that it is not easy to find 
the proper potential to use in the envelope function 
equation when the real potential (for low lying 


states) in the Schrodinger equation is the Coulomb 
potential. However, it is also indicated that the 
Coulomb potential is surely of the right order of 
magnitude and it is a bit surprising that bound 
states coincident in energy with continuum states 
exist for this potential. Perhaps there is a mathe¬ 
matical connection with the fact that the Klein- 
Gordon equation, in which the kinetic energy can 
also be thought of as a series in powers of the Lap- 
lacian operator, has bound solutions for the hydro¬ 
gen atom. 

A change in the potential from the Coulomb 
form will probably change the wave functions 
enough to cause bound states coincident in energy 
with continuum states to no longer be eigenstates 
of the impurity problem, but if so the lifetimes of 
these states will probably be long. An estimate was 
made of the lifetime of a bound state of the form 
tt{>(r) exp (— atr) with respect to decay into contin¬ 
uum states of the same energy, using a potential 
of the form (19) summed over the smallest recip¬ 
rocal lattice vectors and a spherical band of the 
form used above. The result for the width A E of 
the bound state is 

( 2 
— 

2 « 

(20) 

where B and $ arise from expansions of products 
of the periodic parts of two Bloch functions from 
the same band in terms of a Fourier series in 
reciprocal lattice vectors,* 0 ) and are of order of 
unity; a is the Bohr radius, and all other symbols 
have been defined earlier. Here e^cnjZe is the energy 
of a shallow impurity and we see that A E is smaller 
than this by two factors, the first being the ratio 
of the impurity energy to an energy of the order 
of a band width, and the second the ratio of the 
Bohr radius to the impurity orbit radius. Equation 
(20) gives a lifetime for a typical shallow impurity 
of 10~ 8 -10~ 9 sec. 

In summary, we may say that impurity levels 
with very long lifetimes are associated with sub¬ 
sidiary minima for a Coulomb impurity potential, 
although no such levels exist for a very localized 
impurity potential. It would be interesting to 
know how slowly the impurity potential must 
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vary in order that localized impurity levels be 
associated with subsidiary minima. 
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Resume—Les Electrons dc conductibilite d’un metal ferromagnetique peuvent 6tre polarises par 
le couplage d’echange s-d. Si Ton attribue & cette polarisation de spin le champ magnetique effectif 
mesure au noyau d’un atome non magnetique dissous, un calcul simple montre qu'on peut observer 
un champ local de signe contraire & celui de la polarisation globale des Electrons dan la matrice. La 
comparaison de la th6orie aux quelques r6sultats expdrimentaux connus indique que la polarisation 
est positive dans le fer pur, cotnme on s’y attend pour une polarisation d’echange s^d. 

Abstract— s-d exchange coupling may polarize the conduction electrons in a ferromagnetic metal, 
If the effective magnetic field measured at the nucleus of a non-magnetic atom dissolved in the metal 
is ascribed to this spin polarization, then a simple theory shows that the observed local field may have 
a sign opposite to that of the overall spin polarization in the matrix. According to this calculation 
experimental results indicate a positive spin polarization in pure iron as expected for an$-d exchange 
polarization, This is likely to be true also for cobalt and nickel. 


1. INTRODUCTION 

Le champ magnetique effectif mesure aux noyaux 
d’un metal ferromagnetique provient en partie de 
la polarisation de spin des couches internes et en 
partie de celle des electrons de conductibilite par 
interaction d’echange avec les couches d in- 
completes.0.2) On pouvait penser isoler la contribu¬ 
tion des Electrons de conductibilite, en grandeur 
et en signe, en mesurant le champ effectif au noyau 
d’un atome non magnetique dissous dans le metal 
ferromagnetique. On s’attend k observer une 
tendance k l’alignement des spins des electrons de 
conductibilite sur ceux des couches d magnetiques, 
c’est k dire une polarisation positive. En fait, dans 
plusieurs cas oh le signe du champ effectif a pu 
etre deduit de 1’etude de l’effet Mossbauer par 
exemple ou de rasymetrie de remission j3 des 
noyaux polarises, les mesures ont donne un champ 
local negatif aux noyaux des atomes dissous. 


Le cas le plus sur semble celui de Sn 119 dissous, 
pour lequel le champ local vaut—88 kOe dans 
Fe, — 26 kOe dans Co, mais+16kOe dans Ni. 
Kogan et alS A 1 ont trouve des champs negatifs 
egalement pour Re 186 , Ir 192 et In 114 dissous dans 
le fer. Par contre, le champ serait positif sur Sb 
dissous dans Fe, avec la valeur 280 kOe; son signe 
ne semble pas avoir ete determine pour A1 (17 kOe) 
et Cu (213 kOe) dans Fe. Enfin, le champ mesure 
sur l’or dissous dans le fer est except ion nellement 
eleve, superieur k 10 6 Oe; mais les experimenta- 
teurs ne sont pas unanimes sur son signed 
Si Ton admet que les electrons de conductibilite 
de Talliage sont seuls responsables du champ local 
observe au noyau de l’atome dissous, on peut etre 
tente d’attribuer le champ negatif observe sur Sn 
dans Fe, par exemple, k une polarisation negative 
des electrons de conductibilite dans le fer, c’est 
k dire k un exces d’eiectrons de spin antiparalieies 
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aux spins des couches d par rapport aux Electrons 
de spins parall&les. En realite, une polarisation 
positive des Electrons de conductibilite de la matrice 
ferromagnetique peut donner lieu k un champ 
effectif n^gatif au noyau d’un atome non magn^ti- 
que di8Sous. En effet, le couplage s-d est supprimd 
dans le volume de cet atome et, de plus, celui-ci 
introduit un potentiel perturbateur qui altere 
localement la polarisation de la bande de con- 
ductibilit^, de fa^on a faire ecran a la charge ionique 
correspondant a la difference de valence entre 
l’atome dissous et la matrice. Dans ces conditions, 
il n'est pas surprenant que le champ effectif 
mesur^ sur Y atome dissous differe en grandeur 
de la contribution des electrons de conductibilite 
au champ effectif sur les noyaux de la matrice 
ferromagnetique. II peut meme £tre de signe 
contraire; c’est ce que montre le calcul que nous 
d^veloppons ci-dessous sur un schema simple. 
D’apres ce calcul, le champ negatif observe sur 
Sn dissous dans Fe correspond a une polarisation 
positive des Electrons de conductibilite dans le fer. 
A partir de la valeur mesur^e du champ sur Sn, 
nous calculons la contribution des electrons de 
conductibilite au moment ferromagnetique du fer 
pur. II est bien Evident que des resultats vraiment 
quantitatifs ne peuvent pas etre ba9<& sur un 
schema aussi sommaire que celui que nous utili- 
sons, mais la valeur obtenue: 0,1 /ab par atome, 
semble trcs raisonnable. 

Nous considerons a part le cas du nickel, qui 
ndceseite un schema different; les donn^es mag- 
n&iques ne permettent guere de savoir a quel 
module donner la prdf^rence pour le cobalt, mais 
il est tr£s vraisemblable que la polarisation des 
Electrons de conductibilit6 y soit positive, comme 
dans le fer. 


2. POLARISATION DE SPIN DANS LE 
METAL PUR 

Dans un m^tal ferromagnetique pur, l’interac- 
tion d’^change s~d entre les Electrons de con- 
ductibilit6 et les couches d magnctiques tend k 
stabiliser Tune des directions de spin des Electrons 
de conductibilite par rapport a l’autre, relative- 
ment a la direction de l’aimantation. Ceci conduit k 
considerer deux demi-bandes de conductibilite, 
d&aldes Tune par rapport k l’autre de l’energie 
d’^change 2 c et remplies jusqu’au meme niveau 


■ A. 

de Fermi Ef (Fig. 1). Pour les besoins du calcul, 
nouB admettrons dans la suite que les electrons de 
chaque demi-bande 9e component approximative- 
ment comme des Electrons libres, avec des fonc- 
tions d’ondes de Bloch de la forme v : 

M r ) = M t ) exp(ifer) (1) 

oil la fonction periodique 0o(O ne depend pas du 
vecteur d’onde k . Dans ces conditions, l’energie 
d’un electron de vecteur d’onde k vaut:* 

k? 

m = ( 2 ) 

le signe k prendre devant £ etant — ou +, selon que 
l’orientation du spin est positive f ou negative j . 



Fig. 1. Polarisation de spin des Electrons de conducti¬ 
vity d’un m<kal ferromagnetique. f direction du spin 
des couches d. 


Soit kp\ et kp\ les modules des vecteurs d’ondes 
au niveau de Fermi dans les deux demi-bandes. 
La densite des iftats par unite de volume du m^tal 
et par unite d’energie etant &/(2 t 7 2 ) dans chaque 
demi-bande, l’exces d’electrons de spin f sur le 


* Sauf mention du contraire, les formules sont 
Rentes dans le syst^me d’unit£s atomiques de Hartree, 
ou e = m = h = 1. 
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nombre d’eiectrons de spin \ par unite de volume 
du metal vaut: 



o 



67 r 2 7 r 2 


(3) 


avec kj? = 2Ep • kj? definirait le niveau de Fermi en 
Fabsence de polarisation de spin; d’autre part, 
Fenergie d^change est beaucoup plus petite que 
Fenergie de Fermi: € <g kf?. 


3. STRUCTURE ELECTRONIQUE DE 
L’ALLIAGE 

En general, Faddition de petites quantites d’eie- 
ments non magnetiques, en particular d’etain, au 
fer diminue le moment magnetique de celui-ci de 
2,2 fin par atome dissous, sans changement du 
point de Curie. On peut done admettre, en 
premiere approximation qu’un atome d’etain se 
substitue a une atome de fer sans affecter les atomes 
de fer voisins. Pour le nickel, au contraire, la 
diminution du moment moyen de 1’alliage cor¬ 
respond quantitativement au remplissage de la 
bande d par les electrons de valence de 1’eiement 
dissous,< 6 > 6) Le modele d’alliage que nous utilisons 
ci-dessous s’applique en principe au fer, peut etre 
aussi au cobalt, mais pas au nickel, pour lequel 
nous introduirons un autre schema plus loin. 

Soit C le nombre d’electrons de con duct ibilite 
par atpme du metal ferromagnetique M dans lequel 
on a dissous en tres petite quantite un element X 
non magnetique de valence V — C-fZ. Noussup- 
posons la solution solide parfaite de fa£on a 
pouvoir considerer isolement chaque atome dissous. 
Nous decrivons la presence d’un atome X sub¬ 
stitue a un atome M par un potentiel perturbateur 
qui sera particulierement important si Z est eleve. 
Ce potentiel produit une polarisation electro- 
statique des electrons de conductibilite autour de 
l’atome X } dont ils ecrantent l’exc^s de charge Z. 
D’autre part, 1*absence de couche magnetique dans 
1’atome X supprime le couplage d’6change dans le 
volume occupd par cet atome. 

Le schdma sur lequel nous basons notre calcul 
repose sur les approximations suivantes: 

—les electrons de conductibilite du metal M pur 


sont assimiles k des electrons libres dont la fonction 
d’onde est moduiee par la fonction de bas de bande 

MV; 

—la perturbation due k Fatome dissous X est 
representee par un {knits de potentiel de rayon a et 
de profondeur /rj*/2. 

Nous avons fixe la valeur de a par la condition 
kp a — 2, ce qui correspond k une valeur ieg£re- 
ment superieure au rayon atomique de M si on 
suppose que celui-ci contient un electron de con¬ 
ductibilite par atome. £0 est determine par la 
condition que la charge eiectronique attiree par le 
puits de potentiel neutralise exactement Fexces Z 
de charge ionique de X sur MS 7 > Avec C = 1 et 
V = 4, on a Z = 3 pour FeSn. Le produit koa 
croit de fafon monotone avec Z et vaut 2,31 pour 
Z = 3. En fait, nous calculons koa en effectuant la 
correction de Harrison pour Feffet de taille, telle 
qu’elle a ete utilisee avec succes par Blatt( 8 > pour 
le calcul des resistivity residuelles des m^taux 
nobles. L’etain, par exemple, avec un rayon 
atomique de 1,86 A, dilate le reseau du fer, dont 
le rayon atomique vaut seulement 1,40 A, et, par 
consequent, repousse le fond continu de charge 
positive. Dans ces conditions, la charge d’ecran k 
fournir par les electrons de conductibilite prend 
une valeur effective Z' < Z. Calcuie suivant 
F approximation de Felasticite classique, le rayon 
d’equilibre de retain dissous dans le fer vaut 
1,58 A, ce qui correspond k une charge d’ecran 
effective. 


Z' = Z-= 2,56 

v 

v designant le volume atomique du fer et celui 
de retain dissous. Cette charge d’ecran effective 
est obtenue avec une profondeur du puits de 
potentiel definie par k$a = 2,18. 

Jusqu’ici, n’avons pas tenu compte de la polarisa¬ 
tion de spin de la bande de conductibilite, ou, si 
I’on pref^re, nous avons suppose Falliage non 
aimante. Imaginons maintenant que Faimantation 
s’etablisse. L’interaction d^change s-d decale les 
deux demi-bandes de conductibilite de + c par 
rapport au bas de bande “initial”, le niveau de 
Fermi restant sensiblement le meme pour e petit 
(« < Nous sommes alors conduits au schema 
suivant (Fig. 2): l’atome X agit sur les electrons de 
conductibilite par un puits de potentiel de rayon 
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Fig. 2. Potential agissant aur les Electrons de conducti- 
bilit£, selon leur spin, dans la sphere atomique de l’atome 
dissous. a = rayon de la sphere atomique. 


a et dont le fond se situe a(&'|/2) au-dessous du 
niveau de Fermi. La profondeur effective de ce 
puits de potentiel n’est pas la meme pour les deux 
directions de spin a cause du decalage des deux 
demi-bandes de conductibilite; elle vaut (A^/2)~ e 
pour les Electrons de spin f , mais e pour 

les electrons de spin j . On a d’ailleurs; 

= %+ki ( 4 ) 


4* POLARISATION DE SPIN AU NOYAU D’ATOME 
DISSOUS 

II est deja possible de se rendre compte, qualita- 
tivement, sur ce schema pourquoi la polarisation 
locale de spin mesuree au noyau de l’atome X 
dissous peut 6tre de signe contraire a la polarisation 
globale des electrons de conductibilite dans la 
matrice M . En effet, si celle-ci est positive, par 
exemple, c’est a dire s'il y a moins d’dlectrons de 
spin | que d^lectrons de spin f , le potentiel de 
l'atome X devient plus attractif pour les Electrons 
de spin ^ que pour ceux de spin f , a cause de la 
suppression de 1*interaction d’echange dans le 
volume de cet atome. La densite locale de spin au 
noyau X y pris pour origine des coordonnees: 


W) - Pt(°)-^(°) 


2 -2 

kf l 


W °> 


( 5 ) 


peut devenir negative si ramplitude k 1’origine 
^*|(0) des fonctions d’ondes de spin j dans 
Talliage est suffisamment plus grande, en moyenne, 
que celle des Electrons de spin f . Ceci a des 


chances de se produire quand le potentiel de 
l’atome X est assez fort pour lier des electrons (ce 
qui est le cas pour Fe Sn); en effet, les &ats U6s de 
spin | sont alors plus fortement lies que ceux de 
spin | . Compte tenu de la complexity de la struc¬ 
ture electronique reelle des alliages des m^taux de 
transition, il va de soi qu’un calcul de la polarisa¬ 
tion de spin bas^ sur un schema aussi simple que 
celui que nous adoptons ici peut pretendre, tout 
au plus, a une estimation d’ordre de grandeur. Le 
calcul qui suit n’est destine qu’it rendre plausible 
l’explication proposee ci-dessus. Les resultats en 
confirment simplement la vraisemblance. 

Nous precisons maintenant la structure des 
fonctions d’ondes de la formule (5), qui decri- 
vent les electrons de conductibility de chaque 
direction de spin dans l’alliage. Supposons la 
fonction de bas de bande fa de la formule (1) 
calculee par la methode de Wigner-Seitz dans la 
sphere atomique de la matrice M\ dans le volume 
occupe par Ferment X dans l’alliage, on doit lui 
substituer la fonction w(r) que Ton calculerait par 
la meme methode avec la potentiel atomique de 
1'atome -V dissous. Au voisinage du noyau, u(r) se 
comporte comine la fonction d’onde vraie d’un 
yiectron dc valence de A'. Le puits de potentiel 
n’agit que sur la partie e* fe '' des fonctions de 
Bloch (1) et a pour effet de les remplacer dans 
Talliage par des fonctions d’ondes diffusyes. Les 
fonctions d’ondes <//*, s’obtiennent en multipliant 
les fonctions d’ondes diffusees par u(r) pour r < a 
et par fa(r) pour r > a. II est commode d’analyser 
les fonctions d’ondes diffusees en composantes 
spheriques. Seules les composantes s contribuent 
a la densite au noyau; celle-ci vaut, pour chaque* 
direction de spin: (y > 



& dk 

l-ikl/k' 2 ) sin* k'a 


( 6 ) 


oil + pourvu que u(r) soit normalisee 

dans la sphere de rayon a . De la formule (6), on 
deduit la densite de spin au noyau X due aux 
electrons de la bande de conductibilite de l’alliage: 

vw = p'm-p’m = — 2 e—, (?) 

W) 

la derivee etant prise pour une valeur constante 
de kf. 
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A ceci s’ajoute la contribution des Electrons 
eventuellement lies dans un etat s par le puits de 
potenticl. La fonction w(r) etant approximative- 
ment constante dans la majeure partie du volume 
atomique (mai9 pas au voisinage du noyau), la 
density a I’origine d’un etat s lie vaut: 



m 2 

l-itgtia/fiaj 


( 8 ) 


ou: A 2 -h^t 2 = & 2 et: Xa = — (yxfl/tg/xa), Tenergie de 
liaison etant A 2 /2. La fonction d’onde normalis^e 
i jj s (r) du premier etat s lie du puits de potentiel 
a en effet pour densite a l’origine: 


normalisie dans le volume atomique; 

16tT 

fl* = -ygWB 

est la constante de courage hyperfin de l’atome X 
gx le facteur g nucieaire de X, pb le magneton 
de Bohr et ipA la fonction d’onde d’un Electron de 
valence, f est le facteur de Knight: 

1MQ)1 2 

l^(0)| 2 

La formule (11) du deplacement de Knight peut 
encore s’^crire: 


1 (pa ) 2 

|0 fl (O)|2 --—!- 

1 1 bra* 1—(tg pa/pa) 

Aux deux demi-bandes de conductibilite polari- 
sees correspondent deux profondeurs differentes 
du puits de potentiel et, par consequent, des 
energies de liaison et des densites a l’origine 
differentes pour les etats lies. La densite de spin 
au noyau X due a ces electrons lies est: 

„ „ rV'(O) 

VC0) = pt(0)-Pi(0) = - (9) 

La densite totale de spin electronique (5) au noyau 
de Tatome X est la somme des densites (8) et (9): 

S P (0) = Sp'(0) +V(0). (10) 

Elle n’a pas necessairement le signe de la polarisa¬ 
tion globale Sn definie par (3), des electrons de 
conductibilite dans la matrice M. 

5. CHAMP EFFECTIF AU NOYAU 

Le champ effectif H e u crde par les electrons de 
conductibilite au noyau de Tatome X peut se 
deduire, par analogic, de la formule qui donne le 
deplacement de Knight (A H)jH dans un metal 
ordinaire : (10 > 


A H 8tt 

— = — 
ti j 


2 gNH-B 


( 11 ) 


Dans cette formule, xa designe la susceptibilite 
de spin, par atome, des electrons de conductibilite 
et \MW la densite au noyau des electrons du 
niveau de Fermi, calculee avec une fonction \j)p 


a&£ 

\H = - - W (12) 

ZgNUB 

oil 7 }a designe 1’aimantation par atome de metal 
resultant de I’orientation des electrons de con¬ 
ductibilite par le champ H applique. 

Dans le ca9 de l’alliage MX, t)a apparait 
spontanement du fait de la polarisation des elec¬ 
trons de conductibilite par les couches d : 

VA = = —-— = -—(13) 

3 7 T l 07 T 


d’aprcs (3). 

La fonction w(r) etant normalisee dans la sphere 
atomique, on peut prendre, en premiere approxi¬ 
mation : 

MO) a «(0) 

pour le calcul du champ local sur le noyau X . On a 
alors: 

’M S P(°) 

^ ~ K0)|* 

dans la formule (12), ce qui conduit 4 l’expression 
suivante du champ effectif H e n au noyau X 
dissous: 


a, Sp( 0) 

2gN |«(0)| 2 


(14) 


6. COMPARAISON AUX RESULTATS 
EXPERIMENTAL^ 

Nous avons calcule numeriquement la polarisa¬ 
tion de spin au noyau X en fonction de la charge 
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d’ecran Z, qu’on peut supposer corrigEe pour 
Teffet de taille, en prenant kpa = 2. (cf. 3). Le 
puits de potentiel possEde un etat s lie pour 
koa > w/2, c’est a dire quant Z depasse une 
valeur voisine de 1,2* Les rEsultats sont illustres 
par la Fig. 3, ou sont portees, en fonction de Z, 
les quantity /',/* et / =/' +f" denies par: 

4ea 2 

V = — imi 2 /' et Sp" = __| tt (0)P/' (15) 

3tt jit 

f ' reprEsente la contribution des etats Etendus de 
la bande de conductibilitE de l’alliage, f" celle 
des Etats HEs du puits de potentiel. Chacun de ces 
termes est discontinu pour k^a = vjl (apparition 
de l’Etat lie),/'" Etant nul pour k^a < 77 / 2 , mais la 
somme /' = f" est continue. 



Fig. 3. Polarisation de spin au noyau de l’atome dissous. 
(/' = pour Z £ 1,2). 


Si Ton ne tenait pas compte du renforcement, 
local de density Electronique k l’origine lie k la 
localisation de la charge d’Ecran, Ie diagramme de 
la Fig. 3 se rEduirait h la droite d'ordonnEe / = 2, 
correspondent k un champ ff e tt positif. L’analyse 


detaillee de la formation de l’ecran montre au 
contraire que le champ local doit Etre nEgatif tant 
que la charge d’ecran ne depasse pas une valeur 
de 1’ordre de 3 a 4. (II est bien evident que la valeur 
exacte de cette charge depend de la valeur choisie 
pour le produit kpa et de la precision avec laquelle 
le schema extremement simplifie que nous avons 
utilise represente la rEalite.) Conformement k des 
resultats experimentaux qui avaient surpris certains 
auteurs, notre calcul predit que, dans le fer par 
exemple, le champ effectif mesure au noyau d’un 
atome dissous doit etre negatif dans la plupart des 
cas. C’est bien ce qui est observe sur Sn(Z' ~ 2,5), 
In, Ir et Re {Z‘ ~ 0 a 1). Pour Sb(Z'~ 3,4)// e ff 
pourrait etre positif, mais les resultats experi¬ 
mentaux ne semblcnt pas tres surs eux-memes. 

II nous faut insister sur le fait que le schema 
utilise ci-dessus ne fait intervenir que les electrons 
de conductibilitE de I’alliage; il suppose que les 
couches internes du solute ne sont pas polarisEes. 
II a des chances d’etre valable surtout quand Z est 
assez grand pour que l’effet d’Ecran soit l’essentiel. 
D’autres effets peuvent etre prepondErants iorsque 
la difference du nombre d’electrons de conducti¬ 
bilite entre la matrice et le solute n’est pas bien 
dEfinie. Ceci semble etre Ie cas, en particulier, pour 
Tor dissous dans le fer. Les valeurs tres elevees du 
champ effectif mesurE aux noyaux d’or sont 
probablement lies E la presence de la couche 5 d de 
1’or, peu profonde, qui peut se combiner a la 
couche magnetique 3 d du fer et polariser ses 
propres couches internes. 

Dans l’etain, la couche 4 d est probablement 
assez profonde pour que notre schema represente 
raisonnablement la rEalitE, 

Avec un spin I — J et un moment nucleaire 
/x = —1,046Sn 119 a un facteur ~ 2. 
Si 1’on prend a ~ 3 unites atomiques et, pour la 
constante de couplage hyperfin corrigee d’apres 
Knight, O0) la valeur a 8 ~ 0,5 cm“ 3 , on obtient, 
d’aprEs (14) et (15) pour valeur du champ effectif 
en oersteds: 

Hett ~ 0,8 10« t /, 

a condition d’exprimer l’energie . du couplage 
s~d en Electron-volts par atomes. Avec / ~ 0,3, 
d’apres le graphique de la Fig, (3), on obtient la 
valeur experimentale—88 kOe pour e ~ 0,4 eV, ce 
qui semble d’un ordre de grandeur acceptable. En 
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effet, ceci correspond, d’apres (13) a une contribu¬ 
tion des Electrons de conductibilite au moment 
ferromagnetique du fer: tia = 0,12 /vlb par atome, 
ce qui est une valeur tout a fait raisonnable. 

II est possible que le modele precedent s’appli- 
que encore au cobalt comme solvant, au lieu du 
fer, bien que les donnees magnetiques sur les 
alliages de cobalt ne permettent pas de raffirmer.< 8 > 
S’il est valable, il associe encore une polarisation 
positive des Electrons de conductibilite au champ 
effectif negatif mesur6 sur l’etain dissous dans le 
cobalt. 

Comme on l’a vu plus haut (3) le schema pre¬ 
cedent n’est certainement pas applicable au nickel, 
que nous allons considerer separement. 

7. CAS DU NICKEL 

Alors que les atomes non magnetiques dissous 
dans le fer ont generalement un ecran assez 
localise pour ne pas perturber beaucoup les 
atomes de fer voisins, il n’en va pas de meme pour 
le nickel. Les mesures magnetiques indiquent 
clairement que dans celui-ci les quatre Electrons 
supplementaires introduits avec un atome d’etain 
vont remplir la bande 3 d incomplete de la ma¬ 
trices 5 ' 6 ! Comme cette bande ne contient que 0,6 
trous par atome, chaque atome dissous supprime 
le couplage s-d dans une sphere de rayon R rela- 
tivement grand autour de Timpurete (Fig. 4). Si 


4E 


♦E 


HrL 


Spin 


Spin ^ 


Fig. 4. Polarisation de spin des Electrons dc conducti¬ 
bilite dans Ni Sn. 


b designe le rayon atomique du nickel, on a 
approximativement, dans le cas de Ni Sn: 

R / 4 

7 " \ofi) 


en n^gligeant les effets de taille, qui ne modifient 
gu£re le r&ultat. Le puits de potentiel a main- 
tenant une profondeurpratiquement nulle, puisque 
les Electrons de conductibilite ne participent 
pratiquement pas k 1*ecran. Dans ces conditions, 
la fonction / du paragraphe precedent se reduit k: 

sin 2 MfR 
* —— 

Pour la valeur de R indiquee ci-dessus, on a : 

/ 4 \i/3 

k F R = 1,92(0,6)^3 j =3,05 

done: / ~ —0,1, valeur negative alors que H e tt 
est positif, mais relativement petit: 16 kOe. Ce 
disaccord apparent peut tenir a la simplification 
extreme du schema. Il suffit d’augmenter la valeur 
de R de 5% seulement pour obtenir un champ 
positif et du bon ordre de grandeur. 
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Abstract —The trapping of electrons and holes in anthracene crystals doped with anthraquinone, 
anthrone, or naphthacene has been observed when these impurities are present in concentrations of 
10 p.p.m. or less. Anthraquinone and anthrone are more effective at trapping electrons than holes, 
probably as a consequence of their high electron affinities. Naphthacene acts as a hole trap located 
0*43 eV above the hole band and having a capture cross-section exceeding 10" 16 cm 3 . The behavior 
of the hole photocurrent in naphthacene-doped anthracene is indirect support for the hypothesis 
that the holes move in a band whose energy width is comparable to 1/80 eV, 


INTRODUCTION 

The work of Northrup* 1 * and Kepler* 2 ) suggests 
that small amounts of chemical impurities play 
an important role in the photoconduction of 
anthracene. To obtain a more quantitative measure 
of the effects of impurities, we have studied the 
bulk, transient photocurrents in anthracene crys¬ 
tals intentionally doped with either anthraquinone, 
anthrone, or naphthacene. 

The experimental approach was to find a way of 
preparing anthracene so that the trapping lifetimes 
for holes and electrons in single crystals were in 
the 20Q-^sec range. Single crystals were then 
grown from a starting material prepared by these 
techniques but also containing a known amount of 
impurity, and any degradation in the lifetimes was 
then ascribed to trapping by the impurity. 

EXPERIMENTAL EQUIPMENT 

The experimental equipment is similar to that 
described by Kepler* 2 ) and is discussed in detail 
elsewhere.* 3 ) A single crystal section is the dielec¬ 
tric of a condenser, the front and rear electrodes of 
which are a Nesa-coated, quartz plate and a metal 
block, respectively. This condenser is in series with 
a high voltage* supply and a load resistor. The 


* Presented in part at the Organic Crystal Symposium, 
Ottawa, Canada, 11 October 1962. 


photocurrents are measured as the voltage drop 
across the resistor when the crystal is illuminated 
through the transparent electrode by a short, 0*2 
jisec, high intensity flash from an air-spark. The 
trapping lifetime is determined from the time- 
dependence of the decay of the photocurrent 
following the exposure. Except for two cases, the 
photocurrents decayed exponentially with time 
for times less than the transit time of a carrier 
through the crystal. This exponential decay could 
be observed over the entire measurable range of 
the photocurrent, i.e., from the initial maximum 
photocurrent to 5 per cent of the maximum. The 
trapping lifetime is the time constant of the 
exponential decay. We call this process deep 
trapping , implying that, once trapped, a carrier 
has a negligible probability of being thermally 
ejected from the trap to contribute again to the 
photocurrent during the time of the measurement. 
This decrease of current cannot be due to re¬ 
combination since the photocarriers in anthracene 
come predominantly from the illuminated surface 
and therefore the holes and electrons are separated 
by their motion in the crystal and cannot re¬ 
combine. 

PREPARATION OF THE CRYSTAL 

The starting material, Eastman Organic Anthra¬ 
cene H-480, was synthesized from cyclized o- 
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benzoylbenzoic acid by a two-step reduction. It is 
free from the contaminants commonly found in 
anthracene derived from coal tar, e.g., carbazole, 
phenanthrene, riaphthaceae, etc. The H-480 was 
further purified with two treatments. First, the 
toluene adsorbed to this material during the final 
step of the synthesis was removed by heating the 
H-480 to 120°C in a vacuum of about 10“ 4 mm of 
Hg. Second, the material was zone-refined in an 
apparatus similar to that described by Benyon and 
Saunders.< 4 > 

Because the density of anthracene increases 
by about 25 per cent upon freezing, the Pyrex 
zone-refining tube was oriented vertically and the 
molten zones entered at the top of the charge to be 
refined. Qualitative observations of the changes in 
the fluorescence and the optical absorption of the 
refined material indicated that most impurities 
have a distribution coefficient less than unity. 
Consequently, only the top one-third of the zone- 
refined charge was used. In most cases the refining 
consisted of thirty zone-passes where the zone 
width was 5 per cent of the charge length and the 
rate of zone travel w r as 8 cm/hr. 

The anthracene was handled in air but under 
yellow safelights to prevent any photo-oxidation.< 6 > 
After they had been loaded, both the zone¬ 
refining and the crystal-growing tubes were 
pumped for at least 2 hr at a pressure of less than 
10" 4 mm of Hg on a liquid-nitrogen-trapped 
vacuum system and then filled with helium to a 
pressure of £ atm before being sealed. 

Single crystals were grown by the Bridgman 
technique. The growing rate was 1 *2 mm/hr and 
the temperature profile in the furnace is shown in 
Fig. 1. The crystal-growing tube is similar to that 
proposed by Sherwood and Thomson.< 7 > 

Sections, 1-2 mm thick, were cleaved from the 
single-crystal ingots, polished on a felt soaked in 
xylene, and then washed in spectro-grade benzene. 
Only photocurrents moving perpendicular to the 
a6-crystal plane have been studied in detail. 

In crystals grown with the preceding treatment, 
the hole and electron lifetimes never exceeded 
250 fx sec. Frequently, minute traces of a yellow 
deposit were found at the last-frozen end of the 
crystal. It was thought that some material from the 
air was being adsorbed to the anthracene when it 
was transferred between the zone-refining and the 
crystal-growing tubes and then reacting with the 

V 


anthracene during the crystal growth. Therefore, 
following Sloane/®! the crystal-growing tube was 
modified by the addition of a separate zone¬ 
refining section. With this combination-tube con¬ 
figuration, anthracene which had been previously 
purified was loaded into the zone-refining section, 
the combination tube containing a helium atmo¬ 
sphere was sealed, and the anthracene was zoned 
with 20 passes. The top 3 g of this zoned charge 
were melted into the growing tube which was then 
sealed and removed from the zoning section. In 
crystals grown by this method the carrier lifetimes 
were increased to about 2,000 psec. 



d (inches) 

Fro. 1. The temperature profile in the furnace during the 
growth of anthracene crystals. 

Because the effect of doping was observable in 
crystals grown without resorting to the combina¬ 
tion tube, this technique was used only to prepare 
undoped, long-lifetime crystals. 

At doping levels greater than 20 p.p.m., the 
impurities were added as solids to the zone- 
refined material as the crystal-growing tube was 
loaded. At a level of 10 p.p.m., the appropriate 
amount of impurity was dissolved in spectro-grade 
benzene, and 1 cm 3 of this solution was allowed to 
dry on the inside wall of the crystal-growing tube 
before the anthracene was added. The anthra- 
quinone and naphthacene were Eastman Organic 
304 and 4785, respectively. The anthrone was 
obtained during the anthracene synthesis. 

RESULTS AND DISCUSSION 

The results are summarized in Table 1. The 
lifetimes for crystals grown in the combination 
tube were not derived from an exponential decay 
of the photocurrent, since to get a significant 
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Table 1 . Carrier lifetimes in doped anthracene 



Treatment 

Impurity and concentration 

r n (fisec- 
electrons) 

tp (^sec- 
holes) 

1. 

H-480 untreated 



50 „ 

20 

2. 

Combination tube 


None intentionally 

>2000 ' 

>2000 


(50 zones) 





3. 

30 zones only 

T 

None intentionally 

125 

130 



B 


250 

220 

4. 

30 zones only 

T 

Anthraquinone 

<\ 

15 



B 

10 3 p.p.m. 

6 

45 

5. 

30 zones only 

T 

Anthraquinone 

8 

40 



B 

10 p.p.m. 

16 

75 

6. 

30 zones only 

T 

Anthrone 

2 

35 



B 

10 3 p.p.m. 

4 

76 

7. 

30 zones only 

T 

Anthrone 

15 

80 



B 

10 p.p.m. 

110 

160 

8. 

zones only 


Naphthacene 

17 

_ 




40 p.p.m. 



9. 

30 zones only 


Naphthacene 

80 

_ 




10 p.p.m. 




T —top, last-frozen, part of the crystal. 

B —bottom, first-frozen, part of the crystal. 


photocurrent decay without transit of the carriers 
through the crystal, it was necessary to use low 
biasing fields, 200 V/cm, and the currents showed 
space-charge effects/ 9 ’ 10 * where the lifetime cannot 
be uniquely determined from the current decay. 
The currents decayed to one-half their initial value 
in 2,000 /xsec, which represents a lower limit of the 
lifetime. 

The omission of the hole lifetime data for the 
naphthacene-doped crystals will be explained 
later. 

A. Anthraquinone and anthrone 

The concentrations of anthraquinone and an¬ 
throne given in Table 1 are the initial additions. 
The actual impurity content of the individual 
crystal sections was not determined. 

Entries 4 through 7 in Table 1 show three 
features. First, since the lifetimes are shorter at 
the last-frozen end of the ingot, the distribution 
coefficient of these compounds in anthracene is 


less than unity. Second, a degradation of the car¬ 
rier lifetime is observed at some point in the ingot 
when the initial impurity concentration is 10 p.p.m. 
Finally, these impurities are more effective at 
trapping electrons than holes. 

The last phenomenon may be a manifestation of 
the higher electron affinity of these compounds 
relative to anthracene/ 11 * It does not seem un¬ 
reasonable that the qualitative trapping properties 
of an impurity should be a reflection of its electron 
affinity relative to that of the host since the weak 
crystalline fields in organic solids should not 
significantly perturb those electronic processes 
w hich determine the electron-donating or electron- 
accepting properties of the free molecules. 

At doping levels intermediate between those in 
the table, the lifetimes generally decreased with 
increasing impurity content although at each con¬ 
centration there was some variation. One un¬ 
certainty is that we do not know what fraction of 
these impurities has changed chemical structure 
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during the crystal growing. We suspect that the 
anthrone does not come through unaltered since 
the lifetimes in the anthrone-doped crystals varied 
by a factor of three at each doping level. Also, 
there was a visible collection of a black impurity 
on the top of these doped crystals. The anthrone 
data in Table 1 are the longest lifetimes observed 
with this impurity. A chemical change in anthrone 
is not unexpected since it is heated to 70°C above 
its melting point for at least two days during crystal 
growth. We certainly can say, however, that the 
photocarrier lifetimes are noticeably degraded 
when crystals are grown from a starting material 
containing either anthraquinone or anthrone at a 
level of 10 p.p.m. of added impurity. 


B. Naphthacene 

Because the optical absorption of naphthacene is 
at longer wavelengths than that of anthracene, the 
naphthacene content of the crystal sections could 
be determined by conventional spectrophoto- 
metric methods. Crystal sections weighing about 
0*06 g were dissolved in 10 cm 3 of spectro-grade 
benzene, and the optical absorption of the naph¬ 
thacene was measured with a General Electric 
Recording Spectrophotometer. The naphthacene 
content was determined by comparing this absorp¬ 
tion with that of naphthacenc-benzene solutions 
of known concentrations. The limit of detect¬ 
ability was 6 p.p.m. Figure 2 shows the distribution 



Fig. 2. The distribution of naphthacene in anthracene 
single crystals. The points were determined experi¬ 
mentally, and the solid curve is a plot of the equation of 
normal freezing for k = 0*01. 


of naphthacene in an anthracene crystal initially 
doped at 100 p.p.m. These data can be approxi¬ 
mated by the normal freezing equation< 10 > with a 
distribution coefficient of 0*01. The saturation 
solubility of naphthacene in solid anthracene 
appears to be 100 p.p.m. 

In crystals initially doped with 10 p.p.m. of 
naphthacene, the impurity content could be 
measured only near the last-frozen end. The con¬ 
centration at other points was determined from the 
concentration near the last-frozen end, the equa¬ 
tion of normal freezing, and the distribution 
coefficient of 0*01. 

Naphthacene is an electron trap. If we know 
the trapping lifetime, r c ; the density of trapping 
centers, Nt; and the thermal velocity of the 
electrons, v, the capture cross-section, cr, can be 
computed from 


1 

G = - 

N t r c v 


If it is assumed that all the naphthacene molecules 
are equally effective as traps, and if the thermal 
velocity is 10 5 cm/sec as computed by Le Blanc/ 11 ) 
the capture cross-section for electrons is 
3 x 10~ 17 cm 2 . 

The hole response in the naphthacene-doped 
crystals is significantly different from that found 
in the other crystals. Carrier transit is observed at 
times of the order of 1000 jtxsec, Fig. 3(b), where in 
undoped crystals of the same thickness (in the 
same electric field) the hole transit time is about 
30^sec, Fig. 3(a). There is no evidence of deep 
hole-trapping. This suggests that naphthacene is 
a shallow' hole-trap and that the drift mobility is 
reduced by multiple trapping. Further evidence in 
support of this contention is derived from the 
temperature variation of the drift mobility, Fig. 4. 
For crystals containing more than 5 p.p.m. of 
naphthacene, the drift mobility varies as 

M* * Mo exp {-B/T) 

where/x 0 and B are constants and T is the absolute 
temperature. The slope of these curves corre¬ 
sponds to an activation energy of 0*43 eV. At lower 
impurity concentrations, the exponential behavior 
is observed only at lower temperatures, whereas 
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at higher temperatures,! the drift mobility is 
almost independent of T and approaches the value 
for the undoped crystals. With the lower dopings, 
the activation energy is again 0*43 eV in the 
exponential region. (The temperature range, 
22-90°C, was limited at high temperatures by the 
condenser assembly which was designed for use at 
low temperatures and the low mobility at room 
temperature made it impractical to go to lower 
temperatures because the photocurrents became 
indistinguishable from the amplifier noise.) 
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Fic. 3. The transient photocurrent for holes in anthra¬ 
cene crystals at room temperature. In (a) the crystal was 
undoped; in (b) the crystal contained 5 p.p.m. of 
naphthacene. 


The interpretation of these data is straight¬ 
forward in terms of the band model for hole 
conduction. With multiple (or shallow) trapping, 
the effective mobility, /x,* is reduced from the 
microscopic mobility, /xo, according to< 12 > 


C 

P* = - 

?c+Tr 


( 1 ) 


t In these experiments the condenser was mounted at 
the bottom of a quartz tube. A thermocouple was em¬ 
bedded in the rear condenser plate near the crystal. The 
temperature of the crystal was raised by surrounding the 
quartz tube with boiling water until the crystal tempera¬ 
ture was about 95 °C. The hot water was removed, and 
the transient photoconductivity was measured as the 
crystal cooled. 

8 


where r c is the trapping lifetime and r f is the trap 
release time, i.e., the average time a carrier resides 
in a trap. 

Shockley and Read< 13 > have shown that 

- = ~exp(-^T) (2) 

Tr Nt 

where N c is the effective density of states in the 
carrier band of interest and Nt is the density of 
trapping sites. Et is the energy separation between 
the trap and the carrier band, and k is the Boltz¬ 
mann constant. At low temperatures, r c r r , /x* will 
vary exponentially as-1/7\ At high T y r e exceeds r r 
and the effective drift mobility approaches, and 
has the temperature-dependence, of the micro¬ 
scopic mobility. For a given Nt is the dominant 
factor in determining the temperature at which 
/x* approaches /xo. Decreasing Nt decreases the 
temperature at which this transition occurs. Also, 
in the temperature region where r c < r f , /x* is 
inversely proportional to the trap concentration. 

From the data in Fig. 4, Et = 0*43 eV and the 
mobilities vary approximately as the reciprocal of 
the impurity content. 

Since the width of the hole band in anthracene 
appears to be about l/80eV< 14 > wide, N c should 



Fic. 4. The temperature-dependence of the drift mo¬ 
bility in undoped and naphthacene-doped anthracene 
crystals. 
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be approximately equal to the density of anthra¬ 
cene molecules. Thus, the coefficient N c /Nt should 
be the reciprocal of the impurity concentration. 
Using equations (1) and (2), the measured im¬ 
purity concentration, and the experimentally 
determined trap depth, the calculated reduction 
in the drift mobility from the value in the undoped 
crystals agrees closely with the observed reduction 
(Table 2). 


Table 2. 


Impurity 

concentration 

(p.p.m.) 

H*!w> x 10® at 300°K 
Experimental Calculated 

1 

71 

6*3 

2 

5-0 

3*1 

5 

1-3 

1*3 

10 

0*71 

0*63 

40 

0*54 

0*16 


A concentration of 40 p.p.m. is close to the 
saturation concentration and all of the naphtha- 
cene molecules might not be equally effective as 
traps. This may be the cause of the discrepancy 
between the experimental and the calculated 
mobility ratios. 

The Shockley-Read treatment of trapping is 
based on a free-carrier (band) approximation. 
Since the photoconductive behavior of holes in 
naphthacene-doped anthracene is in apparent 
agreement with this theory, we believe that these 
experiments are indirect confirmation that the 
motion of holes above room temperature is des- 
cribable in terms of the band approximation with a 
narrow hole band. 

With multiple trapping r c can be measured 
from the behavior of the photocurrent immediately 
following exposure. To see this, assume the follow¬ 
ing: (1) A density of holes po is instantaneously 
generated near the illuminated surface of the 
crystal. (2) The density of traps, Nt, is larger than 
Po so that complete trap-filling is impossible. 
(3) r c < r r and the holes come into thermal 
eqtulibrium with the traps instantaneously. (4) Re¬ 
combination is neglected and thus p+pt — po, 
where p and pt are the densities of free and 


trapped holes, respectively. The differential equa¬ 
tion for the density of free carriers is then 

dp — p pt 

— =-1- 

dt r c r r 

The solution is 

p = i + — exp(—//r*)l 

Tr L T C J 

where 

1 1 1 

__ = —+ — 
r T e T r 

The current from the motion of the injected 
holes starts at an initial maximum, t m , and decays 
exponentially to a steady-state value, i Mf with a 
time constant of t*. When r e < r r , r* = r Ct and 
the ratio 

- = - = ^‘exp {-WT) 
t m r r Nt 

In naphthacene-doped anthracene the afore¬ 
mentioned current behavior is observed. How¬ 
ever, the time constant of the photo-current decay 
is that of our measuring equipment, 5 /xsec. There¬ 
fore r c < 5 p-sec and the hole-capture cross section 
must exceed 10~ 15 cm 2 . 

Northrup and Simpson* 1 * report that the dx. 
photoconductivity of naphthacene-doped anthra¬ 
cene decreases with increasing naphthacene con¬ 
tent. This could be a consequence of either a 
decreased mobility resulting from multiple trap¬ 
ping or a decreased quantum efficiency for "carrier 
generation. The latter cause cannot be excluded 
since traces of naphthacene compete effectively 
with the anthracene host for degrading radiant 
energy absorbed by the anthracene.* 15 * 

With the transient technique, there are two ways 
of estimating the quantum efficiency for carrier 
generation. If, as with the electrons, there is deep 
trapping, the number of moving carriers can be 
computed from the initial current and the drift 
velocity, provided the drift mobility is known. 
Without deep trapping, i.e., there is transit, the 
number of moving carriers is equal to the time- 
integral of the photocurrent. Using the latter 
method in the naphthacene-doped crystals, the 
number of mobile holes per exposing flash was 
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not only independent of naphthacene content and 
temperature, Fig. 5, but it was also equal to the 
number created in undoped crystals. The number 
of mobile carriers per absorbed photon is about 
10~ 4 for holes and 10- 8 for electrons. (These data 
were obtained at low light-intensities where space- 
charge effects were negligible.) Also, the naphtha- 
cene-doped crystals, like the undoped crystals, 
showed an increase in hole current and a decrease 
in electron current when the illuminated surface 
was covered with a thin layer of a Lewis acid.( 16 > 
No photocurrents were observed for energy ab¬ 
sorbed by the naphthacene. 


20 


o u|- 

1 D * 

<SI 

e 


§« 
o 


o 

D • 


O 

*a 


o Undoped 
o I ppm 
■ 10 ppm 
* 40 ppm 


oi 

□ 


Temperature °C 


Fig. 5. The number of holes moving through the volume 
of undoped and naphthacene-doped anthracene crystals 
as a function of temperature and impurity content. 


It is somewhat surprising that the quantum 
efficiency for hole generation is independent of the 
naphthacene content, since the ratio of the anthra¬ 
cene fluorescence to the naphthacene fluorescence* 
varied from 3/1 at 1 p.p.m. to 1/4 at 40 p.p.m. 

CONCLUSION 

The trapping of photoholes and photoelectrons, 
in anthracene by the impurities anthraquinone, 
anthrone, and naphthacene is measurable in 


* These data were determined by F. Grum on a 
modified Beckman DK-2R Spectrophotometer with an 
exciting wavelength of 365 


crystals grown from a starting material containing 
any of these impurities at a concentration of 
10 p.p.m. Anthraquinone and anthrone are more 
effective in trapping electrons than in trapping 
holes; this probably is due to their large electron 
affinities. Naphthaceqe adds hole traps with a 
capture cross-section greater than 10‘ 18 cm 2 . The 
traps are located 0*43 eV above the hold band. 
The hole mobility in naphthacene-doped crystals 
varies with both temperature and impurity content, 
as predicted by the simple theory of multiple 
trapping if it is assumed that: (1) each naphthacene 
molecule is a hole trap; and (2) the effective density 
of states in the hole band equals the density of 
anthracene molecules. The generation of holes 
and electrons is independent of the naphthacene 
content. 
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R6ftum£ —Des mesures de dilatation et de pouvoir thermoyiectrique ont £t6 faitea sur le plutonium 
en phase a a basse temperature. Le pouvoir thermoyiectrique pr^sente une anomalie k 50°K en¬ 
viron, la dilatation pr^sente un minimum vers cette m£me temperature. Ces anomalies sont attri¬ 
butes & une transition magnttique. Utilisant les idtes principales de Rocher, nous montrons qu’il 
faut supposer que la temptrature de Ntel du plutonium s’abaisse quand la pression augmente pour 
expliquer 1’anomalie de dilatation. 

Abstract —We have measured the dilatation and the thermoelectric power of plutonium at low 
temperature. The thermoelectric power is anomalous around 50°K. The dilatation has a minimum 
around the same temperature. These anomalous properties are assumed to be induced by a mag¬ 
netic transition. Using Rocher’s main ideas we show that it is necessary to suppose that the N6el 
temperature of plutonium decreases when pressure increases to explain the anomalous dilatation. 


INTRODUCTION 

Les principales propri^tes physiques du Plu¬ 
tonium ont ete presentees en ddtail a la Conference 
de Grenoble en 1960. 

A basse temperature, la resistivite a une allure 
remarquable, la chaleur specifique, la dilatation 
thermique pr^sentent des anomalies. Cependant 
la susceptibility magnetique est pratiquement 
constante.* 1 * 2 * Ces r^sultats sont pre9entes sur 
la Fig. 1. 

Pour expliquer V allure de la resistivite en fonc- 
tion de la temperature, une structure de bandes 
analogue k celle propose pour 1’uranium et les 
m^taux de transition a yte avancde par plusieurs 
auteurs.* 1 * 17 * Un autre type de solution invoque 
une transition ordre-desordre atomique ou magne¬ 
tique.* 18 ! Cette derniere hypothese doit 6tre 
conciliee avec V absence d’anomalie de suscepti¬ 
bility magnytique. Ces deux solutions sont actu- 
ellement toujours proposyes, la cohyrence interne 
de la seconde est un peu renforc6e par la thyorie 
avancee par Rocher* 3 * pour justifier F existence 
d’une transition magnytique sans anomalie de 
susceptibility magnytique. 

Nous avons mesury le pouvoir thermoyiectrique 


et la dilatation du plutonium alpha pour tenter de 
choisir entre ces deux solutions. 


TECHNIQUES EXPERIMENT ALES 
Nous avons mesury le pouvoir thermoyiectrique 
et la dilatation. Dans les deux types de mesures, 
nous avons refroidi les echantillons jusqu’k des 
tempyratures voisines de 4°K. Le plutonium 
etant manipuiy en boite a gants, ceci posait un 
petit probleme que nous avons rysolu de la 
manure suivante : la boite k gants est remplie 
d’hyiium gazeux. Un tube de mesures est fixy au 
fond de la boite. Les ychantillonB, fixys sur des 
supports convenables (avec les fils de thermo¬ 
couple, les amenyes de courant. . .) sont intro- 
duits dans ce tube, qui plonge k l'intyrieur du 
cryostat k hyiium liquide. 

Le tube de mesures est formy de deux parois 
concentriques entre lesquelles nous pouvons soit 
faire le vide, soit introduce de Fhyiiuiri gazeux. 
Nous realisons ainsi soit un bon isolement ther¬ 
mique, soit un refroidissement ynergique des 
ychantillons. Une fuite ryglabl&;j>ermet en outrc 
de se placer dans des situations mterraydiairea. II 
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Fig. 1. Resistivity, dilatation, chaleur spedfique et susceptibility magnetique du plutonium 
d’aprys les resultats publids dans Plutonium i 960 . 


eet relativement facile d’obtenir ainsi toute tem¬ 
perature entre 4 et 70°K. 

Les temperatures ont ete mesurees avec un 
thermocouple constitue d’un alliage Argent-Or, 
Or-Cobalt/ 4 ) Ce thermocouple a encore une sensi- 
bilite de 5 /xV par degre absolu k 4°K. Nous avons 
fait un etalonnage de contrdle pour plusieurs 


temperatures fixes: 

helium liquide 4,2°K 

azote liquide 77°K 

fusion du sulfure de carbone — 108°C, 6 
fusion du tetrachlorure de 
carbone — 22°C, 6 

fusion du chloroforme — 63°C, 5 


Nous avons pu corriger ainsi les tables publiees 
pour ce thermocouple/ 4 ) Nous estimons que 
femur commise sur la mesure de la tempera¬ 
ture est inferieure k 0,5 °K. 

Mesure du pouvoir thermodlectrique , Erreurs 
Le pouvoir thermoeiectrique a ete mesure par 
!a technique differentielle dej k utilisee pour les 
mesures faitet k haute temperature sur le 


plutonium/®) Cette methode a l’avantage de ne pas 
necessiter la mesure des differences de tempera¬ 
tures toujours petites existant entre les deux 
extr^mites de l^chantillon, Le porte echantillon 
est extr£mement simple : le cylindre de plutonium 
de 5 cm de long et 6 mm de diametre est serre 
entre deux blocs de cuivre dans un cylindre de 
plexiglass. Une resistance chauffante est enroulie 
autour du bloc de cuivre sup^rieur. Le tout est 
fixe a Textr6mite d’une tige fine d’acier inoxydable, 
Les thermocouples sont fixes dans deux trous 
perces dans Techantillon. Ces trous sont remplis 
d’un amalgame d'argent qui durcit en quelques 
heures, donnant ainsi un excellent contact ther- 
mique et eicctrique, ainsi qu’une fixation solide, 
D’apres Powell/ 4 ) il est difficile, avec le ther¬ 
mocouple utilise, d'6viter la presence de differences 
de potentiel parasites de Ford re de 2 a 3 /xV. En 
general, les differences de potentiel mesurees sont 
superieures a 100 /xV. Nous estimons que dans 
ces conditions I’erreur commise sur la valeur du 
pouvoir thermoeiectrique est de l’ordre de quel¬ 
ques pour cent. II n’en est pas ainsi aux basses 
temperatures (entre 4 et 30°K) oil les differences 
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de potentiel mesurdes devicnnent faibles. L’erreur 
pourrait atteindre alora 50%. 

Lc pouvoir thermodlectrique S du mdtal de 
rdfdrence, l’alliage Argent-Or est trds peu different 
de celui du cuivre et se confond avec lui pour des 
tempdratures infdrieures a 40°K.< 4 > Or il apparaft 
que le pouvoir thermoelectrique du cuivre est 
mal connu k basse tempdrature et que des traces 
d’impuretds peuvent le faire varier beaucoup.W 
Nous avons done ddcidd de mesurer S par rapport 
au plombW et de prendre ces valeurs mesurdes 
comme rdference. 

Mestire des dilatations , Erreurs 

Pour mesurer les dilatations nous avons utilisd 
des jauges de contraintes. Une jauge de contrainte 
est essentiellement un fil rdsistant colld sur le 
corps a etudier. La colie transmet les deformations 
du corps au fil dont les dimensions varient. La 
variation correspondante de rdsistance est lide k 
P allongement du corps par la relation : 


dR dl 

— = K — 
R l 


dR I dig dim \ 

— = -— Ua g t 


Im f 


avons mesurd soigneusement les variations de 
rdsistance (dR/R)u et (dR//?) 2 avec la tempdrature 
et dont les allongements sont comma.W Nous 
mesurons ensuite (4 RjR)x pour le mdtal dtudid. 
De la formule (2) £ious tirons alors : 

d lx dh /dR\ /dR\ 

iT/riT/i d4 

---d oti — 

d k All (AR\ [AR\ 4 


h 




La Fig. 2 reprdsente les rdsultats de nos mesures 
sur P argent. La prdcision est bonne jusque Vers 


(i) 


(K est le facteur de jauge, voisin de 2 pour les 
jauges utilisdes). 

Quand la temperature varie, la rdsistivite de la 
jauge change, ainsi que la dilatation relative de la 
jauge et du metal dtudie. 



( 2 ) 


R Mg 

Les notations sont les suivantes : 
dR 

-= variation relative, entre 0°C et de la 

^ resistance de la jauge. 
t = tempdrature. 

dig 

— = allongement relatif entre 0°C et t, du 
fa metal dont la jauge est faite. 

dim 

— = allongement relatif du metal dtudie. 

Im 

a 9 = coefficient de temperature de la resistance 
du metal dont la jauge est faite. 

K , {digjig) sont mal connus. Nous avons elimind ces 
coefficients douteux en prenant deux mdtaux de 
rdfdrence, le plomb et le fer, pour lesquels nous 


100 200 300 
T. °K 

Fig. 2. Rdsultats des mesures de dilatation de 1’argent: 
—en trait pleins nos mesures 

—en tirets les mesures de Nix et McNair*** prises 
comme reference. 


77°K environ. Elle devient mddiocre aux tem¬ 
peratures infdrieures. Dans le domaine de tem¬ 
pdrature 4—77°K, nous avons une erreur probable* 
ment systdmatique d’environ 10 k 15%. La 
mdthode utilisde est done inapte aux mesures 
absolues en dessous de 77°K. Nous considdrerons 
les resultats obtenus entre 4 et 77°K comme des 
indications semi-quantitatives seulement. 

RESULTATS EXPERIMENTAL 
Pouvoir thermoelectrique 

Les resultats obtenus sont prdsentds sur la 
Fig. 3. Les mesures faites par Meaden y figment 
aussi. L’allure gdnerale des deux courbes est la 
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m£me. Lee differences de valeur absolue du 
pouvoir thermotlectrique doivent probablement 
ttre attributes aux differences de purett des 
mttaux d’origines fran^aise et anglaise. Nos 
valeure de S k 300°K concordent avec Ies premieres 
valeurs prtsenttes par les chercheurs anglais. W 
Nos mesures montrent que S devient faiblement 
ntgatif vers 17°K. La courbe de la Fig. 3 prtsente 
un Itger maximum vers 60°K et un minimum vers 
80°K. Cependant, nous n’attachons pas de signifi¬ 
cation particulitre k ce minimum. En effet, les 
mesures nous ont vite aments a constater Tim- 
portance du temps passt par rtchantillon dans 
Thtlium liquide sur T allure des courbes S(T). 


Aprts ces optrations, nous constatons (Fig. 4, 
courbes 3 et 4) un accroissement AS trts net du 
pouvoir thermotlectrique, d'autant plus grand 
que le maintien k 4°K a tt 6 plus long. AS diminue 
quand la temptrature croft, et finalement lea 
valeurs de S redeviennent identiques aux valeurs 
initiales. Des mesures ulttrieures entre 80°K et 
300°K redonnent la courbe initiale (Fig. 3, 
courbe 1). 

On sait main ten ant do) que le plutonium s’auto- 
irradie k basse temperature. Les mesures 
d’ Elliott et Olsen< 10 > semblent montrer que la 
temptrature de revenu des dtfauts d’auto- 
irradiation est voisine de 50°K. Nous avons voulu 



Fig. 3. Pouvoir thermotlectrique du plutonium: 

(1) nos mesures 

(2) les mesures de Meaden(®> (rtf. 9) 


La courbe de la Fig. 3 est relative a un chauffage 
de 4 k 80°K modtrtment lent, d’une heure 
environ. 1 Mais, l’allure des courbes change nette- 
ment (Fig. 4) aprts les optrations suivantes. 

(a) , maintien dans Thtlium liquide de 2 k 4 hr. 

(b) . apr&s chaque maintien, chauffage rapide 
jusqu’k 77°K, et mesure de S it partir de 
77°K. 

(L'optration (b) nous permet d'tviter les mesures 
dans le domaine de temptratures ou S varie tres 
vite, ofc les erreurs sur la valeur de S sont im- 
portantes, oh il est assez dtlicat d'obtenir une 
temptrature stable assez longtemps pour que Ton 
puiase considtrer que Ttquilibre thermique est 
atteint dans Ttchantillon). 


attribuer Taccroissement k ces dtfauts. A partir de 
cette hypothese, nous avons pense que le maximum 
observt vers 65°K ttait dQ au stjour a des tem¬ 
peratures inferieures k la temptrature de revenu 
des defauts. Les temptratures entre 50 et 77°K 
peuvent ttre atteintes k partir d’azote bouillant sous 
pression reduite. Les mesures dans ce domaine 
de temperature ont donne la courbe 2 de la Fig. 4 
qui prolonge la partie lintaire observte entre 80 
et. 300 K. L influence du temps de sejour k des 
temptratures inftrieures a 50°K semble done 
trts nette. 

Nous avons alors mesurt T accroissement de S 
dans Thtlium liquide en fonction du temps. Mais, 
4, 8, 12 h a 4°K, nous n’avons constate 
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Fig. 4. Influence d’une court maintien dans Thulium liquide 
sur le pouvoir thermo^lectrique: 

courbe (1) en tirets, les r^sultats obtenus normalement. 
courbe (2) en trait pie in les r£$ultats obtenus k partir de tem¬ 
peratures voisines de 60°K, dans I’azote bouillant sous pression 
reduite. 

courbe (3) r^sultats obtenus apr&s 3 h de maintien k 4°K. 
courbe (4) r^sultats obtenus aprfes 4 h de maintien & 4°K. 


aucun accroissement notable. Ce resultat pose 
done des problemes : il faut supposer, ce qui est 
etonnant, l’influence des defauts plus forte vers 
70°K que vers 4°K. D’autre part, le nombre des 
defauts produits apres 4 h a 4°K est tres faible. 
En admettant les estimations d’Elliott et 
Olsen, la concentration de defauts serait de 
l’ordre de 10~ 6 . Nous noterons simplement que 
la region de temperature oil 1*influence des defauts 
est - tres forte, est voisine de la temperature de la 
transition magn^tique, que suivant Rocher, nous 
supposona dans le plutonium. 



Fig. 5. Pouvoir thermo^lectrique “id^al" du plutonium. 


Dilatation 

Nos resultats relatifs a la dilatation du plu¬ 
tonium sont pr&entes sur la Fig. 6 ainsi que les 
r&ultats obtenus par Sandenaw. II n’est pas 
tellement facile de comparer les resultats, car les 
resultats americains dependent des cycles de 
temperature subis par Techantillon. Dana nos 
experiences, Techantillon a 6tt refroidi rapide- 
ment jusqu’k 77°K, puis 4,2°K, ensuite chaufK 
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jwqu’fe 77°K en 8 h environ d’une part, d’autre 
part refroidi rapidement jusqu’i 77°K et chauffd 
juaqu’fe 300°K en 8 h environ. En eupposant que 
lea cyclages pendant pendant deux jours entre 
48 et 77°K pratiques par Sandenaw n’ont aucune 
influence, nos cycles de temperature sont inter- 
mddiaires entre les cycles trds lents et rapides de 
Sandenaw. 

Pour nous, la dilatation du plutonium est trds 
rdguiidre jusque vers 50°K, temperature au- 
dessous de laquelle le coefficient de dilatation 
s'annule et devient ndgatif. C’est prdcisdment 
dans la zone des temperatures oil la precision est 
mediocre que nous constatons l’existence d’une 
anomaiie. Des mesures plus precises, en particulier 
la mesure des parametres aux Rayons X, sont 
infiniment souhaitables. Cependant, l’indication 
qu’un minimum de dilatation est possible est trds 
intdressante. 

INTERPRETATION DES RESULTATS 

Les theories sur la structure dlectronique du 
plutonium alpha sont au moins de deux types : 
Tune, ddveloppde par Smoluchowski* 17 *, 
ddjk proposde par Lee,* 1 * suppose une struc¬ 
ture k deux bandes, (1’une, dtroitede caractdre 
/ l’autre, de caractdre d) se chevauchant au 
niveau de Fermi ; 1’autre, propoBde par 

Rocher suppose l’existence de niveaux lids 
virtuels 5/ au niveau de Fermi, donnant lieu 
k des moments magndtiques localisds sur 
chaque atome, couples antiferromagndtique- 
ment k trds basse tempdrature. Dans l’dtat 
actuel de nos connaissances, ces deux moddles 
sont egalement satisfaisants. 

Les anomalies que nous avons trouvdes 
dans la dilatation et le pouvoir thermo- 
dlectrique ne permettent sans doute pas de 
choisir entre ces deux moddles. Notre propos 
sera uniquement de montrer que ces anoma¬ 
lies peuvent s’expliquer par I’hypothese d’un 
ordre magndtique, dans le cadre des thdories 
de Rocher que nous allons brievement 
exposer. 

Risumi de la thise de Rocher 
D’aprds Rocher, dans le plutonium les dtats 
5/ commencent k se stabiliser par rapport aux 
dtats 6 d et Is . La couche 5/ se resserre sur le noyau 
et les intdractions entre couches / centrdes sur des 


ions voisins deviennent faibles. Les fonctions 5/ 
sont trds localisdes dans respace et Ton peut 
s’attendre k l’existence de niveaux lids virtuels 5/ 
chaque fois que le potentiel ionique n’est pas assez 
attractif pour que les electrons 5 f occupent des 
dtats lies. Les niveaux / tombent alors dans le 
continuum des dtats dtendus et s’dlargissent en 
6nergie par des resonances avec ces dtats. Nous 
obtenons une situation analogue k celle introduce 
pour les impuretds de transition dans un mdtal 
noble par Blandin et FriedeiJ 11 ) 

Les niveaux lies virtuels se recouvrent peu d’un 
atome k l’autre. Le calcul montre que la largeur 
de ces niveaux est de 10 -1 k l eV. Les corrdlations 
entre dlectrons sont trop faibles pour separer ces 
niveaux en 14 niveaux d’energie distincte. Rocher 
suppose done que l’echange ddcouple les etats 5/ 
en deux niveaux pouvant contenir chacun sept 
dlectrons d’une meme direction de spin. II y a peu 
d’electrons 5 f pour le plutonium (deux k trois) et 
la largeur du niveau est grande par rapport k 
l’dnergie d’echange. Les calculs predisent dans 
ce cas un decouplage partiel des niveaux. La 
difference de population des niveaux de spins 
opposds est faible et prise egale a 0,3 dlectrons ; 
deux k trois dlectrons sont places dans la couche /. 
Trois k quatre electrons presque libres sont 
supposes occuper une bande de conductibilitd de 
caractdre sd ; deux dlectrons sont places dans une 
bande d. La structure de bandes finale est pre¬ 
sentee sur la Fig. 7. 

La structure de bandes proposee donne a 
chaque atome un moment magndtique de 0,3 /x.B. 
Rocher suppose le couplage magndtique entre ces 
moments suffisant pour donner un ordre magnd¬ 
tique a basse tempdrature. 

Les proprities physiques dans ce schema 

La bande dtroite 5/ au niveau de Fermi rend 
bien compte de la forte rdsistivitd. L’ordre magnd¬ 
tique explique la decroissance brutale en 
dessous de 100°K. La ldgdre ddcroissance au 
dessus de 100°K est attribuee a 1’existence d’un 
ordre local. 

La susceptibilitd magndtique ne peut prdsenter 
d’anomalies notables etant donnes le petit nombre 
de magnetons portds par chaque atome et la forte 
susceptibilitd de Pauli, surtout si Ton suppose la 
transition quelque peu etalde en temperatures. 

Le pouvoir thermodlectrique mesure est positif, 
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Fig. 7. Structure de bandes propose parRocher. 


fort et prdsente un changement de pente vers 
50°K. Dans une structure de bandes comme celle 
propos^e par Rocher on s’attend k un pouvoir 
thermoelectrique fort. D’autre part, la theorie* 12 * 
pr6voit dans le cas d’une transition ordre-d^sordre 
un changement de pente du pouvoir thermo¬ 
electrique en fonction de la temperature au point 
de transition. C’est ce que nous avons observe 
vers 50°K dans nos mesures. II ne semble pas 
possible d’exploiter plus ce resultat, les calculs 
theoriques etant faits pour des structures ferro- 
magnetiques ou antiferromagnetiques simples et 
ne pouvant done pas etre appliques k la structure 
complexe du plutonium alpha. Les mesures de 
pouvoir thermoelectrique sont done en accord 
avec les hypotheses de Rocher:—ordre magn^- 
tique k basse temperature.—bande 5/ etroite au 
niveau de Fermi. 

Nous Herons la contraction observe k des tem¬ 
peratures infdrieures a 50°K k l^tablissement d’un 
ordre magnetique. Nous suivrons les calculs faits 
par Rocher : soit Tc la temperature de transition, 
V le volume, la dependance en volume de l'energie 
Em U6c aux couplages magn^tiques est: 

8Em 8Tc C 
En&V * TcSV = V 

Si Tc diminue quand P augmente C est une con- 
stante positive. C tient compte de la loi de variation 


de Tc en fonction de Pet de k cdmprettibiliti X 
du plutonium* 

La suite du calcul conduit Rochet k un co¬ 
efficient de dilatation li 6 k Paimantotion : 

. X 

x* +-1,5 CAT— 

Vo 

(K est la constante de Boltzmann et Vo k volume 
pour un ordre magnetique parfait). 

Nos measures donnent une valeur de a de 
Pordre de 40-60 Nous ne connaissons 

pas C. Mais nous notons qu*une constante C 
positive est necessaire pour expliquer un coefficient 
a ndgatif, e'est-i-dire que nous devons supposer 
que la temperature du point de transition diminue 
quand la pression augmente. Ce point serait tres 
interessant a verifier. 

CONCLUSION 

Nous avons presente des mesures de pouvoir 
thermoelectrique et de dilatation. Le pouvoir 
thermoelectrique presente un coude marque vers 
50°K ; un minimum de dilatation est probable 
vers 50°K mais meriterait un examen plus soigne, 
peut etre aux rayons X. 

Ces anomalies peuvent s’expliquer, dans le 
cadre des theories de Rocher, par rapparition 
d’un ordre magnetique vers 50°K. La preuve 
formelle de Pexistence de cet ordre reste encore 
k faire. Nous ne pouvons terminer sans faire un 
rapprochement : Puranium presente lui aussi un 
minimum de dilatation vers 40°K.< 16 > Tout recem- 
ment.< 16 > Barrett a signaie apres etude de Pura- 
nium k basse temperature par diffraction de neutrons 
qu'un ordre magnetique existait probablemcnt 
dans ce metal. On peut se demander si un ordre 
magnetique k basse temperature n’est pas une 
regie generate pour les actinides comme pour les 
lanthanides. 
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RbF, RbCl, RbBr and Csl* 
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Abstract —The absorption spectra of the F and M centers in RbF, RbCl, RbBr and Csl have been 
investigated as a function of pressure. In addition to the F and M bands, the No 3 band and some 
other unidentified bands have been observed. These experiments were conducted at room tempera¬ 
ture with both electrolytically and additively colored crystals. Frequency shifts were observed under 
pressures up to 10,000 atm for the absorption spectra of RbCl and RbBr and up to 50,000 atm for 
the absorption spectra of RbF and CsL In RbF a phase transition appears at 33,000 atm. The pressure 
dependence of the frequency shift in the rubidium halides is similar to that in the potassium halides. 


INTRODUCTION 

During the last ten years there have been investi¬ 
gations of the effect of pressure on the spectra 
of trapped-electron centers in alkali halide 
crystals. < 1-6) Some of these experiments were run 
under pressures up to 166,000 atm. It was found 
that with increasing pressure the absorption bands 
shift to higher frequencies as long as no phase 
transition occurs. Extensive studies of KC1 
have been published. A plot of log v m vs. log a 
gives a straight line for the F centers in KC1 and 
various other salts (v m = frequency of maximum 
absorption, a = lattice parameter). In colored 
KCi the shift in frequency of the absorption 
band is strongest for the F band, gradually weaker 
for the N y M and R 2 bands. 

At the phase transition, which transforms 
crystals with a f.c.c. lattice into a s.c. lattice/ 7 ) 
the frequencies of the absorption bands change 
discontinuously. The discontinuous shift can 
occur towards higher or lower frequencies, depend¬ 
ing on the color center and the alkali halide. 
In Table 1 previously measured shifts at the phase 
transition are listed for most of the potassium 
halides. Some measurements already exist of the 
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Table 1. Frequency shift Av of the F and M hands 
at the phase transition . +- sign indicates a shift to 
higher frequencies. 


Ai^cirr 1 ) 

KCI 

KBr 

KI 

F 

+ 680 

-420 

-2320 

M 

+ 50 

-250 

-860 


effect of pressure on color centers in several 
rubidium halides above the transition point 
In this paper optical measurements on RbCl and 
RbBr below the phase transition are described. 
In addition, the F center in RbF and the F and M 
centers in Csl are investigated and the phase 
transition of RbF is determined. 

EXPERIMENTAL PROCEDURE 
Two different types of high pressure optical 
cells, both developed by Drickamer and co- 
workers< 8 > 9) were used to cover the pressure range 
from 1 to 50,000 atm. In the cell used in the low 
pressure range from 1 to 10,000 atm, the pressure 
is hydrostatic. A 12'7 mm diameter piston in the 
high pressure end of this cell is linked mechani¬ 
cally to a 76*2 mm diameter piston in the hydraulic 
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press which forms the low pressure end of the 
cell. The oil pressure behind the large piston is 
generated by a hand pump. Two sapphires 
12*7 mm long and 12*7 mm in diameter are used 
as windows. The effective aperture of the windows 
is 6 mm and the maximum path length available 
for the crystals is about 5 mm. Freon 11 was used 
as the pressure transmitting liquid. The crystals 
were held in the optical path by a clamp which 
screwed to one of the window mounts. The crystals 
remained clear below the transition pressure but 
clouded as the transition took place. The spectra 
were observed with increasing pressure only, and 
those above the transition region were inferior in 
quality to those below. Although these crystals 
tend to regain most of their transparency at 
pressures sufficiently higher than the transition 
pressure, such pressures could not be achieved in 
this apparatus. 

At higher pressures, the “liquid ,# cell described 
above cannot be used. A "solid” cell, in which 
solid samples are embedded in a disk of sodium 
chloride, is used up to pressures of 50,000 atm. 
The sodium chloride flows under pressure above 
5000 atm without cracking and transmits the 
pressure from a piston to the sample. Sodium 
chloride is used also as the windows in this cell, 
and is extruded from single crystals into the win¬ 
dow openings at 20,000 atm. The diameter of each 
window opening increases in a series of steps from 
the center of the cell (sample compartment) 
from 0*7 mm to 6-1 mm. The sample compart¬ 
ment itself is 5 mm high and 3 *175 mm in diameter, 
permitting a maximum sample thickness of 2 - 5 mm. 
In operation, this cell is placed in a small hydraulic 
press designed to fit in the optical path of the 
spectrometer. The pressure is generated in the 
same manner as described above, the ratio of the 
press/cell piston diameters in this case being 
11 *43 mm/3 *175 mm. The design of this cell 
permits the pressure to be raised and lowered 
repeatedly, but measurements are made only after 
an increase in pressure to insure consistent results. 

Neither of the cells described above fills the 
entire slit with light, i.e., the /-number of each 
cell is larger than that of the instrument. Since 
the /-number of the liquid cell is much less than 
the /-number of the solid cell, more strongly 
absorbing crystals could be studied in the former 
cell. 


High pressure cells of the above types were 
calibrated originally by Drickamer by means of a 
manganin gauge (liquid cell) and various solid- 
solid phase transitions (solid cell). These calibra¬ 
tions were checked by means of frequency shifts 
observed in both laboratories and found to be still 
applicable. The phase transition undergone by 
many of the alkali halides studied served as a 
further check of the calibration. 

The absorption spectra were observed with a 
single beam spectrophotometer, the Beckman 
IR3. This instrument had a quartz-tungsten lamp 
as the light source, two LiF prisms as the disper¬ 
sing elements, and an RCA 931A photomultiplier 
as the detector. The sample optics were modified 
to accommodate the high pressure equipment 
between the exit slit and the detector. All spectra 
were recorded directly as percentage transmission 
by the use of a tape recorded slit program which 
took into account the various background effects, 
including those of the uncolored crystal and the 
cell. 

The single crystals used in these experiments 
were obtained from the Harshaw Chemical Com¬ 
pany. The Csl crystals were colored electrolyti- 
cally at a temperature of 470°C and under an 
applied voltage of 100 V/cm. Each crystal was 
fused on one side to a flat strip of nickel, which 
served as the anode, and a hot pointed platinum 
wire, the cathode, was driven into the other side. 
Electrolysis was completed in one minute and the 
crystals were then quenched in air. The rubidium 
halide crystals were colored additively in a Pyrex 
tube in potassium vapor at 550°C for 2 to 3 days. 
The tube was cooled in air and the crystal stored 
in the dark. Subsequent handling of the crystals 
was done under weak illumination, and, in the case 
of RbF, under a stream of dry nitrogen. 

RESULTS AND DISCUSSION 

The results of the measurements for RbCl and 
RbBr are plotted in Figs 1 and 2. In the pressure 
region below the phase transition the frequency 
shift of the F band vs. pressure can be represented 
with sufficient accuracy by a straight line. In 
both figures, the frequencies measured previously 
in the pressure range from 10,000 to 50,000 atm* 6 ) 
are extrapolated to lower frequencies into the 
region of the phase transition. 
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MCI 

The absorption of the F center in RbCl was 
studied by Jacobs* 2 * at pressures up to 5000 atm. 
This experiment was repeated, and extended to 
7500 atm, i.e., up to the point where the phase 
transition was first observed. The frequencies 
observed in this experiment agree very well with 



Fig. 1 . F band in RbCl. The measured values (o) below 
the phase transition lie approximately on a straight line. 
The dashed line above the phase transition (see Ref. 6) 
is extrapolated from measurements at higher pressures, 

those found by Jacobs. The frequency increases 
with increasing pressure and changes discon- 
tinuously at the phase transition by 2250 cm" 1 
from 16,700 cm" 1 to 19,250 cm -1 (Fig. 1). The 
change of frequency (F) of the F center with 
lattice parameter (a) is defined by the quantity 
np t ^ where 

£ In E 


The quantities tip for several crystals are listed in 
Table 3. In the case of RbCl, this quantity is 
greater below the transition than above. 

RbBr 

The effect of pressure on the frequency of the 
F band in RbBr is plotted in Fig. 2. The behavior 


in RbBr is similar to that in RbCl. At the phase 
transition the frequency changes discontmuously 
by 1500 cm -1 from 15,300 cm -1 to 16,800 cm" 1 . 
This is considerably smaller than the corresponding 
jump in RbCl. The values of ftp for RbCl are listed 
in Table 3. i 

Absorption curves for various pressures are 
plotted in Fig. 3, The first three curves, at 1, 2200 
and 4450 atm were ail observed below the transi¬ 
tion pressure. These curves are plotted to the 
same scale and Bhow a slight decrease in intensity 
with increasing pressure. The half-width of the 
band is approximately 2800 cm -1 and remains 
constant. 



Fig. 2. F band in RbBr. The measured values (o) below 
the phase transition lie approximately on a straight line. 
The dashed line is extrapolated from measurements at 
higher pressures (see Ref. 6). The frequency at the phase 
transition corresponding to the s.c. lattice is marked by 
an arrow. 

The bottom two curves in Fig. 3, at 6700 atm 
and 8900 atm, were observed in the region of the 
phase transition and just above the transition, 
respectively. Each of these curves is taken from a 
different experiment and is plotted to a scale 
different from that of the other and from that of 
the first three curves. Nevertheless, the general 
change in intensity which occurs as the crystal 
goes through the phase transition is fairly well 
represented. At 6700 atm, the crystal has become 
almost opaque due to the break-up of the lattice. 
In fact, the sample now consists of crystallites of 
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both phases which scatter the light at their inter¬ 
faces. Two F bands, Ff and JFV, are observed in the 
spectrum, the former belonging to the f.c.e. 
structure and the latter to the s.c. structure. 
B and Ft increases in intensity with time at the 
expense of band Ff until, after about twenty 
minutes at room temperature, only band Fb 
remains. 


RbF 

The absorption of the F center in RbF was 
studied as a function of pressure up to 33,000 atm. 
As can be seen in Fig. 4, the increase in frequency 
with pressure is less at higher pressures than at 
lower pressures. At 33,000 atm (an average of 
increasing and decreasing pressure readings), the 
crystal became opaque and cleared up only after 



Fig. 3. Absorption curves of color centers in RbBr at 
different pressures. The location of the F band is marked 
by F, The absorption curve at the phase transition shows 
simultaneously one F band in f.c.c. structure, Ff , and 
one in s.c. structure, 


In the absorption spectrum at 8900 atm, there 
appear two bands in addition to the F band. The 
band at 20,500 cm" 1 , the No. 3 band, has been 
observed previously in the spectra of KI, RbBr 
and RbH 8 * 6 > The values of n^o. s and are 
about the same, and it has been suggested that 
the No. 3 band has its origin in the M center. W 
The band at 12,600 cm -1 is located about 
2000 cm* 1 higher than the M band observed at 
one atmosphere, and its intensity is greater than 
that of the M band by a factor of two to three. 
Minomura and Drickamer< 6 > observed a similar 
increase in the intensity of the M band in KC1, 
KBr and KI as these crystals changed from the 
f.c.c. to the s.c. structure. Therefore, the band at 
12,600 cm -1 in RbBr can be identified as the 



the pressure was increased by several thousand 
atmospheres. The low frequency tail of an absorp¬ 
tion band, presumably the F band, was observed 
on the high frequency side of the original F band 
at these higher pressures. Unfortunately, the 
absorption band itself was out of the measurable 
range. Since the discontinuous jump of the F band 
toward higher frequencies in the various crystals 
increases in the order iodide, bromide, chloride, a 
very large change in the position of the F band in 
the fluoride is to be expected. Accordingly, this 
behavior of RbF at 33,000 atm is attributed to a 
change in phase. The reduction of transmission 
by RbF in the transition region is similar to that of 
the other alkali halides which undergo the phase 
transformation from the NaCl type to the CsCl 
type structure under pressure. Optical investiga- 
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tions of pure KC1 and KBr in the region of the 
phase transition showed that, with both increasing 
and decreasing pressure, the transmission of the 
crystals was diminished over a range of 6000- 
10,000 atm. 00) The onset of opacity with increas¬ 
ing pressure was 3000 atm above that observed 
with decreasing pressure, and the transmission 
minima were separated by 10,000-12,000 atm. 
This onset of opacity indicates the beginning of 
the phase transformation. In the present experi¬ 
ment with RbF, the regions of diminished trans¬ 
mission were 8000-10,000 atm wide, and the 
pressures where transmission first began to fall off 
were separated by 6000-7000 atm. From these 
figures, the averages of two observations made in 
each direction, the transition pressure is calculated 
to be (33,000 + 4000) atm. 



Fig 4. F band in RbF. Measurements (o) up to the phase 
, transition. 

Piermarini and Weir* 11 ) have studied the X-ray 
diffraction patterns of RbF at high pressure and 
have concluded that the f.c.c. structure is converted 
to the s.c. structure between 9 and 15 kbar. The 
authors have since stated that these figures may 
be somewhat unreliable.* It is very difficult to 
calibrate their apparatus accurately, so that the 
measured pressures are uncertain. Furthermore, 
the reported pressures were observed with 
decreasing pressure, indicating that the true 
transition pressure was higher. There is also some 
uncertainty in the transition pressure reported 
in the present work. The transition pressures of 
the other alkali halides observed in the same 


apparatus are several thousand atmospheres higher 
than those observed by Bridgman.* 7 ) However, if 
internal consistency in the pressure apparatus is 
assumed, the transition in RbF occurred at least 
12,000 atmosphere* above the transition pressures 
of the potassium halides, or between 30,000 and 
33,000 atm. 

Csl 

The absorption of the F and M centers in Csl 
were studied at pressures up to 50,000 atm. Since 
this crystal has the s.c. structure at one atmosphere, 
no phase change, and, therefore, no discontinuities 
in the absorption bands are to be expected. This, 
indeed, is the case, as can be seen in Fig. 5, where 
the F and M band frequencies are plotted as a 
function of pressure. v m {F) increases with pressure 
but at a decreasing rate at higher pressures. 
v m {M) is constant to within the limits of the 
experiment. In previous investigations of the 
M band in other crystals, < 4 * 5 > a shift to higher 
frequencies, amounting to about 25 per cent of the 
F band frequency shift, has always been observed. 



Fig. 5, F and M band in Cal. The frequency of the 
M band is independent of pressure and the intensity 
becomes zero at 35,000 atm. 


* Personal communication. 
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The intensity of the M band in Csl decreases with 
increasing pressure and disappears completely 
at 35,000 atm. This also differs from previous 
observations on other crystals.* 6 ) 

SUMMARY 

The discontinuous shift in frequency of the 
F center at the phase transition is given in Table 2 

Table 2. Frequency shift Ay of the F band at the 
phase transition. All shifts are towards higher 
frequencies, (a) Ref. 6. 


Ap(cm“ 1 ) RbF RbCl RbBr Rbl(a) 


F + 2250 1500 20 


for crystals of the rubidium halides. This frequency 
jump is positive for all the rubidium halides 
but decreases going from the fluoride to the iodide. 
The general trend is the same for F bands in the 
potassium halides. The latter show an even faster 
decrease and the frequency jumps for KBr and 
KI become negative. The M bands in the potas¬ 
sium halides shift in the same direction as the 
F bands, although the shifts are much smaller. 

The pressure dependence of the F bands can be 
visualized by a plot of logarithm of the frequency 
vs. logarithm of the lattice constant. This gives 
straight lines for most of the alkali halides.* 3_6 > 
The lattice parameters were calculated from 
Bridgman’s density data.* 7 ) Fig. 6 shows the 
lines for RbCl and RbBr below the phase transi¬ 
tion; a similar line is drawn for Csl v hich has the 
s.c. structure. The slopes, np f for those crystals are 
listed in Table 3. The values of RbF and Rbl at 
atmospheric pressure are contained in Fig. 6. 

Table 3. Slope np = — d In E(v)/d In tf(A) of the 
F band for several crystals. 


RbCl RbBr Csl 


n F 4*77 3-79 1-94 


They deviate from the slope at one atmosphere for 
the f.c.c. structure (drawn as dashed line with 
np = 1*89). The corresponding slope for the 
sodium and potassium halides is np = 1 *84. 



Log a(K) 


Fic. 6. F bands in RbCl, RbBr and Csl. 

The particle-in-the-box-model would give a 
slope np — 2, since the energy of the particle is 
inversely proportional to the square of the box 
diameter, i.e., to the lattice parameter.* 1 ) This 
model fails to explain the pressure dependence of 
the F band for most of the crystals. The deviation 
of this model is largest for the fluorides and small 
alkali atoms. It becomes less pronounced going 
from the fluorides to the iodides and from sodium 
to cesium where we have the largest cations aiTd 
anions. The pressure dependence of Csl, with 
np — 1 -94, agrees well with that predicted by the 
particle-in-the-box-model. 

New bands can appear in some crystals under 
pressure. Of these, the origin of the No. 3 band 
has not been positively identified.*®) It was ob¬ 
served in KI, RbBr and Rbl, but not in KC1, KBr, 
CsCl, CsBr and Csl. 
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SURFACE SELF-DIFFUSION OF IODIDE IONS 

IN THIN FILMS 
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Abstract —A method is described for measuring the surface self-diffusion coefficient of labelled 
ions on solid surfaces. This consists in depositing the given ions to mono or multilayer thickness 
on one half of a metal foil and the labelled specieB of the same ions on the other half of the foil and 
to the same thickness. After the self-diffusion had occurred between the two halves at constant 
temperature for a definite time, the distribution of the radioactivity is measured on the initially 
inactive side as a function of distance from the line of contact. 

This has been applied for obtaining D* values for I" ions in mono and multi 100) layers 
adsorbed on Cu and A1 in the temperature range 145-255°C. Corresponding data for the energy of 
activation and typical autoradiographs are also presented. 


1. INTRODUCTION 

First revealed by the classical experiments of 
Volmer and Estermann on the rate of the growth 
of mercury crystals from vapour/ 1 ) the occurrence 
of surface mobility in adsorbed layers has since 
been well established/ 2 " 6 ) Diffusion rates in these 
surface layers have been measured chiefly by 
changes in the thermionic and photoelectric 
emission characteristics/ 5 ' 8 ) and sometimes by 
methods based on mass transfer/ 9 * 16 ) It is only 
recently that radioactive tracers have been em¬ 
ployed in these measurements/ 10 " 12 ) We describe 
here results of our work on the surface self¬ 
diffusion of labelled iodide ions in mono- and 
multilayers adsorbed on copper and aluminium in 
the temperature range 145-255°C. 

2. EXPERIMENTAL 

The surface of sheets of electrolytically pure 
copper and aluminium of thickness OT mm were 
polished mechanically and chemically following the 
procedure of Siejka and Campbell/ 13 ) Circular 
coupons of diameter 16 mm were punched out of 
these sheets. Sixty ml of 10 -3 M, KI solution 
labelled with 1-131 to known specific activity were 
taken in a polythene container. A series of adsor¬ 
bent coupons were fixed vertically supported on 
perspex platforms and kept fully immersed in the 
solution. The system was maintained at constant 
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temperature in an automatically regulated thermo¬ 
stat and was subjected to gentle stirring by slow 
rotation of 4-5 rev/min. 

The period of adsorption was varied from 0*5 sec 
to 100 hr in each series of experiments. At different 
intervals of time the sample was removed, dipped 
20 times in each of the three vessels containing dis¬ 
tilled water, once in alcohol and finally dried by air 
from a blower. The coupon was then placed in a 
numbered aluminium planchette and the activity 
was measured on both the faces of the sample. Two 
samples were run simultaneously for each period 
and for the final activity the mean of the countings 
of the four faces was taken. The corrections due to 
decay, scattering and self-absorption of activity, 
were applied to the experimental data. 

The activity-time curves are characteristically 
stepwise in nature (cf. Fig. 1) consisting alternately 
of steady rises and constant plateaux. The specific 
activity being known, the total number of adsorbed 
iodide ions at any given instant is readily found 
from the activity measured at that instant. A com¬ 
parison of this figure (x) corresponding to the first 
plateau with the apparent number of adsorbent 
atoms (Japp.) computed on the basis of known 
interatomic distance from X-ray data< 14 > in the 
(100) planes of these metals, shows the ratio 
(ff/yapp.) to vary between T2 and 1*5. It is, how¬ 
ever, reasonable to assume that the first plateau 
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corresponds to the completion of the unimolecular 
adsorption (Le. #/y r eai =1). and the observed 
value of 1*2-1 *5 may therefore be taken as the 
surface roughness factor. We have used the value 
of 1 *5 for this factor in all our computations of the 
thickness of the adsorbed layers. 


hr (curve A) 



Fig. 1. Time-rate of adsorption of I~(10~ a M) ions on 
copper at 25°C. 


Results on a detailed study of a variation of the 
thickness of the layer with time on the varying 
conditions of concentration have been reported 
earlier/ 16 ) On the basis of these results it is pos¬ 
sible to restrict the adsorption to any desired 
nominal thickness within certain limits by letting 
the adsorption to proceed for the required duration. 

In the present experiments half the length of the 
adsorbent surface (8x1 cm) was covered with 
iodide ions to mono- or multilayer of definite 
thickness by adsorption over a calculated period 

V&ik 

labelled with l m to a known specific activity. The 
other half of the adsorbent surface was similarly 
covered to the same thickness but with unlabelled 
iodide ions. It was ensured that the two halves 


just overlapped (by about a mm) all along the line 
of contact. The specimen was next placed in an 
electric furnace of constant temperature for a 
definite period of the order of 48 hr. In the end it 
was cut into a series of strips of 2 mm length on 
either side of the boundary line and the activity 
on each of them was measured with a thin end- 
window G.M. counter and scaler under conditions 
of constant geometry. Some of the uncut speci¬ 
mens were used for autoradiography to reveal the 
surface diffusion of the labelled ions. 

The diffusion in the above experiments corre¬ 
sponds to the movement of the “front’* of the label¬ 
led into that of the unlabelled, but otherwise identi¬ 
cal, species of same concentration and vice-versa, 
the two bands being initially contiguous along the 
boundary line x = 0. The conditions of the experi¬ 
ment are further such that at the end of the diffu¬ 
sion there is no change in the concentration of 
either species (active or inactive) at the extreme 
ends x = ±a, where a is the half-length of the 
foil. The boundary conditions for this one-dimen¬ 
sional diffusion can be stated in terms of the con¬ 
centrations of the active species, thus: 

C = Co for x ^ 0| 

! at t — 0 

C = 0 for x > Oj 

and 

C = Co at x = —a] 

> for all values of t > 0 
C = 0 at jc = 4 -a) 

It can be shown that the basic integral of 
Fick’s second law reduces under these conditions 
to 

S*1T 

D »- 

where D is the surface diffusion coefficient, S the 
total activity that has traversed the boundary line 
of width b in time t> and C 0 the initial amount of 
activity per unit area on the labelled side. As the 
diffusion is measured under cpnditions of zero 
concentration gradient for the total iodide ions 
(labelled + unlabelled), the result gives the surface 

(D = D*\ 

3. RESULTS AND DISCUSSION 
Figure 2 shows typical autoradiographs of the 
surface migration of the “front” of the active half 
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icolayers 



Cm 

210*0 
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Fig. 2. Autoradiographs representing the surface self-diffusion of I" in 
its mono- and multilayers adsorbed on copper. The initial boundary line 
between the labelled and unlabelled halves was at 4 cm from the left. 
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of the iodide film for several millimeters beyond 
the initial boundary line. A plot of the activity as a 
function of distance is roughly Gaussian in the 
initially unlabelled half (Fig. 3). This shows that 
the surface migration of adatoms is related to a 
two-dimensional Brownian movement by 

D* m (Axj*/2t 

where (Aa) a is the mean square of displacement in 
time t . 



Fig. 3. Surface self-diffusion of iodide ions from the 
labelled half (left) to the unlabelled half (right) in the 
adsorbed layers on copper. Time 48hr, Temperature: 
210°C. 


In Table 1 are presented data for the surface 
self-diffusion of iodide ions in mono and multi 
(nominally 100) layers adsorbed on copper and 
aluminium for different temperatures in the range 
J45-255°C. Corresponding energies of activation 
(E) are calculated from the slope of the linear plot 
of log D* vs. 1/T (Fig. 4). 

Results show that surface diffusion of iodide ions 
on these metals becomes measurable above 100°C 
and that the observed D* values are distinctly 


Temperature, *C 



FiC. 4. Variation of surface self-diffusion coefficient 
with temperature. 


Table 1. Surface self-diffusion coefficient of I” ions adsorbed on Cu and Al, 

D* x 10 6 cm 2 sec -1 . 


Layer thickness 
(nominal) 

mono 

Copper 

multi (~ 100) 

Aluminium 

mono 

Temp. (°C) 

145 

0-4 

5-2 

7-8 

175 

— 

— 

8-4 

185 

1-0 

6*0 

— 

215 

— 

— 

12-9 

218 

1*5 

6*0 

— 

255 

2-4 

6-9 

14*2 

E (k cal/mole) 

9-6 

1-8 

3-1 
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higher than for bulk diffusion at these tempera¬ 
tures. This is similar to the results reported earlier 
for the surface diffusion of polonium on silver,* 4 ) 
thorium on tungsten < 3 > and the surface self¬ 
diffusion of silver* 10 - 11 ) and copper.* 12 ) These 
results have been explained on the “vacancy” 
mechanism of diffusion according to which 

where the subscripts refer to surface, grain¬ 
boundary and volume diffusion. The correspond¬ 
ing energies of activation are in the order* 3 ) 

Eg < Eg < E v 

The “monolayer” in the present study may 
actually be between about 0-8-1-2 layers thick in 
dear distinction from a thick multilayer of 100-200 
layers. Though only the labelled J~ ions are fol¬ 
lowed in the present study, it is apparent that the 
corresponding cations of the original adsorbate 
phase (KI aq.) are also present in the adsorbed 
layers. We have no knowledge of its exact composi¬ 
tion and structure. We make the simplifying 
assumption that the “monolayer” is spread uni¬ 
formly over the surface and not collected into 
“multilayered islands” for the reason that self¬ 
diffusion could be observed in cases where the 
initial layer corresponded to a minimum thickness 
of a monolayer, while in layers even slightly less 
than the “monolayer” (i.e. 0*7-0*8), no self¬ 
diffusion could be observed whether by auto¬ 
radiography or by activity scanning. It is, therefore, 
presumed in the “monolayer” there is a continuity 
of the structure, though the possibility of local 
islands slightly thicker than the “monolayer” can¬ 
not be excluded, as the layer thickness could vary 
up to about 1*5. However, the self-diffusion 
characteristics in this “monolayer” are shown to be 
different from those in distinctly thick “multi¬ 
layers” (100-200). 

Results of Table 1 further show that at all tem¬ 
peratures studied the rate of diffusion is less in 
mono than in multi (~100) layers. The energy of 
activation is accordingly less for the latter. The 
possibility of a greater mobility of adatoms in the 
subsequent than in the first layer in contact with 
the substratum metal has been both envisaged in 
theory and actually observed in the surface diffu¬ 
sion of alkali metals and of thorium on tungsten.* 3 ) 
Taylor and Langmuir* 17 ) postulated a decrease in 


the heat of sorption with increasing layer thickness, 
which equals in the limit the heat of vaporization 
of the adsorbate in the liquid state. 

It may further be noted that diffusion in multi¬ 
layers approximates more nearly to self-diffusion 
than in the first layer where the substratum is 
different from the diffusing species. The energy 
barrier of the vacancies is therefore higher in mono 
than for diffusion in thicker layers where the sub¬ 
stratum and the diffusion species are identical. 

According to Langmuir,* 18 ) the force (F) re¬ 
sponsible for the surface migration is the resultant 
of two forces, one due to lateral concentration 
gradient of the adatoms and the other due to 
lateral dipole repulsion between each adatom and 
its “electrical image”. This leads to expressions of 
the type;* 19 ) 

D = A)/——-1) 

\ NkT J 

and 

F = K(E 0 -E)N 

for the diffusion coefficient ( D ) and energy of 
activation ( E ) as functions of surface concentration 
(N) of adatoms, Do and Eq being the limiting 
values when N ~ 0. An increase of D and decrease 
of E with rising concentration, as observed, is to be 
expected on this theory. 
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Abstract —Heat capacity measurements in the liquid helium temperature range have been made 
for pure palladium and for alloys of palladium containing approximately 20, 40, 60 and 80 at. % 
nickel. Calculated electronic specific heat coefficients (y-values) are 9*38, 10-66, 8*54, 7-82 and 
7-52 mJ/mole°K a , respectively. Calculated Debye temperatures are 272, 295, 305, 330*5, and 
388°K, respectively. The implications of the present results are discussed in regard to other work 
on Ni-Pd alloys and in regard to the band structure of this system. 


INTRODUCTION 

Heat capacity measurements in the liquid helium 
temperature range have been made for a series of 
Ni-Pd alloys in order to help clarify the band 
structure of this system. Wohlfarth* 1 * has noted 
that data on intrinsic magnetization and suscepti¬ 
bility indicate that Ni and Pd each have approxi¬ 
mately 0*6 holes/atom in the d- band (and an equal 
number of electrons in the $-band). On the basis of 
this observation, plus the fact that these alloys are 
single phase and of the same structure (f.c.c.) for 
all compositions, he has tentatively made the 
simplifying assumption that Ni-Pd alloys of all 
compositions have 0*6 holes/atom in the tf-band— 
although, of course, the number of holes having 
parallel and anti-parallel spins must be chosen to 
agree with the observed magnetization data. 
Several investigators* 1 * 6 “ 9 > have interpreted experi¬ 
mental results by using this model, along with some 
assumed band shape. Since conflicting band shapes 
have been employed, it seems useful to obtain the 
information that heat capacity data can supply. 

EXPERIMENTAL 

Specimen geometry, apparatus, and procedures 
used in the present investigation were generally 
similar to those frequently used by other workers. 
Cylindrical specimens, roughly 1 in. long by 1 in. 
dia., were cast from high purity nickel and palla¬ 
dium. Specimen masses varied from 1*32 to 1*68 
moles. Spectrographic analyses of the specimens 
indicated about 0*05 per cent impurities; carbon 


content was 0*01 per cent or less. Each specimen 
was surface ground on both ends and annealed in 
vacuum for 6-18 hr at about 250°C below the 
solidus temperature. 

The specimen holder consisted of two distinct 
parts held firmly against opposite ends of the speci¬ 
men. An Allen-Bradley carbon composition re¬ 
sistor (with the insulation ground off) waB cemented 
into one end-piece for use as a thermometer; a flat 
heater coil of manganin wire was cemented into 
the other piece. (GE 7031 cement was used.) The 
specimen-holder assembly was suspended by 
nylon threads from a nichrome wire stand which in 
turn rested on a cover plate at the bottom of the 
specimen chamber. Heater leads of fine super¬ 
conducting niobium wire and thermometer leads of 
fine manganin wire were run to glass-metal seals 
(soldered in the cover plate) and then into the 
helium bath. 

Access to the specimen chamber was provided 
by the cover plate which was sealed to the chamber 
with replaceable “gold O-rings”. A separate, 
toroidal chamber around the middle of the speci¬ 
men chamber was used for vapor pressure measure¬ 
ments. Each chamber could be evacuated or filled 
with helium as desired. 

Heat capacity measurements were made in the 
usual manner: heater power was applied for some 
period of time and the change in specimen tem¬ 
perature was determined. Power levels (of about 
2-20 fiW) were measured with a K-3 poten¬ 
tiometer and associated circuitry. Time intervals 
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(of about 40-240 see) were measured with an 
electric timer. Resistance (and thereby tempera¬ 
ture) measurements were made by connecting the 
carbon resistor as one arm of a high-sensitivity 
resistance bridge; temperature excursions (i.e,, 
AT’s) ranged from approximately 4*5 to 27 milli- 
degrees. Temperatures ranged from about T5 to 
4*2°K. Heat capacities for each specimen were 
usually determined at 40-50 values of the 
temperature. 

The probable random errors in the calculated 
values of the power level and of the time interval 
may be straightforwardly estimated as roughly 
£ per cent and fa per cent, respectively. The 
probable random errors in AT 1 and in T are not 
easily determined but may be conservatively esti¬ 
mated as perhaps 1 to 2 per cent and £ to 2 
per cent, respectively, depending upon the magni¬ 
tudes of AT and T. These estimates are in satis¬ 
factory agreement with the scatter of the points on 
the CjT vs. T 2 plots. 

It might finally be mentioned that helium ex¬ 
change gas was used in cooling the specimen- 
assembly to helium temperatures and that residual 
gas in the specimen chamber was then found to be 
the main factor limiting thermal isolation. How¬ 
ever, thermal isolation could be significantly im¬ 
proved by (a) raising the bath temperature, (b) 
pumping away more residual gas, and (c) cooling 
the bath to trap helium on the walls. The use of 
such a procedure yielded heating curves which 
had small initial and final temperature drift and, 
generally, insignificant temperature overshoot. 
Although the heater and the thermometer were at 
opposite ends of the specimen, significant tem¬ 
perature overshoot occurred if the above manipula¬ 
tion of the bath temperature was omitted. 


temperature, 0, the electronic specific heat co¬ 
efficient, y, and the statistical errors in each. 


Table 1 Specific heat of Ni-Pd Alloys . 


Composition (at.%) 0(°K) y(mJ/mo!e deg 2 ) 


100 Pd 272 ±3 

18*91 Ni 81*09 Pd 295 ±3*5 

39*65 Ni 60*35 Pd 305±4 

59*63 Ni 40*37 Pd 330*5 ±4*5 
79-84 Ni 20*16 Pd 388 ±8 


9*38 B ±0*03 S 
10*66 ±0*03 
8*54 ±0*03 
7*82 6 ±0*02 r ' 
7*52 6 ±0*02 5 


DISCUSSION 

The results of the present investigation will be 
considered first in connection with other work on 
Ni-Pd alloys. Wohlfarth,* 1 ) on the one hand, has 
employed the simple model given in the Introduc¬ 
tion. By assuming inverted, parabolic ^-bands, 
and by applying the collective electron theory of 



RESULTS 

Heat capacities in the liquid helium temperature 
range were measured for nickel-palladium alloys 
having the compositions given in Table 1. (The 
heat capacity of the specimen holder was equal to 
roughly 10 per cent of the total.) Plots of CjT vs. 
T 2 yielded good straight lines, although significant 
scatter of the data points for each specimen was 
evident. Curve fitting [to the equation C — 
yT-l-T945 * W(T/®f] and error analysis were 
carried out on a computer. Table 1 lists the Debye 


Fig. 1 . Specific heat of Ni-Pd alloys. O present investiga¬ 
tion. A> H, ^ Refs. 2-5 respectively.- Wohl- 

farth’s calculation. 

ferromagnetism, he was able to interpret data on 
magnetization, susceptibility, and Curie tempera¬ 
ture. His work also yielded a predicted composi¬ 
tion-dependence of the electronic specific heat 
coefficient, y; this curve appears as the full line in 
Fig. 1. [It may be noted that Wohlfarth calculated 
a. relative variation, i.e., y(alloy) y(Ni). The 
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curve shown has been arbitrarily normalized to 
the average of the two experimental values of 
y(Ni).] The experimental results of the present 
investigation (O) and those of other workers* 2-5 * 
(A, ▼, ■> are also shown. Although the 
general trend of Wohlfarth’s curve is correct, there 
is no indication of a maximum in y for an inter¬ 
mediate composition—in contrast to the experi¬ 
mental results. It might finally be mentioned that 
Wohlfarth’s treatment made no allowance for the 
composition-dependence of the lattice parameter 
of these alloys. His assumptions of a constant 
number of d-electrons per atom and a composition- 
independent Fermi energy may not be entirely 
consistent. However, the effect of lattice expansion 
does not seem readily calculable in the general case, 
although for free electrons it may be shown that 
the y vs. composition curve should be multiplied 
by a factor (1 + a) 2 , where a = [d(alloy)-<J(Ni)]-r 
d( Ni), and d is the lattice parameter. If a qualita¬ 
tively similar correction were applicable in this 
case, then the agreement between theory and 
experiment would be even poorer, since a«0'l 
for Pd. 

The electronic transport properties of Ni-Pd 
alloys have been investigated by Schindler 
et (residual and temperature-dependent 

resistivity) and by Dreesen and Pugh* 9 * (residual 
resistivity and Hall coefficients). All of these workers 
adopted the simplifying assumptions discussed in 
the Introduction. But a parabolic band (as used 
by Wohlfarth) did not seem appropriate for fitting 
their data, and, in fact, these investigators 
employed an exponential </-band: n(E ) oc 
exp(const • E). Such a dependence corresponds 
to n(E) oc q l , i.e., the density of states at a given 
energy level is proportional to the first power of 
the total number of states (per atom) having higher 
energies in the band. [For an inverted, parabolic 
band, n(E) oc The y vs. composition curve 
to be expected for exponential bands may be 
obtained as follows. If the usual direct propor¬ 
tionality is assumed between y and n(E/) t and if 
contributions from the spin-up and spin-down 
halves of the d -band are considered, then y (alloy) 
oc [n^(Ef)^n^(Ef)]-^n $ (Ef) t where the last term 
is the contribution from both halves of the 5-band 
and is essentially independent of composition. 
Since «<*(£) oc q 1 in this case, oc qt+q^ 

which is assumed to equal 0*6, independent of 


composition. Thus, for exponential bands and 
for Ni-Pd alloys subject to the above assumptions, 
y would be independent of composition—a con¬ 
clusion not supported by the present investigation, 
(Expansion of the lattice with increased Pd content 
does not seem relevant in this treatment.) 

Brief consideration will be given to the relatively 
poor agreement between the results of the present 
investigation and some of the implications of the 
above work on these alloys. The most immediate 
problem seems to concern band shape. Although 
Wohlfarth* 1 * (using parabolic bands) and Over- 
hauser and Schindler* 7 * (using exponential 
bands) obtained reasonable agreement between 
theory and experiment, their calculations are only 
moderately sensitive to band shape and do not 
rule out n(E) dependences different from the ones 
they used. Dreesen and Pugh,* 9 * however, 
apparently could not obtain a satisfactory fit to 
their data without assuming an exponential, or 
nearly exponential, band. But it is difficult to 
determine the significance of this result because 
of one feature of their treatment. One of their 
basic equations was Pugh’s 4-band generalization 
of Sondheimer’s solution of the Boltzmann trans¬ 
port equation. This solution is apparently for the 
case of two overlapping parabolic bands, and its 
use with the assumption of non-parabolic (ex¬ 
ponential) bands would seem to require more 
detailed investigation. 

In summary, it appears that, even for a pre¬ 
sumably very simple alloy system such as Ni-Pd, 
no reasonably simple band picture is adequate for 
describing a variety of properties with more than 
qualitative accuracy, if that. But most band cal¬ 
culations for transition elements, and for Ni in 
particular, yield a peak in the d -band density of 
states curve near the upper edge of the band. Since 
the occupied regions of the band most likely in¬ 
clude this peak in the case of Ni-Pd alloys, it 
would seem unlikely that a simple, m 0 notonic 
na(E) curve could yield detailed agreement with 
experiment. 

It is of interest to attempt a rough estimate of 
na(E)> the i-band density of states curve (for one 
direction of spin), for Ni-Pd alloys by using the 
present specific heat data. A procedure suited to 
non-ferromagnetic alloys has, for example, been 
carried out by Hoare and Yates* 3 * for Ag-Pd 
alloys. However, Ni-Pd alloys containing greater 
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than about 3 at. per cent Ni are ferromagnetic. 
The two halves of the J-band will be filled to 
different levels (so as to yield the observed net 
magnetization) and the d-band contribution to y 
will therefore be the sum of two unequal con¬ 
tributions whose relative sizes are not known. The 
following means of separating these two contribu¬ 
tions and obtaining n&{E) has been employed. 

(a) the y(Ag-Pd) data mentioned above are used 
to determine the upper part of the rtd{E) curve; 

(b) magnetization data* 11 ) are used to determine 
the levels of filling of each half-band for any com¬ 
position ; (c) the present specific heat data are then 
used to determine a portion of the n<t(E) curve at 
lower energies. A more detailed discussion 
follows. 

Since Ag-Pd alloys are paramagnetic, the two 
half-bands are equally filled and y yields 
directly if a suitable correction is first made for 
the r-band contribution to y. Since adding silver 
to palladium gradually fills the d-band in a known 
manner (each Ag atom presumably contributes 
one electron to the d-band), the number, q , of 
vacant states per atom in a half-d-band may be 
easily calculated from the composition. Thus, the 
y(Ag-Pd) data yield rtd(q\ in the range q = 


0[60Ag40Pd] to q = 0*3 [pure Pd]. [y(Ag) was 
subtracted from y(Ag-Pd) in order to remove the 
contribution of the 5-electrons,] The resultant 
n d($) curve i9 assumed to characterize the upper 
part of a half-d-band for pure Pd and for Ni-Pd 
alloys as well. 

Saturation magnetization data for Ni-Pd 
alloys,* 11 ) along with the previously-discussed 
assumption that q^+q^ = 0*6 for all composi¬ 
tions, may then be used to determine q* and q* 
(i.e., the filling of each half-band) for any composi¬ 
tion. Since one half-band is filled to a level that 
lies in the previously-determined upper part of 
the band, the density-of-states contribution for 
that half-band may be obtained. Subtracting both 
this value and the assumed 5-band contribution, 
y(Ag), (in appropriate units) from an observed 
y-value yields the density-of-states contribution 
of the other half-band. Since the level of filling of 
this band is known—and falls in a region of lower 
energy (with respect to the top of the band)—it is 
possible in the present case to obtain n(q) for 
q = 0-49 to 0 * 6 . The n{q) data in the q ~ 0 to 
0*3 range (Ag-Pd alloys) and in the q = 0*49 to 
0-6 range (Ni-Pd alloys and pure Ni) indicate that 
a maximum must occur for q Z 049. Although the 



ENERGY (eV) 

Fig. 2. d -band density-of-stateB curve.-present calculation for Ni-Pd 

alloys. - - --Fletcher’s curve* 10 ) for Ni. 
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position and magnitude of this maximum can be 
estimated only roughly, it is possible to draw a 
smooth and reasonable curve in the q = 0*3 to 
0*49 region. (Moderate changes in this inter¬ 
polated portion of the curve will hardly change the 
qualitative nature of the overall results.) The final 
transition from n(q) to n{E) is straightforward and 
the results appear as the solid line in Fig. 2. The 
dashed line is Fletcher’s calculation* 10 ) for the 
d-band in Ni. (Since the above procedure yields 
only changes in energy, it is necessary to choose 
an energy-zero for the curve calculated above. 
This was done by arbitrarily making the Fermi 
level for Ni agree with that of Fletcher’s curve. 
The level of filling of the bands appropriate to pure 
palladium is also indicated in the two cases.) An 
examination of Fig. 2 suggests that the peak in the 
present y (Ni-Pd) data is probably due to a peak in 
the d-band density-of-states curve. 

In all of the calculated density-of-states curves, 
as well as the one experimentally determined here, 
there is a clear indication of a maximum appearing 
in the energy interval between the Fermi energy of 
nickel and the top of the d-band. It is appropriate 
to inquire into the reason for the lack of any effect 
of this maximum upon the electrical resistivity 
measurements of the Ni-Pd system made earlier 
by Schindler et and by Dreesen and 

Pugh.* 9 > The electrical resistivity for the Ni-Pd 
system can be considered equivalent to a parallel 
network of spin-up and spin-down electrons: 

1/p = l/pt+l/p*. (1) 

Assuming only s-band conduction, the resistivity 
contribution of, say, the spin-up half-band is 

P* = pls+Pld’ ( 2 ) 

with a similar expression for the other half-band. 
Using the Born approximation, each of these terms 
can be shown to be proportional to the appro¬ 
priate density of states, evaluated at the Fermi 
energy: 2 

pli oc nj| J* dr| s ni Li 8 {, 

i = s or d, 0) 

where the f s are the appropriate wave functions 
and AF is the perturbation on the electron poten¬ 
tial giving rise to transitions between electronic 
states. Equations (1), (2) and (3), yield for the 


resistivity: 

pcc(n,U..+4u} i )/[t + 




Since the exchange splitting in the r-band is small, 
the spin-up and spin-down values of n, and t/ M 
are essentially equal and do not have to be identi¬ 
fied. In pure nickel, the spin-up portion of the 
d-band is filled to some level on the low energy 
side of the density of states maximum, while the 
other half of the d-band is completely filled. As 
palladium is alloyed with nickel, the Fermi level 
of the spin-up portion of the d-band shifts to a 
region of the d-band with higher values of nj. At 
the same time, unoccupied states appear in the top 
of spin-down portion of the d-band, where is 
rather small. Since «t is near the maximum of the 
density-of-states curve, it is clear that til < nt. 
Consequently, equation (4) becomes 


p cc 


(5) 


Therefore, because the contributions to the re¬ 
sistivity of the spin-up and spin-down portions of 
the d-band are added in parallel, the measured 
resistivity will be dominated by that portion of the 
d-band with the smaller value of the density of 
states, i.e., the resistivity will not be sensitive to 
the shape of the density-of-states curve in the 
neighborhood of the maximum. 
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Abstract —Several vapor phase grown hexagonal ZnS crystals, faulted as synthesized and also by 
heating perfect specimens, have been scanned with a 10 ft beam X-ray oscillation camera. Structure 
and birefringence of many individual bands have been compared; some bands were wide enough 
to permit several adjoining exposures. Structural changes within bands were as abrupt as those 
occurring across band boundaries; there was other evidence of heterogeneity in bands which were 
too narrow for direct exploration. Heterogeneity within bands directly refutes simple models for the 
birefringence. Additional refutation derives from the establishment (in another report) of a two- 
parameter model for the disorder in ZnS; even if there were any homogeneously scattering regions 
they could not be characterized by a single faulting parameter. Thus the value of the birefringence of 
a band is not a simple measure of the degree of disorder, nor of relative amounts of hexagonal and 
cubic sequences, as has sometimes been assumed. 


1. INTRODUCTION 

Bands of uniform birefringence parallel to the 
close-packed planes are a striking characteristic of 
vapor phase grown hexagonal ZnS crystals viewed 
between crossed polarizers (Fig. 1). These bands 
range widely in size, although most often they are 
of the order of microns. They are of uniform color 
and are more or less sharply separated by thin 
black lines; the latter can be seen in direct light 
to mark very small steps in the crystal. Similar 
banding may be seen in the crystallites of ZnS 
powders which have been processed to be electro¬ 
luminescent. The banding is well known to be 
closely associated with faulting and it has been 
tempting to correlate structure to the value of 
birefringence. Although no quantitative work has 
been done on the question of such a correlation, it 
has sometimes been assumed to exist* 1 ) and has 
even been taken for granted in work on electro¬ 
luminescence.* 2 ) The present work has demon¬ 
strated that there is no correlation between the 
value of birefringence and any practicable faulting 
parameter such as “a, the fraction of planes out of 
sequence’\* 3 > Reasons why a simple relation of this 
type cannot exist have been established; an alter¬ 
nate model for the birefringence has not been 
achieved however. 


2. EXPERIMENTAL 

Several crystals with cq elongation were selected 
from batches grown in this Laboratory.* 4 ) They 
have been studied by an X-ray microbeam tech¬ 
nique which permitted oscillation diagrams to be 
made from selected regions down to 10 fx in 
extent (along co)> with the ability to move the 
beam along the crystal in steps as small as 2 ft. 

The micro-camera is shown in Figs 2 and 3. 
The fine micrometer beneath the goniometer pro¬ 
vides the fine control of beam location along the 
rotation axis. Correlation was made, within 2 fx t 
between positions of the 10 fx beam on the crystal 
and birefringence readings taken on a polarizing 
microscope at 200 x. 

Retardation was measured by a rotation com¬ 
pensator, and thickness by focusing; absolute 
values of birefringence are taken to be correct to 
±10 per cent, the error being that of the thickness 
measurement. However, relative values along the 
same crystal are as precise as the retardation 
measurement alone, ± ~1 per cent, and where 
the color is the same, the birefringence may be 
taken as exactly the same. 

Observations of X-ray structure were made on 
the (107) REL row, which is typical of the fault 
sensitive rows whose index is H-K = 3n±l.* fi ) 


* Present address: Lewis Research Center, nasa, Cleveland 35, Ohio. 
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The oscillationd were set to bring in this row be¬ 
tween (10-1) and (10-1), thus including the region 
where the (10*1) of the cubic structure appears. 
A typical diagram, taken with a conventional 



camera, is shown in Fig. 4. Comparisons of struc¬ 
ture were baaed on visual estimates of relative 
amounts of coherent and diffuse scattering; densi¬ 
tometry of the microbeam diagrams was impracti¬ 
cal. Since analysis of the general nature of the 
faulted structured) has shown that a single faulting 
parameter is inapplicable, there was no way to 
apply any more quantitative measurements of the 
faulting to the question of correlation with bi¬ 
refringence (see Discussion). 

3. RESULTS 

A. Crystals as synthesized ranged widely in 
structural types. It was soon discovered that very 
few crystals occurred with a wide range of 
birefringence and at the same time with only 2 L 
and 3L sequences. None the less it was possible to 
obtain some information bearing on the questions 
at han<^^Erom crystals faulted as synthesized. Some 


information was obtained also with perfect hexa¬ 
gonal crystals which were heated. 

A notable feature of the micro-beam diagrams 
was the sharpness of the hexagonal maxima against 



Fig. 3. Micro-beam camera, showing: Collimator 
assembly, with rotations about the focal spot, and 
translations, for maximizing transmitted intensity. 
10x250 n collimator: 10 p dimension in direction of 
needle axis of crystals; 250 /a width minimized intensity 
problem. Specimen on conventional goniometer head. 
Platform for 3 cm radius cassette, latter shown in 
Fig. 2. Oscillation mechanism adapted from Unicam 
S.25 assembly. 1 /x micrometer, controlling height of 
crystal. Entire assembly containing sample mount and 
oscillation mechanism can be moved as a unit to the 
center of the maximized beam. 

the diffuse scattering in the (10*/) row, as con¬ 
trasted to the blending observed with normal sized 
beams. 

B. Crystal No. 1 was a mixture of 2 L and 6 L 
sequences, the latter having been found to be the 
ABCACB type for which the (10*0) is ex¬ 
tinguished; this allowed any 2 L to be readily 
identified by its (10 0) intensity. Table 1 contains 
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Fig. 1 . Birefringent banding in ZnS. Photographed between crossed polaroids; crystal about 50 /* wide. 


Fig. 4. Typical intensity distribution, (10*1 )— (10 •!), 
with a moderately faulted ZnS crystal; conventional 
oscillation camera. Note scattering from highly faulted 
cubic phase in vicinity of (lO-l)aL-(l 11). 
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Table 1. Birefringence band observations on 6 L and 2L mixed polytype crystal . 


Band (retardation color, width, and 
birefringence) 

Description of 10 p X-ray oscillation 
diagram 

1st green. 70 An « 0*050 

Six contiguous positions show increasing 
amount of coherent 2 L on background of 
lightly faulted 6L and some extensively faulted 
2L. All 6 L abruptly disappears upon entry into 
1st blue. 

1st blue. 

Contains color - 
discontinuity 

Part A; mixed green and 
blue, 28 n 

Part B; pure blue, 

\12 ^ An « 0*014. 

Principally coherent 2 L, with some faulted 1L 
at beginning. Second 10 /x shows 6L, 2 L mixed 
structure like end of 1st green. 

Abrupt return to pure 2Z,, very slightly faulted. 
No. 6L of any type until entry into 2nd green. 

2nd green. 60 fi. 

An = 0-050 

Abrupt appearance of extensively faulted 6 L\ 
2L continuing mainly coherent. Amount of 
faulted 6 L increases near end. 

3rd green. 120 /x. A n = 0*050 
(separated from 2nd green) 

Traces of extensively faulted 2 L. Largely a 
slightly variable mixture of coherent and faulted 
6 L. Sudden disappearance of coherent 6L upon 
entry into 2nd blue. 

2nd blue. 40 /x. An = 0*014 

6 L continues only in faulted form. Some 
coherent 2L commences near end. 

Only red. 10 p. An = 0*021 (not contiguous 
to other explored bands). 

Single diagram shows 2 L and 6 L sharp maxima 
on background of extensively faulted 6L. 


descriptions of the observed structures and asso¬ 
ciated birefringences. The following may be noted: 

1. The broad sections of green retardation color 
with the unexpectedly high An of 0*050 are re¬ 
peated along the crystal as if they constitute a 4 ‘back¬ 
ground’ 1 structure in which bands have formed. 

2. All bands large enough to allow more than 
one 10 ft oscillation diagram show variations in 
structure. It is perhaps particularly noteworthy 
that this is true even of the green bands with 
An = 0*050. 

3. Unfaulted 2 L in the first blue band of 12 /x 
width is found with An = 0*014, whereas Wurt- 
zite’s birefringence is supposed to be 0*024. 

4. Abrupt change in color occurs between parts 
A and B of the first blue band with an abrupt 
change in structure but with no well-defined line 
such as marks other band borders. 

5. Part B of the first blue band and the second 
blue band, both with An = 0*014, have quite 
different structures. 


C. Crystal No. 2 (no tabulation presented) 
consisted of a section of 2 L material more or less 
faulted, with the rest fundamentally a 30 L poly¬ 
type. Two bands in the 2L section, and one in the 
30L section, were of the same retardation color, 
corresponding to An = 0*019. The two bands in 
the 2 L section gave much the same oscillation 
diagrams, these being, of course, altogether 
different from that obtained in the band in the 
30L region. 

D. Crystal No. 3 was initially pure unfaulted 2 L 
with An = 0*028, except for one lightly faulted 
20 /x band with An = 0*020. The 0*028 value was 
one of a number of anomalously high birefrin¬ 
gences ranging to 0*050 found with pure 2 L 
material; any bands occurring in such crystals had 
birefringences below 0*024. 

After this initial study, Crystal No. 3 was heated 
to 400°C for 10 min. The entire crystal became 
banded, An ranging from 0*015 to 0*020 (in 
bands > 5 /x). The few bands wide enough to 
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allow 10 ft beam oscillation diagrams to be taken 
in them disclosed moderately faulted 2 L structures 
only, differing slightly in the intensity of the in¬ 
coherent scattering. Here too, as with the usual 
crystal faulted at synthesis, the coherent hexa¬ 
gonal maxima were very sharply defined against 
the diffuse scattering. 

Crystal No. 3 was finally heated to 530°C for 
10 min. The range of birefringence produced 
thereby was found to be 0-0085-0*020; the micro¬ 
beam diffraction diagrams were analogous to those 
from the 400°C treatment but for a slightly larger 
range in the intensity of the distributions of the 
incoherent scattering. 

E. An additional perfect 2 L crystal, No. 4, was 
heated directly to 530°C. This specimen banded 
only in its middle third, the birefringences ranging 
from 0-011 to 0*020. The X-ray scattering dis¬ 
tributions were plainly closer to those obtained 
with the 530°C treatment of Crystal No. 3 than 
with the 400°C heating. Reheating Crystal No. 4 
to 530°C produced no further changes in the 
banding. 

4. DISCUSSION 

A. The results contain ample refutation of the 
assumption of a simple correlation between the 
birefringence and structure of a band; i.e.: 

(1) Uniformly birefringent bands have been 
observed to contain changes in structure. 

(2) Band boundaries may always mark a change 
in structure, but changes within bands may be as 
abrupt. 

(3) The same birefringence may occur in bands 
of differing structures. 

(4) The 6 L sequence ABCACB is “2/3 cubic’* 
in terms of single layer lamelae, yet no relation 
can be discerned between this fact and the bi¬ 
refringences observed in Crystal No. 1 (Table 1). 

B. Although the bands in crystals with only 
2 L and 3 L sequences were too narrow to allow 
much direct exploration with the 10 ft beam, 
evidence of another type has been accumulated 
on the existence of heterogeneity in these crystals 
which bears indirectly on the birefringence struc¬ 
ture correlation, as follows: 

(1) The sharpness of hexagonal maxima against 
the diffuse scattering indicates separately diffract¬ 
ing domains (resolved by the X-ray diffraction 


process) of alternately coherent and disordered 
material. 

(2) This sharpness may be maintained against 
variations in diffuse scattering intensity, further 
indicating independent scattering by the several 
types of domains. 

(3) In separately reported work< 6 > the departure 
from fit between calculated and observed X-ray 
scattering by faulted ZnS has been attributed to 
such micro-heterogeneity. 

The aforementioned calculated distributions 
were based on the two-parameter model of dis¬ 
order of Jagodzinski ;< 7 > this model has been shown 
to correctly describe the structure of faulted ZnS.< 6 > 
The requirement of two independent disorder 
parameters constitutes an additional problem for a 
model of birefringence, even if an entirely homo¬ 
geneous structure were to be considered; that is, 
the simplification inherent in the one-parameter 
model, whereby planes are either in coherent 
hexagonal or coherent cubic sequences only, is 
lacking. 

The analysis in this other report^ 6 ) made use of 
the above heat treated crystals Nos. 3 and 4. It 
appeared that the less the range of birefringence, 
the les9 the range of heterogeneity in the 2L-3L 
crystals, and that these ranges could be controlled 
by the range of temperature at which fault nuclei 
were activated. This offered an explanation of the 
heterogeneity prevailing in most synthetic crystals; 
it could be attributed to the large temperature 
range through the cubic region of the post¬ 
synthesis cooling. 

5. SUMMARY AND CONCLUSIONS 

(1) A micro-diffraction technique has shown 
that the uniformly birefringent bands in faulted 
ZnS are not uniform in structure. 

(2) The range of birefringence in ZnS crystals 
which contain only 2L and 3L sequences does 
loosely indicate the range of heterogeneity, 
although no simple correlation could be estab¬ 
lished between structure and birefringence even 
in these cases. 

(3) The usual synthetic hexagonal ZnS crystal 
contains transformation faults, produced during 
the post-synthesis cooling, superimposed upon 
whatever growth faults and polytypism had been 
incorporated during synthesis. 
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(4) The heterogeneity in the usual synthetic 
hexagonal ZnS crystal is a result primarily of the 
nature of transformation disordering; this hetero¬ 
geneity is largely microscopic in scale and cannot 
be detected by looking for differences in diffrac¬ 
tion patterns taken along the crystal. Reference 
has been made to associated work wherein it has 
been shown that a two-parameter model of dis¬ 
order is required for the observed scattering from 
homogeneous domains. 

(5) Heterogeneity, and the requirement of two 
independent fault parameters for any homogeneous 
scattering, constitute serious obstacles to the em¬ 
ployment of birefringence in ZnS as a measure of 
structure. A model for the banding of birefringence 
in this substance continues to be lacking. 
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Abstract —Measurements of the saturation magnetization, a against temperature have been carried 
out for the systems Lio sFe 2 5 - 0 AI 0 O 4 and Lio 5 Fea 5-oGa a 04 (0 <a < 2*5), which have an ordered 
spinel structure. From the o-T curves the saturation moments were obtained, and from these it was 
possible to calculate the trivalent cation distribution, since X-ray diffraction shows that the Li + ions 
are always on octahedral sites. For small values of a Al 8+ id substituted mainly on octahedral Bites, 
whereas Ga 3+ mainly enters the tetrahedral sites. It is argued that in spinels a certain preference for 
tetrahedral sites exists which increases in the sequence Al 3+ , Fe 3+ , Ga a+ . All Noel’s anomalous 
o~T curves have been found in the system Lio eFe 2 e-aAlaCV 

INTRODUCTION hydrated alumina (33-7%Al). These compounds 


The crystallographic and magnetic properties of 
systems of the type Lio 5Fe2 5- a Me^ + 04 are very 
interesting. Lithium ferrite itself is an inverse 
spinel Fe[Lio 5Fei.5]*04 with a 1:3 order of Li + 
and Fe 3+ ions in the octahedral sublattice.W 
Gorter< 2 > reported the system Lio 5Fe2-5-aCr a 04 
(0 < a ^ 2) in which for the first time the iV-type 
anomalous magnetization vs. temperature curve 
was found/ 3 ) which has a compensation point as 
was predicted by Neel.< 4 > The present paper deals 
with the systems Lio.5Fe25-aAl 0 04 and 
Lio.5Fe2 5-aGa 0 04. Magnetic properties of some 
compositions Lio 5Fe2 5-aAl a 04 have been re¬ 
ported by Carter, Miles and Welch< 5 > but these 
data are incomplete. The crystallographic proper¬ 
ties of this system have been reported by Stick¬ 
ler and Roy< 6 > who paid special attention to the 
phase diagram. Our main interest was in the cation 
distribution and the anomalous magnetization vs. 
temperature curves. 

EXPERIMENTAL 

Materials with composition Lio 5Fe2 5-oAl a 04 
and Lio-sFe2.5- a Ga fl 04 (0 ^ a < 2*5) were pre¬ 
pared from high purity L^COa, Fe203, Ga20a and 

* Octahedral site cations are given between brackets. 


were milled in the desired proportion in an agate 
ball-mill under ethanol. After drying, the mixture 
was prefired for 2 hr at 750°C in an atmosphere 
consisting of an 80-20 mixture of oxygen and 
carbon dioxide. The prefired products were ball- 
milled again. After drying they were heated for 
4 hr in oxygen, the materials containing aluminium 
at 1150°C and subsequently at 1350°C, those con¬ 
taining gallium at 1150°C. 

X-ray diagrams of the samples were obtained 
on a Philips X-ray diffractometer, using CoK«- 
radiation (A = 1 *7892 A). 

Some of the samples were analyzed for their 
Fe 2+ content by J. Visser of this laboratory; no 
Fe 2+ was found. The Li + content of the materials 
containing aluminium, which were sintered at 
relatively high temperatures for a compound con¬ 
taining lithium, were checked by spectrochemical 
analysis. 

Saturation magnetizations were measured 
against temperature for all materials with Curie 
temperature above 100°K, using the pondero- 
moter method described by Rathenau and 
Snoek.< 7 > These measurements were carried out 
in fields up to 21,000 Oe, which is high enough to 
saturate the samples completely. For the materials 
containing aluminium, measurements of the 
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saturation magnetization were carried out at 
liquid-hydrogen temperature, also using a ballistic 
method. The saturation moments at 0°K and the 
Curie temperatures were obtained from the satura¬ 
tion magnetization vs. temperature curves by 
extrapolation. 

RESULTS 

The X-ray diagrams of the materials containing 
aluminium which were sintered at 1150°C showed 
two spinel phases, those of the materials sintered at 
1350°C only one though the composition 
Lio- 5 Al 1 . 7 Feo. 8 O 4 showed a slight indication of a 
second spinel phase. The materials containing 
gallium appeared to be pure spinels after sintering 
at 1150°C. Besides the spinel reflections, all X-ray 
diagrams showed the same superstructure reflec¬ 
tions as have been found for Lio. 5 Fe 2 . 5 O 4 , 

The analysis of the lithium content yielded 
satisfactory results. A representative example is 
given: Lio- 5 Al 1 . 2 Fe 1 . 3 O 4 , theoretical 2*0% Li, ex¬ 
perimental 1 -9± 0*1% Li. Sintering at 1350°C of 
the samples sintered already at 1150°C did not 
change the lithium content. 

The saturation moments for both systems are 
plotted in Fig. 1 . The three straight lines in this 
figure correspond to the calculated value of the 
moment, assuming that all Al 3 + (or Ga 3+ ) ions are 
introduced in Lio. 5 Fe 2 . 5 O 4 

(a) , on tetrahedral sites 

(b) . on octahedral sites 

(c) . distributed statistically among the two sites. 

For this calculation we used the Neel hy¬ 
pothesis, that the magnetic moments of 
the ferric ions on tetrahedral and octahedral 
sites are aligned antiparallel. 

There is fair agreement between the saturation 
moments reported by Carter, Miles and Welch< 5 > 
for some aluminium substituted lithium ferrites 
and those given in the present paper. Only the 
moment given by them for the composition 
Lio 5 Fei. 5 A 104 , viz. 0*13 /xb, is much lower than 
ours (0*55 /xb). 

In Fig. 2 the a-7 1 curves for the system 
' Lio- 5 Fe 2 . 5 -oAl a 04 are presented on a reduced 
temperature scale. As can be seen, all anomalous 
curves predicted by N£el< 4 ) have been found. For 
increasing values of a the normal curve ( 0 -type) 
of Lio. 5 Fe 2 . 5 O 4 into the anomalous curve 

with a maximuj||Kl?-type), and for still higher 


Al 3+ content into the anomalous curve with a com¬ 
pensation point (iV-type). For the system 
Lio- 5 Fe 2 . 5 -aGa a 04 no anomalous curves have been 
found. When Ga 34 is substituted, the 0-type curve 
of Lio. 5 Fe 2 . 5 O 4 changes into a nearly straight line. 

The lattice parameters for both systems are 
plotted in Fig. 3. The straight lines following 
Vegard’s rule are also given. 



Fig. 1. Saturation moments in ^b(«b) for the systems 
Lio fiFe 2 . 5 _ fl Me £l 04 (Me 3+ = Al 3+ or Ga 3+ ). The full lines 
give the moments calculated for 

(a) all Me 3+ ions on tetrahedral sites 

(b) all Me 3+ ions on octahedral sites 

(c) statistical distribution of Me 3+ ions among the 
two sites. 

DISCUSSION OF THE RESULTS 

A. Crystal chemical properties 

From the X-ray diagrams it follows that 
Lio 5 Fe 2 504 and Lio. 5 Ga 2 . 5 O 4 are completely 
miscible. Lio.5Fe2.5O4 and Lio.5Al2.5O4 are com¬ 
pletely miscible at 1350°C but at 1150°C there is a 
broad miscibility gap. This is in accordance with 
the data of Strickler and Roy (Fig. 4 of Ref. 6 ). 
They found complete miscibility above about 
1200°C. Below 1180°C they found a miscibility 
£*p. Although the samples containing aluminium 
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Fig. 2. Saturation magnetization per gram (a) 
vs. reduced temperature TjT c for the system 
Lio 5Fe2 5_ 0 Al o O4. 


were cooled slowly (2-3°/min), the spinel phase 
obtained did not separate into two phases. As has 
been reported earlier^ separation occurs only after 
annealing the samples for a long time. Our cooling 
rate was apparently too high for separation. The 
difference in miscibility between the two systems 
can be ascribed to the difference between the ionic 
radii of the trivalent metal ions. The Fe 3 + and 
Ga 3+ radii are about equal, whereas the Al 3+ ion 
is much smaller (values according to Ahrens< 9 > 
Fe 3+ 0-64 A, Ga 3+ 0-62 A, Al 3 + 0-51 A). 

Chemical analysis showed that the high tem¬ 
perature treatment had no influence on the chemi¬ 
cal composition, as has been reported before.< 8 ) 

The X-ray diagrams of all samples showed the 
superstructure reflections of lithium ferrite. Since 


these reflections were strong and sharp and their 
intensity remained about constant in both systems, 
it is concluded that in all samples the lithium ions 
are exclusively on the octahedral sites. Calculations 
of the lithium ion distribution among tetrahedral 
and octahedral sites from the intensity of the X-ray 
reflections were not carried out, since our con¬ 
clusion from the superstructure reflections is of the 
same accuracy, the intensity and sharpness of 
these reflections decreasing strongly if the ratio 
of monovalent and trivalent ions on octahedral 
sites deviates from 1:3. The long-range order does 
not seem to be influenced by introducing more 
than one kind of trivalent ion. 



Fig. 3. Lattice parameters in A for the systems 
Lio 6 Fe 2 B-oMe a 04(Me 3+ = Al 3+ or Ga 3_i ). The full 
lines are straight lines between the values for a » 0 and 
a = 2-5. 

The distribution of the trivalent metal ions can 
be deduced from the saturation moments. It is 
not known at which values of a the Neel hypothesis 
of antiparallel alignment of octahedral and tetra¬ 
hedral sub-lattice magnetization breaks down. 
However, we can be certain that it is still valid for 
a = 0-5 in the system Lio 5 Fe 2 5 ^ 0 Ga a 04 and up 
to a = 1 in the system Lio- 5 Fe 25 -aAlaO a . From 
the saturation moment of Lio-sFeaGao-gCUthe dis¬ 
tribution Feo.65Gao 35 tLio. 5 Fe 1 . 35 Gao. 15 ] was cal¬ 
culated. For the system Lio-slWs-flAlaCU the 
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calculated amount of Al 8 * ions in tetrahedral sites 
in the region 0 < a < 1 is given in Fig. 4. From 
these calculations it is concluded that the Al 3+ ions 
enter mainly the octahedral sites, while the Ga 84 * 
ions for the greater part enter the tetrahedral sites. 
This is immediately seen from Fig. 1, where the 
experimental saturation moments for the ferrite- 
aluminate system lie between the lines calculated 
for statistical distribution and for Al 34 " substitution 
exclusively on octahedral sites, while those for the 
ferrite-gallate system lie between the lines cal¬ 
culated for statistical distribution and Ga 34 " sub¬ 
stitution exclusively on tetrahedral sites. This be¬ 
haviour is completely analogous with that 
found in the systems NiFe 2 ~aAl a 04 * 2 * 10 ) and 
NiFe 2 -aGa a O 4 .< 10 > 



Fio. 4. Amount of Al 3+ ions on tetrahedral sites ( x ) in 
the system Lio sFea.6_oAlo04 (0 < a < 1), calculated 
from saturation moments. 


The two present systems form a proper case for 
studying the so-called preference energies of 
Al 8 +, Fe 84 * and Ga 8 + in the spinel structure. There 
are many factors which determine the cation dis¬ 
tribution in spinels. * u > Very important is the 
Madelung energy, which depends strongly on the 
oxygen parameter u,* 1? ) From Fig. 7 in Gorter’s 
paper* 11 ) it is seen that the Madelung energy is 
practically independent of u in the case where the 
ionic charge on felrahedral sites q& equals 3. 


Neglecting the influence of the trivalent metal dis¬ 
tribution on the lattice parameter (which is ex¬ 
pected to be small; however, see below), we con¬ 
clude that the trivalent metal ion distribution in 
these systems is independent of the Madelung 
energy. The distribution is assumed to be in¬ 
dependent also of the repulsive energy and of 
ordering- and polarization energies, the Li + ions 
being on octahedral sites in all cases. The distribu¬ 
tion found experimentally is ascribed to a certain 
site preference of the trivalent ions. This preference 
cannot be explained by crystal field theory,* 12 ) 
the Al 3+ ion having noble-gas configuration and the 
Fe 3+ and Ga 3+ ions having half and completely 
filled d-shells respectively. There must therefore 
be another origin of this preference for tetrahedral 
sites, which increases in the sequence Al 34_ , Fe 3+ , 
Ga 3+ . It is possible to make this statement, since 
all other energies governing the cation distribution 
do not influence it in this case. The influence of 
these energies can be important in other cases, 
e.g. the distribution in the spinels MgMe 3 + 04 . 
For Me 3f = Al 34 * one finds a normal spinel,* 13 ) 
for Me 31 = Fe 34 a nearly inverse spinel* 14 * 22 ) and 
for Me 3+ = Ga 3 + a statistically distributed 
spinel.* 15 ) For these compounds the energy terms 
determining the cation distribution are all different, 
owing to the presence of the Mg 24 ' ions on different 
sites. 

It is noteworthy that the site preference of the 
Al 3+ , Fe 34- and Ga 3+ ions in the spinel structure 
differs from that in the garnet structure. It has 
been found by Gilleo and Geller,* 16 ) that the 
tetrahedral site preference in the latter structure 
increases in the sequence Fe 3+ , Ga 3+ , Al a+ ; the 
difference between Ga 3+ and Al 34 ~ is not very large. 
The sequence found in the spinel structure is the 
one expected, if the bonding is considered to be 
partly covalent.* 17 * 18 ) 

Finally, we turn to the lattice parameters. From 
Fig. 3 it is seen that in the system Lio5Fe2.5-aGa a 0 4 
Vegard’s rule holds, whereas in the system 
Lio 5 Fe 2 - 5 -aAl a 0 4 a positive deviation is found. 
This agrees with the data reported by Strjckler 
and Roy.* 6 ) Although the ratio of tetrahedral to 
octahedral Fe-0 distance differs from the analo¬ 
gous Al-O ratio (0-94 and 0-91 respectively, re¬ 
ported by Geller* 1 ®) for the garnet structure), 
this small difference cannot explain the relatively 
lafge deviation (about 0 03 A). It seems more 
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probable that anion-anion contact occurs in the 
spinels containing aluminium as has been pointed 
out by Gorter.* 11 ) Calculations of the lattice para¬ 
meters, performed in the same way as in* n > 
and using the calculated distribution (Fig. 4), give 
some evidence for this explanation, since the cal¬ 
culated parameter decreases more rapidly upon 
Al 3 * substitution than the experimental one. The 
positive deviation from Vegard’s rule does not 
affect our arguments in deducing the sequence of 
tetrahedral site preference for the trivalent ions, 
because a larger lattice parameter only means a 
relatively smaller Madelung energy. 

B. Magnetic properties 

Figure 2 shows the v-T curves found in the 
system Lio5Fe2.5-aAl a 04. Anomalous <s-T curves 
occur in the region 0*7 < a < 0 9 in the sequence 
P , r L y Ny as has been reported earlier.* 20 ’ 5 ) 
Because of the weak negative magnetic interaction 
between octahedral ferric ions in spinels, as has 
been found for Zn[Fe 2 ] 04 ,* 21 > one expects p, the 
ratio between octahedral-octahedral {BB) and 
tetrahedral-octahedral (AB) interaction, to be 
small and negative for this system. From the simple 
extension of Noel’s theory given in* 20 ) a 
sequence N y L y P follows for this case. This 
discrepancy between theory and experiment can¬ 
not be explained. An investigation into the shape of 
cr-T curves in other ferrimagnetic spinels contain¬ 
ing lithium is at present in progress. 

Acknowledgements —Thanks are due to Or. E. W. 
GortSr for discussions on this subject and to Mr. 


D. J. Schipper, who prepared the compounds containing 
gallium. 
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Abstract—The contribution of the uncertainty principle to the scattering rates of electrons by 
phonons in non-polar semiconductors is derived and applied to the hot electron problem. It is 
shown to modify all of the transport integrals to a certain extent and to remove a singularity appearing 
in the expression for the mobility when expanded in powers of the electric field. This singularity 
results from the occurrence of an abrupt threshold for the emission by an electron of an optical 
phonon. The contribution to the mobility of the term in question and its dependence on the energy 
uncertainty are calculated for conduction in n-type germanium. 


1. INTRODUCTION 

The scattering rate of electrons in solids with the 
emission or absorption of phonons depends upon 
the density of final states available for the transi¬ 
tion. Thus in non-polar semiconductors the rate 
of scattering of electrons by phonons is found 
proportional to the square root of the energy of the 
final state.^ Such a steep rise in transition proba¬ 
bility introduces singularities into the transport 
coefficients if they are expanded in powers of the 
applied electric field (hot electron effect), as the 
higher order coefficients contain derivatives with 
respect to energy of the scattering rate. In Section 
2 of this paper we introduce by a physical argu¬ 
ment the uncertainty principle and show how this 
modifies the transition probabilities. In Section 3 
we calculate the transport coefficients in ques¬ 
tion/ 2 * and in Section 4 apply the results to 
germanium. 

2. UNCERTAINTY BROADENING 

An electron which exists in a given state a time 
less than r before being scattered cannot have its 
energy specified within the limits, Ae = h/r. Thus 
all spectral lines have their natural line widths 
and all edges of continuous spectra are somewhat 
diffuse. To determine what the effect of this 
broadening is on the optical and acoustical phonon 
scattering thresholds, we extend the theory of 
natural line widths to transitions within a 
continuum. 


For a transition between two states (say in an 
atomic system) the distribution of quanta in the 
emitted line is well known and is given by* 3 * 

h de 

P(c - e 0 )d€ =---- (1) 

2 nr (f — eo) 2 + (^/2r) 2 

where <r is the emitted energy, eo is the spacing of 
the two states, and 1/r is the transition probability. 
When both initial and final states have finite life¬ 
times, n and 7 * 2 , the transition probability, 1/r, is 
replaced by the sum, 1/r — 1 /ti + 1 /t 2 . 

In order to apply this result to a continuum of 
states, we consider the following problem. Elec¬ 
trons are distributed in energy according to the 
probability function,/o(e). We wish to calculate the 
transition probability associated with the energy, 
€i = y+hu) } for emission of a phonon of well- 
defined energy, hat . 

In the absence of uncertainty broadening this 
transition probability is proportional to the 
density of final states, ccy/y. Because of the un¬ 
certainty effects, energy is not necessarily conserved 
exactly, and the final states are distributed over a 
range of energies according to the probability 
P(e—y) from (1). That this same distribution 
applies to transitions within a continuum follows 
(in the absence of a rigorous density matrix solu¬ 
tion) from the treatment of Ref. 3. The only 
change needed appears in the energy of the final 
state which becomes the sum of a fixed radiation 
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energy, h& } and a variable electron energy, c. 
Thus the density of final states becomes an average 
weighted by the factorP(e- < y) and integrated over 
all energy. This gives a transition probability 
proportional to F(y) where: 


and solve the Boltzmann equation in terms of these 
coefficients. 

We shall consider the lowest order contribution 
of the/a(») term to the mobility p. This is shown in 
Appendix B to be: 


QD 



y/x dx 
(x—yY+d 1 


( 2 ) 


and a = hj2r is assumed constant. 

This integral can be evaluated by contour in¬ 
tegration (see Appendix A) to yield: 

m - {[(y2 +fl 2)l/2 + ^/2}l/2 (3) 

The function F(y), becomes yjy for positive y and 
vanishes for negative y as a 0, and has a first 
derivative which is well behaved at y = 0: 

F'(y) - mi(y 2 +* 2 )' 12 (4) 

Figure 1 shows F(y) and \/y for values of y near 
zero. 

The factor 1/r occurring in the parameter, a , is 
taken as the sum of the scattering rates for the 
initial and final states, e « 0 and € = h<o, where 
this correction is most important. Elastic, as well 
as inelastic, scattering is included following 
Korn and Luttinger< 4 > who show that for trans¬ 
port calculations elastic impurity scattering can be 
considered to broaden the levels as described by 
(1). However, inelastic scattering alone is suffi¬ 
cient to remove the singularity in r'(x) and the 
transport coefficients. 


Bfi = 


-8 ekT 
15m 2 


00 OO 

Jr(x)[*s/2/ 2 (a;)]'dJc/J \/xf 0 (x) dx 


which can be written to lowest order: 


(7) 


32 r 

0 

( 8 ) 

Here f Q (x) has been replaced by its equilibrium 
value, Ae~ x . 



y/Q 


Fic. 1. The function F(y) representing the effective 
density of final states: I, without uncertainty, F(y) = Vy ; 
II, with uncertainty broadening, see equation (3). 


3. TRANSPORT COEFFICIENTS (MOBILITY) 
To apply this result to transport in a semi¬ 
conductor, assumed isotropic, we write the scatter¬ 
ing rate of electrons by phonons as: 

1M*) = W{F(x) + B[F{x+xo)+exp(xo)F(x- xq)]} 

(5) 

where the energy, *, is measured in units of kT , 
xq = hu>ojkT is the optical phonon energy, and 
the coefficients, W and B are functions of the 
temperature but not of energy, see Section 4. We 
make the usual expansion of the distribution 
function: 

■ =*i/o(*)+ vPi {cos 6)fi(x) 

vT + ® 2 P 2 (cOS (6) 


Without the uncertainty correction the inte¬ 
grand of (8) includes a term in {x—xq)S! 2 which 
is not integrable. If uncertainty is included through 
(5), t'(x) has no singularities and the integral in (8) 
can be integrated by parts once to become: 

00 

/ 2 = W 3 f *5/2r5(*)fl /r(x)Y 

* {[1/ T (*)]'+V'K*)} e ~ x dx. (9) 

Here the explicit dependence of r(.v) on W has 
been eliminated from 1 2 . This integral, (9), can be 
evaluated numerically to give a part of the field 
dependence of the mobility. Examples are given in 
Section 4. 
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The remaining contribution to jjl of order E 2 
arises through the field dependence of fo(x) and is 
discussed in a separate article/ 5 ) 

The singularity appearing in (8) in the absence 
of uncertainty is shown in Appendix B to occur 
only if fx is expanded in powers of E. Thus, though 
the mobility is well defined for small fields, it 
cannot be expanded beyond the lowest order in 
E . Uncertainty broadening re-establishes the 
validity of such an expansion in agreement with the 
experimentally observed low-field dependence/ 6 ) 

/*-/io(l+jK»). (10) 

4. RESULTS APPLIED TO GERMANIUM 

If we wish to determine the current flowing in a 
crystal of a particular semiconductor when we 
apply an electric field, E } we might derive equa¬ 
tions (Bl) through (B6) of Appendix B, select 
appropriate values for the scattering constants in 
equation (5), and compute the first few terms for 
the mobility expressed as a power series in £ 2 , 
equation (10). All of the integrals will be finite, as 
we have shown above, and will depend to a greater 
or lesser degree on the amount of energy un¬ 
certainty which the scattering introduces. 

In order to demonstrate the extent of this de¬ 
pendence in n-type germanium we have varied the 
scattering strength, and hence the uncertainty, and 
with the aid of an IBM 7090 computer have 
evaluated the transport integrals which contribute 
to fio and jS. In this Section we report some of these 
results for the integral, / 2 , which determined the 
/ 2 (x) contribution to f} and is most strongly in¬ 
fluenced by uncertainty. For comparison we also 
show results for the integral, 7i, determining po. 

The follow ing set of parameters has been used. 

The optical phonon energy 

#o = hoj^kT = 436 jT 

is chosen as 1 *00 corresponding to T — 436. The 
value of 436°K for the characteristic optical 
phonon temperature is known from neutron 
spectroscopy/ 7 ) The coefficient B can be written as 

0*55*o 

B —— - 

2(exp *o-l) 

where the factor, 0*55, representing the relative 
strength of optical to acoustical phonon scattering 


is deduced from low-field mobility and warm 
electron experiments/ 8 ) For the scattering strength 
parameter, W, written, W « Wix^i 2 , we should 
choose/ 8 ) 

W\ f* 3*52* 10 12 sec-i. 

However, we have varied Wx from 2“ 10 to 2 times 
this value to demonstrate the effects of changing 
the uncertainty. No ionized impurity scattering is 
included. 

The function F(y) differs appreciably from y/y 
only wfien y is small in comparison with the un¬ 
certainty, a. From equation (5) we see that this 
occurs, for small a y only when the energy is near 
* = 0 or * = *o* By considering the leading terms 



Fig. 2. The transport integral, Iz vs. scattering strength 
for *o = TO, T = 436°K, The assymptote for small 
values of IVi is indicated by a dashed line, and the value 
of Wx (in sec" 1 ) for electrons in germanium is marked 
by an arrow, 

in these energy regions we find that 1 g is approxi¬ 
mately linear in ln(l ja) if a is appropriately large 
or small. Thus 1 2 diverges logarithmically as a -► 0 
(as indicated by the dashed lines in Fig. 2) and 
approaches 

d h 1 

d\n(\/a) “ 4 

as W\ (and a) become large. 

The uncertainties, a , differ in general for the 
optical and accoustical phonon scattering processes 
and have been calculated in a self-consistent way 
for the chosen scattering strengths, W\. As an 
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example we list those obtained for Ge, W\ = 
i 3-52 x 1012 sec-i. 

Optical: #o — 1*00, a = 5*02 x 10^ 2 . 

Acoustical: #o 1*00, a = 2*04 xlO -2 . 

By examining the curve in Fig. 2 near W\ = 
3*52 x 10+ 12 , appropriate for germanium, we see 
that the introduction of the uncertainty correction 
not only eliminates the infinite contribution pro¬ 
duced by the optical phonon emission threshold 
but also makes an appreciable reduction in the 
contribution to h produced by low energy elec¬ 
trons near x = 0. This latter effect is most pro¬ 
nounced at low temperatures. 



Fig. 3. The mobility integral, 7i, vs. scattering strength 
for two temperatures: .to = 1 *00, T = 436°K below and 
jco =» 5*65, T 77'2 n K above. The value of Wi (in 
sec -1 ) for electrons in germanium is marked by an 
arrow. 


and 

0 = fio+^yhlh 

where 

2e* 

Y = 3mkTm 

and the remaining coefficient, /Jo, is calculated 
from the solution of the differential-difference 
equation for/o(;v)> in Ref. 5. 

Thus, though the values of these integrals for 
electrons in germanium are those calculated for 
Wi « 3-52 • 10 12 sec -1 , the contribution of the 
energy uncertainty to conductivity in another 
material can be estimated from the figures by 
choosing a value of W\ which gives the correct 
magnitude of the uncertainty, a, for the dominant 
scattering process. 


APPENDIX A 

We wish to evaluate the integral: 

00 

a C v x dx 

F(y) = - —- 

7rj (a-y ) 2 + a 2 
o 


(Al) 


where the parameter, a t is a constant. This can be re¬ 
written as the real part of the integral along the entire 
real axis: 


F(y) = -Re 

77 


I 

-00 


y/z &z 
(s'-j) 2 + # 2 


(A2) 


Similar but much smaller effects appear in the 
other transport integrals. For comparison the 
integral, 

00 

Ji = W j t x dx, 

0 

which determines the mobility to lowest order 
(derivable from equation (B5)), is plotted against 
W\ in Fig. 3. The decrease in I\ with increasing 
W\ arises principally from the region near x = 0 
and hence will become less pronounced when im¬ 
purity scattering is present. 

The integrals, I\ and 1% determine the coefficients 
of equation (10) according to the relations: 

4 e 

- h 

3V** mW 


By completing the contour around the positive half 
plane we find that all other integrals vanish leaving: 

7 2 = 2 ^V(y+ia)l2ia. (A3) 

(z~y) 2 +a 2 


On taking the real part of (A3) we obtain the desired 
result: 

f(y) = {[Cv*+a*y/*+j]/2}»/* (A4) 

APPENDIX B 

The contribution of /a(^) to mobility 
Using the expansion of the distribution function, (6), 
we make the relaxation time approximation (except for 
/o(*)). 

b f(v) _ f{v) ~/o(*) 

S/.catt t(x ) 


H-0 = 


(Bl) 
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and obtain the usual solutions: 


and the normalizing factor, C, is given by; 


eErlx) l 4 kT \ 

/i(*)=-U<*)+-- —x-W[xMMx)]'\ 

kT \ 5 m } 

(B2) 

2eEr{x) , 

M*) =-—^/;W+0(£4). (B3) 

Sri 

It is sufficient in this discussion to express fo(x) as: 

/o(*) = Aer* + 0(E*). (B4) 


Thus as the drift velocity is given by: 

OO 00 

2 kT r r 

v = — J x* l2 f\(x) d*/J Jci/2/oW dx t (B5) 

0 0 


the desired term is: 


S/ji = - 


8 ekT 


15m 2 


— J T(x)[x b i 2 f 2 (x)]'dxI^ \Zxfo(x) dx. 

» (B6) 


That the mobility itself does not diverge can be seen 
from the expression for drift velocity derivable for iso¬ 
tropic, elastic scattering from a kinetic argument:< 0) 


v = Cvt 



M x ) r 
r(x) J 



0 0 


where: 

/2kT\^ 2 

vt = I-1 , «; = cos 8 t a = eEjmvr , 




This expression generates the velocity distribution at 
time, 0, by summing over all electrons last scattered 
(isotropically) at time, — t, 0 < t < and tracing their 
motion in the presence of the electric field, E. The energy, 
x'(s), is the energy at time, 0, of an electron scattered at 
time, — r, into a state of energy, x , and direction cosine, 
to, relative to the electric field. As (B7) omits energy 
relaxation effects, the function/o(*) should be chosen to 
generate the desired (equilibrium) energy distribution at 
time, t = 0. However, our qualitative purposes are 
served equally well by the equilibrium distribution, 
fo(x) = At~*. 

Inspection of the integrals occurring in (B7) reveals 
that the mobility is finite for a scattering rate, l/r(*), 
which is finite for all x and nonvanishing for large x. 
However, if an attempt is made to expand (B7) in (odd) 
powers of the electric field, difficulties are encountered, 
after the first term, for a scattering rate containing a term 
in (x — .vo) 1/2 . The same derivatives of t(x) shown in (8) 
appear when the exponential is expanded in powers of 
E. Thus, although the mobility is well defined, it cannot 
be expanded beyond the lowest order in the field unless 
some broadening effect 1 ‘softens’* the optical phonon 
emission threshold. 
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THE MAGNETIC MOMENT DISTRIBUTION IN Cu 2 MnAl 
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Abstract—Saturation magnetization and neutron diffraction measurements were made on an 
ordered CuaMnAl sample in order to determine the distribution of magnetic momenta in this ferro¬ 
magnetic alloy. The magnetization measurements were made by the ballistic method in fields up to 
5 kOe and at sample temperatures of 298 and 77°K, The magnetic moments obtained at these tem¬ 
peratures were 3*2 and 3*7 hb per molecule. The neutron diffraction data were obtained at 298TC 
using a magnetic field of 12 kOe to separate the magnetic and nuclear scattering. The nuclear scatter¬ 
ing showed a long range order parameter S = 0 *98, while the magnetic scattering revealed that 
within 0*1 /xjg the entire moment of the molecule could be attributed to the manganese atom. 


The Heusler alloy Cu 2 MnAl is strongly ferro¬ 
magnetic but the type of interaction responsible 
for this ferromagnetism is not known. The crystal 
structure of the ordered alloy may be described as 
a rocksalt type array of manganese and aluminum 
atoms in which the tetrahedral sites are filled with 
copper atoms.* 1 * In this structure the manganese 
atoms are so widely separated that direct Mn-Mn 
exchange probably cannot account for the high 
observed Curie temperatures so that an indirect 
exchange mechanism must be considered. This 
could be either a conduction band mechanism or a 
superexchange mechanism involving the over¬ 
lapping wave functions of the copper and alu¬ 
minum atoms. In the latter situation it is reasonable 
that magnetic moments associated with transient 
^-orbital vacancies might appear on the copper 
atoms. This experiment represents an attempt to 
detect such moments by neutron diffraction 
techniques in order to better understand the 
nature of the ferromagnetic interactions in this 
material. 

The alloy was prepared by arc melting and was 
subsequently filed to 100 mesh particle size and 
heat treated for 6 months at 110°C to enhance the 
development of long range atomic order. Chemical 
analysis showed that the stoichiometry was correct 

* International Atomic Energy Agency Fellow from 
C.I.S.E., Milan, Italy. Present Address: Centro di Studi 
Nucleari Della Casaccia, Rome, Italy. 


within 0*3 at. % for each constituent while X-ray 
patterns revealed only a single phase system. 
Saturation moments of 3*2 and 3*7 ^/molecule 
were measured at 298 and 77°K, respectively.f 

The crystal structure of the ordered alloy is 
cubic with the Cu atoms at (0 0 0, 1/2 1/2 1/2) 
f.c.c., the Mn atoms at (3/4 3/4 3/4) f.c.c., and the 
A1 atoms at (1/4 1/4 1/4) f.c.c.* 1 ) The allowed re¬ 
flections are then those with all odd or all even 
indices and are of three types: 

■Fodd = ^Mn — ^A1 

^Mn+^Ai—2£cu A+k+/ = 4« + 2 

/Vven — 

^Mn + ^Al + 2^cu A + A + / = 4 n 

The first two types are superlattice reflections for 
which the intensities depend on the degree of long 
range order. The last type corresponds to normal 
lattice reflections with intensities independent of 
the degree of order. 

Neutron powder diffraction data were obtained 
at room temperature both in the absence of a mag¬ 
netic field and with 12 kOe applied parallel to the 
scattering vector so as to extinguish the magnetic 
neutron scattering. The nuclear scattering, as 

t These moments are about 15 per cent higher than 
those reported by Heusler (Ann. Phys. 19, 155 (1934)), 
who estimates that the saturation moment at 0°K for 
the perfectly ordered alloy should be 20 per cent higher 
than his measurement. 
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the (220) normal lattice reflection. They agree 
within 5 per cent with the calculated values for a 
perfectly ordered alloy which corresponds to a 
long range order parameter of about O'98 for this 
sample.* 

The magnetic scattering, obtained by subtraction 
of the 12 kOe data from the zero field data, is 
shown in the upper part of Fig. 1 and each reflec¬ 
tion is seen to have a sizeable ferromagnetic com¬ 
ponent. The intensities were converted to absolute 
values by taking magnetic to nuclear intensity 
ratios and are compared with calculated values in 
Table 1. These calculated valuesf are based on the 
assumption that all of the measured moment of 
3*2 ns per molecule (room temperature value) 
resides on the Mn atoms and that the charge dis¬ 
tribution may be represented by the Hartree-Fock 

* This description of the degree of order with a single 
long range order parameter assumes that the misplaced 
atoms are equally distributed among the “wrong” sites. 

t The assumption of an equal distribution of the mis¬ 
placed atoms introduces an uncertainty of about 4 per 
cent into these calculated intensities. This is the same 
magnitude as the statistical errors in the measurements 
and does not alter the conclusions. 



28 (deg) 


Fig. 1. Neutron diffraction patterns of CuaMnAl. The lower curve depicts the nuclear 
scattering and the upper curve represents the magnetic scattering. The cross 
hatched peaks are from the A1 sample holder. 


represented by the data with an applied field, is 
shown in the lower part of Fig. 1. The intensities 
of the nuclear reflections correspond to a highly 
ordered alloy as illustrated in Table 1. Here, the 
observed intensities have been reduced to abso¬ 
lute values by means of an internal calibration with 


Table 1. A comparison of the calculated and observed 
intensities from C^MnAl. 


Uhl 

Nuclear 

Magnetic 


JWfobs)* 

F*(calc)t 

F\ obs) 

F 2 (calct) 

111 

0-55 

0-52 

0*30 

0*31 

200 

240 

2-56 

0*29 

0-27 

220 

(2-43) 

243 

0-14 

0*16 

311 

049 

0*52 

0*12 

0 11 

222 

244 

2*56 

0-09 

0*10 


* Normalized to the (220) normal lattice reflection, 
t For complete long range order and tcu= : =0’79, 
&Mn = -0-37, &ai = 0*35. 

t Assuming 3*2 /is/Mn and the calculated Mn 2+ form 
factor. 
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Mn 2+ form factor.< 2 > Comparison of the two 
columns shows that this provides an adequate 
representation of the observations. If there were 
moments on the copper atoms then discrepancies 
should be observed. In particular the (200) in¬ 
tensity which is proportional to (pMn—2pcu) 2 
should exhibit a departure just opposite to that 
of the (220) for which the intensity is propor¬ 
tional to (/>Mn + 2^>cu) 2 ' Such an opposite variation 
is present but the differences are the same magni¬ 
tude as the statistical errors. It can therefore only 
be concluded that any copper moment present is 
less than 0*1 ps per copper atom. 

In summary, saturation magnetization and 
neutron diffraction measurements have been made 
on a Cu 2 MnAl sample with a known amount of 
long range order. For this sample with a long range 
order parameter of about 0*98 a saturation moment 
of 3*7/45 per molecule was measured at 77°K. 
The room temperature neutron data show that 
within 0*1/45 per atom the entire moment may be 


attributed to the manganese atoms. This result 
could be taken as support for the conduction 
electron mechanism since any polarization of the 
conduction band migjit easily escape detection in a 
diffraction experiment due to a rapid form factor 
fall off. However, the superexchange mechanism 
must not be ruled out because the magnitudes and 
life times of the transient moments to be associated 
with the intermediary atoms are not known and 
small values (i.e. < 0*1 /4 b or < 10“ 13 sec) for either 
of these quantities would render the diffraction 
technique insensitive. Apparently a more sensitive 
experimental technique would be required to 
establish the presence and magnitude of magnetic 
moments on the copper atoms in this alloy. 
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d -BAND TRANSITIONS IN SOLIDS 
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Abstract —The significance of measurements of rf-band transitions in solids is discussed and quali¬ 
tative criteria necessary for direct observation of J-band transitions are established. Data on the 
positions of far ultraviolet absorption edges in In, Sn, Pb, and Bi are presented and the evidence 
for their assignment to </-band transitions is discussed. 


INTRODUCTION 

Absorption edges in the far ultraviolet have been 
observed for thin films of several metals and semi- 
metals.^) On the basis of known atomic energy 
levels* 2 * and other criteria discussed below, they 
have been assigned to transitions of electrons from 
filled d-bands to the Fermi surface. Similar edges 
also appear in reflection spectra of certain semi¬ 
conductors as small but distinct humps.* 3 * The 
condition for the appearance of these edges in a 
given material, which is related to a favorable 
spacing of the electron-plasma oscillation and the 
various interband transitions, is specified in detail 
below. 

Positive identification of these absorption edges 
can be of importance in improving band structure 
calculations. For example, in the recent band 
calculations for copper by Segall, the position 
of the d -band with respect to the higher levels 
was the single largest uncertainty involved.* 4 * It 
was found that the relative position of the rf-band 
is dependent on the crystal potential used, so that 
experimental values for a specific d -band transition 
could serve as a sensitive check on the accuracy 
of this potential. Although the techniques of this 
paper cannot be used to clarify the situation in 
copper, it is reasonable to expect that the general 
conclusions reached by Segall regarding the 
sensitivity of the d -band position to the crystal 
potential will remain valid for those materials dis¬ 
playing d ~band edges. 

Experimentally the position of the </-band 
edges can be obtained directly from thin film 
studies, in favorable cases, or indirectly by 


detailed analysis of reflection data. Structure in re¬ 
flection spectra interpreted as d-band edges, has 
been observed in several semiconductors by 
Philipp and Ehrenreich.* 3 * Unfortunately, the 
raw reflection data do not lend themselves to an 
accurate determination of the edge and the 
accuracy of the dispersion analysis yielding the 
imaginary part, € 2 , of the dielectric constant 
above 15 eV is low due to the small value of the 
reflectivity in this region. By contrast, the edges 
observed in transmission can be made very sharp 
by the proper choice of film thickness and yield 
good values for the transition energy. The relative 
insensitivity of the d-band edges to crystalline 
perfection removes in part the usual objection to 
the use of thin films for obtaining fundamental 
solid-state information. 

EXPERIMENTAL RESULTS 
Far ultraviolet edges have been observed in 
In, Sn, Pb, and Bi. Three of these materials (In, 
Sn, Bi) were measured several years ago by 
Walker, Rustgi and Weissler.* 6 * 6 > Measure¬ 
ments on In have been repeated and in addition 
those for Pb have been obtained. An improved 
version of the technique described in the above 
papers was used for these recent measurements. 
The room temperature transmission spectra of 
self-supported evaporated foils of the order of 
1000 A thick were obtained for In and Pb. Results 
for In were identical, within experimental error, 
to the earlier ones and firmly establish the absorp¬ 
tion edge at 16-3 eV. The transmission data of a 
Pb film approximately 1000 A thick are shown in 
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. Fig. 1. An absorption edge having a “half width*’, 
i.e. the energy region over which the transmission 
decreases to one half its original value, of the order 
of 0*1 eV was observed at 17*7 eV. The absorption 
edges measured up to the present are given in 
Table 1. Atomic d-shell transitions for atoms 
stripped to the d-shell are also shown for com¬ 
parison. The term values were taken from 
Moore< 2 > for those transitions satisfying the 
atomic selection rules. Similar edges should be 
observed in Ga, Sb and possibly Zn provided the 
rf-band is sufficiently well separated from the con¬ 
duction band. 



Fig. 1. Transmission spectrum of Pb film. The ti-band 
transition at 17-7 eV is indicated by the arrow. Vertical 
arrow indicates the free electron plasma frequency. 

Table 1. d-band energy gaps and associated atomic 
transitions. 


Element Ed (eV) Atomic transition (eV) 


In 

16-3 

4rf 10 -+■ 4d 9 5p (24*7) 

Sn 

24-3 

4d lo ->4tf05/>(33’2) 

Sb 

— 

4d°5p (42-7) 

Pb 

17-7 

5d 10 ->■ Sd%p (27-2) 

Bi 

24-0 

Sd 10 Sd»6p (34-0) 

Zn 

— 

3d i0 3d°4p (17 -4) 


DISCUSSION 

The absorption edges in Table 1 are believed 
due to transitions from the filled d -band to the 
Fermi level. Similar transitions in semiconductors 
to states near the bottom of the conduction band 
would be expected and indeed seem to appear in 
reflection spectra. (3 > Detailed assignment of these 
edges on the basis of band calculations cannot yet 
be given. Indeed the usefulness of these data may 
be, as mentioned previously, in establishing a 
fixed point for band calculations. The indirect 
evidence for the specific assignment given can be 
summarized as follows: 

(1) , The edges are in the region expected for 

d-band transitions. 

(2) . The strength of the absorption, correspond¬ 

ing to an absorption coefficient of 10 5 cm' 1 , 
is of the order expected. 

(3) . Reflection humps observed by Philips* 3 ) 

in InAs and InSb agree reasonably well 
with the transmission edge in metallic 
indium as would be expected if the d-band 
location is not greatly shifted in forming 
the compound. 

(4) . The relative order of the edges for 

adjacent elements is, as can be seen in 
Table 1, that expected on the basis of 
atomic data. For example in Sb and Te 
which both show increased transparency 
due to plasma transmission, no edges are 
observed below 30 eV in agreement with 
expectations from atomic data. 

(5) . No absorption edges are found for metals 

such as Al which lack ^-electrons.* 5 * 

These arguments give strong evidence for the pro¬ 
posed interpretation of these absorption edges. 

The criteria which a material must satisfy to 
show these edges distinctly can now be easily 
stated and used as a guide to further measurements. 
First, the material must be transparent enough in 
the region adjacent to the edge to allow films of 
reasonable uniformity to be used. This condition 
requires that the electron plasma oscillation be a 
well defined mode of excitation. In addition it 
must have a frequency greater than that corres¬ 
ponding to the region where the oscillator strength 
for conduction intra-band transitions is exhausted. 
For semiconductors, this should be altered to re¬ 
quire the exhaustion of the oscillator strengths for 
valence to conduction band transitions. A further 
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condition is that the plasma frequency fall between 
the conduction or valence band transition region 
and the rf-band edge with a spacing of the order 
of 1 eV between each region. A comparison of un¬ 
published reflection data for bulk In< 7 > with the 
transmission spectrum shows that these conditions 
are satisfied to a high order. Several solids adjacent 
in the periodic table to those included in the 
present paper should also satisfy these criteria. 
Zinc in particular presents an interesting transition 
case, since it is well known that copper, the ele¬ 
ment preceding it, certainly does not satisfy the 
above criteria due to tb^ proximity of the J-band 
transition, plasma frequency, and conduction 
band transitions. 

Acknowledgements —The author is grateful to Mr. 
Abdul Al Kezweeny for making the measurements on 


In and Pb and to the National Aeronautics and Space 
Administration for its continued support of this re¬ 
search. 


REFERENCES 

1. Walker W. C. and Weissler G. L., J. Quant * 

Spectrosc. Radiat . Transf. 2, 613 (1962). 

2. Moore C. E., Atomic Energy Levels, NBS Circ. 

No. 467, vols. I, II, III (1949, 1952, 1958). 

3. Philipp H. R. and Ehrenreich H., Phys. Rev . 

Letters 8, 92 (1962). 

4. Segall B., Phys. Rev. 125, 109 (1962). 

5. Walker W. C., Rustgi O. P. and Weissler G. L., 

J. Opt . Soc. Amer. 49, 471 (1959). 

6. Rustgi O. P., Walker W, C. and Weissler G. L. 

51, 1357 (1961). 

7. Kezweeny A. A!, Unpublished Thesis, Physics 

Department, University of California, Santa 
Barbara. 




J '• Phys- Chem. Solids Pergamon Press 1963. Vol. 24, pp. 1671—1673. Printed in Great Britain. 


THE INFLUENCE OF VACANCIES ON THE REDUCTION 
OF SILVER IONS IN SILVER DOPED ALKALI HALIDES 

W. GOMES 

Rijksuniversiteit, Laboratorium voor Knstallografie en Studie van Vaste Stoffen, 

Rozier 6, Ghent, Belgium 

(Received 9 May 1963) 


Abstract —Hydrogen treatment of alkali halide crystals doped with silver halide leads to a partial 
reduction of the silver ions. The fact that the reaction is incomplete appears not to be due to a 
chemical equilibrium but to a factor inherent in the crystal. 

Experiments with alkali halides, doped with Ag + and divalent ions, show that the concentration 
of metallic silver formed is determined by the anion vacancy concentration. This fact is interpreted 
in terms of the agglomeration of silver atoms and vacancies. 


INTRODUCTION 

When an alkali halide crystal doped with silver 
halide is heated in hydrogen, a coloured zone 
containing metallic silver develops from the sur¬ 
face. The colouration is caused by the presence 
of silver colloids. We studied the kinetics of this 
zone reduction by following the penetration depth 
x of the reaction zone as a function of different 
variables.< x > It was found that the relation be¬ 
tween x and the duration t of hydrogen treatment 
could be written as: 

* = (2 ktyi* ( 1 ) 

where k is the rate constant. 

From the exponential temperature dependence 
of k y the activation energy E of the process was 
derived. 

(0-8 eV for Ki_* Ag, Cl, 0-4 eV for K X -, Ag, Br). 

It also appeared that k was directly proportional 
to the hydrogen pressure />h 2 - 

These results led to the assumption that the 
reduction of Ag + ions is caused by hydrogen 
molecules which dissolve and diffuse into the 
crystals. For k we proposed the expression: 

k - ^ * - ?**■• ( 2 ) 

WAg° 

where Z>H a and C are respectively the diffusion 
and solubility coefficients of Hz in the alkali halide 


and «Ag° the number of silver atoms formed per 
cm 3 . 

A peculiar fact is that, in the range of tem¬ 
perature and Ag + concentration investigated, only 
part of the Ag + ions present in the reaction zone 
were reduced. This problem will be considered 
here in detail. 

EXPERIMENTAL 

1 . We obtained information about the silver 
metal concentration by two methods, namely 
by polarographic analysis and by measuring the 
absorption coefficient at the wavelength corres¬ 
ponding to the maximum of the colloid band. 

Both methods present some disadvantages. By 
polarography we obtain the Ag° concentration by 
subtracting the Ag+ concentration in the reduced 
material from that in the unreduced material. The 
accuracy is therefore small in cases where the 
per cent of reduced silver is small. As for the 
optical method, we must take into account that 
the metallic silver is not present entirely in colloidal 
form, that various sizes of colloid particles are 
present and that the height of the absorption 
maximum depends on the peak wavelength. 

2. We could establish that the Ag° concentra¬ 
tion is constant in the reaction zone, except for a 
small region near the surface where the concen¬ 
tration is greater. So, during the process we have 
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i to consider a progressing zone of constant Ag° 
concentration, independent of x and t. 

This Ag° concentration also appears to be inde¬ 
pendent of pB-i in the considered pressure range 
(0* 1—1 atm.) 

These facts are in agreement with the formu¬ 
lation of the penetration kinetics, since in (2) con¬ 
taining «Ag°, k is time independent by definition 
and directly proportional to pn 2 - 

The possible influence of the initial Ag + con¬ 
centration on the concentration of Ag° formed 
has not been thoroughly investigated, since 
different crystals have to be compared here and 
structure sensitivity has then to be taken into 
account. The penetration depth of the reaction 
zone appears to be practically the same in two 
Ky-j Ag<jCl crystals having an initial Ag+ concen¬ 
tration differing by an order of magnitude. This 
indicates again, according to (2), that mab° is 
independent of the initial Ag + concentration. 

As the concentration of the reactants (Ag^, H 2 ) 
has, as a first approximation, no influence on the 
concentration of Ag° formed, we must reject the 
idea of an equilibrium in the reaction 
2 Ag + H-H 2 5 ± 2Ag° + 2H + as a possible interpre¬ 
tation of the partial reduction of the Ag“ h ions 
present in the reaction zone. 

With increasing temperature, an increase of the 
Ag° concentration has been observed. 

3. The influence of the vacancy concentration 
on the concentration of Ag° formed has been 
studied. This was done by comparing a KC1 
crystal doped with Ag + ions only and crystals 
which also contain divalent ions. 

Positive divalent ions were incorporated by 
adding a mixture of AgCl and SrCl 2 to the KC1 
melt. Sr 2+ was chosen because of its electronega¬ 
tivity, i.e. in order to avoid reduction of the 


divalent impurity by hydrogen, and also because 
the ionic radius of Sr 2+ is similar to that of K+. 

In spite of this, the crystal of KCl + AgCl4* 
SrCl 2 was opaque. It was however possible to 
obtain completely clear specimens by heating 
them in air to the same temperature as used for 
the hydrogen treatments (540°), followed by 
rapid cooling. Tests on Ki-jAgaCl crystals 
showed that this preliminary treatment had no 
influence on the subsequent behaviour with re¬ 
gard to hydrogen. No analysis of the Sr 2+ ions 
incorporated in the crystals was made. From data 
of Kelting and Wrrr< 2 > for the distribution of Sr 2+ 
between solid and molten KC1, we estimate that 
the ionic fraction of Sr 2+ was about 2 x 10~ 3 . 

Negative divalent ions were incorporated by 
adding AgaO in the KC1 melt instead of AgCl. 
Since nothing is certain about eventual chemical 
reactions accompanying the introduction of Ag 20 
in the melt, the 0 2 “ concentration cannot be 
simply deduced from the amount of Ag + incor¬ 
porated in the crystal. 

The experimental data on hydrogen treated 
specimens are listed in Table 1. All hydrogen 
treatments were carried out at atmospheric 
pressure and at 540°C, which is, in nominally 
pure KC1, approximately the temperature of 
transition between the extrinsic and intrinsic 
regions. 

The ionic fraction of Ag+ for the three crystals 
was of the order of 10 -4 . 

The analytical and optical results (3rd and 5th 
column respectively) clearly show that the Ag° 
concentration increases with increasing anion 
vacancy concentration. 

In the last column, the corresponding values of 
the rate constant of penetration are tabled. It can 
be seen that k decreases with increasing Ag° 


Table 1. 


Crystal 

Initial Ag + 
concentra¬ 
tion (p.p.m.) 

Ag° con¬ 
centra¬ 
tion (p.p.m.) 


Mean absorp¬ 
tion coeff. 
at X m (cm” 1 ) 

k(cm 2 sec 

KCl + AgCl + SrCla 

190 

<5 

435 

0-6 

4-6 x 10” fl 

KCH-AgCl 

90 

15 

460 

6 

5-3x10-7 

KCl+AgaO 

no 

60 

445 

20 

5-7 x 10” 8 
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concentration which is qualitatively in agreement 
with equation (2). 

DISCUSSION 

1. The role of the anion vacancies can be inter¬ 
preted as follows. The formation of silver par¬ 
ticles, with dimensions of the order of 10 m/i to 1 p. 
(observed by electron microscopy) is equivalent 
to the agglomeration of point defects; for this 
we propose the following reaction equation: 

*(Ag»|n+)+wn- -> (Ag°)„Kn+xn-) n (3) 

The symbol at the right represents the silver 
particle, contained in the space created by the 
agglomeration of vacancies. This equation shows 
that an anion vacancy is needed for each silver 
atom. If we accept that separate silver atoms on 
cation sites are not stable, equation (3) accounts for 
the experimentally stated influence of anion 
vacancies on the reaction: we assume that the 
number of silver atoms that can be formed is 
equal to the number of anion vacancies originally 
present. 

This supposition is moreover supported by the 
fact that the concentration of Ag° formed is of the 
same order of magnitude as the vacancy equi¬ 
librium concentration at a given temperature (see 
e.g. Table 1 : Ag<j Cl at 540°C : 15 p.p.m, of 

Ag°, thus «Ag° = 1 *7 x 10 17 cm -3 ). 

Possibly, a direct method for determining the 
vacancy concentration is available here. 

2. With these assumptions, the incomplete re¬ 
duction of Ag + ions in the reaction zones can be 
attributed to the fact that the Ag + concentration 
is always greater than the anion vacancy concen¬ 
tration in the present range of concentration and 
temperature. 

In a crystal with very low Ag + concentration, 
complete reduction should be possible. This has 
been verified for a Ki~$ AgS Cl crystal with 
0-0003 mol% of AgCl. 

3. Our assumptions imply that the vacancies 
which have been annihilated by agglomeration 
are not replaced by new ones. Considering the 
relatively low values of the diffusion coefficients 
of vacancies, we suppose that, on warming up a 
crystal with dimensions of the order of 1 cm to 
treatment temperature, the vacancies necessary 
to reach the equilibrium concentration come from 
the dislocations, where they are formed by the 
climb mechanism. 


As the reduced silver forms a precipitate along 
the dislocations* 3 ), the latter should be blocked 
and no new vacancies should be formed. 

From then on, vacancies can only be furnished 
from the crystal surface, so that they will not be 
able to follow the penetration of the zone, as the 
diffusion coefficients for anion vacancies 
(~ 10 -11 cm 2 sec -1 at the temperatures con¬ 
sidered) is several orders of magnitude smaller 
than that of hydrogen molecules (~ 10" 4 cm 2 sec -1 
in KBr* 4 )). 

This also means that the Cl" ions, correspond¬ 
ing to the reduced Ag+ ions, will not be able to 
escape from the crystal (in the form of HC1). 
Nevertheless, it was impossible to detect HC1 in 
the treated crystals by infrared spectroscopy, 
probably because the concentration is too small, 
or because the H + ions do not form HC1 molecules 
in the lattice. 

Anion vacancies will diffuse only into a small 
region just below the surface. This might be the 
reason why the Ag° concentration was found to be 
greater in this region than in the rest of the zone, 
and why in powdered material very large Ag° 
concentrations (several hundred p.p.m.) have been 
obtained. 

4. The relation between the equilibrium 
vacancy concentration and the concentration of 
Ag° formed also explains why the latter increases 
with temperature. 

We notice here that, since »Ag 0 rises with tem¬ 
perature, the activation energy E associated with 
the temperature dependence of k (see equation 2) 
is not simply the sum of Q y the dissolution energy 
and [/, the activation energy for diffusion of H 2 
in the lattice. 

As »Ag° stands in the denominator of the ex¬ 
pression for we have that £)+ U > E . 
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Abstract — The existence of bound states of two spin waves in the Heisenberg model has been 
demonstrated^ 1 ' 2 > previously. In the present note we exhibit an alternative derivation based directly 
on the Schroedinger equation and not involving the introduction of any fictitious interactions. 


Recently Hanus< 2 > and one of the present 
authors* 2 ) have shown that, contrary to a con¬ 
jecture by Dyson/ 8 ) there exist bound states of 
two spin waves in the Heisenberg ferromagnet 
provided that the total momentum of the bound 
pair is sufficiently large. Hanus restricted his 
treatment to spin S = J. Like certain previous 
authors/ 4 ) he introduced a fictitious hard core 
potential to insure that his final results should not 
be influenced by his inclusion in the calculation of 
the in principle undefined amplitude, U(R{, Jt<), 
for finding two spin waves on the same lattice 
site. In Ref. (2), on the other hand, introduction 
of the two-particle Green’s function allowed all 
spins to be treated on an equal footing. The 
purpose of the present note is to show that the 
same generality may be had by working, as Hanus 
did, simply in terms of the two-particle wave 
functions but without the introduction of any 
fictitious interaction. We emphasize that the 
present formulation forms a complete parallel 
with that of Ref. (2), differing only in that it 
focuses on construction of the wave function 
rather than the Green’s function. No new results 
are derived. We feel that this work is justified 
first by the insight which it affords into the 
S-dependence of the structure of the spin wave 
dynamics and second by the accessibility of its 
straightforward basis on the Schroedinger equa¬ 
tion. 


* Research supported in part by the Air Force Office 
of Scientific Research, Grant No. AF-AFOSR-130-63. 

t On leave of absence from the Tokyo University of 
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in Science. 


Consider the Heisenberg Hamiltonian, 

H = S } , (1) 

i Uj 

with nearest neighbor exchange coupling, 

( /, i and j nearest neighbours 
0, otherwise. (2) 

We assume for definiteness that p and / are 
positive and that the lattice is simple cubic and 
periodic. The spin deviation number operator, 

n - NS+ 2 SI (3) 

i 

commutes with the Hamiltonian. The Heisen¬ 
berg ground state, |0 ), is characterized by n = 0. 
The normalized energy eigenstates, T, of the 
n = 2, two spin-wave, subspace may be written as 

V - 2 U(i,j)StS+ 10>, U(i,j) = VU, 0* (4) 

i.l 

Note that for S — £,{/(», i) is not defined. The 
normalized two-particle wave functions are given 
in terms of the amplitudes U(i, j) by 

W,;) = 45 (l--— 1 ) (5) 

The amplitudes are to be determined from the 
Schroedinger equation, 

= -0>2U(i,j)S}Sl |0>, (6) 

ij 
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where to is the excitation energy (,E^—Eo). The 
eigenvalue equation following from (6) is 

[w-2^-4 SJd] U(i,j) = [/(/«») 


(7) 

where d is the lattice dimensionality. For S > \ 
no comment is necessary; however, for S = £ 
we must notice that the i = j component of (7) 
does not follow from (6). In fact it is easy to verify 
that the components U(l , /) entirely cancel out of 
(7) for i ^ j. Thus the Schroedinger equation 
Leaves U(l, l) totally undetermined. The physics 
of this situation is simply that for £ = £ the 
Hamiltonian (1) cannot propagate two spin 
deviations onto the same site: physical states with 
two units of spin flipped at a single site do not 
exist. The set of equations (7) with i / j is com¬ 
plete for the determination of the S = £ problem. 
It will be convenient, however, to be able to take 
transforms of (7) without special attention for 
i = j\ therefore, for S = | we choose to let the 
i =s j component of (7) define the unphysical and 
previously undetermined U(i> t) in terms of the 
physical U(i,j), i # j • This definition can have no 
effect on the physical U(i, j)'s and by (5) is not 
reflected in the wave function. All components 
of equation (7) now hold for arbitrary S. 

We now introduce sum and difference co¬ 
ordinates, 

2 R — Ri + Rj and t = Ri — Rj (8) 
and the transform, 

= ^y™ P (,K-R) V K (r), 

U K (r) = U K (—r), (9) 

where the summation runs over the first Brillouin 
zone. Equation (7) then takes the form, 

(w-2v.-4SJd)U K (r) + 2Sjy cos— • 8 

6 2 


x [f7jc(r+8)+ Ux(r— 8)] 


( 10 ) 


M [cosy. rtM0)-t/ K (r)], 


with the periodicity condition Ux(r) = 
exp(/Jif/2 ■ Lh) Ux(r+I&), where the sum is over 
the d Cartesian unit lattice vectors, 8, and L is the 
linear dimension of the crystal, L 3 = N. The 
right-hand side of (10) expresses the interaction, 
only at nearest neighbour separation, of two 
otherwise free spin deviations. A further* trans¬ 
form, 

UK(r) = ^txp(ikr)U K (k), 

h U K (k) = U K (-k), (11) 

where k ranges over a first Brillouin zone slightly 
modified* 2 ) so as to incorporate the periodicity, 
reduces (10) to 

(<o-e K (k))U K {k) = I S V K {k y k') U K (k%(\2) 

N 

k 

where the interaction is 

V K {k,k’) = 2/2 COS k y (cos COS Ay), (13) 

r -i \ 2 / 

and 

d 

< K (k) = 2 M +4 SJ 2(l — cos-~—cos& r j (14) 

y-l 

is the energy of two free spin waves with relative 
and total momenta k and K respectively. The 
summation index, y, refers to the d Cartesian 
components of the indicated vectors. 

Bound state energies lie outside the spectrum 
of (14). The corresponding wave functions have 
no “free particle” components. If we define 

Vi- 1|;(c„5l + cos ^ u«m, (is) 

then 


where 


2SUZ = 2 V*B K {y, /), 
r 


(16) 


b k (y, Y) - 


4£/ 

N 


2 


cos A y (cos jK y /2+cos k y ) 


h 


"-«ic(fc) 


(17) 



BOUND STATES IN THE SPIN WAVE PROBLEM 


Thus, the secular equation determining* the 
bound state energies, w, is 

det [2Sh(y f y')-B K (y t y')] = 0. (18) 

The identical condition was obtained and analyzed 
in Ref. 2. It was shown there that bound states 
exist for arbitrary spin and dimensionality. For 
three dimensions there is always a domain of 
sufficiently small K’s for which bound states are 
absent. 

The bound state wave functions are determined 
from the eigenvectors of (16) by equations (5), (9), 
(11), and 


u K (k) = 


2 / 


2 cos k y Uk . (19) 


Equation (10) with the right-hand side set equal 
to zero holds for all r greater than nearest neigh¬ 
bor and can serve to give a rough idea of the 
asymptotic! behavior of the wave function for 
large relative coordinate. When Ky » 7r, so 
cos Kj 2 *8 is small, the wave function is sharply 


* For logical completeness one must check for 
S i that no solutions of (18) correspond to eigen¬ 
vectors which are projected to zero by (5), i.e. ( for which 
U(i t j) = 0 for i t £ j. Equation (7) shows that such an 
eigenvector can only occur when w = 2/i + 45/rf, 
which is well within the continuum. 

t Note that the periodicity condition on (10) makes 
U K (0) = ± C7k(L 8), so the asymptotic region must be 
defined a9 1 \r\ L. 
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localized at nearest neighbor separation. On the 
other hand when there is a bound state with zero 
binding energy relative to the continuum, 

2 [? cos T * 8 ] v *^" 5 008 T* 5 

x [t/*(r+6)+f/*(r-S)], (20) 

which suggests that the wave function is quite 
spread out at threshold. 

The methods suggested herein are easily 
generalized to the n > 2, many-spin-wave sub¬ 
spaces. In particular it is easy to show that equa¬ 
tions of motion for the physical amplitudes never 
involve amplitudes for states with “overly 
occupied” sites. Of course, explicit diagonalization 
like (15)—(18) cannot be attained for n > 2, unless 
other constants of the motion in addition to the 
total momentum can be found. 
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Abstract—EuTe has been shown by neutron diffraction to undergo at 7*8°K a transition to anti¬ 
ferromagnetism. The antiferromagnetic ordering is of the second kind with the spina lying within 
the (111) planes. The temperature dependence of the magnetic scattering was analyzed by adding 
a biquadratic exchange interaction to the usual bilinear term. 


INTRODUCTION 

The chalcogenides of divalent europium, EuO, 
EuS, EuSe, and EuTe, comprise an isomorphous 
series crystallizing in the simple NaCl structure, 
and have attained considerable attention for the 
study of the Heisenberg model of ferromagnetism. 
EuO, EuS, and EuSe become ferromagnetic* 1-3 ) 
with transition temperatures of 77, 18 and 7°K 
respectively, while EuTe exhibits no spontaneous 
moment down to T6°K. The dependence of 
susceptibility on temperature, however, suggests 
that EuTe may be antiferromagnetic at liquid 
helium temperatures.* 2 ' 3 ) We have, therefore, 
undertaken a neutron diffraction study of EuTe 
to establish the magnetic type of ordering. 

The study was performed on a powdered 
sample kindly provided by Dr. Shafer of the 
IBM Research Center. The sample was studied 
in transmission using a flat aluminum cell of 1 *5 by 
T5 in. and 0*4 mm effective thickness, because 
of the high absorption cross section (cr = 1,600 
barns) for Eu at 1*055 A. This arrangement 


yielded about 80 counts/min for the (111) re¬ 
flection. 

MAGNETIC ORDERING 
The neutron diffraction pattern of EuTe at 
liquid helium temperature is shown in Fig. 1. 
Based on a crystallographic unit cell ao = 6*56 A 



--- Fig. 1. Neutron diffraction pattern of EuTe taken 

* Work performed under the auspices of the U.S. below the N*el point. Scanning rate l°/hr, wavelength, 
Atomic Energy Commission. A ™ 1*055 A. 
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(derived from the low temperature neutron diffrac¬ 
tion pattern), we observe only one nuclear peak, 
(400); (222) is a difference peak and is too weak 
to be observed. (All indices are based on the 
doubled magnetic cell.) In addition we observe 
aluminum peaks from the sample holder and 
some peaks (t) resulting from unidentified im¬ 
purities in the sample due to a slow decompo¬ 
sition of EuTe in air. 

Additional peaks with all odd indices which do 
not appear at room temperature are observed at 
+'2°K because of an ordering of the magnetic 
moments. The extinction rule observed by these 
magnetic peaks, (hkl) all even forbidden, indicates 
ordering of the Becond kind* 4 * if one assumes a 
uniaxial model. This is the same ordering present 
in MnO, CoO, and NiO. Each Eu ion is sur¬ 
rounded by six parallel and six antiparallel nearest 
neighbors at distances | ao^/2 along the face 
diagonals, and by six antiparallel next nearest 
neighbors across Te ions along the a-axes at a 
distance of ao» The unit cell is then doubled in all 
three directions, giving superlattice peaks at lower 
angles than the nuclear peaks of the chemical unit 
cell. 

It is convenient to sub-divide the magnetic unit 
cell into four sublattices shifted by 0; + 

+c 0 ; 4* bo + Jco; and a 0 + i&o+ ifo from the ori¬ 

gin. Combining all four sublattices with their proper 
phase shifts imposes further extinctions and leaves 
(111) (113) (331) (333) (511) allowed 

(111) (113) (331) (533) (511)\ forbidden 

(1T3) (331) (5ll) /torbxaden 

In this type of ordering the spins are parallel 
within (111) planes, which are stacked together 
in an alternating antiparallel sequence along the 
[111] direction. 

ORIENTATION OF THE MOMENTS 

The magnetic scattering from the unpaired 
electron spins is described in the standard notation 
by« 

Fhlmu) = 2 (9)/> exp(2wi( ft • *)) 

* 

with 

p - ./and q = «(« ■ K)— K, 

m • c 2 

or q % « sin a <x, where tt is the angle the magnetiza¬ 
tion vector K makes with the scattering vector c. 
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The intensity of the magnetic scattering will 
therefore depend on the orientation of the moments 
in the lattice, and by comparing the intensity Ph<w& 
scattered from two different planes the angle alpha 
can be determined. The (111) and (113) reflections 
have been chosen because they are free from im¬ 
purity contributions and are most sensitive to 
alpha. With 

q 2 (Ui) — sin 2 a 

and <Z 2 <ni) = x (sin 2 a-2 cos 2 a) 

and with 

exp( — at sec 0) 

p M mag) = const.-——- jFlnt'tx]?{-2W) 

we derived from two independent runs values of 
sin a = T02 and 0*99 respectively. The form 
factor values/were taken from Reference 6, and 
the variation of the Debye temperature 
IF = 2? (sin 0/A) 2 between (111) and (113) at 
4*2°K was considered negligible. From this re¬ 
sult it is concluded that the spins lie within the 
(111) planes. Based on powder diffraction data 
no conclusions can be drawn about the direction 
of the spins within the (111) planes, nor about a 
possible multispin axis structure. 

n£el temperature 

By measuring the magnetic scattering from the 
(111) planes as a function of temperature (Fig. 2), 
the N6el temperature of transition from para¬ 
magnetic disorder to antiferromagnetic ordering 
has been determined. A heater wired around the 
sample was used to keep the sample at various 
temperatures, which were determined by a carbon 



A 5 6 7 8 9 10 


T*K 

Fio. 2. Temperature dependence of the (111) magnetic 
refl ection for EuTe, indicating a N£el point of 7*8°K. 
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resistance thermometer with a variation of about 
100-200 Q per degree in the temperature range 
studied. Each point in the Figure represents the 
average of about 30 min of counting, after allow¬ 
ing sufficient time for thermal equilibrium. The 
temperature dependence indicates the N6el point 
is 7*8°K, with an accuracy of about + 0*5°. 

The intensity variation does not however follow 
a Brillouin temperature dependence, as is indi¬ 
cated in Fig. 3 for the (111) reflection, if the 
moment is taken as 5 — 7/2. An explanation for 
this discrepancy may be sought in the biquadratic 
exchange interaction recently proposed by Harris 
and Owen< 8 > and applied to the temperature de¬ 
pendence of the sublattice magnetization in MnO 
and NiO by Rodbell et a/.' 9 > According to these 
authors, in addition to the usual bilinear term 
in the Hamiltonian there exist a biquadratic con¬ 
tribution of the form 

J(S* • S»)-j{S a * &)*> 

which may not always be negligibly small. In the 
case of EuTe an analysis of the observed tem¬ 
perature variation including a biquadratic term 
results in the agreement depicted in Fig. 3 for 
Vh+h)IJz = 0*016, where j\ and j% are the 



Fig. 3. Magnetic scattering from (111) planes of EuTe 
compared with a Brillouin dependence for 5 — 7/2. 
(Solid curve). The dashed curve is calculated including 
biquadratic exchange. The observed intensities (circles) 
are normalized at 4-2°K. 


biquadratic exchange interactions for first and 
second nearest neighbors respectively. 

CONCLUSION 

An analysis of the magnetic behavior of the Eu 
chalcogenides has been presented' 8 * 7 > on the 
basis of molecular field theory. According to this 
analysis, the magnetic properties of this isostruc- 
tural series result from a positive near-neighbor 
direct exchange interaction, Ji f decreasing with 
distance, combined with a negative next-nearest- 
neighbor superexchange interaction, J 2 . Our re¬ 
sults confirm this model. EuTe is found to undergo 
at 7V a ss 7*8°K a transformation into an anti¬ 
ferromagnetic ordering of the second kind, which 
leads, with 

0 = T e = §5(5+1) [12/i + 6/ 2 ] 


7V a - $5(5+1) [—672] 

to a negative superexchange interaction of 
J 2 = —(0*12 + 0*01)°K. From the asymptotic 
(antiferromagnetic) Curie temperature T 0 , re¬ 
ported 3 > to range between —4 to — 7'5°K, a 
direct exchange interaction in the order of 
Ji = (0*025 ± 0*025)°K is derived. Thus, in the 
case of EuTe, the negative next-nearest super¬ 
exchange interaction is about five times larger 
than the direct exchange interaction and causes 
antiferromagnetism. 
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Abstract —The magnetic susceptibility of iodides of dibenzcne-chromium (DBG) and ditoluene- 
chromium (DTC) is measured in the temperature range from 1*3 to 295°K. Using the method of 
nuclear magnetic resonance, a study is made of the hyperfine interaction between non-coupied 
electronic spin and protons in cations DBC and DTC. It has been discovered that there is an axial- 
symmetric anisotropic part in the hyperfine interaction as well as an isotropic part. The values 
and signs of constants characterizing these two parts are determined. The nature of the 9pin density 
distribution in the molecule is discussed. 


INTRODUCTION 

The rapid development of electronic paramagnetic 
spectroscopy in recent years has led to the 
publication of many papers dealing with the mag¬ 
netic properties and electron structure of organic 
stable free radicals (see, for example, Ingram* 1 *). 
However, this class of paramagnetic compounds 
still largely remains outside the field of vision of 
physicists, even though the study of their pro¬ 
perties can be of considerable interest from the 
point of view of the physics of magnetic 
phenomena and in view of certain anomalies 
which have recently been discovered in these 
compounds. In effect, the magnetic susceptibility 
of some free radicals at sufficiently low tem¬ 
peratures begins to depend in a very complex 
manner on temperature, whilst in the spectrum 
of electron paramagnetic resonance a line appears 
which corresponds to forbidden transitions with 
g = 4;(2) the origin of the intensive undisplaced 
line which has been detected in the spectrum of 
proton resonance of diphenylpicrylhydrazil also 
remains obscure.* 3 ’ 4) 

In this paper, using the method of nuclear 
magnetic resonance, a study is made of hyperfine 
interaction between uncoupled electron spin and 
protons in molecules of the cations of dibenzene- 
chromium (DBC) and ditoluenechromium (DTC) 

1683 


and their magnetic susceptibility is measured over 
a wide range of temperatures. 

Dibenzenechromium and its derivatives belong 
to the metal-aromatic class of compounds in which 
the metal atom is directly coupled with the whole 
system of ir-electrons of the benzene rings. A 
molecule of DBC is illustrated in Fig. 1; the mole¬ 
cule of DTC is different in that one of the hydro¬ 
gen atoms in each ring is replaced by a CH$ group. 

All the measurements were taken on iodides of 
DBC and DTC. The values of the isotropic 
coupling constants between the spin and protons 
in these compounds had already been measured* 6 * 



Fio. 1. 



1684 


YU,, S. KARIMOV, V. M. CHIBRIKIN and I. F. SHCHEGOLEV 


from the observable unpaired splitting of the 
spectra of electron paramagnetic resonance. The 
study of hyperfine interaction by nuclear magnetic 
resonance has made it possible to determine the 
signs of these constants as well as their values. 
A strong anisotropic hyperfine interaction has been 
discovered and the parameters characterizing it 
have been determined. These findings make it 
necessary, in particular, to revise certain conclu¬ 
sions concerning the nature of the distribution of 
spin density in these molecules. (*> 

RESULTS 

The variation of the magnetic susceptibility of 
paramagnetic compounds with temperature in 
the range 1 *3~295°K reveals no anomalies and it is 
excellently described by the Curie-Weiss law 
X = cl(T-9) f where 6 * -4*6° ± 0*2°K for 



y, kc/s 
Fig. 2. 



Fig. 3. 

DBC iodide, and 6 = -2*0° ± 0*2°K for DTC 
iodide. In both cases the value of the constant c 
corresponds closely to the presence of one electron 
spin on a mole^de, which testifies to the in¬ 
significance of the'^purities. 

Nuclear magnetic resonance was studied at 
liquid helium temperatures when the paramagnetic 


shifts of the lines become large enough to be 
measured well. The typical shape of proton ab¬ 
sorption spectra is shown in Figs 2 and 3. For 
the DBC cation there is one asymmetrical line 
shifted towards greater frequencies in relation to 
that frequency vo which the protons have in 
diamagnetic compounds. The weak non-shifted 
line (less than 5 per cent of total intensity) can be 
explained by the presence of protons in the 
insulation of the conductor of the r.f. coil and at 
the walls of the glass ampoule with the specimen; 
the presence of a small amount of diamagnetic 
impurity in the specimen itself is not excluded 
either. 

For the DTC cation there are two asymmetrical 
absorption lines. One of them, shifted towards 
greater frequencies, is due to the protons of 
the benzene rings, as in the case of the DBC cation. 
The other line, shifted towards lower frequen¬ 
cies, is to be ascribed to the protons of the CH 3 
group. 

The observable form of the lines is typical 
for a polycry9talline specimen in the case when 
there is an axial-symmetric anisotropic part in the 
hyperfine interaction as well as an isotropic part. 
The displacement of the centre of gravity of the 
lines is determined here by the isotropic coupling 
constant a : 

v c = * 0 +aXH/hN, (1) 


where X is the specific magnetic susceptibility, and 
iV is the number of unpaired spins per 1 g of 
matter. The anisotropic coupling constant- b 
determines how the resonant frequencies are 
shifted relative to the centre of gravity with 
parallel and perpendicular orientation of the axis 
of symmetry relative to the external field: 


Vfl = v c +2bXHIhN , 
v x = vc-bXHjhN. 


( 2 ) 


The measurements show that the shifts v c — vo 
of the centre of gravity of the lines and the 
differences v fl — v± which characterize their width, 
in accordance with formulae (1) and (2), are in 
fact proportional to the quantities x(T) and//. 
These measurement# result in the following values 
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for the coupling constants: 

adbc * +3*15 ± 0*15 Oe; 

^DBc «= *f 1*05 ± 0*05 Oe; 

a DTC 1=5 + 4*0 ± 0*4 Oe; 

tc -+ 1<3 ±0-15Oe; 

a mc ~ “°* 75 ± 0*08 Oe; 

*r>TC * +0*6 ± 0 06 Oe. 

The constants a ' and b' are attributed to the pro¬ 
tons of the benzene rings, a" and b" —to the protons 
of the CH 3 groups. 

DISCUSSION 

Certain difficulties arise in interpreting these 
results. The observable axial-symmetry of the 
anisotropic hyperfine interaction can apparently 
only be explained by the presence of notable 
dipole-dipole interaction between the protons and 
the unpaired electron, localized on the chromium 
atom, either in the 5-orbital, or in any orbital the 
dimensions of which are small compared with the 
distance between the chromium atom and the 
protons. In particular, the quantities b f and V 
are inversely proportional to the cubes of the 
distances from the chromium nucleus to the cor¬ 
responding protons (3*0 A and 3*9 A respectively). 
Assuming further that the anisotropic part of the 
hyperfine interaction is due to dipole-dipole inter¬ 
action between the protons and one single point 
electron at the nucleus of the chromium atom, the 
calculated value of the constant b is 1 *05 Oe, which 
agrees well with its measured value. Hence the spin 
density on the chromium atom must be close to 
+ 1 - 

The isotropic part of the hyperfine interaction 
is due to the contact interaction of the non- 
coupled spin with the protons. The values of the 
constants a and d agree well with the values 
obtained by Vetchinkin et al.W But their sign is 
at variance with the assumption which was made 
in that paper concerning the nature of the spin 
density distribution. Assuming that the isotropic 
hyperfine interaction is due to the presence of 
the unpaired spin on 2 p z orbitals of the carbon 
atoms of the benzene rings,it is necessary to 
ascribe to the carbon atoms the negative spin 


density p 0 « -0*14. Here we shall have to 
assume that the spin density on the chromium 
atom p c r is 2 *61, since the sum of the spin densities 
in the molecule must be unity. 

Such a large spin density on the chromium 
itself seems improbable. Moreover, it ill agrees 
with the measurements of the constants of the 
anisotropic hyperfine interaction, the sign and the 
magnitude of which, as we have seen, is well ex¬ 
plained by assuming one unpaired spin on the 
atomic orbit of the chromium. 

Furthermore, if the isotropic part of the hyper¬ 
fine interaction were due solely to the presence 
of unpaired spin density on the carbon atoms of 
the benzene rings, the constants d and «" ought 
to be close to each other in absolute value.* 7 * 8 > 
But their measured values differ from each other 
by a factor of approximately 6 . 

Such divergence between the measured and 
theoretically predicted values of the isotropic 
coupling constants, equally like the need to 
ascribe to the chromium atom the anomolously 
large spin density, ill agreeing with the observable 
magnitude of the anisotropy of the hyperfine 
interaction, could of course be explained simply 
by the fact that the calculations performed by 
McConnell* 6 * for the fragment C-H and by 
McLachlan* 7 * and Chesnut* 8) for the fragment 
C-CH 3 , are quite inapplicable to our case. It 
would, however, seem to be more probable that 
the isotropic part of the hyperfine interaction 
between the unpaired spin, localized mainly on 
the chromium atom, and the protons of the 
benzene rings is determined by the presence of 
hyperconjugation between the atomic orbits of 
the chromium and hydrogen, which ensures the 
rise of sufficient spin density directly op the pro¬ 
tons of the ring. Here to the carbon atoms of the 
benzene rings must be ascribed the small spin 
density p e « 0*025 necessary for explaining the 
negative shift of the proton line associated with the 
CH 3 group. This gives for the spin density on the 
chromium atom per « 1*3. 
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Abstract—A new absorption band appears when LiF containing small amounts of magnesium is 
irradiated by gamma rays. This band is very broad, extending from the F-band out to 600 mp, and 
is somewhat unstable thermally at room temperature. It appears when the magnesium ions are 
precipitated as well as when they are dispersed, although the behavior is slightly different in the two 
cases. An interpretation in terms of Fj molecules stabilized by proximity of magnesium ions is given. 
When LiF containing magnesium is irradiated by neutrons at 350°C, a band peaking near 225 trifi is 
observed in place of the F-band. This band is similar to a band previously reported at 222 mj* by 
several workers, but these experiments are the first to show that its occurrence is definitely associated 
with the presence of magnesium. It is tentatively suggested that this band may be a Z-band, analogous 
to Z-bands in, e.g., KCl:Sr. 


INTRODUCTION 

A number of absorption bands associated with 
excess Sr 2+ have been found in the system 
KCI:Sr. Different models of configurations 
responsible for these bands, termed Z-bands, have 
been proposed; it has not yet been possible, how¬ 
ever, to decide among these various models by 
experimental means.<*) The theoretical problem of 
computing energy levels for these impurity atoms 
is extraordinarily difficult because of the large 
numbers of orbital electrons involved. One might 
hope that the theoretical problems would be some¬ 
what less intractable in LiF containing Mg 
because of the smaller number of orbital electrons. 

Previous to this investigation no direct evidence 
of Z-centers in LiF containing Mg had been 
obtained, but a number of unusual features had 
been observed. Delbecq and Pringsheim, working 
with supposedly pure LiF made in 1952 or earlier 
by the Harshaw Chemical Company, bleached the 
.F-band in its own light. The F-band disappeared 
and in its place a narrow band peaking at 222 mji 

* Present address: Illinois College, Jacksonville, 
Illinois. 

t Present address: Central Methodist College, 
Fayette, Missouri. 


was formed/ 2 ) This band was especially strong in 
crystals in which the F-band had been originally 
formed at 350°C. The 222 m n band was observed 
under similar circumstances by Kato, who also 
used Harshaw crystals/ 3 ) This behavior has no 
counterpart in other alkali halides, and this 
suggests that it may be due to an otherwise un¬ 
detected impurity. 

When LiF was irradiated at liquid nitrogen 
temperature, it contained in addition a band peak¬ 
ing at 340 m/j. with half width 1 2 eV, but this band 
disappeared when the crystal was warmed to room 
temperature. Recently Delbecq, Hayes and 
Yuster have investigated this band and found that 
it is caused by FJ molecules/ 4 ) Analogous species 
found in other alkali halides can be formed in large 
concentration only in the presence of small quanti¬ 
ties of impurities such as Pb 2 *, Ag + , or NOJ". The 
F 2 band can be formed in apparently pure LiF, 
however, and this further suggests the presence of 
9mall amounts of impurities. 

W. G. Johnston has found that Harshaw LiF 
crystals manufactured in 1957 contained 75 p.p.m. 
Mg but that those made in 1960 contained only 
3 p.p.m. Mg (5) This makes one further suspect 
that the 222 band observed in 1952 was due to an 
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impurity. He found furthermore that if LiF con¬ 
taining Mg was heated above 200°C and then 
cooled rapidly from 200 to 100°C the Mg was 
atomically dispersed. But if the crystal was cooled 
very slowly within this range, the Mg precipitated 
into colloidal aggregates. Not much over 100 p.p.m. 
Mg could be dispersed under any kind of treat¬ 
ment; the rest was precipitated. 

EXPERIMENTAL METHODS 

In the present investigation the authors used 
LiF prepared from reagent grade chemicals and 
used Harshaw crystals ordered in 1961 only as 
controls. To one batch of laboratory-prepared 
LiF, 1*00% by weight of MgF 2 was added; 
to another batch, 0*25% MgF 2 was added. 
Crystals were grown in air from a platinum cru¬ 
cible by withdrawing from the melt on a platinum 
wire. On the basis of an assumed segregation factor 
upon freezing of 10, it is estimated that the heavily- 
doped crystals contain nominally 400 p.p.m. Mg 
and that the lightly-doped crystals contain 
nominally 100 p.p.m. Mg. The crystals were 
cleaved into pieces about 1 mm thick and were then 
subjected to various heat treatments. Some of the 
cleaved crystals were heated to 300°C for 2 hr and 
quenched in quiet air in an effort to disperse as 
much magnesium as possible. Others were an¬ 
nealed for as long as 24 hr at 150°C and cooled 
slowly in an effort to precipitate most of the 
magnesium. 

After heat treatment the crystals were irradiated 
for several hours near room temperature in a Co 60 
gamma ray source to a total dose of approximately 
300,000 r. Neutron irradiations of approximately 
5xl0 12 n/cm 2 at room temperature and 5 x 10 13 
n/cm 2 at 350° were performed in a 10 kW training 
reactor. The samples were held at the high tem¬ 
perature by means of a small electric resistance 
furnace built to fit inside a 4 in. square cross 
section hole obtained by removing a graphite 
stringer from the thermal column of the reactor. 

Optical absorption measurements were made at 
room temperature with a Beckman DK spectro¬ 
photometer. Spectra are shown from 210 to 600 mfi 
in Figs 1-4; no additional bands were observed in 
the region of 600-2800 m/i. A few spectra ob¬ 
tained at liquid pitrogen temperature showed 
slightly sharper bands but did not reveal any addi¬ 
tional structure. For optical bleaching the crystals 


were illuminated with a mercury vapor mineral- 
light filtered by two Corning 9863 red-violet 
filters, which transmitted the bright line at 254 mji 
but excluded the visible radiations. 

EXPERIMENTAL RESULTS 
Immediately after gamma irradiation the Har¬ 
shaw crystals showed a strong F-band and a very 
weak absorption band near 450 m/x as illustrated 
in Fig. 1. One of these crystals was kept several 
months in the dark at room temperature without 



Fig. 1. Absorption spectra of a number of LiF 
crystals immediately after gamma irradiation at room 
temperature. 


any decrease in intensity of either band. The F- 
band in another Harshaw crystal was bleached 
optically for 60 hr with filtered mineralight. The 
450 mu band disappeared completely, and the 
.F-band was steadily diminished to one third of its 
original height during this process, but no trace 
of the 222 band observed by Decbecq and 
Pringsheim appeared at any stage of the bleaching. 

The doped crystals exhibited a very different 
behavior. As illustrated in Fig. 2 a heavily-doped 
(~400 p.p.m. Mg) crystal which had been 
quenched from 300°C to disperse the magnesium 
showed after irradiation a broad band peaking near 
320 m/t in addition to the F-band. The short 
wavelength end w&s hidden under the F-band, 
and the long wavelength tad extended to 600 mft. 
After a few days in the dark the 320 mu band had 
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decreased somewhat in intensity, and the F-band 
was also somewhat reduced. Irradiating with the 
filtered mineralight greatly increased the rate of 
disappearance of both bands, but no new bands 
appeared during any stage of the bleaching. 

A heavily-doped crystal which was annealed at 
150°C prior to irradiation showed a slightly dif¬ 
ferent behavior, illustrated in Fig. 3. It, too, 
showed a broad band extending from the F-band 
to 600 m/z, but the peak fell near 350 m/z instead 
of near 320 m/z as in the quenched crystal. This 
band was even more unstable thermally than that 


and annealed lighdy-doped crystals. The peak of 
the broad band is broadened, suggesting that there 
are two overlapping unresolved peaks near 320 
and 350 m/x, respectively. And the long wave¬ 
length end bleaches more rapidly than the region 
near 320 m/i, both wh4n kept in the dark and when 
irradiated with the mineralight. 

Magnesium certainly increases the intensity of 
the 320 and 350 bands, but it is possible that some 
other impurity either was present in the reagent 
grade chemicals used to prepare the LiF or else 
was inadvertently introduced during preparation. 
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Fig. 2. Absorption spectra of a heavily-doped crystal 
quenched from 300°C. The gamma irradiation and all 
subsequent treatments were performed at room 
temperature. 


in the quenched crystal, disappearing almost com¬ 
pletely after a week in the dark at room temperature 
and reducing the intensity of the F-band somewhat 
in the process. The 350 m/z band also bleached 
readily under irradiation by the mineralight, but, 
as for the quenched crystal, no new bands appeared 
while the bleaching was taking place. A lightly- 
doped (~ 100 p.p.m. Mg) annealed crystal showed 
a 350 m/z band which was initially somewhat 
weaker and which had largely disappeared after 
a week in the dark. 

Johnston’s data indicate that even by rapid 
quenching not all of the magnesium in a heavily- 
doped crystal should be dispersed/ 5 ) And the 
absorption spectra of the heavily-doped quenched 
crystal, Fig. 2, do show features of both quenched 



Fig. 3. Absorption spectra of a heavily-doped crystal 
annealed at 150°C. The gamma irradiation and all 
subsequent treatments were performed at room tem¬ 
perature. The optical and thermal bleaching experi¬ 
ments were carried out with two different samples. 


Crystals made from the same batch of LiF but 
to which no impurity was intentionally added were 
also examined. A crystal which was quenched from 
300°C prior to irradiation showed immediately 
after irradiation a very weak band, which seemed to 
resemble in shape and in almost total bleaching 
after a week the 350 m/i band in the annealed 
crystal. But any magnesium in this crystal would 
almost certainly be dispersed, and would hence be 
expected to produce a 320 m/z band resembling 
that in the doped, quenched crystals. There is no 
doubt, however, that the pure crystal contains 
much less magnesium than the intentionally doped 
ones. 
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Room temperature neutron irradiation of two 
pure crystals produced only the F- and M-bands, 
as for room temperature gamma irradiation. The 
results from neutron irradiation at 350°C are 
shown in Fig. 4. The Harshaw crystal and the 
undoped laboratory-made crystal show a normal 
F-band with no other bands present. The two 
doped crystals, however, show a new band peaking 
near 225 m/i, with a suggestion of a weaker F-band 



Fig. 4. Absorption spectra of a number of LiF crystals 
immediately after neutron irradiation at 350°C. The 
absorption spectra were measured at room temperature. 

appearing as a long wavelength shoulder. A second 
neutron irradiation under similar conditions with a 
different set of samples has given entirely similar 
results, 

DISCUSSION 

The 350 and 320 bands both resemble in 
shape the Fg band observed by Delbecq, Hayes 
and Yuster in pure LiF at low temperature/ 4 * but 
differ in being moderately stable at room tempera¬ 
ture. The authors suggest that these bands are 
caused by FJ molecules stabilized by the presence 
of magnesium, perhaps in the manner suggested 
by Hayes. t®) Two observations tend to confirm 
this, (i) The shape of the bands resembles the 
shape of the Fg absorption band described by 
Delbecq, Hayes and Yuster.< 4 > (ii) The fact that 


the F-band bleaches somewhat as the broad band 
bleaches in the dark suggests that the latter is a 
hole band. After the holes are released thermally, 
they annihilate with F-centers, bleaching a band 
otherwise stable at room temperature. 

The Fg molecule may be stabilized either by 
the presence nearby of an isolated magnesium ion 
or by a cluster of precipitated ions. Both neighbor¬ 
hoods may perturb the basic Fg wave function 
and energy levels in such a way as to increase the 
thermal stability of the configuration. But these 
neighborhoods are different from each other and 
perturb the Fg wave function in different ways. 
Thus, near a magnesium cluster the energy of 
transition and the stability against thermal decay 
are both somewhat lower than near an isolated 
magnesium ion. Further study with polarized 
bleaching and paramagnetic resonance would help 
to test the hypotheses presented here. 

The 222 m/x band observed after bleaching by 
Delbecq and Phingsheim^) and Kato< 3 > is not 
found in any of our crystals irradiated at room 
temperature. It is highly probable, however, that 
the prominent band observed near 225 m/x in the 
doped crystals following the high temperature 
irradiation is the same band. This conclusion seems 
even more reasonable in view of the fact that both 
previous groups* 2 ’ 3 * found high temperature irra¬ 
diation to enhance the subsequent production of 
the 222 m/x band by bleaching. 

The results presented here show definite evi¬ 
dence for the first time that the 222 m/x band is 
associated with the presence of magnesium in the 
crystal. It is therefore our very tentative suggestion 
that this band represents a genuine electron- 
excess Z-band. Possibly holes are trapped more 
readily than electrons near magnesium ions, thus 
leading to the production of hole centers at tem¬ 
peratures for which these are stable but of electron 
centers at higher temperatures. This behavior 
might account for our failure to produce this band 
in crystals irradiated and bleached at room tem¬ 
perature. Much further study will be needed to 
establish the nature of the center giving rise to 
this band, and such work will soon be underway 
at The University of Kansas. 
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Conductance of strontium-doped potassium 
chloride crystals 

{Received 11 March 1963; revised 30 July 1963) 

An analysis of recent measurements* 1 ) of the 
ionic conductance of potassium chloride doped 
with strontium chloride revealed two unexpected 
features. Firstly, the values of £ (where —{is 
the free energy of association of divalent 
strontium cations with cation vacancies to form 
complexes) showed a pronounced temperature 
dependence, varying from 0*43 to 0*20 eV 
over the temperature range 300-900°K. Such a 
strong variation with temperature is unexpected 
on the simple association model as the (vibra¬ 
tional) entropy change on forming the complex 
should be small. Secondly, the plots of c/(£— 1 /£), 
where c is the concentration of divalent impurity 
added and £ the ratio of the molar fraction of 
cation vacancies (xi) in the doped crystal to the 
molar fraction (#o) in the undoped crystal at the 
same temperature, showed a pronounced curva¬ 
ture at low concentrations whereas the simple 
association theory predicts that such plots should 
be linear. Such a curvature can be understood in 
terms of Lidiard’s theory* 2 ) of non-nearest 
neighbour interactions between defects; however 
it was pointed out* 1 ) that such an analysis is very 
sensitive to the values of c and in view of doubts 
about the precision of the method used for the 
strontium analyses, a quantitative reconciliation 
of the data with the Lidiard theory was not 
attempted. 

A new series of measurements of the specific 
conductance (a) of KC1 doped with SrCl 2 is in 
good agreement with the previous measurements 
as far as the primary data, cr(c), are concerned and 
an analysis of the defect interactions can therefore 
be performed with somewhat greater confidence 
than before. The apparatus and experimental 
procedure were the same as those described 
previously.* 1 ) 

The conductance of five crystals doped with 
strontium chloride was determined as a function 
of temperature. The results were reproducible 
on thermal cycling indicating complete solution 
of the SrCfo during the annealing procedure. The 
concentration of SrClg in the five crystals 


expressed as the molar ratio SrCla ; KC1, is given 
in Table 1. These values were determined (using 

Table 1. Sr 2+ concentration in the KCl+SrClj 
mixed crystals . 


Mole ratio x 10* 

Run Mole ratio in melt x 10 5 by analysis effective 


12 

20 

14*4 

6*5 

15 

50 

31-0 

28*0 

16 

50 

41*8 

38*8 

17 

100 

940 

91*0 

11 

200 

117*0 

114*0 


the actual cleave from the conductance measure¬ 
ments) by the X-ray fluorescence technique. A 
calibration curve for the instrument (a Philips 
X-ray Diffractometer, type PW1051) was estab¬ 
lished using standard samples of known SrCla 
content. 

Plots of log or vs. T -1 were slightly curved 
(concave downwards) indicating association be¬ 
tween the Sr 2+ impurity ions and the cation 
vacancies. One would therefore expect the con¬ 
ductivity-concentration isotherms to be parabolic, 
intersecting the o axis at oq the conductance of 
the pure salt, the amount of curvature decreasing 
as the temperature increases. Typical plots of 
cr — Co against c are shown in Fig. 1: at high 



Fig. 1. Plot of the excess specific conductance o — o Q 
due to doping against c, the concentration of added 
strontium chloride. The numbers on the isotherm* are 
the values of 10»/T°K. 
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temperatures one would expect these to be almost 
linear but it is clear that the best straight lines do 
not intersect the origin but cut the concentration 
axis at a point Co. For temperatures above 870°K, 
Co appeared to increase with T, but below this 
temperature it was substantially constant at 
3*0 xlO" 5 . Furthermore, the points for run 12, 
the lowest concentration, require an additional 
displacement to bring them on to the lines through 
the other four points. The mean value for this 
additional displacement is 4*9 xlO -5 . The final 
concentrations obtained in this way are also given 
in Table 1. 

It thus appears that not all the Sr 2+ produce 
the equivalent number of mobile cation vacancies 
when crystals are grown in evacuated silica vessels 
from A.R. materials which have been thoroughly 
outgassed and then exposed to a mixture of HC1 
and dry N 2 at temperatures up to 500° C. Despite 
the absence of an absorption band at 204 in 
these crystals they must nevertheless contain OH - 
in a form which is capable of complexing with the 
Sr 2+ ions in such a way as to provide charge com¬ 
pensation without the production of cation 
vacancies. Similar conclusions have been arrived 
at by LOty et aL by doping KC1 with KOH and 
CaCl 2 .* 3 * This same effect was in fact evident in 
the results obtained previously* 1 * for the same 
system but there was then felt to be insufficient 
justification for the mechanism proposed. Conse¬ 
quently, the best line was drawn through the 
origin, and the concentration for the crystal con¬ 
taining least Sr 2 + determined by interpolation. 
In any case, the correction exerts only a small 
effect on the slopes of the lines and hence on the 
mobility parameters. These were obtained in the 
manner described previously.* 1 * The concentra¬ 
tion of vacancies in the undoped KC1 (# 0 ) is given 

logio *0 - 1-676-5-700 x 10 2 T -1 (1) 

and the mobility of the cation vacancies (t/i) by 

logio t/iT- 3 *191-3-820 xlO 3 T -1 (2) 

The activation energy for cation vacancy con¬ 
duction (0*76 eV) is in good agreement with 
other modern determinations: GrOndig* 4 * (0*77 
eV); Protest*) (0*76 eV) and Kobayashi and 
TOMIKI.W (The latter authors do not quote 
a numerical value but one of ~0*75 eV may be 
deduced from their graph.) 


The activation energy for anion conduction 
(AAg), however, presents difficulties. If we assume 
that the experimental activation energy from 
diffusion measurements, E , may be written as 
E = JA 4 -M 2 where k is the energy required to 
form a Schottky defect pair (h = 2*28 eV from 
equation (1)) then the diffusion data give T46 eV 
(from E = 2-60 eV<?>) and 0*86 eV (from E = 2*0 
eV< w ). These values differ quite widely from each 
other and bracket the calculated value of 
A h% = 1T8 eV.* 9 * If the value of AA 2 is com¬ 
parable with that for AAi, then curvature of the 
conductance plot log oT vs. T -1 ought to be 
obtained. Only a slight curvature was observed 
by Allnatt and Jacobs* 1 * who obtained T77 eV 
for AA 2 by a subtraction procedure. A similar 
analysis of the new data yields 1 *87 eV but 
Harshaw and SO^-doped crystals show hardly 
any curvature. The values found from conductance 
measurements are in fair agreement with the 
diffusion value of Ewles and Jain* 10 * (1*86 eV), a 
value calculated from KerkhofPs transport num¬ 
ber data* 11 * (1*9 eV) and the activation energy for 
the diffusion of F-centers* 12 * (2*0 eV). However, 
structure-sensitivity in the anion vacancy mobility 
is evident and successful anion-doping experi¬ 
ments are required to resolve this difficulty. 

The values of £ are plotted in Fig. 2 which also 



T, *K 


Fig. 2. The dependence of £ on temperature. 

O run 12; + run 15; O run 16; 

A Allnatt and Jacobs/ 1 ) recalculated. 

shows a recalculation of the data of Allnatt and 
Jacobs* 1 * allowing for complexing of Sr 2+ with 
OH - ions. The variation with temperature of £ is 
confirmed. The interaction energy between two 
point defects of effective charge -he and — e 
would be expected at large separations to approach 
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the value given by the simple Coulombic formula 
—where k is the dielectric constant of the 
medium and to the permittivity of free space. 
However, the use of the Born-Mayer model for 
an ionic crystal yields values* 13 * 14 > for £ which are 
substantially less than those calculated from 
Coulombic interactions alone. This is due to the 
fact that while polarization of the medium between 
the defects would increase the interaction energy, 
polarization of the material around the defects 
will decrease it. The dielectric constant of ionic 
crystals is known to increase at high temperatures 
and this effect ought, therefore, to be taken into 
account in making theoretical estimates of £. 
There do not appear to have been any measure¬ 
ments of k in the temperature range of interest. 
However, Havinga’s equation* 15 ) predicts that 
k varies only from 4*68 at 300°K to 5*32 at 
700°K. This change is much too small to account 
for the variation in £ if £ varies approximately as 
k~ 1 . While it is a contributory feature, the tem¬ 
perature-dependence of k cannot account for the 
whole of that of £ which thus casts doubt on the 
validity of the simple association model. Measure¬ 
ments at low concentrations are needed to provide 
quantitative estimates of the importance of non- 
nearest neighbour interactions and in such 
experiments hydroxide-free material must be 
used. There is independent evidence of the 
importance of non-nearest neighbour interactions 
in the work of Watkins* 10 ) (e.s.r.) and Dreyfus* 17 ) 
(dielectric relaxation). 
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Pressure and high current effects on a 
graphite contact 

(Received 15 August, 1963) 

It was reported earlier* 1 ) that if condensers were 
charged to certain voltages and discharged through 
a column of graphite powder, the electrical re¬ 
sistance of the powder decreased irreversibly. 

This technique was called flash sintering, and a 
development of it has recently been published by 
Bundy.* 2 ) 

The powder was prepared by grinding block 
graphite and it was found that this process caused 
the thermo-electric power of the graphite to 
change from small negative to large positive 
values. Powdering the block material probably in¬ 
creases the number of defects located on the sur¬ 
face of the particles. These defects, however, do 
not appear to present a barrier to current flow 
from one particle to the next. The activation 
energies calculated from log conductivity vs. 1 /T 
plots for block and powdered material closely 
agreed. The decrease of electrical resistance 
observed on flash sintering was interpreted in 
terms of an increase in the contact area between 
particles brought about by a melting or flow pro¬ 
cess. The present note reports on some preliminary 
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results obtained when the more simple system of 
two graphite surfaces in contact was investigated. 

The graphite rod (Johnson Matthey spectro- 
graphic electrode) was machined to form a pointed 
cone which rested on a flat surface of another rod. 
Two potential probes measured the voltage drop 
across the contact when a small monitoring current 
passed through it. The contact was first loaded 
and then this load was reduced. Without breaking 
the contact the resistance was then measured for 
increasing and decreasing load. A number of 


The graphite surfaces were brought together 
under a variety of loads to give a range of re¬ 
sistances. A discharge of the same voltage from a 
bank of condensers was released through each of 
them and the change in resistance measured. 
Figure 2 shows the changes observed on passing 
a discharge of 1200 V through contacts made in 
this way when the capacitance of the circuit was 
10,40, 80 and 120/xF respectively. The circuit 
parameters were chosen in such a way that the 
change in value of the contact resistance did not 



Fig. 1. Contact resistance vs. load. (Four cycles of increasing and 
decreasing load.) 


cycles were carried out and the results of four such 
cycles are shown in Fig. 1. The effect of loading 
on the resistance can be expressed as 

^jj/+o*88 = constant 

where R is the resistance of the contact in milli- 
ohms and W is the load in grams. 

It has been shown< 8 > that for elastic deformation 
the electrical resistance of a contact should vary 
inversely as the cube root of the load and in¬ 
versely as the square root of the load if the surface 
deforms plastically. The load resistance behaviour 
of the graphite contact in this work suggests that 
elastic deformation has taken place. 


affect the overall resistance to more than 2 per 
cent. For discharges of the same voltage then, the 
current through each contact could be said to be 
the same and its duration proportional to the 
capacitance of the circuit. It can be seen that the 
effect of increasing the time for which the current 
passes is mainly to cause the resistance at which 
the first change occurs to drop to lower values. 
This effect is of limited extent, however, because 
the curves for 80 and 120 ^F coincide. For values 
of capacitance below 80 /iF, the graph showed a 
curvature at the lower initial resistance region 
wh ich tended to increase as the capacitance de¬ 
creased. Above 80 /xF, however, there was little 


change in resistance (micliohms) 
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Fig. 2. Decrease in resistance for a range of contact resistances sub 
jected to the same peak current discharge. 

O 80 /aF 

A 40 txF 

x 80 fiF 

• 120 fx F 



Fig. 3. Peak current vg. critical resistance at constant capacity. 
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curvature. All the graphs showed a straight line 
region. The slopes of all the straight lines tended 
to unity. The resistance at which the first change 
was observed is called the “critical resistance”, and 
the manner in which the critical resistance de¬ 
pended upon the peak current of the discharge 
at a constant capacity was then investigated. The 
value of the capacitance chosen was 120 fiF since 
this value should be outside the capacitance de¬ 
pendent region. The results are shown in Fig. 3. 
The peak current is the ohmic current given by 
dividing the voltage in the condensers by the total 
circuit resistance. The relationship is linear with a 
slope of — 1 and can be expressed thus; 

Rck - K 

where R c and I c are the critical resistance and 
critical current respectively and K is a constant. 

The relationship between peak current and 
critical resistance R c lc = K is the same re¬ 
lationship which Bowden and Williamson* 4 * 
found for gold contacts. K can be taken to repre¬ 
sent the maximum voltage which may exist across 
the contact without decrease of resistance. The 
plots of Fig. 2 show some curvature which in¬ 
creases as the capacity or time constant of the 
circuit decreases. This curvature might represent 
the onset of some flow process by which the con¬ 
tact area is increased. If the contact resistance is 
reduced by such a flow process this will require a 
certain time to take place and unless the time con¬ 
stant is greater than a certain minimum value the 
process will not be complete. The overlap of the 
80 and 120/iF plots and their small amount of 
curvature suggests that at the time constants de¬ 
termined by these capacitances the flow process 
for each initial resistance is almost complete. If 
the action of the current discharge was to dispel 
an impurity film then the decrease of resistance 
might be accounted for in this way. However, 
previous work* 1 * suggested that such films where 
they exist in graphite do not contribute signifi¬ 
cantly to the contact resistance. This is not sur¬ 
prising since it is difficult to envisage a mechanism 


whereby a film could be built up on graphite sur¬ 
face of such an extent as to cause insulation. 
Adsorbed water which has been shown to exist in 
graphite* 4 * even when present on metals, does not 
contribute to the electrical resistance* 5 * and even 
on metals any film which is less than 5 A thick 
will permit conduction by the tunnel effect. 

If the decrease in contact resistance on the 
application of load to a graphite contact was due 
to slip resulting in an increased contact area, this 
must be reversible since in the present work the 
original resistance was recovered when the load 
was removed. There may, however, be a load 
beyond which graphite deforms plastically. In 
this respect the results of current discharges may 
be relevant. The decrease of resistance observed 
in the latter experiments was permanent. By the 
creation of a high transient temperature in the 
contact, sufficient mobility could be imparted to 
the crystal layers to cause them to slip permanently. 
This movement of layers would be similar to a 
recrystallization phenomena. X-ray diffraction 
photographs taken of material removed from the 
graphite surfaces after pressure and high current 
discharge experiments showed no evidence of 
this but electron microscopy might be more 
relevant in this respect. Recrystallization in the 
present work would be on a small scale and con¬ 
fined to the surface. 

Isotopes Laboratory , J. C. Orr 

University of St . Andrews , 

Queen's College , 

Dundee 
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